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In this work we propose epsilon-near-zero (ENZ) nanoparticles formed of metal and dielectric bilayers and
employ the effective-medium approach for multilayered nanospheres to study their optical response. We obtain a
passive tunable ENZ region by varying the radii of the proposed bilayer nanospheres, ranging from visible to near
IR. In addition, we present the absorption and scattering cross section of ENZ nanoparticles using open-source
transfer-matrix-based software (STRATIFY). The proposed ENZ nanoparticle is envisioned to be experimentally
realized using chemical synthesis techniques.
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I. INTRODUCTION

Epsilon-near-zero (ENZ) materials exhibit a dielectric
permittivity approaching zero at a frequency close to the mate-
rial’s plasma frequency [1,2]. Transparent conductive oxides
such as indium tin oxide are naturally occurring ENZ mate-
rials with ENZ wavelengths in near-infrared and midinfrared
regions [3]. A metamaterial composed of alternating layers of
metal and a dielectric was also demonstrated to exhibit ENZ
properties in the visible region [4,5].

Notably, ENZ materials studied by many authors consist
of nanostructures or meta-atoms, which require fabrication
techniques such as focused ion beam milling, laser ablation,
atomic layer deposition, and electron-beam lithography [6,7].
On the other hand, the synthesis of nanoparticles and their
incorporation into materials are among the most studied topics
in chemistry, physics, and material science. Furthermore, it
has been demonstrated that localized surface plasmon reso-
nance (LSPR) depends on the size, shape, and material of the
nanoparticles. For example, small Au nanoparticles (between
5 and 10 nm) have the LSPR band around 520 nm, while
for bigger particles (between 50 and 100 nm), this peak is
redshifted up to 570 nm. Other materials such as transpar-
ent conductive oxides, transition metal nitrides [8], organic
conductive materials [9], and highly doped semiconductors
have also been identified to exhibit plasmonic behavior at
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different spectral regions. In addition, nanoparticles composed
of a metal-dielectric complex have been shown to exhibit in-
teresting light-matter interactions with many vital applications
in physics and chemistry, such as scattering [10,11] and non-
linear optics [12,13], sensing [14,15], fluorescence [16,17],
and up-conversion enhancement [18], surface plasmon ampli-
fication [19,20], hydrogen generation [21], and solar energy
harvesting [22,23].

Although planar films made of similar materials have
been investigated as an ENZ medium for many applications,
nanoparticles have not been considered ENZ materials. We
envision that the ENZ nanoparticles could provide a new
design solution for low-cost tunable ENZ materials, which
have wide prospects for application in photonics.

In this work we propose the possibility of the utilization of
nanoparticles as ENZ materials. To verify this approach, we
employ the effective-medium approach to model the optical
response of a multilayer sphere as an effective bulk spherical
medium. In particular, by varying the structural properties of
the nanospheres, we show how the ENZ character of such
multilayered nanoparticles can be easily tuned from the vis-
ible to the near-IR region of the electromagnetic spectrum.

II. STRUCTURE DESIGN AND MODELING

The ENZ nanoparticles we consider in this work are bilayer
structures consisting of an inner dielectric core, for which we
employ SiO2, and an outer metallic shell, as shown schemati-
cally in Fig. 1. Due to the high carrier concentration, electron
mobility, and strong electromagnetic-field confinement prop-
erty of noble metals [24], we choose silver for the outer shell.

To analyze the absorption and scattering of the aforemen-
tioned ENZ nanoparticles, we use a transfer-matrix approach
(based on the open-source STRATIFY code [25]). As a sanity
check, we also implement the optical response (i.e., scattering
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FIG. 1. Schematic representation of the bilayer spherical
nanoparticles. Here a2 and a1 represent the inner and outer radii of
the sphere. The inner, dark blue, sphere represents the dielectric core
(SiO2) of the nanoparticle, while the outer, light blue, shell represents
the silver coating.

and absorption) for different materials and identify that the
Ag-SiO2 bilayer structure gives us the required ENZ region of
interest (i.e., visible to near IR). First, we focus on the effec-
tive ENZ optical responses of a bilayer spherical nanoparticle
embedded within a host medium (i.e., air) and later extend
the effective permittivity approach to multilayer nanosphere
composites.

