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The inelastic squared form factors of the valence-shell excitations of D2 were measured by high-energy
electron scattering and calculated by the multireference single- and double-excitation configuration interaction
method in the present work. It is found that for the B1�u

+ state of D2, the theoretical calculation cannot
satisfactorily reproduce the inelastic squared form factors with a higher vibrational quantum number. For the
vibronic states of C1�u and EF 1�g

+ of D2, obvious discrepancies between our electron-scattering results
and theoretical calculations are found. Similar phenomena observed for H2, HD, and D2 may be attributed to
electronic-vibrational coupling and the failure of the first Born approximation at an incident electron energy of
1500 eV. Furthermore, the present inelastic squared form factors of D2 are in good agreement with the ones of
H2 and HD, which indicates that there is no isotope effect for the electronic matrix elements of H2, HD, and D2

in the momentum space.
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I. INTRODUCTION

Molecular hydrogen (H2) and its isotopomers, i.e., molec-
ular hydrogen deuteride (HD) and deuterium (D2), play
important roles in planetary atmospheres [1], star formation
[2], and tokamak edge plasmas [3–6]. The electron-scattering
cross sections of H2 and its isotopomers are the basic input
parameters of theoretical models to simulate physical and
chemical processes in the environments mentioned above.
The demand for these data has increased in recent years.
For example, as abundant components in the edge region
of fusion devices, HD and D2 molecules are produced near
plasma-facing components such as limiters or divertors in
tokamak edge plasmas [3–6]. The cross-section data of HD
and D2 are crucial in understanding the boundary condition
and the plasma-wall interaction in fusion plasmas. However,
the data available nowadays cannot meet the demands in the
variety of areas mentioned above. As pointed out in the recent
review by Yoon et al. [7], the paucity of HD and D2 data
by electron scattering leaves us with a partially incomplete
picture of the electron-impact cross sections of H2 and its
isotopomers. Furthermore, H2, HD, and D2 molecules are
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the simplest molecular two-electron systems and are there-
fore of interest for quantum mechanical calculations beyond
the Born-Oppenheimer approximation [8]. Recently, we mea-
sured the inelastic squared form factors [9,10] and the optical
oscillator strengths [11,12] of H2 and its isotopomers by
high-energy electron scattering and high-resolution inelastic
x-ray scattering methods. As one of a series of works for the
accurate measurement of the dynamic parameters of H2 and
its isotopomers HD and D2, the main purpose of the present
work is to supplement the dynamic parameters of molecular
D2 by high-energy electron scattering.

Dynamic parameters such as the inelastic squared form
factors, generalized oscillator strengths, as well as differential
and integral cross sections of H2 and its isotopomers HD and
D2 are valuable due to their extensive applications. However,
experimental measurements are still scarce, except for H2.
The main experimental difficulties are to resolve the heavily
overlapped bands and to determine the absolute values. The
experimental investigations of the dynamic parameters of H2

and HD have been summarized in our recent works [9,10].
For the D2 molecule, its electron-energy loss spectrum in
the region of the Lyman and Werner bands was measured
by Geiger and Schmoranzer [13] at an incident electron en-
ergy of 34 keV and an energy resolution of about 10 meV
with near zero momentum transfer. The intensity distributions
of the Lyman and Werner bands were obtained, in which a
considerable isotope effect, i.e., the maximum intensity shift
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and vibrational level interval variation, was observed. Af-
ter that, Becker and McConkey [14] studied the Lyman and
Werner band emissions of D2 produced at incident electron
energies of 20–500 eV, and Abgrall et al. [15] measured the
high-resolution emission spectra of D2 excited by an electron
beam with an energy of 100 eV.

Similarly, the previous theoretical calculations for the dy-
namic parameters of H2 and HD were also summarized in our
recent papers [9,10]. For the D2 molecule, the only calculation
is about the generalized oscillator strengths of the vibronic
states of the Lyman band by Kolos et al. [16] with the wave
functions expanded in an explicitly correlated Gaussian func-
tion. In addition, Fantz and Wünderlich [8] have reported the
Franck-Condon factors, transition probabilities, and radiative
lifetimes for H2, HD, and D2, on the basis of the latest Born-
Oppenheimer potential curves and the latest electronic dipole
transition moments of H2.

