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Quantum networks involving multiqubit entanglement allow exciting applications in quantum communication,
quantum sensing, and distributed quantum computation. The efficiency of nonlocal entanglement generation
through optical channels drops exponentially with the distance between network nodes. We present a parallel
and heralded protocol for generating distributed multiqubit entanglement across multiple nodes. This is achieved
by using a high-dimensional single photon that works as a common-data bus connecting all stationary qubits
(i.e., silicon-vacancy electron spins), each of which is coupled to a single-sided optical cavity. Parallel multiqubit
entangled states are heralded by the detection of the single photon after it interacts with each stationary qubit and
passes through each photonic modulation circuit. This parallel protocol can significantly improve the efficiency
of distributed entanglement generation and provides a viable route towards distributed multinode quantum

networks.
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I. INTRODUCTION

Quantum entanglement is probably the most important
aspect of quantum theory. It has attracted a great deal
of attention not only for its distinctly nonclassical proper-
ties but also for its numerous incomparable applications in
quantum information science [1,2]. Quantum entanglement
between quantum network nodes enables quantum secure
communication [3-7], distributed quantum sensing [8-10],
and distributed quantum computation [11-14]. To entangle
two remote nodes, a single photon entangled with a stationary
qubit at one node [15] either interferes with a similar photon
entangled with a stationary qubit at the other node [16-20] or
directly interacts with this stationary qubit [21-26]. However,
the photon transmission rate degrades exponentially with the
distance between two nodes, which limits the entanglement
generation rate and then the performance of a practical quan-
tum network [27-31]. Recently, quantum multiplexing with
each photon carrying two qubits has been proposed to enhance
the entanglement generation rate between two distant nodes
[32] and to reduce the resources required for faithful quantum
state transfer with error-correction codes [33].

Greenberger-Horne-Zeilinger (GHZ) states, entangling
more than two qubits, constitute a valuable resource for
implementing quantum information tasks [34]. They have
been used to perform the strongest test of local realism [35]
and to implement quantum networking technologies ranging
from multiparty quantum communication [36-39] to quantum
metrology [40] and quantum error correction [41]. In prin-
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ciple, distributed multiqubit GHZ states can be generated by
locally preparing them [42—45] and distributing each qubit,
i.e., photon or flying qubit, to one distant node to interact with
a stationary qubit [46,47]. However, this approach requires
that all photons arrive at their destination nodes [48]. Its gen-
eration rate degrades exponentially and equals that achieved
by subsequently interacting a photon with each stationary
qubit. Alternatively, GHZ states among distant nodes can be
generated by entanglement swapping [49-52], given a prior
distribution of entangled pairs [27-29]. While distributed two-
qubit entanglements between two quantum network nodes
have been demonstrated with various physical implementa-
tions [53], further progress towards distributed multiqubit
entanglements [54-56] has been hampered by the finite pho-
ton transmission rate and inefficient stationary qubits.

Here we present a parallel and heralded protocol for gen-
erating distributed entanglement among multiple stationary
qubits located in distant network nodes. We break the rapidly
increasing transmission-loss limit [57-59] using temporal
multiplexing and successfully entangle multiple sets of sta-
tionary qubits with the transmission of a single photon in
a heralded fashion. A stationary qubit coupled to an optical
microcavity allows for an effective interface between single
photons and individual spins via state-dependent reflection
when photons impinge on the microcavity [60-63]. A sin-
gle photon, acting as a high-capacity common-data bus [64],
carries one polarization qubit and one time-bin qudit. It can
entangle MN stationary qubits, i.e., electron spins, by sub-
sequently interacting with them, leading to the generation
of M N-spin GHZ states among N distant network nodes,
each of which contains M stationary qubits. The entanglement
generation rate of distributed GHZ states, in principle, can be

©2023 American Physical Society
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FIG. 1. (a) Schematic of the controlled-polarization flip unit
based on a SiV™ in diamond coupled to a single-sided microcavity.
(b) Level structure of a SiV™ and its optical transitions.

increased by a factor inversely proportional to the Mth power
of the transmission rate. Therefore, our parallel protocol can
provide a promising avenue for various distributed multinode
quantum networks.

The paper is organized as follows. A quantum interface be-
tween a single photon and a SiV™ electron spin is introduced
briefly in Sec. II to constitute a fundamental building block.
In Sec. IIT a parallel and heralded protocol for generating
M N-spin GHZ states with the transmission of a single photon
is presented. Subsequently, the performance of multiqubit en-
tanglement generation is discussed in Sec. IV. We provide a
brief discussion in Sec. V and a summary in Sec. VI. Finally,
the Appendix presents a simple example of our protocol for
generating two three-spin GHZ states across three distant
nodes.

