PHYSICAL REVIEW A 107, 023712 (2023)

Pump depletion in optical parametric amplification

Wanli Xing

and T. C. Ralph

Centre for Quantum Computation and Communication Technology, School of Mathematics and Physics,
University of Queensland, St Lucia, Queensland 4072, Australia

® (Received 3 January 2022; accepted 26 January 2023; published 14 February 2023)

We derive analytic solutions for Heisenberg evolution under the trilinear parametric Hamiltonian which are
correct to the second order in the interaction strength but are valid for all pump amplitudes. The solutions allow
pump depletion effects to be incorporated in the description of optical parametric amplification in experimentally
relevant scenarios and the resulting phenomena to be rigorously described.
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I. INTRODUCTION

Optical parametric amplification [1] is the workhorse of
quantum optics, being a source for single photons in the weak
amplification regime [2,3] and a source of squeezed states in
the strong amplification regime [4,5]. A simple description of
this interaction for the nondegenerate (two-mode squeezing)
case is given by the unitary [6]

U = exp{—ix(a'b’a + aba*)}, (1)

where a and b are annihilation operators in the rotating frame
describing the squeezed modes, x is the interaction strength,
and « is the amplitude of the coherent pump field. Both x
and « are dimensionless. Applying this unitary to the vacuum
produces the well-known two-mode squeezed state

Map = U0) = V1 =22 X |n)aln)s, 2)

where A = tanh y«. Alternatively, the Heisenberg evolution
of the annihilation operators is given by

ay =U"aU = a cosh ya — ib" sinh xa,
by =U'bU = b cosh ya — ia' sinh ya. (3)

Being quadratic in the operators, the squeezing unitary is
Gaussian, i.e., mapping Gaussian states to Gaussian states,
and so the first and second moments of the Heisenberg
operators and their Hermitian conjugates are sufficient to com-
pletely characterize squeezed states [7].

Sophisticated models based on this interaction can be built
that successfully describe a large range of devices and proto-
cols in quantum optics [8,9], quantum communication [10],
quantum computing [11], and quantum metrology [12,13].
Yet at a fundamental level this interaction is unphysical as
it is not energy conserving. This is because the pump laser
is treated as a reservoir that is unaffected, i.e., undepleted,
by the interaction. Under typical experimental conditions this
is a good approximation, as the efficiency of the interaction
is very low; however, efficiencies are improving all the time
and experiments are moving into the regime where depletion
effects cannot be neglected [14,15]. Whilst full numerical
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solutions have been known for many years [16,17] and have
been used in theoretical studies [18-20] in conjunction with
short time perturbative approaches, these rapidly become in-
tractable when treating realistic systems where the pump
power is large. Specifically, numerical simulation stops being
practical when o = 30.

In this work we derive Heisenberg equations of motion
which include the lowest-order nontrivial corrections to the
standard equations due to pump depletion in a consistent man-
ner that allows for large pump powers. Although nonlinear in
the mode operators, our equations are straightforward to work
with and allow an exploration of the physics that arises and a
description of the most accessible experimental signatures of
pump depletion. We note that some work on pump depletion
has been carried out with respect to the microwave domain
by the superconducting circuit community (e.g., Ref. [21]);
however, the physics can be somewhat different there, and
here we focus on the optical domain.

II. HEISENBERG EVOLUTION
BY THE TRILINEAR HAMILTONIAN

A better approximation for the unitary describing the para-
metric amplification process is given by

U = exp{—ix(a'b’c + abch)}. 4)

This unitary is obtained using the rotating wave approxima-
tion (RWA) [as in Eq. (1)], which is not strictly justified due to
the large detuning of the pump from the nearest excited state.
However, at optical frequencies, the only effect of including
non-RWA terms is a change to the effective value of the
interaction strength x (as shown explicitly for the related case
of the Raman laser [22,23]). Given that x is introduced as a
parameter, the RWA is justified. Notice that the approximation
that leads us back from Eq. (4) to the quadratic form in Eq. (1)
is the replacement ¢ — (¢) = . We want to know the full
form of operators a, b, ¢ in the Heisenberg picture, however
we no longer obtain the simple closed-form linear equations of
Eq. (3). Nevertheless, they can be evaluated to any desired
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order using the Baker-Campbell-Hausdorff formula [24],
a, = eCae ¢
=a+[G,al + %[G, [G,all + 5[G.[G, [G,alll + - -
&)

The Heisenberg operators get very complicated as we include
terms of higher and higher orders. The evolved operators
up to order x® are given explicitly in Appendix A. The
first few terms of this expansion have been studied since
the 1970s [25-27]. However, we find that a brute force ex-
pansion in orders of yx is not the most tractable approach
in situations of experimental interest. This is because, for
typical experimental parameters, not all terms with the same
power of x contribute equally when we calculate expecta-
tion values. To see this, we can write the pump operator as
¢ = o + éc, where the expectation value of ¢, (c) = «, is
the coherent amplitude of the pump, which we assume to be
real here; §c is an operator representing the noise/quantum
part of the pump; and (§c) = 0 by definition. If we carry out
this expansion, then, for example, the first few terms of a,
become

a,=a—ixab —ixb'sc
2

+ %(—ab?b + aa® + aadc’ + aade + asc’sc)

T (6)

o can be much larger than 1, whereas x is a small number
much less than 1. We assume « x is of order unity. In this case

we see that terms like — é—?ab*b, which is of the order x2, will

contribute much less than terms like )é—!zozza, which is of the
order (ax)? ~ 1. The result is that we need to consider both
o and x when doing the expansion, and the size of a term
is determined by the difference in powers between o« and .
In the end we wish to derive consistent Heisenberg operator
equations which can be used to evaluate first-, second-, and
third-order expectation values that are accurate to the second
order in x and to all orders in xc.

