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Evolution of the ionic polarization in multiple sequential ionization:
General equations and an illustrative example
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Modern free-electron lasers generate a highly intense polarized radiation which initiates a sequence of
ionization and decay events. Their probability depends on the polarization of each involved state as a function of
time. Its complete account is limited by the fact that a state can be formed in various ways. Here we present an
equivalent of rate equations for population that completely accounts for polarization of radiation formulated in
terms of statistical tensors. To illustrate our approach we theoretically consider the sequential photoionization of
krypton by an intense extreme ultraviolet femtosecond pulse for photon energies below the 3d-shell excitation
threshold. The calculations of the ion yields, photoelectron spectra, and ionic polarization for various photon
fluences are presented and the role of the polarization is discussed.
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I. INTRODUCTION

When an atom is irradiated by an intense electromagnetic
field generated by a free-electron laser (FEL) operating in
the extreme ultraviolet, the first photoionization act initiates
a variety of competitive processes, such as sequential ioniza-
tion, Auger decay, radiation decay, and others. The sample
evolution depends on the radiation parameters: Intensity, pulse
duration, and polarization [1,2]. The last is often left behind
the scenes, in particular, because accounting for the polariza-
tion increases number of degrees of freedom enormously. The
information about charge and state evolution of an irradiated
sample is crucially important for a number of applications
such as modeling the radioactive damage of biological sam-
ples for coherent diffraction imaging and as a fundamental
test of the photoionization description basis [3,4].

Multiple ionization of atoms by FELs has been a subject
of numerous and extensive investigations since the first ob-
servation at the free-electron laser in Hamburg FLASH [5].
Roughly multiple ionization may proceed in two regimes: (a)
the strong-field regime involving multiphoton direct single or
multiple ionization [6–8] and (b) the multiphoton sequential
regime involving chains of subsequent ionization of different
intermediate ion(s) with their possible excitation to discrete
or autoionizing states [9–18]. Current research belongs to the
second group. In general, both regimes may coexist and the
question of whether to attribute a process to the first regime
or to the second depends on the region of the considered
photoelectron spectrum. It may be very tricky to distinguish
the mechanisms based on ionic yields only [19,20]. Generally,
the contribution of direct two-photon ionization tends to be
lower in the x-ray regime [21].

*gryzlova@gmail.com

One of the advantages of the FELs is that the gener-
ated radiation is highly polarized either linearly or circularly
[22–24]. There is a variety of research devoted to an appear-
ance of the polarization effects in the differential observable
characteristics of sequential ionization: From photoelec-
tron angular distribution [16,25–28] and angular correlation
[15,29] up to the recent realization of complete or perfect
experiment [17] or ion-ion correlation [8]. We are not aware
of angle-resolved experiments proceeding with forming more
than triple-charged ions [26,30].

On the other side, there has been much research on the
polarization effects in integral cross sections mainly in an
integral linear or circular dichroism within a pump-probe
scheme [31–36]. Polarization of an ionized state may appear
as a variation of ionization probability up to complete sup-
pression. The dynamically quasiforbidden transitions in the
photoionization of the pumped open-shell atoms were found
and interpreted [37].

In spite of the fact that numerous investigations of
dichroism have shown that polarization may affect integral
characteristics such as ionic yield and the photoelectron
spectrum, to the best of our knowledge, there are no studies
investigating multiple ionization with complete accounting of
intermediate states polarization. This type of research is quite
resource consuming because it supposes to solve a system of
the rate equations for all affected magnetic sublevels instead
of having one equation for one state that increases the number
of equations significantly [1,38]. Therefore, it is common to
use relevant ionization and excitation cross sections by polar-
ized radiation neglecting the influence of subsequined steps
to the former one which may cause the depletion of magnetic
sublevels.

In the paper we develop a method suitable for an atom
(ion) in linearly or circularly polarized radiation under as-
sumption that the levels are separated, and therefore populated
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FIG. 1. The scheme of transitions in the sequential multiphoton
ionization of Kr. The experimental ionization thresholds are taken
from [52] and averaged over a multiplet.

incoherently. The method is based on solution of the system
of equations for statistical tensors. The system is similar to the
one for populations which is widely used in the description of
atom-field interaction [39–47].