II. FUNDAMENTAL BUILDING BLOCK

A fundamental building block of our protocol is an efficient
interface between a single photon and an individual spin,
which can constitute a controlled-polarization flip (CPF) unit.
The CPF unit, in principle, entangles the spin and the photonic
polarization qubits and thus enables a polarized photon in
time-bin qudit states to serially entangle each spin qubit to
create M > 2 GHZ states across N > 3 distant network nodes.
The total distance the photon needs to travel in our parallel
scheme for generating M GHZ states is identical to that in
other schemes for generating one GHZ state, speeding up the
efficiency of multiqubit GHZ-state generation for large-scale
quantum networks.

We consider a specific CPF unit outlined in Fig. 1, which
is implemented by a negatively charged silicon vacancy cen-
ter (SiV™) in diamond coupled to a single-sided nanocavity
resonance near 737 nm. A SiV™ center consists of complexes
made up of two carbon vacancies between which is a silicon
atom [61-63], shown in Fig. 1(a). The resulting D3, inversion
symmetry of a SiV™ center about the Si atom results in a
vanishing electron dipole moment of the ground and excited
states [61]. The SiV™ centers are therefore more resilient to
electrical noise typically present in nanophotonic structures
and have better optical properties than nitrogen-vacancy color
centers at low temperatures (below 500 mK) [62]. The en-
ergy levels of a SiV™ center under moderate strain can be
simplified to two electron-spin sublevels of the lowest orbital
branch in the ground state, i.e., |g) = | |) and |e) = | 1), and
two electron-spin sublevels of the lower orbital branch in
the exited state, i.e., |¢) = | {’) and |¢') = | 1) [62], after

removing irrelevant levels with large detunings, shown in
Fig. 1(b). These states are connected by two spin-conserving
optical transitions with horizontal polarization, i.e., |H), and
frequencies w, and @, = wg + A, when an external magnetic
field is applied along the SiV™ symmetry axis. Meanwhile,
the cross transitions with spin flipping are dipole forbidden
and can be neglected [62].

Suppose an H-polarized photon with frequency w im-
pinges on the input port of a SiV ™ -cavity system; its frequency
is near resonance with the cavity mode (w >~ w.) and the
dipole transition |g) — |g¢’) but far detuned from the dipole
transition |e) — |¢’). Then the scattering will be significantly
different when the SiV™ is initialized to states |g) and |e) and
couples strongly with the cavity. The dynamic equations of
motion for the cavity mode a and the dipole operator o_ as
well as the input-output relation can be described by [21,65]

Z—f = —(i(wc —w)+ g)a — g6 — /Kt + N,
do— = —(i(a)s —w)+ Z)é_ —g6.a+ N/,

dt 2 :

Aou = in + V@, (1)

where w; (w.) is the dipole-transition (cavity-mode) fre-
quency, g is the coupling rate between the SiV™ and the cavity,
y is the decay rate of the excited state, « is the cavity decay
rate, coupling to the input and output modes, and @i, (Goy) 1S
the input (output) mode. The operators N and N’ are used to
preserve the desired commutation relations and they represent
noises originating from the cavity leakage and dipole decay,
respectively.

The reflection coefficient in the weak excitation limit with
(6,) >~ —1 can be described by [65]

2(iAs + 1)
(iAs + DA+ D +C’

where C = 4g%/ky is the cooperativity, Ay = 2(w; — w)/y
with subscript s = g, ¢, and A, = 2(w. — w)/k are effective
detunings of the dipole and the cavity mode from the input
field frequency, respectively. For Ac = A, =0 and A, >
C > 1, the reflection coefficient equals r, =1 (r, = —1) for
a SiV™ in state |g) (Je)) and an input photon with horizontal
polarization |H).

This state-dependent reflection can be used to constitute a
CPF unit using a polarized photon as the target and a SiV™
as the control, shown in Fig. 1(a). The CPF unit consists of a
cavity-SiV ™ system, a prism that reflects all photonic modes,
and a polarizing beam splitter (PBS) that reflects V -polarized
photons and transmits those of horizontal polarization |H).
Suppose an arbitrary polarized photon is in state |¥,) =
a|D) + BIA), where |a|? + |BI> = 1, D) = (V) + |H))//2,
and |A) = (V) — |H))/+/2, and the SiV~ is in state |¥;) =
(1) + le))/+/2. The CPF unit evolves the photon and SiV~
electron spin into

2)

ry(w)=1-—

L
V2

where the polarization-flip state is represented by |¥,) =
«|A) + B|D). This CPF unit is referred to as a SiV™

We) = —= (1)) + |e)|)), 3)

022428-2



PARALLEL AND HERALDED MULTIQUBIT ENTANGLEMENT ..