According to Bethe theory [17–20], the inelastic squared
form factor can be determined from the experimental differen-
tial cross section or generalized oscillator strength measured
by the high-energy electron-energy loss spectroscopy [21–23]
within the first Born approximation,

ζ (q, ωn) =
∣∣∣∣∣∣〈�n|

N∑
j=1

exp(iq · r j )|�0〉
∣∣∣∣∣∣
2

= 1

4
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k f
q4

(
dσ

d�

)
e

= q2

2ωn
f (q, ωn). (1)

Here, �0 and �n are the N-electron wave functions for the
initial and final states, while ωn and q are the excitation energy
and momentum transfer, respectively. The sum is over all
electrons, and r j is the position vector of the jth electron.
ki and k f are the magnitudes of the momenta of the inci-
dent and scattered electrons, respectively. ( dσ

d�
)e and f (q, ωn)

are the differential cross section and generalized oscillator
strength measured by the high-energy electron-energy loss
spectroscopy. It should be noted that the inelastic squared
form factors, generalized oscillator strengths, and differential
cross sections are all fundamental physical quantities com-
monly used, and they can be mutually converted according
to Eq. (1).

In this work, the inelastic squared form factors for the
vibronic excitations of the Lyman band, the Werner band, and
the EF 1�g

+ state of the D2 molecule were measured by the
high-energy electron-energy loss spectroscopy and calculated
by the multireference single- and double-excitation configu-
ration interaction method. This paper is organized as follows.
The experimental procedure and calculational method are
described in Sec. II. The inelastic squared form factors of
the valence-shell excitations of D2 are then compared and
discussed in detail in Sec. III. The summary and conclusions
are presented in Sec. IV.

II. EXPERIMENTAL PROCEDURE
AND CALCULATIONAL METHOD

The present electron-energy loss spectroscopy experiment
was carried out with a high-resolution fast electron-energy

loss spectrometer, which has been described in detail in the
previous works [24,25]. In this experiment, the incident elec-
tron energy was set at 1500 eV and the energy resolution
was about 70 meV. The electron-energy loss spectra of D2

at different scattering angles from 1.5◦ to 8◦ were recorded
at room temperature. To simplify the normalization procedure
and improve the accuracy of the experimental results, the stan-
dard relative flow technique [26–28] was used in the present
experiment. In brief, the flow rates of helium and D2 were
controlled, respectively, by two flow meters with an accuracy
of better than 2%. The gases were mixed together before
flowing into the interaction chamber continuously through
a jet nozzle. Then, the intensity ratios of the valence-shell
excitations of D2 to the 21P state of helium were determined
according to the measured energy loss spectra, and therefore
the inelastic squared form factors of D2 were determined by
referencing to the data of helium, which has been measured
and calculated with a high accuracy [24,29–31]. The nor-
malization procedures were described in detail in our recent
papers [27,28,32]. A typical electron-energy loss spectrum of
the valence-shell excitations of D2 is shown in Fig. 1(a) along
with the excited states assigned according to the theoretical
calculations of Fantz and Wünderlich [8]. By calibrating the
electron-energy loss spectrum at each scattering angle into
the absolute scale, the two-dimensional inelastic squared form
factor densities (ISFFDs) of the valence-shell excitations of
D2 versus the energy loss and the squared momentum transfer
were obtained and are shown in Fig. 1(b).

From the electron-energy loss spectra measured at different
scattering angles, the intensities of the vibronic excitations of
D2 were obtained by a modified least-squares fitting method
[33], which has been used in our recent works [9–12]. The
key to this method is that the intensity distribution of the
vibronic transitions of the B1�u

+ or C1�u electronic state of
the D2 molecule is delineated by the calculated ones modified
by a linear scaling function varying with the energy level of
the vibronic state, which accounts for the deviation from the
Frank-Condon principle. Meanwhile, the intensity of every
vibronic transition of the EF 1�g

+ electronic state is fitted
by an independent peak in view of its possible anomalous vi-
bronic intensity distribution at different momentum transfers
due to the two minima of its potential curve resulting from the
avoided crossing. Similar anomalous phenomena have also
been observed and investigated for the B1�+ state of CO
[34,35] and E3�u

− state of O2 [35–38]. Considering the ther-
mal distribution of the initial rotational levels and the different
intervals of the final rational levels for the different electronic
states, a Gaussian function with the same full width at half
maximum was used to describe the vibronic transitions in an
electronic state, while different full width at half maximums
were used for different electronic states.