As an illustrative example we consider the sequential ion-
ization of krypton by an electromagnetic pulse with photon
energy 60–80 eV that is below the lowest excitation energy
of the 3d shell (3d95p 1P1, or more precisely 3d95p[3/2]1,
91.2 eV [48]). For both single or double 4s-vacancy states the
Auger decay is energetically forbidden, therefore the domi-
nant process governing temporal dynamics is the subsequent
photoionization from the 4s and the 4p orbitals with emission
of a photoelectron eph:

γ + Krn+ 4sk4pm −→
{

Kr(n+1)+ 4sk−14pm + eph

Kr(n+1)+ 4sk4pm−1 + eph
. (1)

Relaxation of the 4s vacancies proceeds via radiative tran-
sition from the 4p to the 4s level with fluorescence of a
photon γfl:

Krn+ 4sk4pm −→ Krn+ 4sk+14pm−1 + γfl. (2)

We consider relatively short femtosecond pulses, therefore
the relaxation transitions can be neglected. It is worth not-
ing that, since a vacancy in the 4p shell is created, there
is a possibility to excite resonance 3d104s24p5 2P3/2,1/2 →
3d94s24p6 2D5/2,3/2, i.e., to observe hidden resonance, similar
to one discussed in [10]. In order to evaluate its energy one
can take experimental values of ionization potentials for the
4p and the 3d shells in neutral krypton from [49] (4p3/2,
14 eV; 4p1/2, 14.67 eV; 3d5/2, 93.81 eV; 3d3/2, 95.05 eV).
Then the averaged over fine-structure energy of the resonance
is 80.1 eV.

The scheme of the sequential ionization from neutral Kr to
the triply charged ion Kr3+ involving the 4s and 4p shells of
Kr and its ions is shown in Fig. 1, where considered configura-

tions, terms, and relative energies are indicated. The additional
details needed for interpretation of the photoelectron spectrum
are presented in Table I. We neglect fine-structure splitting,
do not include shakeup, direct two-photon and one-photon
double ionization channels [50], and consider the sequential
ionization up to triple three-photon ionization exactly in the
same setup as we did in [51] for the unpolarized radiation.

For the sake of brevity in the paper we discuss the polariza-
tion effects observed in ionic yields of low charged (<3) ions
and the photoelectron spectrum corresponding binding energy
below 50 eV, which cannot be affected by possible ionization
of Kr3+ and further.

In the next section we outline a theoretical approach for
modeling the atom-field interaction based on the solution of a
system of the rate equations for statistical tensors. In Sec. III,
we present a thorough analysis of the ionic polarization. In
Sec. IV, the results on the time evolution of the Kr target under
the FEL pulse (ionic yields) and the resulting photoelectron
spectra are presented and discussed. We use atomic units
unless otherwise indicated.

II. THE SYSTEM OF EQUATIONS FOR EVOLUTION
OF THE STATISTICAL TENSORS

The goal of this section is to formulate an equivalent of
the rate equations accounting for polarization of the states
in terms of the statistical tensors for linearly and circularly
polarized radiation in the dipole approximation. Under these
conditions, the statistical tensor of photons ρkγ qγ

�= 0 for qγ =
0 and kγ � 2. We leave treating of an electron-ionic correla-
tion out, hence only zero rank statistical tensors of an electron
ρke=0,qe=0 exist. Therefore all nonzero statistical tensors of
ionic states have projection q = 0.

It is well established [53,54] that if a state i of a n-charged
ion An+ with total angular momentum Ji absorbs a (dipole)
photon and ionizes into a state f of A(n+1)+ with total momen-
tum Jf , the statistical tensors of the initial ρki0(Ji ) and final
ρk f 0(Jf ) states are connected by the equation

ρk f 0(Jf ) =
∑

kγ

ρki0(Ji )S[ki, kγ , k f ], (3)

where transition parameter S[ki, kγ , k f ] is presented in terms
of the reduced ionization amplitudes as

S[ki, kγ , k f ] = 4π2αωρkγ 0B[ki, kγ , k f ], (4)

B[ki, kγ , k f ] = k̂ik̂γ (ki0, kγ 0 | k f 0)
Ĵ f

Ĵi
(−1)Jf +k f

×
∑
jJJ ′

Ĵ Ĵ ′(−1)J ′+ j

{
Jf Jf k f

J J ′ j

}

×
⎧⎨
⎩

Ji 1 J
Ji 1 J
ki kγ k f

⎫⎬
⎭

× 〈(Jf j)J || D̂ || Ji〉〈(Jf j)J ′ || D̂ || Ji〉∗. (5)

Here â = √
2a + 1, D̂ is the operator of the atomic electric

dipole momentum, and the usual notation for Clebsch-Gordan
coefficients, 6 j and 9 j symbols, is used. Throughout the paper
we use nonconventional normalization of the statistical ten-
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TABLE I. The list of the pathways in the sequential three-photon ionization of Kr within the LS-coupling scheme. The columns and lines
correspond to the initial and final states of the pathway, respectively. MR is the maximal rank feasible for a state at sequential ionization. We
denote different transitions contributed to a one photoelectron line by a capital letter. Numbers are experimental ionization thresholds [52] for
the corresponding transitions in eV, averaged over a multiplet. The unmarked transitions are weak and their contribution to the photoelectron
spectra is negligible.