Hence, we perform the ¢ = o + 8¢ expansion and only
keep terms of the forms o x" and o~ !x”, and ignore any
other terms (there are also no terms where the power of « is
higher than the power of y). Then the operator for the signal
looks like

ao
:a(l + azz)fz + a:),(4 + a66)z(6 * a?!(g +>
+a(8c+30T)<ax, Zoe:‘x4+3a65!X6+4a;!X8+_..)
lb’r(ax+ ?'( + 5)!( +a77)!(7 +>
_ibT(Sc(X N 20(32!)(3 N 30(54!)(5 N 40{76!)(7 +)
(A ) o

where we have collected terms with the same operators,
leading to several expansions in o x. We see a clear pattern
from each of the expansions. Assuming the pattern persists
(checked to order x!°), we can write the terms in each
bracket as infinite sums, which are found to have closed-form
expressions. The coefficients of each operator are

0 a2nx2n

a :Z =coshay,
s (2n)!
0 2n 1.2n

xX-n .
a(8c+60*) :Z ————— = —sinhay,

— (2n)! 2

. i Q2 y 2]

—ib' : —————— =sinhay,

s 2n+ 1!

a2nx2n+1(n + 1)

_MC:Z 2n+ 1)

n=0
X coshay + — sinh

= ~ cosha — sinh i,
2 LT 5 X

2n ., 2n+1 . .
—chScT : XX osh ay — L sinh ay.
(2n + 1)! 2 2a

||M8

®)

These terms give us expressions that are valid up to order .
Now, we are interested in the second-order moments which
will be to order Xz’ hence to be safe we should expand to order
%2 in a similar way to what we have done when expanding
to order x. This full expansion is presented in Appendix B.
However, the vast majority of the second-order terms derived
in the Appendix do not contribute to the expectation values at
O(x?). We find that for the purpose of calculating expectation
values, we may take

a, =a|:cosh x' + (8¢ + 561‘)% SinhX’i|

_ ibTI:sinh X + %cosh ¥/ (5¢ + 8¢

+ gy S e - SCU} + 2GA' + Ba).  (9)
b, =b[cosh x' + (8¢ + 56”% sinhx’]

— aT|:sinh x' + %cosh x'(8c + 8ch)

+ 2X/ sinh x'(8¢ — 3&)} + x%(Bb+ iAd"), (10)
X
Co=0Qy+ 8¢, =0 — Lsinhzx/ + x°C
2x’
+68c— (a'a+ bTb)L sinh? x
2’
i X I . / /
—ia'b'=[1— — sinh x' cosh x
2 X’

1
_ iab%(l + — sinh %' cosh X’) + x2Dsct, (1)
X
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where
Ao —5x"'cosh x’' + 2 sinh x’ — x> sinh x + sinh 3’

8x"? ’
B _ —cosh x’ — x"*cosh x’ 4+ cosh3y’ — 3y’ sinh x’

8x"? ’
c— —3—4x”? 4+ (2 —4x*)cosh2y’ + coshdy’ — 2%’ sinh 2y’
32x7 ’

D= _1 —cosh2y’ + x'sinh2y’

4y ’

and x’ = ay. The third-order term in ¢, can lead to a
second-order term in the expectation values due to cross-
multiplication with o [see Eq. (12)]. This is the only
third-order term in our model that contributes to correla-
tions at second order (or third order). These are “effective
operators” in the sense that they give the correct re-
sults for all normally ordered second-order moments, i.e.,
(ala(,), (aoh,), (SCISC,,), (6codc,), and Olg, and therefore all
variances calculated from these operators are correct. Terms
that arise in any calculation that are not normally ordered
must first be reordered using the standard Boson commuta-
tor relations, e.g., [a,, aj;] = 1, before proceeding with the
calculation.

Equations (9)—(11) are the main results of this paper. They
provide a tractable and physically intuitive way to investi-
gate the lowest-order corrections to the behavior of two-mode
squeezing when pump depletion becomes significant.

III. EXPECTATION VALUES

We are now in a position to investigate the physics of
the pump-depleted squeezer. Let us first consider the photon
number in the pump and the squeezed modes. Assuming the
pump is initially in a coherent state and the squeezed modes
are initially in vacuum states, the photon number in the pump
after the interaction is given by

2
(chey) =a3 + (802800) = o —sinh® x' + (2LX’> sinh* x’

o

2 2

2.7 X . / /

+2x xC+—<1——s1nhX cosh x
4 X’

1 k2 ) 2 7
+ﬁsmh x' cosh” x' ). (12)

As expected, the pump is now depleted by the interaction with
(clc,) < . In addition, there is now a coherent contribution
to the photon number, ozg, and an incoherent contribution,

(8c}8c,). The photon numbers in the squeezed modes are
given by

(ala,) = (b}b,) = sinh? x' — 2x?sinh x'A
2
2
+ X—(cosh2 x' — — sinh x’ cosh x’
4 X'
1 CS T
+ — sinh” x' ). (13)
X/Z

The photon numbers in the squeezed modes are also
lower than predicted by the undepleted pump model. It is

straightforward to confirm that energy conservation now
holds as

(caco) + 3({ajao) + (blbo)) = o, (14)
where we have taken into account that the energy of the
squeezed mode photons is half that of the pump photons.