The experimental errors of the present inelastic squared
form factors of D2 include the contributions from the defi-
nite angular resolution, the angle determination, the statistical
counts, the fitting procedure, and the normalizing procedure.
The total experimental errors are approximately 5–10% for
most of the resolved vibronic states, and up to 10–30%
for some unresolved vibronic states, which are shown in
the corresponding figures. The inelastic squared form fac-
tors, generalized oscillator strengths, and differential cross
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FIG. 1. (a) A typical electron-energy loss spectrum of the
valence-shell excitations of D2 at an incident electron energy of
1500 eV and a scattering angle of 5◦. Solid lines are the fitted curves.
(b),(c) Present measured and calculated two-dimensional maps for
the inelastic squared form factor densities of D2 vs the energy loss
and squared momentum transfer.

sections of the vibronic states of the B1�u
+, C1�u, and

EF 1�g
+ electronic states of D2 are tabulated in the Supple-

mental Material [39].

We also calculated the inelastic squared form factors of the
vibronic states of the B1�u

+, C1�u, and EF 1�g
+ electronic

states of D2 with the multireference single- and double-
excitation configuration interaction method [40–42], and this
method has been used to calculate the inelastic squared form
factors and generalized oscillator strengths of the valence-
shell excitations of H2 [9], HD [10], H2O [43,44], and N2 [45]
in our recent works. The multireference single- and double-
excitation configuration interaction method can balance the
computational complexity and accuracy for the calculation of
the ground state and excited state of a multielectron system.
For the two-electron system of the D2 molecule, the full
configuration interaction method not only achieves a high
precision, but also costs a small amount of calculation. Un-
der this circumstance, the nonrelativistic self-consistent field
calculations were performed in the D2h symmetry group, and
the resulting molecular orbitals were used to construct the
Hartree-Fock and configuration interaction wave functions of
the D2 molecule. With the Gaussian basis set of (6s, 5p,
4d , 1 f ) applied, approximately 1200 configurations were in-
cluded in the full-configuration-interaction calculations for
different internuclear distances. It should be noted that in ad-
dition to the quadruple-ζ Gaussian basis sets, the correlation-
consistent polarized valence double zeta and triple zeta (i.e.,
cc-PVDZ, cc-PVTZ) ones have also been applied to perform
the calculations to ensure the convergence of the present
calculation.

The Born-Oppenheimer potential-energy curves and the
absolute asymptotic energies (i.e., the energies at very large
internuclear distances) for the B1�u

+, C1�u, and EF 1�g
+

electronic states of D2 were calculated in the present work.
Using the adiabatic potential-energy curves obtained above,
the nuclear vibronic energies and wave functions can be
obtained by solving the one-dimensional radial Schrodinger
equation, where the discrete variable representation method
[46] has been used. Note that the computational precision
is higher than 10−8 a.u. in the present calculation. Based
on the calculated electronic and vibronic wave functions,
the electronic-vibronic inelastic squared form factors can be
obtained. For freely rotating molecules, it should compare
an orientation-averaged result with the experimental data,
which has been done by holding the molecule fixed and
allowing the momentum transfer q to change its relative
orientation.

The calculated two-dimensional inelastic squared form fac-
tor density map of D2 versus the energy loss and the squared
momentum transfer is shown in Fig. 1(c), with the theoreti-
cal inelastic squared form factors convoluted by the present
experimental energy resolution of 70 meV.