N 1 2 3 4 5 6 7 8 9
N Final MR initial 4s24p6 1S 4s24p5 2Po 4s14p6 2S 4s24p4 3P 4s24p4 1D 4s24p4 1S 4s14p5 3Po 4s14p5 1Po 4s04p6 1S

1 4s24p6 1S 0 − − − − − − − − −
2 4s24p5 2Po 2 A, 14.2 − − − − − − − −
3 4s14p6 2S 0 D, 27.5 − − − − − − − −
4 4s24p4 3P 2 − B, 24.4 − − − − − − −
5 4s24p4 1D 4 − C, 26.0 − − − − − − −
6 4s24p4 1S 0 − E, 28.2 − − − − − − −
7 4s14p5 3Po 2 − H, 38.7 C, 25.4 − − − − − −
8 4s14p5 1Po 2 − J, 41.7 E, 28.4 − − − − − −
9 4s04p6 1S 0 − − K, 42.1 − − − − − −
10 4s24p3 4So 0 − − − F, 35.6 − − − − −
11 4s24p3 2Do 4 − − − G, 37.8 F, 36.3 34.0 − − −
12 4s24p3 2Po 2 − − − I, 39.6 G, 38.1 F, 35.8 − − −
13 4s14p4 4P 2 − − − 50.6 − − F, 36.2 − −
14 4s14p4 2D 4 − − − 53.7 52.2 49.9 I, 39.4 F, 36.4 −
15 4s14p4 2S 0 − − − 57.1 55.6 53.3 K, 42.8 I, 39.8 −
16 4s14p4 2Pb 2 − − − 56.0 54.4 52.1 J, 41.6 H, 38.6 −
17 4s04p5 2Poa 2 − − − − − − 55.4 52.4 H, 38.7

aEnergy of this state is taken from [59].
bIn NIST database sublevels relevant for this state are identified as 4s4p4 2P1/2 (20.6), 4s4p4 2P3/2 (25.46), 4s24p2 3P 4d3/2 (20.26), and
4s24p2 3P 4d1/2 (25.38). Our calculations have shown that the state with energy 20.26 eV should be interpreted as 4s4p4 2P3/2.

sors: if state Ja is completely populated, ρ00(Ja) = 1 [instead
ρ00(Ja) = 1/Ĵa] that allows us to consider zero rank statistical
tensors as population in percents [summed over all states’
population

∑
a ρ00(Ja) = 1]. Parameter S[0, 0, 0] is the ion-

ization cross section of an unpolarized state with Ji to an ion
with Jf .

The transparent way to obtain the time-dependent form of
(3) is to start with conventional rate equations for the level
populations:

dNaMa (t )

dt
= j(t )

L∑
b�=a,Mb

[σbMb→aMa NbMb (t )

− σaMa→bMb NaMa (t )], (6)

where NaMa (t ) is the population of sublevel a with magnetic
quantum number Ma and j(t ) is the time-dependent intensity
of the incident radiation (envelope), L is the number of the ac-
counted for states, and σaMa→bMb is the photoionization cross
section from sublevel aMa of An+ to sublevel bMb of A(n+1)+
which is connected with transition parameter (4):

σiMi→ f M f =
Ĵi

Ĵ f

∑
kikγ k f

(−1)Ji−Mi+Jf −M f (JiMi, Ji − Mi | ki0)

× (Jf M f , Jf −M f | k f 0)S[ki, kγ , k f ]. (7)

The total ionization cross section of an unpolarized state
by the unpolarized radiation is an averaged sum of cross

sections from magnetic sublevels:

σ =
∑

MiM f
σiMi→ f M f

2Ji + 1
≡ S[0, 0, 0]. (8)

The statistical tensor corresponding to a state a is con-
structed from its population NaMa (t ) straightforwardly by the
definition

ρka0(Ja) = Ĵa

∑
Ma

(−1)Ja−Ma (JaMa, Ja −Ma | ka0)NaMa, (9)

NaMa = 1

Ĵa

∑
ka

(−1)Ja−Ma (JaMa, Ja −Ma | ka0)ρka0(Ja). (10)

Summarizing the above, we may write down the analog of the
rate equations (6) in terms of statistical tensors:

dρka0(Ja)

dt
= dρka0(Ja)

dt

∣∣∣∣∣
in

− dρka0(Ja)

dt

∣∣∣∣∣
out

, (11)

where the term describing pumping of population (b = i is
initial, a = f is final) is quite simple:
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dρka0(Ja)

dt

∣∣∣∣∣
in

= j(t )Ĵa

∑
MabMb

(−1)Ja−Ma (JaMa, Ja − Ma | ka0)σbMb→aMa NbMb

= j(t )
∑
MabMb

k′
akγ kbk′

b

(JaMa, Ja − Ma | ka0)(JaMa, Ja − Ma | k′
a0)(JbMb, Jb − Mb | kb0)(JbMb, Jb − Mb | k′

b0)