The wavelength-dependent complex dielectric functions
for Ag and SiO2 are taken from the material data of Johnson
and Christy [26]. The scattering, absorption, and electromag-
netic near-field distribution are calculated using STRATIFY

(i.e., recursive transfer-matrix method MATLAB code).

III. THEORY

In this section we briefly present the theoretical back-
ground needed to derive the effective permittivity of the
bilayer spherical nanoparticle. Our approach makes use of
an effective description of the electric permittivity of a
metal-dielectric layered nanoparticle, following the methods
presented in Ref. [27]. Although there are many different
analytical methods available in the literature to describe the
interaction of electromagnetic waves with layered media, such
as dyadic Green’s functions [28] or vector spherical har-
monics decomposition in layered media [29], we choose to
use the effective-medium approximation for its unique ability
to assign a single effective permittivity to the multilayered
nanoparticles. This method has been successfully applied in
the past to effectively describe the properties of hyperbolic
metamaterials [30,31] in an easy-to-engineer manner. Inspired
by this, we decided to use the effective-medium approxima-
tion to provide easy-to-engineer ENZ properties of layered
nanoparticles. To start with, we assume that a bilayer (and,
by simple generalization, a multilayer) nanoparticle can be
seen as a composite material, where the outer layer (the shell)
plays the role of the host medium, whereas the inner layer
(the core) is the inclusion. This assumption allows us to use
the theory of effective media to simplify the complex problem
of a multilayered spherical nanoparticle, reducing it to the
simpler one of a single homogeneous spherical nanoparticle,
described via an effective permittivity.

For the case of a metal-dielectric nanoparticle like the
one depicted in Fig. 1, for example, this can be easily
done using standard methods of electrostatics, i.e., by plac-
ing the nanoparticle in a homogeneous electric field and
solving the Laplace equation for the electrostatic potential in
the whole space [32]. By using this procedure, one can easily
show that the electric field generated by the bilayered sphere
in the host medium (air, in the case of Fig. 1) is the same as
that of a single sphere with radius a1 and permittivity

ε̃1 = 1 − 2G

1 + G
ε1, (1)

with

G = ε1 − ε2

2ε1 + ε2

(
a2

a1

)3

, (2)

with ε1 the permittivity of the shell, ε2 the permittivity of the
core, and a2 the radius of the inner sphere.

The above theory can then be generalized for multilayered
structures by expressing the multilayered permittivities by
simply applying Eq. (1) recursively to each couple of layers,
from the outer to the inner one [27], thus obtaining, for the
general kth layer,

ε̃k = 1 − 2Gk

1 + Gk
εk, (3)

with

Gk = εk − ε̃k+1

2εk + ε̃k+1

(
ak+1

ak

)3

. (4)

Here the layers are numbered from outside to inside so that
k = 1 represents the outer layer and k = N represents the
inner one. The permittivity for each layer k = {N − 1, N −
2, . . . , 2, 1} is expressed using the above equations.

IV. RESULTS AND DISCUSSION

From the above theory, we determined the effective per-
mittivity for the proposed spherical bilayer structure to obtain
the ENZ points as a function of the varied core diameters with
outer layer thicknesses fixed at 2 nm. Figure 2 shows the ef-
fective permittivities for the different ENZ nanoparticles with
different core diameters (i.e., a2,1 = {38, 40}, a2,1 = {68, 70},
and a2,1 = {98, 100} nm). Here a2,1 represents the radii of
the inner and outer shells, respectively. We obtained different
ENZ points by changing the radii of the bilayer nanospheres.

In particular, for a2,1 = {38, 40} nm [Fig. 2(a)], the ENZ
wavelength is found to be λENZ ≈ 659 nm. Similarly, by
changing the inner and outer radii of the ENZ nanoparticle, we
observe a redshift of the ENZ wavelength to λENZ ≈ 852 nm
[Fig. 2(b)] and λENZ ≈ 1010 nm [Fig. 2(c)], respectively. This
is the first main result of our work which extends to the numer-
ical calculations of the nanosphere’s near-field enhancement,
absorption, and scattering cross sections as well as exploiting
the possibility of using the effective-medium formulations of
bilayer nanospheres into multilayer ENZ nanoparticles.