III. RESULTS AND DISCUSSION

As shown in Figs. 1(b) and 1(c), the present electron-
energy loss spectra and theoretical inelastic squared form
factor densities qualitatively coincide with both their abso-
lute scales and momentum transfer dependence behaviors.
Compared with its isotopomers H2 [9] and HD [10], the D2

molecule has denser vibronic excitations for every electronic
state. Under this circumstance, the present experimental and
theoretical inelastic squared form factors for some selected

022803-3



YA-WEI LIU et al. PHYSICAL REVIEW A 107, 022803 (2023)

FIG. 2. The selected inelastic squared form factors of the Lyman band of the D2 molecule. Green spheres: the present electron-energy loss
spectroscopy results. Brown solid lines: the present calculations by the multireference single- and double-excitation configuration interaction
method. Blue dash-dotted lines: the theoretical results of Kolos et al. [16].

vibronic states of the B1�u
+, C1�u, and EF 1�g

+ electronic
states of the D2 molecule are compared with the previously
available results [16] in Figs. 2–4 for clarity.

Figure 2 shows that the present theoretical inelastic
squared form factors of B1�u

+(v′ = 0 − 28) by the multiref-
erence single- and double-excitation configuration interaction
method are in agreement with the ones by Kolos et al. [16],
although the results of Kolos et al. [16] are slightly lower
than the present calculations for the lower vibronic states,
while the situation is reversed for higher vibronic states. As
shown in Fig. 1(a), the vibronic states of B1�u

+(v′ � 9) do
not overlap with other electronic states, so the present exper-
imental inelastic squared form factors of B1�u

+(v′ � 9) are
free from any systematic errors from the fitting procedure.
The good agreement between the experimental and theoretical
results indicates the reliability of the present results. How-
ever, gradual deviations of the experimental data from the
theoretical calculations for the higher vibrational states are
noticeable, and similar phenomena have also been observed
for the Lyman bands of molecular H2 [9] and HD [10]. The
discrepancies between the electron-energy loss spectroscopy
results and the calculated results for higher vibronic states

of B1�u
+ of H2 [9], HD [10], and D2 may be due to the

electronic-vibronic coupling effect. Although the influence of
the electronic-vibronic coupling effect on the emission prob-
abilities and transition energies has been studied by Abgrall
et al. [47] and Wolniewicz et al. [48], no scattering dynamic
parameter such as the inelastic squared form factor or general-
ized oscillator strength with the electronic-vibronic coupling
effect accounted has been reported.

The present experimental and theoretical inelastic squared
form factors for the vibronic states of the Werner band are
shown in Fig. 3. Unfortunately, there are no other theoretical
and experimental results for comparison. Similar to molecular
H2 [9] and HD [10], random allocations of the intensities
may exist for the vibronic states of C1�u and EF 1�g

+ of
molecular D2 because of the near match of their energy po-
sitions, which may introduce somewhat larger experimental
errors into the fitting procedure. It is clear in Fig. 3 that
the present experimental inelastic squared form factors of
the vibronic states of the Werner band are obviously lower
than the present calculations by the multireference single- and
double-excitation configuration interaction method, while the
discrepancies decrease in the low-q2 region. The same phe-
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FIG. 3. The selected inelastic squared form factors of the Werner band of the D2 molecule. Green spheres: the present electron-energy loss
spectroscopy results; brown solid lines: the present calculations by the multireference single- and double-excitation configuration interaction
method.

nomenon was also observed for the Werner band of molecular
HD, while reasonable agreement between the experimental
results and the calculations by the multireference single-
and double-excitation configuration interaction method is
achieved for H2 [9]. To elucidate this phenomenon, more
experimental and theoretical investigations are strongly rec-
ommended.

Figure 4(a) shows the present inelastic squared form fac-
tors of the vibronic states of the EF 1�g

+ electronic state
of the D2 molecule. The irregular Franck-Condon factors of
EF 1�g

+ induced by the double-well potential curve [8] make
fitting its vibronic intensities difficult, and the heavy overlap
with the Werner band makes the situation more severe, so
the inelastic squared form factors of the vibronic states of
EF 1�g

+ show apparent irregularities and fluctuations. De-
spite this, the present experimental inelastic squared form
factors of EF 1�g

+ are in reasonable agreement with the
present calculations by the multireference single- and double-
excitation configuration interaction method.