PHYSICAL REVIEW A 107, 022428 (2023)

(a) (b) D(ky)
1 2 N-1 N PBS+H—I_\
..... HWP
So,1 514 SN—2 1'; SN—-1,M
v + v b () kDS gPBS
TBEk1 TBEkM+1 TBEk(N—Z)M+1 ADM
/ ! / / i f —> QDT — |x
s | ) oAl o
{ So2 TBEky 512 SN-2,2/ SN-1,M—1 D|(|x1 —xD
L »[}&3 L
¢ ¢ ? D(T)PBS PBS
TBEk; TBEku+ TBEk(w-2ym+2 77 ) PBS'D(T) PBS’
¢ ¢ ,,,,,,,,, » KN = X
U ¢ 4
: / /
/ / AD,
4 { oy .
s o A | > aa—s S
So,m S1M | Sneam SN-1,1 = =

i |
D(T)PBS  PBS

FIG. 2. Schematics of generating M N-spin GHZ states across N nodes using a single photon. (a) Step-by-step protocol for generating M N-
spin GHZ states. (b) Time-bin encoding TBEk,,. (c) Swapping unit AA that exchanges two A-polarized time-bin components. (d) Swapping
unit ADy that exchanges two time-bin components with orthogonal polarizations. Here PBS (PBS’) represents a polarizing beam splitter that
reflects A-polarized (D-polarized) photons and transmits D-polarized (A-polarized) ones, HWP is a half waveplate that flips the polarization of
photons, D(x) introduces a time delay that is determined by the value given in the parentheses with its maximum 7' = 2%, and OS is an optical
switch that directs two spatial modes of a photon with different time bins into one spatial mode and vice versa.

electron spin below and constitutes a fundamental build-
ing block for parallel and heralded multiqubit entanglement
generation among multiple nodes for distributed quantum
networks. We emphasize that our protocol can be used for dis-
tributed quantum networks involving other CPF units that are
implemented by natural atoms, quantum dots, or other color
centers coupled to optical cavities or waveguides [15-26].

III. PROTOCOL FOR GENERATING M N-SPIN GHZ
STATES WITH A SINGLE PHOTON

The scheme for generating M N-spin GHZ states across N
nodes, shown in Fig. 2, requires CPFs and time-bin encoding
(TBE) as well as photonic swapping units, i.e., AA and ADy
swap two time bins with the same polarization, i.e., |A,) and
|Ax,), and that with orthogonal polarizations, i.e., |A,) and
|Dy, ), respectively. An input photon P with D polarization
is scattered by a CPF followed by a TBE, which doubles
the time bins of photon P and evolves all time bins to have
D polarization, shown in Fig. 2(b). For example, the half
waveplate (HWP) transfers A-polarized time-bin modes in the
upper path of TBEk,, to D-polarized ones and the optical delay
D(ky,) introduces a time delay of k, 7o for time-bin modes
passing through it, where

km = 2K—m7 (4)

with K =(N —-1)M —1form=1,2,..., K. Subsequently,
time-bin modes in both the upper and lower paths of TBEk,,
are D polarized and are combined into the same spatial mode

by an optical switch (OS). Note that the time interval Tx
between two neighboring time bins should be larger than
both the cavity lifetime 1/k and the dipole lifetime 1/T°
with a cavity-enhanced dipole decay rate I' = (1 + C)y. Af-
ter photon P is scattered by the CPF containing the SiV™
electron spin sy_p p in node N — 1, the photon is encoded
by a 2X-dimensional time-bin mode and a two-dimensional
polarization mode and maximally entangles with the (N —
1)M SiV~ electron spins, shown in Eq. (9). This hybrid en-
tanglement can be converted into M N-spin GHZ states by
actively controlling the photon states with photonic swapping
units, i.e., AA and ADy, before the photon impinges on each
CPF in node N.

A. Hybrid entanglement of a high-dimensional single photon
and (N — 1)M electron spins

Suppose all SiV™ electron spins, shown in Fig. 2(a),
are initialized in the superposition state |V, ;) = (lg5,) +
les, ))/N2 for s ;=IM+j,1=0,1,....,N—1, and j =
1,2,...,M, and a resonant photon P with D polarization
is directed to interact with sp; in node 1. The photon then
passes through TBEk;, shown in Fig. 2(b), and converts its
component |Ap) into |Dy, ). The state of photon P and spin s
evolves into

1

|Dy) = 7

(Ig1}1Do) + le1) Dy, )), (&)
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which is an entangled state of the photonic time-bin mode and
electron spin s¢ ;. The photon subsequently interacts with each
CPF and is rearranged by a TBE. After the photon is output
by TBEk,, form € {2, 3, ..., K}, the state of photon P and m
electron spins evolves into a hybrid entangled state

2"—1 m

~

|<Dm> =

- 8&m)Dy,),  (6)
t=0 i=1

where ¢ is a parameter in the decimal format, which can be

translated into an m-bit binary as j{j{" .. Jl(t) j0 0 e

{0, 1} with = Y7, 27=7j®_and the subscript t,, = tk,Ta
represents the time delay The state of the ith electron spin is
lg) (le)) for j’ = 0 (j = 1) and the operator §, jo is

6%, j0=1
A~ 1 9
Oy = {fl (z) —0. 7

where I; = |g)i(g| + le)i(e] is the identity and 6% = |g);(e| +
le)i{g| is the spin-flip operator of the ith electron spin.