The other nonzero expectation values up to the third order

can also be calculated and give
ix?
16 X 72

+ (1 —4x?)sinh 2y’ 4+ 2sinh4y'],

(aobo) = — %sinhZX’ T [—4x' — 6 cosh 2y’

1 ) 1 . ,
(860660> =~ — 8)( 1 + — sinh 2)(
32 X’

2
+ %X (8 cosh 2y’ + cosh 4y’ — 9)},
X
(apbydc,) = XX inh x' cosh® x7 — X cosh? x',
2x’ 2

(aobodct) = < sinh® x' cosh x' — £ sinh? . (15)
2x’ 2

From these we can calculate other interesting observables
such as the quadrature variances of the output pump beam.
The amplitude variance is given by

Vie = ((8cy + 8¢1)?) = 2(8¢)8c,) + (8c,dcy) + (Scidel) + 1

2 2
—1— X sinh2y' + X
X

W(_S + 4 cosh2y’ + cosh4x’),
X

(16)
whilst the phase variance is given by
Vie = —((8¢, — 8¢})?)
= 2(8c}8c,) — (8coBey) — (8chsely +1

sinh? x’
=1—x2< ;s —1>. (17)

We notice that the output pump has V, < 1 < V,, indicating
it has become phase squeezed through the interaction. Be-
cause (a,a,) = (b,b,) =0, the quadrature variances of the
signal and idler are isotropic and given by V,; =V,; =1+
2( J(l Jo)» Where j = {a, b}. Given the phase convention we
have adopted, the correlations between the signal and idler
exist between orthogonal quadratures. Hence, the difference
(Vx;) and sum (V;;) squeezing between the signal and idler
are given by

([a, + aj + i(b) = b,)I?)
2

Vi = = 2(d’a,) T 2i(a,b,) + 1

1 / : / 3X2 /
= —(cosh x" Fsinh x') x § — — cosh3y
16 X/2

32 _ 20
+[%:F 2 +8(2+x2)i|coshx/

5 2
+ 2[ + 2% (1 4 cosh 2y
X

2X2 2 . /
+7¢4(2+x) sinh x't. (18)
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We find V5 < 1 <V, indicating entanglement between the
signal and idler beams as expected.

In contrast to the undepleted case, neither the output pump
or signal and idler are in minimum uncertainty states. That is,
we find V.V, > 1and VIV, > 1. Given the overall unitarity
of the interaction, this indicates that either non-Gaussianity
or entanglement, or both, is emerging between the pump and
the signal and idler. Indeed, it is both. There is no correla-
tion between the pump or signal or idler in the second-order
moments, as would be required if Gaussian entanglement was
emerging. Instead, we find a correlation between the pump
and signal and idler in the third-order moments, indicating
non-Gaussian entanglement. In particular, we can consider the
quadrature correlations Ve = (X4 Xp,0Xcx) and show

Vabe = (i(a, + a)(b] — by)(8c, + 8c)))
= —2i((aobodco) + (asbodc}))

X 1 s / 2,7 2
> ?coshx sinh x" — 1 J(cosh” x" + sinh” x").
(19)

The fact that this moment is nonzero (whilst all related first-
order moments are zero) indicates a non-Gaussian quantum
correlation, i.e., entanglement.

IV. STRONG PUMP REGIME

A parameter regime which is expected to be relevant for
experimental tests of these effects is the strong pump regime.
That is, we take « sufficiently large that x’ > 1, such that the
positive power exponentials in our sinh and cosh terms dom-
inate the negative power exponentials, whilst still insisting x
is sufficiently small that our second-order expansion remains
valid. We note that although this regime is inaccessible to
numerical approaches, it is easily explored with our analyt-
ical expressions. By neglecting the negative exponentials in
our cosh and sinh terms and keeping only the largest of the
positive exponentials, we can significantly simplify our ex-
pectation values. The average photon numbers of the pump,
signal, and idler become

2x' 2
T 2 € X 4y’
o) =" — — + ——— 20
(cico) = 2 + 657 e (20)
and
62)(’ XZ ,
(ay00) = (bibo) = == = 167 €% @1)

The pump amplitude quadrature variance becomes

2
X e4X'
16X/2 ’

whilst the phase quadrature remains at the quantum noise
level, V,,. = 1, given this approximation. The sum squeezing
between the signal and idler is given by

(23)

r1.08

£1.06 Ve

Vv
L1.04 P¢

r1.02

r1.00

1,07
H1.06
£1.05
F104V/,,
F1.03 Ve
H1.02
r1.01

0 1000 2000 3000 4000
(e}

r1.00

0 1000 2000 3000 4000
(8]