× S[kb, kγ , k′
a]ρk′

b0(Jb) = j(t )
∑
kγ bkb

S[kb, kγ , ka]ρkb0(Jb). (12)

The term describing the leakage of population (a = i is initial, b = f is final) is much trickier:

dρka0(Ja)

dt

∣∣∣∣∣
out

= j(t )Ĵa

∑
MabMb

(−1)Ja−Ma (JaMa, Ja − Ma | ka0)σaMa→bMbNaMa

= j(t )
Ĵa

Ĵb

∑
MabMb

k′
ak′′

a kγ kb

(−1)Ja−Ma (JaMa, Ja − Ma | ka0)(JaMa, Ja − Ma | k′
a0)(JaMa, Ja − Ma | k′′

a 0)

× (−1)Jb−Mb (JbMb, Jb − Mb | kb0)S[k′
a, kγ , kb]ρk′′

a 0(Ja)

= j(t )Ĵa

∑
k′

ak′′
a kγ

(−1)k′′
a k̂′

a(ka0, k′
a0 | k′′

a 0)

{
ka k′

a k′′
a

Ja Ja Ja

}
S[k′

a, kγ , 0]ρk′′
a 0(Ja). (13)

The feature of this equation is that, while in the rate equa-
tions for population a leakage of a population is always
proportional to it, in the rate equations for the statistical ten-
sors a leakage of a tensor depends on other tensors of the state.
If one keeps in Eqs. (11)–(13) the terms with kγ = 0 only that
correspond to the unpolarized radiation, that automatically
smears out all terms with ks �= 0 and vice versa. Thus, the
unpolarized radiation and neglecting polarization of the ions
are equivalent.

Having Eqs. (11)–(13), one can solve the system for the
statistical tensors which is completely similar to the con-
ventional rate equations apart from the specific form of the
coefficients. The advantage of this approach is that with more
states involved the size of system (11) increases slower than
the size of system (6) where magnetic quantum numbers are
directly accounted for. In the considered illustrative example
(see Table I) L = 17, the number of magnetic sublevels is∑

a(2Ja + 1) = 45, and the number of statistical tensors is 31.
Time-dependent alignment and orientation of an ion are the

ratio of the corresponding statistical tensors:

A2(Jf ) = ρ20(Jf )

ρ00(Jf )
, A1(Jf ) = ρ10(Jf )

ρ00(Jf )
. (14)

For the forthcoming discussion let us introduce the conven-
tional stationary alignment of a state f :

A f = −√
2B[0, 2, 2] + Ai(B[2, 0, 2] − √

2B[2, 2, 2])

B[0, 0, 0] − √
2B[2, 2, 0]

.

(15)

By the stationary alignment we mean the alignment obtained
in some branch i → f neglecting all other pathways as well
as depletion or saturation of the considered state.

There are maximal and minimal values of an alignment
directly following from the statistical tensor definition:

A2(J ) =
∑

M (−1)JM (JM, J − M | 20)NJM∑
M (−1)JM (JM, J − M | 00)NJM

, (16)

that gives

A2(P) = 1√
2

N11 + N1−1 − 2N10

N11 + N1−1 + N10
, (17)

A2(D) =
√

10

7

N22 + N2−2 − (N21 + N2−1)/2 − N20

N22 + N2−2 + N21 + N2−1 + N10
. (18)

Apparently for the P-term states the maximal and minimal
alignment are 1/

√
2 and −√

2, correspondingly (17); for the
D term they are

√
10/7 and −√

10/7 (18). It is important to
note that the fourth rank (and higher if possible) tensors are
not perturbation to the second rank tensors. Neglecting the
fourth ranks may lead to an unphysical value of an alignment
which means negative population of some magnetic sublevels.

The Gaussian distribution of the incident photon flux den-
sity is assumed:

j(t ) = j0 exp
(−t2/t2

p

)
, (19)

thus the pulse full width at half maximum (FWHM) is equal
to 2

√
ln 2tp. The integral number of photons per 1 Å2 in the

entire pulse, i.e., fluence F , is related to the intensity as

j0 = 2
√

ln 2 F√
π FWHM

= 0.0063634
F [ph/Å2]

FWHM [fs]
. (20)

The typical pulse duration obtained at the seeded FEL
FERMI [55,56] is around 50–100 fs; we set the pulse duration
to tp = 60 fs (FWHM = 100 fs).
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FIG. 2. (a) The alignment of the Kr+4s24p5 2P ion calculated as
a function of time at ω = 50, 65, and 80 eV. The solid, dashed, and
dotted lines correspond to fluence F = 3000, 1000, and 400 ph/Å2,
respectively. (b) Conventional alignment of the same ion as a func-
tion of energy (accounting for the difference in definitions these data
are in accordance with [58]). Here “1-2” and after “a-b” indicates the
transition between the states labeled according to Table I.