Ag-SiO2 nanoparticles clearly show ENZ behavior in the
visible and near-IR spectral regimes. The position of the ENZ
wavelength of such nanoparticles can be easily controlled
by suitably tuning the inner core of the nanoparticle. In our
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FIG. 2. Effective permittivities of different bilayer spheres near their characteristic ENZ wavelengths (a) a2,1 = {38, 40}, (b) a2,1 =
{68, 70}, and (c) a2,1 = {98, 100} nm. Here Re and Im represent the real and imaginary parts of effective permittivity, respectively. Their
corresponding ENZ wavelengths are marked with red dashed lines.

simulations, it was found that the outer radius of the Ag-SiO2

nanoparticle should fulfill a1 � λENZ/10. This is compatible
with the implicit assumption, used to derive our effective
model, that the wavelength of the electric field should be much
larger than any length scale in the system, to guarantee that the
effective-medium approach remains valid (i.e., it makes sense
to use the Laplace equation for the electrostatic potential near
a multilayered sphere to calculate the effective permittivity of
such structures).

In addition, it was identified that one should consider the
parametric variations of the inner core and outer shell of the
nanoparticles, as huge thickness variations between the two
layers could affect the bilayer nanoparticle from exhibiting
ENZ properties. This is due to the bilayer nanoparticle ex-
hibiting properties of the outer shell instead of the complex
media. As such, it is relevant to choose the right fill fraction
of the nanoparticle to attain the required ENZ properties.

To verify the reliability of the effective-medium approach
described above, we compare the electromagnetic-field dis-
tribution of the proposed effective-medium theory and the
bilayer structure. As can be seen from Fig. 3, the electric-
field distributions outside the nanoparticle, calculated using
STRATIFY, for both the case of a bilayer structure [Fig. 3(a)]
and a bulk sphere with effective permittivity εeff [Fig. 3(b)]

at the ENZ wavelength, give relatively similar results, as can
be seen from Fig. 3(c). The origin of this discrepancy can be
traced back to the presence, in the actual bilayer structures,
of surface waves, due to the external metallic coating, which
locally modifies the electric field of the nanoparticle, making
its near field different from the case of the effective medium.
From this perspective, therefore, the fact that we observe,
as reported in Fig. 3(c), the difference in the very vicinity
of the surface of the nanoparticle is quite small, which is
somehow expected, and does not jeopardize the validity of
the effective-medium approach. This effect has been observed
in similar situations, in planar metal-dielectric-based meta-
materials [33]. Moreover, we also identified that a bilayer
metal-dielectric structure is sufficient to obtain the desired
ENZ properties. As a result, we focused on the particle with
radii a2,1 = {98, 100} nm, which can produce Rayleigh scat-
tering since the particle size is smaller than the wavelength
of the impinging electromagnetic field. Although a full nu-
merical optimization could be performed, we only considered
the ENZ nanoparticle with radii a2,1 = {98, 100} nm, as it
shows the capabilities of our approach shown in Fig. 3 and
corresponds to experimentally plausible nanoparticles [34].

In addition, we numerically calculated the fundamental
extinction cross sections and the ENZ-dependent parametric

FIG. 3. Electric field for the bilayer structure, a2,1 = {98, 100} nm at the ENZ wavelength. (a) Actual bilayer structure. (b) Bulk effective-
medium structure. (c) Difference of the normalized near-field distribution between (b) and (a). As can be seen from (c), the two simulations
are in good agreement with each other in general and they differ only in the vicinity of the surface.
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FIG. 4. (a) Absorption and (b) scattering cross sections for the
bilayered spherical nanoparticles with full permittivity (solid lines)
and effective permittivity (dashed lines) for radii a2,1 = {38, 40}
nm, a2,1 = {68, 70} nm, and a2,1 = {98, 100} nm. The values in the
legend represent the radius values of the inner and outer spherical
layers.