FIG. 1. Amplitude and phase variances of the output pump as a
function of input pump amplitude «: (a) the amplitude variance is the
upper trace and the phase variance is the lower trace. The red dashed
line is the quantum noise limit. Here x = 0.02. A small amount
of squeezing is seen for these parameters, which are plotted using
Egs. (16) and (17). (b) the amplitude variance is shown as the upper
trace and the phase variance is the lower trace. Here x = 0.001. The
stronger pump powers in this regime mean that now V,. = 1 and V.,
is given by Eq. (22). The insets show the depletion of the pump for
the same parameters as the main figures.

whilst the difference squeezing is given by

, X2 ’
V=" — pive e, (24)

Notice that this leads to the uncertainty product V_ V1 =

xp'xp

1+ g; > €*', indicating the departure from a pure Gaussian
entangled state. Note that to be confident that higher-order
terms [> O(x?)] can be neglected, we require that the en-
tire correction term remains small, meaning (for fixed y)
x' cannot be too large in these expressions. In Fig. 1 we
show the effect of the interaction on the pump variance for
both quadratures for two different values of x. We also show
the corresponding decrease in the pump photon number. In
Appendix C we present additional plots highlighting effects
on the pump and the signal and idler squeezing.

Perhaps surprisingly, the strongest effect is seen in the
third-order correlations. The quadrature correlation between
the phase quadrature of the idler and the amplitude quadra-
tures of the signal and pump becomes

X 4y X 2y’
Vipe = —2— &M 22, 25
b léx’e 4e (25)

023712-4



PUMP DEPLETION IN OPTICAL PARAMETRIC ...

PHYSICAL REVIEW A 107, 023712 (2023)

0.71
0.61
0.51
Viabe 0.4
0.31
0.21
0.11
0.01

0 500 1000 1500 2000 2500

«

FIG. 2. Third-order correlation V,;,. [Eq. (19)] as a function of
input pump amplitude «. Here x = 0.001. Significant effects are
seen at relatively low pump amplitude.

In the absence of pump depletion this term would be zero.
Its nonzero value indicates tripartite entanglement between
the pump, signal, and idler, and non-Gaussian statistics. As
the lowest-order correction to this moment is linear in yx, it
should be the first quantum effect to become observable as
we enter the pump depletion regime at high pump powers.
In Fig. 2 we illustrate this effect by plotting the third-order
correlation [Eq. (19)] against pump amplitude. A significant
deviation from the Gaussian case of zero correlation is seen
for relatively low pump amplitude. We remind the reader that
the equations in this section are only valid when x’ > 1, so it

J

is only in the region where o > 1000 that Eq. (25) becomes a
good approximation to the plot in Fig. 2.

V. CONCLUSION

We have derived nonlinear Heisenberg equations describ-
ing the evolution of quantum fields through the trilinear
Hamiltonian, which models parametric amplification with
pump depletion. Unlike previous treatments, we perform our
perturbative expansion in such a way as to allow the strong
pump regime to be explored. We expect our results to be
immediately useful in describing and motivating squeezing
experiments in the strong pump regime. Being Heisenberg
picture equations, they provide good intuition about the
physics and can be easily adapted to account for imperfections
such as loss and excess noise and/or to model different states
of the input fields. We also expect our solutions to stimulate
investigations into novel quantum protocols and technologies
which may be enabled by the non-Gaussian correlations [28]
that emerge as we push further into the depleted pump regime
of squeezing.

Note added. Recently, we became aware of a related but
distinct approach to pump depletion in single-mode squeezing
following a Schrddinger picture approach [29].

ACKNOWLEDGMENT

This research was supported by the Australian Research
Council (ARC) under the Centre of Excellence for Quan-
tum Computation and Communication Technology (No.
CE170100012).

APPENDIX A: FULL MODE EXPANSIONS TO x®

The exact unitary describing the parametric amplification process is given by

U = exp{—ix(a'b'c + abc™)}.

Notice that the approximation that leads us back to the quadratic form in Eq. (1) of the main text is the replacement ¢ — {(¢) = «.
We want to know the full forms of operators a, b, ¢ in the Heisenberg picture, which we denote a,, b,, c,. We no longer obtain
the simple closed-form linear equations of Eq. (3), nevertheless these Heisenberg operators can be evaluated to any desired order
using the Baker-Campbell-Hausdorff formula. For example, the signal mode is

a, =¢%e % =a+[G,al + %[G, [G, al] + %[G, [G, [G,alll + - - -

In this case G = ix (a'b'c + abc™). For reference, the Heisenberg operator for the signal mode a, to order x? is

XZ

.3
a, =a — i)(bfc + 7(—ab+b + (JCTC) + %(Zalfab#c —b'c" 4+ ble+bPbe — 2a2bcT)

4
+ %(461be2€2 +4a"a®b'b — 4a’a*cte + ab’h — 10ab'be' e + ab™b? — Tacte + ac™c?)