For simplicity, it is convenient to divide K electron spins
into M parts SO, ..., S®) . S shown in Fig. 2(a). The

state of S®) with all electron spins in state |g) and k' = M —
k+1fork=1,2,...,M can be described as
|gsoMgslM '.'g»YN—SM)’ kK =1
|Geuy) = { M ' , (®)
s |gsm(gs1,k T gSN_2,k>7 k = 27 31 ceey M

Afterward photon P interacts with the (K + 1)th electron spin
sy—2.m and its state in combination with that of K + 1 electron
spins evolves into

2K
|®K+l)_mZ|G5(l) Gger), -+ |Ggon).,
® (Ign—2.m)|Dx) + len—2.m)|AL)), )

where a decimal parameter x can be translated into a K-bit
binary as jijo- -« jm---jxk with x=Y%_ j,k, and j, €
{0, 1}; |Ggu)). represents the state of S®) when photon
P is in the time-bin mode x: |Gsn), = @481, IGsm)
and |Ggu))x = ®Z;20 31,‘,,,, |Gguw) fork’ =2,3,..., M, where
m' = (m — k)/M is the integer value function that rounds the
number (m — k)/M down to the nearest integer and 31 G 18
defined by Eq. (7). Furthermore, the state of electron spin
sy—2.m 18 exclusively determined by the polarization of photon
P, in a manner similar to that described by Eq. (5). Therefore,
the state |®g 1) is a hybrid entangled state between photon
P and K + 1 electron spins, in which the time-bin state of
photon P is determined by the first K electron spins, while
the polarization of photon P is determined by the state of the
(K + 1)th electron spin.

B. Heralded generation of M N-spin GHZ states

To project electron spin sy_; » (X =1, ..., M) in node N
and spins s,—1x (k=M — k' + 1)innodesn =1,2,...,N —
1 into a GHZ state, some photonic swapping units are properly
applied on photon P before it interacts with electron spin
SN—1.r - In general, the photonic time-bin mode entangles with
the first K spins. For any time-bin mode x, the states of

|Ggwy) - -+ |Ggon) are determined by the K-bit binary string
Jij2+ - jm -+ jk, as shown in Eq. (9). There is a correspond-
ing spin state that is determined by x;, which can be translated
into a K-bit binary as j{"j{" ... jO ... ;D with jO = j,, for
m=M,2M, ..., (N —2)M and J,(”” = ]m for other values of
m. The swapping unit AA consisting of OSs, optical delays
D(x), and PBSs, as shown in Fig. 2(c), exchanges the photon
time-bin states x with x| in the A-polarization mode and then
evolves the state | Dk ) into

261
|®'ky1) = \/W Z |Gs)y -+ |Gson)
® (|GS“)>x|gN72,M> |Dy)
+1Ggn)elen—2.m) A, (10)
where the state |Gsa))y = |Gsi)y, = N 3 AWMIGSm) rep-

resents the bit-flip state of all electron spms of S when the
photon is in time-bin mode x.

The photon P then interacts with spin sy_; | and its state
in combination with K + 2 spins can be described as

2K

G
N Z' so)x

® [(|GS“)>x|gN72,MgN71,1>
+1Gsn)«len—2.men—1.1))|Dx)

+ (|Gso)xlgv—2.meN-1.1)
+1Gsn)xlen—2.m8N-1.1))IAL)], (11)

which explicitly shows the entanglement of N spins (") and
Sn—2.mSN—1,1)- In practice, the state |Pg,) can be projected
into an N-spin GHZ state if the photon P is measured in the
basis {|D), |A)} with time-resolved detectors, since the states
|Gsm), of the first N — 2 spins are orthogonal for any two
time bins distinguished by different subscripts x. Furthermore,
this state can be modified by a swapping unit to correlate
the polarization states of photon P with those of spins @),
whereas states of other spins are separated from those of spins
S® and the photon’s polarization. The modified state thus has
a form similar to | ®}_ ;) and can entangle spins S and sy_;
after the photon interacts with spin sy_j .

The swapping unit AD, completing such a modification,
shown in Fig. 2(d), can be constructed by OSs, D(x), PBSs
and PBS’s and then exchanges photon components |A,) and
|Dy,) (|Ax,) and |Dy)) for x < x; (x2 < x). Here x, is de-
termined by a K-bit binary string ](2) (2@ 9 with
i@ =], for m=M-—1,2M — 1, (N—l)M—land
j = j,, for other values of m. The state | @) is evolved
into

[Pk 12) = < |Ggon),y

1 261
(®'ka) = s D 1Gsw)s = -[Gswn)slg)s
® (1G's2)IDx) + G} |A2)), (12)

where |¢;), represents an N-spin GHZ state and can be de-
scribed as

1 - _
lpi)x = E(IGw)xIGLz) + 1Gs0)xG1.2)), 13)
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with
lgv—2.m8gN-1,1), X <X2
|G12) = { (14)
lgn—o,men—1,1), X > X2,
and a general state |G'gw)) of electron spins S*) can be de-
scribed as
|Ggun)yr X <Xp
|G gu)) = ' (15)
|GS(1{’)>X](, s X > Xy
for |GSU~’ Xyt ®[ =0 Slk |GS(A’ )x’ k' = 2 3 M