To avoid possible systematic errors from the fitting proce-
dures for the heavily overlapped states in the energy region
larger than 12.2 eV, the sum inelastic squared form factors

of the vibronic states of C1�u and EF 1�g
+ are shown in

Fig. 4(b). It is clear that the present experimental results are
generally lower than the present calculations by the multiref-
erence single- and double-excitation configuration interaction
method, especially in the large squared momentum transfer re-
gion. A similar phenomenon was also observed for the H2 [9]
and HD molecules [10]. However, the inelastic squared form
factors of each vibronic state of C1�u (including contributions
of the EF 1�g

+ state) of H2 by the inelastic x-ray scattering
[9], which always follows the first Born approximation, are in
good agreement with the theoretical ones [9,16]. Therefore,
it is likely that the first Born approximation is not valid in
the larger squared momentum transfer region at the incident
electron energy of 1500 eV for H2 [9] and its isotopomers HD
[10] and D2.

It is always an interesting topic whether there is an isotope
effect in the electronic transitions for molecules [7,49,50].
Although the vibronic-rotational transition energies and their
Franck-Condon factors are clearly influenced by the iso-
tope effect [13], it is generally believed that the electronic
transition matrix element is free from the isotopic atomic
substitution in a molecule [49]; however, there is a lack of
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(a)

(b)

FIG. 4. (a) The selected inelastic squared form factors of the EF 1�g
+ electronic state of the D2 molecule. (b) The selected sum inelastic

squared form factors of the vibronic states belonging to the Werner band and the EF 1�g
+ electronic state of the D2 molecule. Green spheres: the

present electron-energy loss spectroscopy results; brown solid lines: the present calculations by the multireference single- and double-excitation
configuration interaction method.
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(a)

(b)

FIG. 5. (a) The sum inelastic squared form factors of the Lyman
band of H2(v = 0–21) [9], HD(v = 0–24) [10], and D2(v = 0–28).
(b) The sum inelastic squared form factors of the Werner band of H2

(v = 0–6) [9], HD(v = 0–7) [10], and D2(v = 0–8).

experimental evidence. Figure 5 shows the inelastic squared
form factors for the Lyman and Werner bands from light
H2 to heavy HD and D2 in the whole squared momentum
transfer region [9,10]. It is clear that the experimental data for
different isotopomers are in agreement within experimental
uncertainties, so Fig. 5 indicates that the isotope effect has no
apparent influence on the electronic transition procedure of

H2 and its isotopomers HD and D2, which follows the general
understanding of the isotope effect.

IV. SUMMARY AND CONCLUSION

The present work is the last one of this series of works
for the measurement of the dynamic parameters of H2 and its
isotopomers HD and D2 [9,10]. In this series of works, joint
experimental and theoretical investigations of the inelastic
squared form factors of the vibronic states of the B1�u

+,
C1�u, and EF 1�g

+ electronic states of molecular H2, HD,
and D2 have been performed. It is found that the discrepan-
cies in the inelastic squared form factors of B1�u

+ between
our electron-energy loss spectroscopy results and the theo-
retical calculations become larger with increasing vibrational
quantum numbers, and this phenomenon gradually weakens
with increasing molecular weight from molecular H2 [9], HD
[10], to D2, which may be due to the electronic-vibronic
coupling effect. Furthermore, the inelastic squared form fac-
tors of the vibronic states of C1�u (including contributions
of the EF 1�g

+ state) of H2 [9], HD [10], and D2 by the
electron-energy loss spectroscopy are slightly lower than the
present calculations by the multireference single- and double-
excitation configuration interaction method and the inelastic
x-ray scattering ones of H2, which indicates that the first Born
approximation may be invalid in the larger squared momen-
tum transfer region at the incident electron energy of 1500 eV.
The quantitative comparisons for the inelastic squared form
factors of H2, HD, and D2 indicate that there is no appar-
ent isotope effect for the electron-impact excitation, which
follows the general understanding of the isotope effect. The
present systematic works on the measurement of the dynamic
parameters of H2 and its isotopomers HD and D2 will fill the
gap of the data for both HD and D2 to a large extent. Moreover,
these dynamic parameters can be used as the basic input data
for the study of planetary atmospheres, star formation, and
tokamak edge plasmas.
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