.5
+ ISL'(ZSa'I'abTC'I'C2 —16a'ab’c — 28a’ab™bc + 8a'aPbe’ — 8a™a?b e + 25bTcT? — b — bie

+ 14b7bcte? — 3b™be — bPbPe + 16a°b b’ + 12d°be’ — 16a*be™c)

6
+ %(44&1; 2t — 724" ? — 44a"bPbe? — 284 @b + 2164 d?b b’ ¢ — 444" PP

+68a"a’c’c — 44a’d?c? — 72a"ab?* — 16ad*b b + 16adPcTc — ab'b + 216ab"bc' e
—91ab'bec? — 3ab™b? + 91ab™b*cte — ab™b® + 4lacte — 85act?c? + acc? — 404’ ™)
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7!
+270a"ab™b*c — 416a'a*b' b’ — 1284’ be’ + 4164 a’be™ e 4+ 160ah 3
—496aa*b’ ' + 144a"a*b ¢ + 496aa*bbe — 324 a*be’ + 3247 b e
— 4015 c"e* 4+ 264b ¢ — bt 4 be — 6020 be’¢? 4 1356 b + Thbe
— 1356732 2 4 6bP 1P c + b™bPc — 338a2bTb* ¢ + 700a*b P c e — 138a°b72 b3’
—70a*bc’ 4 910a*bc™c — 138a*bc > c?)

+ (—1386a’ab’c’c? + 270a’ab’ ¢ + 98a’ab’c — 1204a’ab™be’c* + 5984’ ab™ be

+ )g—'g(—4680afb”c*c3 +4084"b" ¢t + 1104a"bc? — 20644 b7 be’ e + 175247 b be?

+ 408a'b™b*c® 4 168a"a*b'b — 116164’ a*b be'c 4+ 727247 a®b b + 9364’ a*b™b?

— 72724 a*b b 4+ 4084 a* b b® — 8404 a*cTe + 4536a a*c?? — 408a’a?c PP

+ 8964’ a*b*c'? — 3216aab™ " + 3264aab™c? + 32164 ab™bc* + 2724 a’b'h

—3872aa’b be’ ¢ 4+ 9124 @b h? — 496aa e + 9124 a ¢ + 10884 a’ b

+64aa*b’h — 64aa*ce + ab™h — 3602ab bct ¢ + 10410ab bt c? — 820abtbe 3

+ 7ab™b* — 4134ab™b*c'c + 3414abb* ¢ + 6ab™b® — 820ab b e + ab™ b

—239ac’e + 3607ac™c? — 810ac™c + ac™c* + 1392a°h'b* ™ + 17924°b* ¢ — 1392a°b*cPe) + - - -

And the time-evolved operator for the idler mode b, can be found by swapping a and b in the above formula. The formula for
the pump mode is

2 -3
co=c—ixab+ X?(—aTac —b'be — ) + I?’L'(Z(ﬂlfc2 +a'd®b + ab'b* + ab — 2abc’e)

4
+ %(1OaTab%bc —4d'ac’e* + 3a’ac + a*a*c — 4b'bet et + 3bTbe + b b e — 4ctr — 4aPbPet + o)

-5
n %(&ﬂ bicte® — 20atb e — 16a"b2bc? — 14aTa®b b — 3ata®b + 284 dPbetc — 16at2abt?
—a?a@®b — 3ab'b* + 28ab'b? e — ab™b® — ab + 40abc’ ¢ — 8abct?c?)

[§)

+ %(216cfab4(bc4fc2 — 148a’ab"be — 91a’abb*c + 148atac’® — 16a’ac™c — 7atac + 44a" P bt
—40a™b* — 91aa*b be + 44ad? T * — 6aa’c — aPaPc + 148bTbe T — 166 b — TbTbe
+ 44b72b? " ? — 6bbPc — bPB e 4+ 60cT? — 16¢7%¢ + 44a2b B3 et + 60a2b* et — 72d%bP e — ¢)

-7
+ ’74(—70461*19%%3 + 324" et + 222477 c? — 416a"bbet e + 490aT b be? + 1384 b B c?
+208a’ @b b* — 12044 b b cTc + 13547 @b + Ta'a®b — 10224 a®betc + 496a’ a*be ™ c?
— 46aabtct e + 490aabtc? + 700a"ab™bc? + 13502 * + 6a'2aPb — 270aaPbet e
+138aRa?b'? + aPa*b + Tab"h* — 1022ab'b? ¢’ ¢ + 496ab b ' c? + 6ab?b® — 270ab b3 "¢

+ ab"b* + ab — 522abc’ ¢ + 848abc™*c? — 32abc ¢ 4+ 1604’ b3 ¢?)

8
+ %(—17 472a"ab’bc' ¢? 4 3872a ab"be ¢ + 18264 ab’be — 72724 ab™ b ¢ ¢? + 324647 ab™b*c

+ 820aabPb’c — 37684 act¢? + 33764 ac’* P — 64a’acc* + 15atac — 20644 bTH ¢t
—1512a"a®p*c’ + 32164 a*b* e — 8964 b Tt + 23844 b + 1392476 be?