The photon P then interacts with spin sy_1 » and the com-
bined state of photon P and K + 3 electron spins evolves into

2K 1

|[Pki3) = < |Ggon ) l@1)y

Y IGso),
V2K+2 =

®[(1G se))|gn-1.2)

+ |Gg<2>)|€N—l,2>)|Dx>
+ (IG'so)len-1.2)

+ |G_/5‘(2>)|gN—l$2>)|Ax>]-

Here spins SM and SN—2.mSN—1,1 and spins S@ and SN—1.2
are simultaneously in GHZ states, whereas all other spins are
separable from them.

This entangling operation can be cascaded to project
more electron spins into GHZ states by modifying the
photon states with a proper swapping unit ADp (k' =
2,3, ..., M) before interacting photon P with the correspond-
ing electron spin sy_; . Here the ADy exchanges photon
components |A,) and |D,,) for x < xp and |A,,) and |D,)
for xp < x. The subscript x is determined by a K-bit bi-
nary string ](k) AR (O j(k/) with j&) = j, for m =
k.M +k, .. (N 2)M +k and j*) = j,, for other values
of m. Therefore after photon P interacts with sy_; y, the state
of MN electron spins and photon P evolves into

(16)

2K 1

M—1
D ar41) = W Z o) x®|<pkf

=2
® [(1G gon) | gn—1.0)
+ |GS(M>)|eN 1,M))|Dx)
+ (G somn)len—1.m)

+ |GIS(M>)|8N—I,M))|Ax>], 17)
where the k'th N-spin GHZ state for k' =2,...,M — 1is
1 -
lor )y = E(|G/s(k’>)|gN—l,k’> + G len-1x)),  (18)

which is determined by the photon’s time bin x and its value
relative to x;/, while the Mth N-spin GHZ state is determined
by the photon’s time bin and polarization state, which can
be determined by time-resolved detectors. A simple example,
i.e., N =3 and M = 2, for the generation of two three-spin
GHZ states with the transmission of a single photon is pre-
sented in the Appendix.

IV. PERFORMANCE OF OUR PARALLEL PROTOCOL
FOR GENERATING MULTIQUBIT ENTANGLEMENT
ACROSS MULTIPLE NODES

So far, we have assumed indistinguishable CPFs with
identical optical transitions and a perfect model where the
interface between single photons and individual spins is de-
terministic with opposite phases for an input H-polarization
photon with frequency @ and a SiV™ electron spin in states
|g) and |e). However, SiV™ centers have different optical tran-
sition detunings due to variations of local strain and external
fields. It is therefore necessary to actively compensate these
detunings by tuning the strain and external fields [66—68].
Meanwhile, there are always some imperfections that intro-
duce a deviation from this ideal interface, such as a finite
detuning A, and a finite cooperativity C due to a limited
coupling g between an electron spin and an optical nanocavity,
and that lead to a realistic (nonideal) scattering coefficient
rg(w) given in Eq. (2).

Fortunately, the influence of this nonideal scattering on the
fidelity of multiqubit entanglement generation can be pas-
sively suppressed in a heralded way, reducing the efficiency
of entanglement generation; a semi-ideal interface with an
identical reflection probability and opposite phases can be
achieved for scattering processes with an electron spin in
states |g) and |e). For instance, the reflection coefficient is
re = —7, = 0.98 for an input H -polarization photon with C =
100, A. =1, and A, = 100. Taking experimental accessible
parameters (g, «, y) = 2w x (8.4,28.2,0.1) GHz [63], the
cooperativity C = 100 can be achieved for a system consisting
of a SiV™ coupled to a nanocavity. Meanwhile, the large op-
tical splitting of these two optical transitions (A, — A, = 99)
can be achieved at magnetic field B ~ 0.5 T and moderate
strain (~1077 strain) under which the difference of Landé g
factors in the excited and ground states can be §g = 0.06 and
the orbital splitting of ground state is Ay ~ 140 GHz [62].

Our parallel protocol generates M N-qubit GHZ states
among N nodes by using a high-dimensional single photon
as a common-data bus connecting MN electron spins. The
single photon is effectively scattered once by each CPF and
it involves MN scattering processes in our protocol. The
efficiency of our protocol is mainly limited by the channel
transmission loss and the scattering loss, when the time-bin
encoding and swapping units, consisting of linear optical ele-
ments and OSs, are ideal and introduce negligible errors.