III. ANALYSIS OF THE IONS ALIGNMENT

The photoionization cross sections of 4sk4pm 2S+1L multi-
plets for Kr ions in the different charge states were calculated
by means of the B-spline R-matrix code [57]. For each of the
ionization steps the basis wave functions of the initial 9 and
the final 17 states listed in Table I were obtained in the way
described in [51], where one can also find the photoionization
cross sections for each step and comparison with other the-
ories and experiments for neutral krypton ionization. For all
transitions except those involving 4s04p6 and 4s14p6 1P states
the difference of the calculated and NIST binding energies is
below 0.6–0.8 eV, which corresponds to the detector resolu-
tion used in the paper.

Figure 2 illustrates the main idea of the paper: to account
for the dynamical change of the polarization and its impact
to the observable values. It shows alignment of the “first”
ion Kr+ 4s24p5 2P as a function of time [Eq. (14)] and its
stationary alignment [Eq. (15)]. The conventional alignment
[Fig. 2(b)] as a function of energy has a broad maximum of
absolute value caused by the Cooper minimum of the 4p →
εd ionization amplitude. At the Cooper minimum, alignment
approaches to −√

2, that is the minimal possible value al-

lowed by Eq. (17). One can see [Fig. 2(a)] that at the pulse
beginning the alignment is equal to the conventional value
at the corresponding photon energy: −0.5 (ω = 50 eV), −1
(ω = 65 eV), and −1.41 (ω = 80 eV). Then as the linearly
polarized pulse ionizes the ion preferably from |m| = 1, the
alignment tends to amplify, and it is clearly seen for ω = 50
and 65 eV. Moreover, originally smaller alignment at ω =
50 eV may become stronger than at ω = 65 eV due to the
dynamical effects. At ω = 80 eV the tendency is suppressed
by the complete depletion of the |m| = 1 sublevels. Figure 3
shows stationary alignment [Eq. (15)] of the other ions assum-
ing that they are created from an unpolarized state Ai = 0.
There are three types of features one can see: (i) the series
of sharp structures at the lower-energy edge; (ii) broad deep
minima or high maxima placed around ω =70–80 eV; and (iii)
no energy dependency for some ionization pathways.

(i) The sharp structures emerge due to the Rydberg au-
toionization series and are observed in all spectra except ones
corresponding to the highest allowed threshold, e.g., 1–3, 2–8,
3–9, {4, 5, 6}–16, and {7, 8, 9}–17. The resonance structure
can hardly be resolved in the modern experiments and there-
fore it is not a subject of current investigation. Here we cut off
most of the resonances, leaving a few just for an illustration.

(ii) The minima and maxima are connected with the
Cooper minimum in 4p → εd ionization amplitudes. Note
that most of them are quite close to the allowed limits: −√

2
and 1/

√
2 for P terms [Eq. (17)] and ±√

7/10 for D terms
[Eq. (18)].

(iii) Weak dependency on energy is explained by the domi-
nation of a particular channel. In order to explore the issue fur-
ther, it is constructive to present Eq. (5) in a simpler form via
single-electron transition amplitude dlil from li shell to εl con-
tinuum, i.e., neglecting term dependency of the amplitudes:

B̄[ki, kγ , k f ] = k̂ik̂γ (ki0, kγ 0 | k f 0)L̂iL̂ f (−1)kγ

×
∑

l

{
1 1 kγ

li li l

}⎧⎨
⎩

li Li L f

li Li L f

kγ ki k f

⎫⎬
⎭|dlil |2.

(21)

FIG. 3. The stationary alignment as a function of energy for the different ionization pathways: (a) from ions with the 4sn4pm 2Si+1S term,
(b) from the 4sn4pm 2Si+1P term, and (c) from the 4sn4pm 2Si+1D term.
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We refer to this simplification as the no correlations (NC)
model.

A. Ionization of the 4s shell

Within the NC model Li = L f and the polarization of an
initial state simply transfers to a final ion: A f = Ai. That
means that nonzero alignment of these branches (marked by
dashed lines in Fig. 3) is a result of the correlation effects orig-
inating from strong term mixing. Moreover, branches 4–14,
4–15, 5–15, 5–16, 6–14, and 6–16 are not allowed in the
simple NC model at all, because without correlations ion-
ization of a s shell cannot change the term of an ion. Their
cross sections are much lower than others [51]. Branch 6–16
is governed by Eqs. (5) and (15) and allowed due to the
correlations single channel 〈2Pεp 1P || D̂ || 1S〉 which leads to
A f = 1/

√
2.