— 7272a"a®b bet ¢ 4 3246a"a’b be + 3414aa* b b c — 27364 a* ¢ + 9124 aP P

+ 25a2a*c — 408a"%a*b*ct 4 1392a3ab™c® + 820aa’bThe — 4084 a* T ? + 10aa’c

+ a"atc — 3768b"bc’ ? + 3376b"hc P — 64bThe ¢t 4+ 15bTbe — 273600 ¢ e? + 9126 b ¢T3
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+25b72b%c — 408633 ? + 1061313 ¢ + bbte — 7447 P + 1552¢7 3 — 64cT3c* — 15124263 ¢
+3216a%b b c?c — 408a*b2 b T — 7440’ bt + 6384a%b*c e — 108847 PP + ¢) + -

APPENDIX B: FULL OUTPUT OPERATORS TO O(x?)

We perform a ¢ = a + 8c expansion, and retain only the terms of the form o x" (assumed to be of order 1) and o" ' x" ([of
O(x)]. For example, with the pump mode c,, only a small number of terms could potentially contribute at O(x ):

2
Co —ixab+ —( c—d'ac—b' bc) + (2aTbJr 2 _ 2abcte) —|— ( —4c"® — 4atacte? — 4bTbet?)

+ %(SaTchTC‘% — 8abc™c?) + X—(—16c*2c3 —16a’ac™c® — 16b'bc2c?)

-7
+ ’74(3241%%*2 ¢t — 32abce?) + ( 64c3¢* — 64atactc* — 64bTbePct) + -
Now substitute ¢ = o + 8¢ (and therefore ¢’ = o + 8c¢¥), keeplng only O(x) terms, we have

2 4
cob=a+8c—ixab+ —( a—ada— abTb) + (2012aTbT 2a2ab) + %(—40{3 —4d’d"a — 4053bTb)

+15L'(8a4aTbT 80 ab)+ ( 160° — 16a°ata — 16a°b7b)

iv7
+ %(320160 — 32a°ab) + ( 64a’ — 64a’a’a — 64a’bb) + - - -

Group the terms according to the operators they are multiplied to:

2 3.4 5,6 7,8 2 3,4 5,6 7,8
_ ax 4a” 16a° x 6da’ x N N 4a” 16a° x 64a X
:>c0—a—<2—! a0 + Gl + Y +---)+dc—(a'a+b'b) 2—!+ , + a 3l +
2023 8aty®  32a0y7 2023 Baty®  32afy%’
¥ o) =i
+id'b < 3 + 30 + 7 + ) zab(x + 3 + 51 + 7 + )

Note that just as we decomposed ¢ = @ 4+ §c, we can decompose the Heisenberg operator into an amplitude part and a
noise part, ¢, = «, + dc,, where both parts are time dependent. We see from above that the first line of ¢, consists only
of pure numbers and no operators, and is therefore the amplitude «,; anything on the second line and below are the noise
part éc,.

There are clear patterns to the first few terms of each of the infinite series above. Assuming the patterns persist indefinitely
(checked to order o'* x13), we may express each infinite series as a sum, and use MATHEMATICA to find the closed forms of
these series:

2 43 4 16 5,6 o 2n—1,2n gn-1
L AL U el GE L S
21 41 6! £ (2n)! 2
20[2 3 8(14 5 320[6 7 o a2n 2+l 2 % 4n71
X 4 X X b= Z X _ X
31 51 7 Qn+1)! 2 "2y

1

3
I

a2 y3 8at 3200 7
X+ X n X X
3! 5! 7!

where we again defined x' = ax. So ¢, is

l\)|><

+ X sinh x’ cosh x/,
2x'

x' +8c—(a'a+ bTb) smh2

c, =, + 6c, =

1 1
—ia'b X (1= = sinh x'coshx' | — iab% (1 + — sinh x'cosh x' ),
2 X’ 2 X’

where we see that

0y =0 — X sinh? x/,
2’
2 it X [ / / .. X L. / /
and 8¢, = 8¢ — (a' a+bb) - sinh” x zabE 1 — — sinh " cosh x —zabE 1+ — sinh x" cosh x" ).
X X
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For a fully self-consistent model capable of calculating nontrivial expectation values, we need to include the O(x?)
terms in the output modes a,, b,, ¢, as well. That is, after the ¢ = o + §c expansion, on top of the «"x" and "y
terms, we now also retain terms of the form " 2x”. This introduces many additional infinite series. For illustrative pur-
poses, let us focus on a couple of them. In c,, consider terms proportional to a'ac™c”, the terms that could contribute

are
x* X x° x®
Cop=+++— 2 dtac — Z—4datac’* — Z-16a’ac?c® — Z—64aTacBct + - - -,
2 4! 6! 8!

now performing the ¢ = o 4 §c expansion, we have

2 4 6 8
o= e — a*a[%(a +80)+ %4((1 +8cH) (o + 8¢) + %16(0{ +8cH (o + 6¢) + %64(01 +8ch (o +8¢)* + - }
. 2 dx4 16x° 648 N 2 8x* 48" 2568
:~-~—a’a<%a+%a3+6—)!(a5—|—8—)!(a7+~-~>—a'a(%ﬁc—i—%az&—i— 6)!( a*sc + S!X a68c+~-~)
. [ 4x* o 32x° . 1923
i A 20 40 F 65T 1 ...
aa<4!a80+6!a50+ 3l a’dc' + ,

giving three infinite series. The first one we’ve already seen; it is of O( ) and equals to —aTaZLX, sinh? x’. The last two series are
new, and can be put into closed-form expressions as

2n 0 2n

o dasey? 3 2 VSNSRI S
Co = a'aéc x ZZ 2n+2) x 1) a'aéc' x HZZ n(2n+2)!

n=0 =1
1 —cosh2x’ + 2sinh? x' 4 x’sinh 2y’
4X/2

1 —cosh2y’ + x/sinh 2y’

—d'ascet x? s

=...—da'adc x?