For simplicity, we assume the distance between two adja-
cent nodes is L and the total optical channel length is (N —
1)L for an N-node network. The efficiency of our parallel
protocol for generating M N-qubit GHZ states among N nodes
is

nvm = g Mngexpl—a(N — 1)L], (19)

where 9 = |rp|> = 0.96 is the probability that the single pho-
ton is channeled to an optical circuit after scattering, n; >
0.96 is the detection efficiency of single-photon detectors,
and a is the attenuation coefficient of optical channels with
a5 L km~! [27]. However, for protocols that entangle each
N spins using one photon as a common-data bus, they require
the transmission and detection of M photons for generat-

ing M N-qubit GHZ states among N nodes. Therefore, the
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FIG. 3. Efficiencies of entanglement generation for M N-spin
GHZ states. The distance L between two adjacent nodes n and n + 1
forn=1,2,...,N —1 is assumed to be equal. Here ny s is the
efficiency of our parallel and heralded protocol for generating M N-
spin GHZ states across N nodes of a quantum network, while ny, ,, is
the corresponding efficiency of protocols that entangle each N spin
using one photon.

corresponding efficiency can be described as
My = 1 " 0 expl—aM (N — 1)L]. (20)

Efficiencies ny » and ny ,, as a function of the distance L
between two adjacent nodes are shown in Fig. 3. Overall, ny
are always larger than n),, for three different (M, N). The

efficiency enhancement n]e\}‘}j,f = nv.m(L)/ny (L) increases

notably with L, since we have
s =y expla(M — DN — DL]. @21

Specifically, if we take L = 11 km, the efficiencies of gen-
erating two and five three-qubit entanglements across three
nodes by our protocol are n3,(11) = 0.277 and n35(11) =
0.193, respectively. However, the corresponding efficiencies
described by Eq. (20) are ng,z(ll) = 0.098 and 77/3’5(11) =
3.003 x 1073. For a longer distance L =22 km, our effi-
ciency for generating two and five three-qubit entanglements
can reach 7132(22) =0.102 and n35(22) = 0.071, respec-
tively, which are significantly larger than 7} ,(22) = 0.013
and 7 5(22) = 2.023 x 107>, which are achieved by proto-
cols entangling each of three spins with one single photon.
Moreover, our parallel protocol, for L > 3.5 km, can gener-
ate five three-qubit entanglement with an efficiency 03 5(L)
larger than 73 ,(L) with which one generates two three-qubit
entanglements with two single photons. Moreover, this ef-
ficiency enhancement can be further increased for larger
(M, N) and longer optical channels, such as r}j‘fj‘(ZZ) ~ 10*
and nﬁf‘f{(33) ~ 109.

So far, we assume optical switches are perfect with the
unity efficiency. In practice, an imperfect optical switch will
introduce a photon loss event with a probability 1 — 1, when a
photon passes through it. In our parallel protocol for generat-
ing M N-spin GHZ states, we use in total S = (N + )M — 1
optical switches to control the transmission of time-bin modes
of photon P, when time-bin-dependent delays in the photonics

100

50

Enhancements
Threshold efficiencies

Distance L (km)

FIG. 4. Enhancements of entanglement generation efficiency and
threshold efficiencies of an optical switch for generating in parallel
two three-spin GHZ states. The distance L between two adjacent
nodes is assumed to be equal. Here 772“;‘ is the efficiency enhancement
of our protocol for generating two three-spin GHZ states across three
nodes, while '™ is the threshold efficiency of an optical switch that

N

our protocol can tolerate.

swapping units, i.e., AA, and ADy, are introduced actively
in Fig. 2. The efficiency ny ) thus should be modified by
a factor nfT, which sets a threshold on the lowest optical
switch efficiency n'™" that depends on M and N in combination
with the distance L. The efficiency enhancements 75" and
the threshold efficiencies '™ as a function of the distance L
for M =2 and N = 3 are shown in Fig. 4. In general, our
parallel protocol can tolerate a lower switch efficiency for a
larger L, i.e., n'™ = 0.910 for L = 11 km and n™ = 0.831 for
L = 22 km, since the efficiency enhancement ni}“}w increases
with L for any M > 2 and N > 3, shown in Eq. (21). Note
that the total number of optical switches for determining the
threshold nihr is eleven rather than seven, since four additional
optical switches in swapping unit AD, are used to passively

introduce time-bin dependent delays, shown in Fig. 5.

V. DISCUSSION

The essential building block of the parallel and heralded
protocol is the effective interface between single photons
and individual electron spins of SiV™ in diamond. Recently,
such an interface was used to perform asynchronous photonic
Bell-state measurement on time-bin encoded photons and then
to enhance quantum communication [63]. To implement our
protocol for practical multinode quantum networks, the CPF is
based on a polarization encoded photon-spin interface, which
requires the ability to maintain stability of the phase differ-
ence between two paths with different polarizations [65]. In
practice, these paths can be combined into one phase-stable
architecture by using a monolithic, micron-scale photonic
structure with a fidelity larger than 99% [69]. The finite mode
matching between the photon polarization and the optical
transition polarization of SiV™ leads to an error in the CPF,
which decreases its fidelity by 10~* for an achievable mode-
matching efficiency of 99% [70].