B. Ionization of the 4p shell

Let us introduce κ = |dpd |2/|dps|2 and rearrange Eqs. (15)
using (21) as

A f = −
√

2
1 + κ

10

1 + κ
,

Li=S
L f =P, (22)

A f =
1√
2

(
1 + κ

10

) + Ai
(

1
2 − 2

5κ
)

1 + κ + Ai/
√

2
(
1 + κ

10

) ,
Li=P
L f =P, (23)

A f = −
√

7

10

1 + κ
10 − Ai

√
2
(

5
14 + 17

35κ
)

1 + κ − Ai

√
2

10

(
1 + κ

10

) ,
Li=P
L f =D. (24)

Equation (22) governs 1–2, 3–7, 3–8, 6–12, and 9–17
branches. They generally demonstrate essential energy depen-
dence because of interplay between ds and dd amplitudes [see
Fig. 3(a)]. Branch 6–11 is not allowed in the NC model, gov-
erned by Eqs. (5) and (15), hence the alignment determined by
the only allowed channel 〈2Dεd 1P || D̂ || 1S〉 is A f = √

7/10.
Equation (23) governs 2–4, 4–12, 7–13, 7–16, and 8–16

branches. All of them are practically independent of energy
and very close to A f = 1/

√
2, indicating the domination of

the s wave (κ ≈ 0). The same is correct for 2–5 and 4–11
governed by Eq. (24): for them alignment values are close to
A f = −√

7/10.
In Fig. 3 all initial states are supposed to be unpolarized.

Ab initio it is correct only for S terms [Fig. 3(a)]. Below we
discuss how Figs. 3(b) and 3(c) are affected by the polarization
of an initial state.

Equation (23) shows that while κ is small, P-P ionization
causes the maximal possible positive alignment A f = 1/

√
2

independently of the alignment of an initial state. But the
closer polarization of initial state Ai to −√

2, the lower s-wave
contribution, finally at Ai = −√

2 s-wave contributions are
completely compensated both in the numerator and denom-
inator and the channel is closed. In this situation (as well as if
the d wave dominates) alignment of the final state tends to the
edge negative value A f = −√

2.
Equation (24) shows that where the s wave dominates the

alignment of a final state varies from A f = −√
10/7 (minimal

possible) at initial state Ai = −√
2 to twice smaller A f =

−√
5/14 at Ai = 1/

√
2. At negative Ai the d wave weakly

FIG. 4. Population of the different ion charge states and configu-
rations for the fluence F = 1000 ph/Å2 at the photon energies 65 eV
(a), (c), (e) and 78 eV (b), (d), (f) calculated with (solid lines) and
without (dashed lines) accounting for the polarization of the ionic
states. The populations of the neutral Kr and Kr+ are presented in the
first row (a), (b); the population of Kr2+ is presented in the second
row (c), (d). Black lines, yield of neutral Kr; thick red lines, yield
of the ions with 4s24p6−n configuration, where n is the ion charge;
thin blue lines, the ions with 4s14p6−n+1 configuration; circled green
lines, the ions with 4s04p6−n+2 configuration. The third row (e), (f)
presents populations of Kr3+ species provided that there is no next
step; therefore circled green lines show the low limit for the species
with double 4s vacancy in Kr3+ and higher states, and thick red lines
show the upper limit for species without vacancy in the 4s shell
in Kr�3+. The pulse envelope (gray line) is indicated in the upper
panels. The missed green lines in panels (c) and (d) are below the
plot region.

modifies the alignment because it works “to the same side”
(the sign before κ is always positive). For example, at Ai =
−√

2 the ratio between A f at κ = 0 (the s wave dominates)
and A f at κ −→ ∞ (the d wave dominates) is 25/22 ≈1.14.

From the above, one can see that while the NC model
describes ionization from the valence 4p shell pretty well,
it completely fails for the 4s shell, indicating much stronger
correlations in ionization of the subvalence shell.

IV. RESULTS AND DISCUSSION

In this section we present and discuss results for the observ-
able values: population of the different ionic species (Fig. 4),
ionic yields (Fig. 5), and photoelectron spectra (Fig. 6). As
was discussed in [51], the curves in Figs. 4–6 remain the same
for a fixed value of fluence F if we change the pulse duration
and do the appropriate scaling of the timescale. The reason for
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FIG. 5. The charge-state yields for three fluences: F = 100
ph/Å2 (a), (b), F = 400 ph/Å2 (c), (d), and F = 1000 ph/Å2 (e),
(f) for the photon energies 65 eV (a), (c), (e) and 78 eV (b), (d), (f).
The shaded areas show the results for unpolarized radiation.

the scaling is absence of any natural timetick (like the Auger
decay) in the system under consideration.

A. The ionic yields

In Fig. 4 we present results for the linearly polarized and
unpolarized radiation at two photon energies (65 and 78 eV,
in order to stay below the hidden resonance) and the flu-
ence F = 1000 ph/Å2 corresponding to intensity 2.2 × 1015

W/cm2 (at tp = 60 fs). We present population as a function of
time summed up within one configuration over possible terms.