With some work, all second-order terms can be grouped into series which can then be expressed as closed-form expressions like
the ones above.
We now simply list the final results. We find that the signal mode a, to order x? is

a, :a[cosh x + (8¢ + 5CT)§ sinh X/] - ib?|:sinh x + gcosh x'(6c+8c") + % sinh x'(8¢c — (SCT)]
X

+ x%(Aga 4+ Apb" 4+ Appa*b + Ayyipab’ b+ Agigia‘ab’ + Agpea b+ Ay pd @ + Agseadc?

+ Aysoradc™® + Agsoiseade’sc + Ayph b + Apis b 8¢ + Aprsersob 8¢T8e 4+ Aprsenb 8¢'?), (B1)
where
A i 9"—1 nm+1) X2 —cosh x' — x"?cosh x’ + cosh3x’ — 3x’ sinh x’
a— — - X = - s
o 8 2 2n)! 8x 2
> x> —5x’ cosh x' + 2sinh x’ — x’?sinh x’ + sinh 3’
Ay :iZY(n)— =ix > .
o Q2n+ 1)! 8x’
x n2n—1 / / : / : ’
. X . 4y’ cosh x’ — 7sinh x’ 4+ sinh 3y
AaZb = —1 ;[Cl(l’l) + i’l] X m = —1X 16)(’2 ,
[0}
9" —1 x™2  coshy’ —cosh3y’
Aab':'b = — Z 8 X Y = 0 )
p— @n)! 8x
o0 . .
n(n+1) ¥ —4x’ cosh x’ + sinh x’ + sinh 3y’
A =1 Y X =iX ,
aab lZ|: (n) + B ] n+ 1) 1 8)(/2
n=1
Aipe = —Asn = i 9" —1 AW x/*2 _ = cosh ' + cosh3x’ — 4y’ sinh X/’
o 16 2 2n)! 1672
A _A _ . nn+1) X/ _ x' cosh x' — sinh x’
asc? = Aasct? = Z ) X 2n+2)! = 8y’ ,

n=1
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S /2n

’

x'cosh x’ — sinh x’ 4+ x’?sinh x’

’

8x'2

sinh x’

_ x'cosh x" + sinh ¥’
Agseise = 1)? = i
adc’de nX_(‘:(n + ) (2 + 2)' 4X/
A i - =1 —4x'cosh x' + sinh x’ + sinh 3’
=i) an)x =
=L Qn+ 1) 16x72
1 n(n + 1) X/2l’l—1
Apisc = —Ab sctse = ZZ “ont
, n(n+1) x/2H . —3x’cosh x’ + 3sinh x' + x"?
Ab"‘&c“ = —1 Z X = —1 X 5
= 2 (2n + 3)! 8x’
And for the pump mode,

co—a—zismhzx + x3Cy + 8¢ — (a' a—l—bb)
X

- sinh” x

1
AR (1 — — sinh x’ cosh X/)
2 X’

1 .
_ labE <1 + - Sinh X/ cosh X/) + XZ(C‘SCSC =+ Ca"'aBCaTaéc —+ Cb-:-b[gchb(SC —+ Cabgcab(SC + Cab(gcw‘ab(sc'
X

+ Catb#gcaTbTSC + Cse s’ + Ca’ragc’raTa(SCT + Cpipsct b'bsc’ + Catbr&%aTbT(SCT),

(B2)

where
ZZ( ) x x /21 —3—4x? 4+ (2 —4x?)cosh2x’ 4+ coshdy’ —2x’sinh2y’
O( = n =
(2 +2)! 3273
c c izz"*‘(z +2) X' 1 — cosh 2y’ + 2sinh® x' + x’sinh 2y’
¢ = Catase = c = n X = s
b fabe = Tb1bS rar (2n+2)! 4y
0 n”2n—1 / / : ’
_ . 2 X _ .2x’cosh2y’ —sinh2x
CabBc = Labsct = _Z;Z (2’1) X (2l’l + 1)' - 8X/2 ,
c . =, 222y x3 _.—4x" +2x cosh2y" 4 sinh 2y’
atbtsc = 1 X =1 s
= 2 2n—1)! 8x?
- _c o o x?  1—cosh2y'+ y'sinh2y’
sct = Cataset = CLptbset = — ; n(2l’l +2)! - 4X/2 s
c 'i22n(2 ) x/2H Ax' +2x cosh2y’ —3smh2x
P | n) x —
atbtsct 2 2n+3)! 872
In the above, the expressions a(n), X (n), Y (n), and Z(n) are given by
( ) 32n+1 — 81 —3
a(n) = ,
16
-1
X(n) =54a(n — 1)+ 25n— 18 — %,
-1
Y(n)=18an —1)+7Tn—6 — %,
a4 Zm=@niiny L Xk~ D)+ Y~ k) — k(n — b))
an n)=(2n ! — n—k)—k(n-—k).
= ' 2(n—k)+ 17!