To effectively modulate the photon states between
two adjacent CPFs, the optical switch with an opera-
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FIG. 5. Schematics of generating two three-spin GHZ states shared by nodes Alice, Bob, and Charlie. Here OSi (i = 1, ..., 8) is an optical
switch and optical elements PBS, PBS’, HWP, and D(x) are the same as those used in Fig. 2.

tion time of subnanosecond is needed, which in prin-
ciple can be constructed by Mach-Zehnder interferome-
ters [70] via electro-optic modulation with subnanosecond
phase control [71,72]. Recently, complementary metal-oxide-
semiconductor—compatible electro-optic modulators were ex-
perimentally demonstrated with data rates up to 210 gigabits/s
and an on-chip optical loss of less than 0.5 dB [72].

In general, the decoherence of the SiV™ decreases the
fidelity of the nonlocal entanglement generation and its in-
fluence on the fidelity can be characterized individually in
two different processes: (i) the scattering of the photon in
each node and (ii) the propagation of the photon over quan-
tum channels between neighboring nodes. For the former, the
decoherence of the electron spin decreases the fidelity of the
scattering process by an amount of {[1 + exp(—tr/T5)1/2}",
when each SiV™ electron spin undergoes individual deco-
herence [73,74]. Here f7 is the total scattering time in each
node, which is in the microsecond range for M + N < 8
shown in Fig. 3, assuming the time interval 7o =1 ns
between two neighboring time bins. The Ty is the elec-
tron spin coherence time of a SiV™ and exceeds 10 ms at
100 mK [75]. Therefore, the decoherence of the SiV™ electron
spin decreases the fidelity of entanglement generation by an
amount of less than 0.5% during scattering processes in each
node.

To discuss the influence of the decoherence on the fi-
delity during photon propagation, we make the simplifying
assumption that N — 1 spins s; ;, [ =0,1,...,N — 2, are in
the same node and spin sy_1_; is in a distant node and that the
hybrid entanglement between the first K 4 1 spins and high-
dimensional encoded photon is maximal and ideal, shown in

Eq. (9). The transmission time over a fiber channel of length
L’ km connecting these nodes is 7,y = L’/c (c is the speed of
light) and the decoherence of the electron spin will evolve the
hybrid maximally entangled state into a mixed entangled state
when the photon arrives at the distant node. The probability
of state |®Pg;) in the mixed entangled state measures the
fidelity of entanglement generation of our protocol, when the
scattering process in the distance node is ideal and converts
hybrid entanglement into multispin entanglement. Therefore,
the fidelity of GHZ state generation for each N-spin subsys-
temis FF = {[1 + exp(—tL//Tze)]/Z}(N_l) [73,74]. The fidelity
F = 0.95 can be achieved for L' = 100 km, N = 3, and M <
5, which in principle can be increased further by dynamical
decoupling or coherent electron-nuclear transfer [75].

VI. CONCLUSION

In summary, we have shown that it is possible to generate
in parallel distributed multiqubit entanglement across multiple
nodes with a single photon. The influence of exponential
loss in optical channels on the entanglement generation can
be considerably reduced by using a high-dimensional single
photon as a common-data bus. With experimentally accessi-
ble parameters, efficiency enhancements of several orders of
magnitude can be achieved in some situations. Furthermore,
the heralded success of parallel multiqubit entanglement
generation is signaled by the detection of a single photon
with time-resolved detectors. All these distinguishing fea-
tures make the parallel and heralded method for multiqubit
entanglement generation useful for multinode quantum com-
munication and quantum networks.
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APPENDIX: GENERATING TWO THREE-SPIN GHZ
STATES AMONG THREE NODES WITH
A SINGLE PHOTON

Here we give a pedagogical example of our protocol for
generating two GHZ states among three nodes (Alice, Bob,
and Charlie) with the transmission of a single photon, shown
in Fig. 5. Here the photon is encoded by an eight-dimensional
time-bin mode and a two-dimensional polarization mode; all
TBEk,,’s, i.e., k,, = 23~ and swapping units, i.e., AA and
AD, consist of OSs, D(x), PBSs, PBS’s, and HWPs and they
can modify the photon state in a similar way as described in
Sec. III.

Suppose a SiV™ electron spin 5;; (! =0,1,2 and j =
1, 2) is initialized to the superposition state |5, ) = (Igs,;) +
|€s,,,»>)/«/§. A D-polarization photon P in Alice’s node im-
pinges on the cavity containing so ; and then passes through
the TBE4 circuit, shown in Fig. 2(b) with D(k,,) = D(4).
Here TBE4 introduces a time delay of 475 and converts the
photon component |Ap) into |D4). The combined state of pho-
ton P and electron spin sg; evolves into a hybrid entangled
state as

1) = %(lgO,IHDO) + leo,1)1Da)).

The photon P then interacts with spin sp, and passes

through the TBE2 circuit, which converts all A-polarization

components into D-polarization ones with different time bins,

i.e., Ao = D, and Ay — Dg. The spins sg 150, entangle with
photon P before it interacts with s ; in Bob’s node as

$2) = Z®51]m|g01goz Do)

tOtl

(AD)

(A2)

Here the subscript ¢ € {0, 1, 2, 3} can be translated into a

two-bit binary ]f )]é ) belonging to {00, 01, 10, 11}; 31]@ is the

identity (bit-flip) operator applied on the ith spin for ji(’) =0
G’ =D.