sweep for different layers of the ENZ nanoparticle in the case
of a plane wave incident on it using full permittivity (with-
out any effective-medium approximation) and the effective
permittivity, coming from the effective-medium formulation.
Figures 4(a) and 4(b) show the calculated absorption and
scattering cross sections for three different ENZ nanoparti-
cles using STRATIFY, i.e., a2,1 = {38, 40} nm (purple), a2,1 =
{68, 70} nm (cyan), and a2,1 = {98, 100} nm (orange), with
absorption and scattering peak resonances at λ ≈ 913, 1206,
and 1466 nm, respectively. The maximum extinction reso-
nance wavelengths for the proposed ENZ nanoparticles are
redshifted compared to their characteristic ENZ wavelengths,
which are presented in Table I. This is due to the resonant
excitation of dipole surface plasmons on the ENZ nanoparti-
cle. We note in fact that the obtained resonance enhancement
for both scattering and absorption cross sections occurs when
the condition εeff ≈ −2 (the so-called Fröhlich condition)
for spherical nanoparticles is satisfied [35]. The absorption
and scattering for the ENZ nanoparticle a2,1 = {98, 100} nm
have appreciably similar peak values. However, for the ENZ
nanoparticle a2,1 = {38, 40} nm and a2,1 = {68, 70} nm, we
obtain relatively low scattering peak values compared to its
corresponding absorption cross-section peak values. It is also
interesting to note that by changing the filling ratio of the ENZ
nanoparticle, a passive tuning of the λENZ can be observed,
which corroborates the shift in the nanoparticle’s peak ab-
sorbance and scattering cross sections. Intuitively, the redshift
of the peak in the dipole resonance with increasing size could
be linked to the weakening of their restoring force. Since
the distance between charges on opposite sides of the ENZ

TABLE I. The ENZ nanoparticles with their characteristic ENZ
wavelengths as well as their corresponding resonance wavelengths.

Nanoparticle size (nm) λENZ (nm) λresonance (nm)

{38, 40} 659 913
{68, 70} 852 1206
{98, 100} 1010 1466

FIG. 5. The ENZ wavelengths calculated for three different
structures of a set of SiO2 layers, with varying thicknesses d . The
SiO2 inner core and the Ag layers in between are fixed with a
radius of a2 = {98} nm and a thickness of 2 nm. The compositions
of the multilayer nanospheres are schematically presented with red
(SiO2) and gray (Ag) circular layers, next to the relevant λENZ plots,
corresponding to two (blue), four (red), and six layers (green), with
thickness d values ranging from 10 to 60 nm.

nanoparticle increases with size, in fact, their corresponding
interaction decrease.

In addition to the absorption and scattering cross section of
the ENZ nanoparticles, we numerically calculated the ENZ
wavelengths for different layered nanoparticles by parametri-
cally varying the thickness of SiO2 overlaid on the outer Ag
shell. The SiO2 inner core and the Ag layers in between are
fixed with a radius of a2 = {98} nm and a thickness of 2 nm.
It is evident in Fig. 5 that by changing the thicknesses of the
embedded SiO2 layers, we attain different ENZ wavelengths
for the other multilayered nanoparticles. For all the considered
nanostructures, we see a linear trend that depicts that by vary-
ing the thicknesses of the SiO2 layers, there is a corresponding
shift in λENZ for different layered structures. This signifies the
possibility of extending the effective-medium formulation of
the bilayered structure into multilayered nanoparticles.

V. CONCLUSION

Our work showed that effective-medium theory is po-
tentially applicable to bilayer spherical nanoparticles to
determine their unique spectral responses and ENZ properties.
By changing the diameter of the ENZ nanoparticle, we iden-
tified a spectral shift in the spectral absorbance and scattering
cross sections of the ENZ nanoparticle, which signifies a pas-
sive tuning of the proposed structure. As shown in subsequent
discussion, the effective permittivity formulation works rela-
tively well for bilayer structures and could be easily extended
to multilayered structures. Although in this work we have only
considered Ag-SiO2 nanoparticles, as they are the most com-
mon and readily available commercially, our approach can in
principle be applied to any combination of metal-dielectric
material that follows the prescriptions we have given above.
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However, the condition a1 � λENZ/10 is specific to Ag-SiO2

and will take a different form, once the metal and/or dielec-
tric is changed. Furthermore, as each metal’s dispersion is
different, this may change the spectrum as well as the ENZ
wavelength. One can use different thicknesses and dielectric
materials to adjust the wavelength and spectrum when the
material is different. The electric-near-field response for both
the bilayer and the effective-medium structures shows similar
near-field optical responses. Our proposed ENZ nanoparticle
can be obtained by low-cost chemical synthesis techniques to
be utilized in applications that grasp the advantage of ENZ
properties as well nanoparticle properties.
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