All n and k are integers. The first few numbers in each se-
quence are listed in Table I.

One can check that the operators are physical in the sense
that the commutation relations are satisfied to O(x?), namely,

[ao, a1 = [bo, b}] = [cor €)1 = 1+ O(x?),

all other commutation relations = 0 + O(x?>).

(

The vast majority of the terms in the output modes do not
contribute to the expectation values at O(x?). Specifically, it
turns out the only second-order term in a, that contributes to
(ala,) is x*A,b; the only second-order terms that contribute
to {(a,b,) are x>(Ap:b" 4+ Aga). Similarly, the only second-
order term in c, that contributes to (§c,8¢,) is x*Cs.+8c’, and
the only second-order or above term that contributes to (cho)
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TABLE I. Table showing the first few numbers in the series a(n),
X(n), Y (n), Z(n).

n a(n) X (n) Y(n) Z(n)
-1 1/3 0 2/3 —

0 0 0 0 0

1 1 7 1 1

2 14 85 25 60

3 135 810 264 1552

4 1228 7366 2446 29632
5 11069 66409 22123 506112
6 99 642 597843 199263 8289280

is x3C,. All other terms either annihilate (0| or |0) to give 0
contributions, or they only contribute to O( x>) terms. So for
the purpose of calculating expectation values, we may simply
take

a, =a|:cosh x' + (8¢ + (SCT)% sinh X/:|
— ibT|:sinh x + %cosh x' (8¢ + 8¢h)
+ ZL sinh x'(8¢ — ac*)} + x*(Aqa + Apb"), (B3)
X
l 'l X . /
b, :b|:cosh)( + (6¢c + dc¢ )E sinh x i|
. : / X / T
—ia [smhx + Ecoshx (6c+6ch)

+ X sinh x'(5¢c — 5c*)}
2x’

+ x*(Aub + Ayia'), (B4)

0.10

0.08 1

0.06 1

0.04

<Cj)00> - <CO>2

0.02

0.00 T T T T T T T
0 20 40 60 80 100 120 140
«

FIG. 3. The incoherent component of the pump photon number
when x = 0.02.

c, =, + 8¢,

=a - sinh? " + x3C,

X
2x’
+68c—(a'a+ bTb)L sinh? x’

2x’
. 1
— ia‘le(l — — sinh x’ cosh x)
2 X’

1
— iabX (1 + — sinh ' cosh x')
2 X’

+ x2Cs.i8¢". (B5)

These are effective operators in the sense that they give the
correct results for (ala,), (a,b,), (5cidc,), (8c,d¢,), and a2,
and therefore all variances calculated from these operators are
correct. As such, one can also check that energy is conserved,

052 = <CZC0) + <aj;a0> = Olg + (86';860) + (Cll(l()).
Although not obvious, it turns out the three effective operators
above also give the correct formulae for (absc) and (abSc') up
to O(x2).

The only drawback of using the effective operators is that
the commutation relations given by these operator are only
correct to O(x), not the desired O(x?). Therefore, we should
not use them to calculate nonnormally ordered operator prod-
ucts, for example, (a,a’) or (c,8c!). Instead, we should first
normal order them such that, for example, (a,a}) — (1 +
aj;a(,) and <8C0§Cj;) - (1 4+ (SCZSC(,), before evaluating them.

The bottom line is, we may use Eqgs. (B3)—(B5) to calculate
any second- or third-order correlations to O(x?), provided
the correlations are normal ordered. If we want our theory
to be fully self-consistent without reordering and capable of
predicting any correlations to O(x?), we should use the full
Egs. (B1) and (B2).

APPENDIX C: ADDITIONAL FIGURES

In Figs. 3 and 4 we plot the difference between the coherent
amplitude squared of the pump and its actual photon number
for two different values of x. This highlights the incoherent
contribution to the pump photon number, (3c/8c,), after the
interaction. In Figs. 5 and 6 we plot the sum squeezing be-

0.010

0.008 ~

0.006 1

0.004 1

<CZCO> - <CO>2

0.002 1

0.000 T .
2000 3000

«

0 1000 4000

FIG. 4. The incoherent component of the pump photon number
when x = 0.001.
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100.

10715

1074-

1077

0 50 100 150
e}

FIG. 5. The sum squeezing between the signal and idler when
x = 0.02, plotted on a log scale. The squeezing in the undepleted
case (¢=2¢') is also shown. A saturation of the squeezing is visible
for high pump rates, which would limit the achievable squeezing.

tween the signal and idler for two different values of . For
the higher value of x in Fig. 5 a saturation effect on the sum
squeezing is evident for squeezing variances lower than about

100_
1072_
LS T
<
1076' | +
— In(V;})
10-84 e |n(672x’)
0 1000 2000 3000 4000 5000

«

FIG. 6. The sum squeezing between the signal and idler when
x = 0.001. In this high pump regime the saturation effect is weaker,
only appearing at much higher squeezing levels compared to Fig. 5.

0.01 . That is, the variance (on a log scale) stops decreasing
linearly with pump amplitude at higher «. This effect only
occurs for much stronger squeezing for the lower value of x
in Fig. 6.
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