After photon P interacts with s; ; in Bob’s node and passes
through the TBEI circuit (it converts Ay — Dy, for t =
0, 1,2, 3), the combined state of three spins s¢ ;59 25,1 and
photon P evolves into a hybrid entangled state

93) = 5 IZ(X)&I,Mgmgozgl1>|Dt> (A3)

t=0 i=1

where the subscript ¢ can be translated into a three-bit bi-

nary ]f’) ]g) ]é’) For instance, when photon P is in state
i 57 " =101 and

|D5) with the subscript # = 5, we have j, " j, " j
®l | 81 o = = 6 1203 and can project three electron spins to

state |eg, 180 2er1)-

Similarly, we can divide the three electron spins into two
parts with S =g, and S® = s91s;.1. After the photon
interacts with electron spin s », a hybrid entangled state is
generated between the high-dimensional single photon P and
four electron spins, which can be described as

7

|¢4) = Z |Gs)|Gs@),(181,2)1Dx) + le12)Ax)),

x=0

(A4)

where |Ggn) = |g0.2), |Gs») = |80.181.1), and the subscript
x represents the time-bin state of photon P and is exclu-
sively determined by the states of the first three electron spins
50,150,251,1, whereas the polarization is determined by electron
spin sy 7.

The photon P then is transmitted to Charlie and passes
through a swapping unit AA consisting of OSs, D(x), and
PBSs, as shown in Fig. 5. Here AA swaps the photon com-

ponents in the A-polarization state with delays x = ]fl) ]51) ](1)

for those with delays x| = ]}”]é”]é”, which can be com-
pleted by directing optical time-bin components (0, 1, 4, and
5) [(2, 3, 6, and 7)] to the lower (upper) channel of the
swapping unit AA using the OS1. A time delay of 87, is
introduced in both channels to balance the time-bin states of
the A-polarization and D-polarization components. Then the
OS2 combines all time-bin components into one spatial mode
to interact with the electron spin s, ;. This swapping unit AA
modifies the correlation between the time-bin mode of photon
P and the state of s¢ 150,251,1 and completes an effective bit-flip
operation on S = s , compared with state |¢4) when photon
P is A polarized. Therefore, after photon P interacts with
electron spin s,,1, the combined state of SVS@s; 55, | and
photon P evolves into

® [(IGsn),lg1.282.1)

lps) = f Z |Gso)

+1Gsn)xler2e2,1)IDx) + (IGsw)xlg12€2,1)
+Gsn)xler 2821 )AL,

where |Gsn)x = |Gsa)y, = 6] 2IGSm) and the three electron
spins in the last line will be pI'O]eCted into a GHZ state if pho-
ton P is measured in the basis {|D), |A)} with time-resolved
detectors.

Subsequently, the photon P passes through the swapping
unit AD,, consisting of OSs, D(x), PBSs, PBS’s, and HWPs,
which exchanges the photon components in the A-polarization

state with delays x = ]fz) j;z) ]gz) and those in D-polarization
This swapping can be

state with delays x, = Jiz) ]éz) j;z)

achieved by directing time bins (0, 2), (5, 7), (1,3), and (4,6)
into channels a, b, ¢, and d of the AD, unit, respectively.
Therefore, after the photon P passes through the swapping
unit AD, and interacts with spin s;», the combined state of
the six spins and photon P evolves into

(A5)

|pe) = f Z 91)x ® [(IG'5)122.2)

+1G50)le22)IDx) + (1G'se)e2.2)

+1Gse))1g2.20)1A)], (A6)
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where |¢), 1s a GHZ state described by
1

lp1)x = ﬁ(lGS“))x|Gl.2) +1Gs0)xlGr2), (A7)
with
181282.1),  x <x2
Gip) = wes A8
(G1.2) {|81,2€2,1), X > x2, (A8)
and the state of |GY,) can be described by
/ _ |Gs<2>)x, X < X2
|GS(2)> B {'GS(Z))XZ’ X > X2 (A9)

for |Gs<2>)x = |G5<2))x2 = 6;:’.15'5[
spins Ss; 55,1 and SPs,, will be simultaneously pro-
jected into three-spin GHZ states if photon P is measured
in the basis {|D), |A)} with two time-resolved detectors.
For instance, if the measurement on photon P reports a
result of [As), we have x =95, x; =7, x2 =0, |Gi2) =
|g1.2€2,1), and |G'g2) = |Gse))o = [go,181.1). The two three-
spin subspaces S(Vs;,s01 and S®sy, will be projected
into state (|go,281,2€2.1) + |€0,2€1,282.1)) ® (Ig0,181,1€2,2) +
leo.1€1,182,2))/2, which is a product of two nonlocal GHZ
states.

|Gg2),. Here the electron
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