The concentration of neutral atoms monotonically de-
creases with time [Figs. 4(a) and 4(b)]. The number of singly
and doubly charged ions first increases with time, but then it
may drop down [Figs. 4(c) and 4(d)], because of their further
ionization to Kr3+. At any time the sum of all populations
presented in Fig. 4 corresponding to the same fluence, photon
energy, and polarization equals unity.

At the first step [Figs. 4(a) and 4(b)] the alignment of
the Kr+ 4s24p5 2P ion prevents its further ionization triply
increasing its final population (thick red curves). In the low
intensity regime this tendency would keep: polarization of an
ion simply suppresses some of the ionization channels, leav-
ing the other channels unaffected. If intensity is high enough
to involve the saturation and depletion effects the tendency is
violated. For example, accounting for the alignment increases
the number of double 4s-hole Kr2+4s04p6 1S ions [circled
green lines in Fig. 4(c)] in spite of the fact that the ions are
created in the pathway affecting only S terms. The tendency
is also relevant for the next step [Fig. 4(e)]. For photon energy
ω = 78 eV corresponding to higher alignment of Kr+ the
polarization rearranges ionic yields: for unpolarized radiation
output of 4s24p3 is higher than 4s04p5, while for polarized

radiation output of 4s04p5 is higher [thick red and circled
green lines in Fig. 4(f)].

Such a high yield of 4s single- and double-hole ions at ω =
65 eV is really surprising considering that there are Cooper
minima in 4s-shell ionization of both Kr and Kr+ [51] situated
in the region of 45–50 eV and, moreover, including the fact
that the 4s-ionization cross section at ω = 65 eV is still one
order of magnitude lower than the 4p-ionization cross section.

Cross sections of the 4p-shell ionization in both atom
and ions are lower at ω = 78 eV than at ω = 65 eV due to
closeness of the Cooper minima. As a result, the summed
yield of the double 4s-hole states (0.012 + 0.13) is higher
than for 65 eV (0.0006 + 0.054); the summed yield of the sin-
gle 4s-hole states (0.037 + 0.15 + 0.35) is practically equal
(0.004 + 0.04 + 0.47). Note that possible next photoioniza-
tion steps which are not included in the current consideration
may only increase the overall number of double 4s vacancies.
Results for the Kr+4s24p5 ion may look contradicted: in spite
of the cross section dropping down by a factor of 3, the yield
increases by a factor of 5 between 65 and 78 eV [red lines
in Figs. 4(a) and 4(b)]. That is because very high (minimal)
alignment prohibits the next ionization step, causing the ion
accumulation.

In practice the different ionic configurations are not dis-
tinguished. In Fig. 5, the overall ionic yields at the fluences
F = 100, 400, and 1000 ph/Å2 and the photon energies ω =
65 and 78 eV are presented. The relative populations of the
different ionic states change with intensity, switching from the
perturbative [Figs. 5(a) and 5(b)] to the saturation [Figs. 5(e)
and 5(f)] patterns. As expected, summing over the configura-
tions decreases difference between polarized and unpolarized
cases. At lower intensity [Figs. 5(a) and 5(b)] there are no
polarization effects, but at higher ones they become more
essential and may keep up to 10% of the total ionic number
of ions in low charge states Kr+ and Kr2+ [Figs. 5(c), 5(e)
and 5(f)].

The next step, i.e., the ionization of Kr3+ by 78 eV photons,
is energetically possible and the last column in Figs. 5(b), 5(e)
and 5(f) presents the summed yield of ions with charges 3 and
higher. Nevertheless, that cannot affect the presented below
photoelectron spectra because it would contribute at higher
binding energy.

B. Photoelectron spectra

The photoelectron spectrum can be cast as a function of the
probability Pab(F ) of an ion (atom) in a state a to be ionized
into the ion in a state b over the entire pulse and of the energy
of this transition:

fF (ε) =
∑

ab

Pab(F ) exp[−(ε + Iab − ω)2/
2], (25)

where ε is the photoelectron kinetic energy, Iab is the binding
energy of ionization of the state a to the state b, and 
 is the
resolution of the electron detector. As in [51], we set value

 = 0.42 eV to leave the fine structure of levels unresolved.

The photoelectron spectrum provides more detailed infor-
mation on the pathways of the sequential ionization than the
ion yield because it ‘remembers’ the relative population of the
intermediate states of the process (see Fig. 1 and Table I).
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FIG. 6. Photoelectron spectrum for different photon energies: ω = 65 eV [(a) for F = 100 ph/Å2 and (c) for F = 1000 ph/Å2] and ω =
78 eV [(b) for F = 100 ph/Å2 and (d) for F = 1000 ph/Å2]. The solid lines correspond to calculations for linearly polarized radiation; the
dashed lines correspond to unpolarized radiation. The spectra are normalized in such a way that 1/2 of the main line A equals unity. The
spectral features are indicated by capital letters in accordance with Table I. The difference of peak E for the dashed line compared to the data
presented in [51] is because of the corrected cross section of the (2-6) channel.

The generated photoelectron spectra for two photon ener-
gies, 65 and 78 eV, are displayed in Figs. 6(a) and 6(c) and
Figs. 6(b) and 6(d), correspondingly. We consider two values
of fluence: low F = 100 ph/Å2 [Figs. 6(a) and 6(b)] and high
F = 1000 ph/Å2 [Figs. 6(c) and 6(d)]. The dashed lines show
the results obtained for unpolarized radiation.

In Figs. 6(a)–6(d) the lines are concentrated in three
groups: the main photoline A from the 4p-shell ionization of
neutral Kr, the lines from ionization of Kr+ 4s24p5 mostly
(B–E), and the lines from ionization of Kr2+ 4s24p4 mostly
(F–K).

For the low-intensity regime [Fig. 6(a)] the polarization
suppresses line B and completely demolishes it at ω = 78 eV
[Fig. 6(b)]. That is because Kr+ 4s24p5 2P is completely po-
larized (A2(P) = −√

2) in the region of the Cooper minimum
and the polarization does not allow ionization to the s wave
(rule 23). Line F demonstrates similar behavior, but at the
considered intensity regime it is difficult to see.

The case of higher fluence [Figs. 6(c) and 6(d)] is more in-
teresting. Besides overall increasing of the multiple ionization
contributions which appears in enlarging peaks for the binding
energy above 30 eV and decreasing above discussed lines B
and F, there are some lines which increase or even appear in
comparison with the unpolarized case. These are line E, which
can be distinguished only for polarized radiation, and line K.
The redistribution is caused by the enhanced contributions
from ionization of S terms, while the ionization of P terms
is suppressed by the polarization.

Figure 7 shows the fluence dependence of the intensities
of the spectral lines Pab contributing at the same energy. The
curves clearly indicate the one-, two-, and three-photon origin
of the spectral features A, (B and C), and (F and G), respec-
tively. The lines incorporating the contributions of different

processes (for example, peak G) behave transiently. The satu-
ration appears at fluence above 100 ph/Å2. The figure shows

FIG. 7. Intensity dependence of the different photoelectron lines
on the fluence F at the photon energy ω = 65 eV. The vertical dashed
lines indicate fluences related to Figs. 4–6: 100 and 400 ph/Å2. The
solid lines correspond to linear polarization of the field; the dashed
lines correspond to the unpolarized radiation.
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that accounting for the polarization does not change general
multiphoton behavior with intensity.

V. CONCLUSION

The role of the polarization of both radiation and ionic
states in sequential multiple ionization is studied theoreti-
cally. The system of equations similar to the conventional rate
equations for states population is formulated in terms of the
statistical tensors of angular momentum. It is applicable to
linearly and circularly polarized pulses irradiating a system
with well-separated (excited incoherently) levels within the
dipole approximation.

The method is applied to multiple ionization of Kr in the
65–80-eV region. The method was tested for the conditions
providing extreme, i.e., maximal positive or minimal negative,
alignment. Analysis of the high intensity regime has shown
that high-rank k � 4 is crucially important for the system
consistency and cannot be considered as a perturbation. The
ionic states evolution, the yields, and the photoelectron spectra
are calculated and compared for the linearly polarized and
the unpolarized radiation. Redistribution of the ionic yields
up to 10% of total amount and noticeable rearrangement of
the photoelectron spectrum caused by polarization are pre-
dicted. In the low-intensity regime the polarization works as a
damper suppressing or even demolishing some photolines; in
the high-intensity regime the polarization works as a trigger
emphasizing structures of the spectrum. Some lines become
distinguishable only for the polarized radiation.

It is shown that the doubly hollow ionic states which can
decay only via spontaneous emission are created more ef-
ficiently if a sample is irradiated by the linearly polarized
radiation than by the unpolarized one. These hollow ion states
are of particular interest because they can serve as a target to
create autoionizing states of a very exotic configuration.

The discussed effects are expected to be more significant
for the circularly polarized radiation. Moreover, conjugate
measurements with linearly and circularly polarized pulses
will allow one to distinguish the effect in the ionic yields
more clearly. The effects are expected to appear if a spectro-
scopic feature causing a strong modulation of the polarization
(a resonance excitation, an autoionizing state, or the Cooper
minimum) takes place at an early ionization step. For exam-
ple, the present paper is a necessary point before studying
the complex evolution of the system due to different opening
Auger decay channels which become possible when the 3d-
shell ionization comes into play.
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