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Dynamically assisted Schwinger mechanism in spatially separated electric fields
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We investigate the Schwinger pair production in combined electric fields using quantum field theoretical
simulations, where static and oscillating electric fields are finitely extended and spatially separated. We find
that the pair production can be dynamically assisted until the two fields are separated much farther than one
Compton length. We show the signature of dynamical assistance, in the position of both static and oscillating
fields, based on the position-based production rate. Moreover, we investigate the impact of spatial width on
dynamical assistance to show that the production rate is suppressed when the width of any of the two fields
exceeds one Compton length and potential heights are constant.
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I. INTRODUCTION

Dirac proposed a relativistic quantum-mechanical wave
equation for the electron and predicted the antiparticle of
the electron, which is called a positron, solving the negative
energy problem in the Dirac equation [1,2]. Sauter found
that the electron-positron pair can be produced when solving
the Dirac equation in a strong static field [3]. Schwinger
calculated the exact pair production rate under a constant
electric field in 1951 [4]. Since then, vacuum pair produc-
tion under an external field has been referred to as the
Schwinger effect, being a fascinating prediction of quantum
electrodynamics (QED). Thus far there is no experimental
evidence because the field threshold for the Schwinger effect
is extremely high, m2c3/eh̄ = 1.32 × 1016 V/cm. However,
with the fast development of laser technologies such as
the European extreme-light-infrastructure (ELI) program [5],
it is expected that a direct experimental test will be held
in the future. Thus, conducting theoretical study of the
Schwinger process is important to support this upcoming
experiment.

Schwinger pair production is usually described by the “tun-
neling effect.” The positive and negative energy continuums
are bent by the strong external electric field such that a level
crossing is available. The electron in the negative energy
continuum can tunnel through the energy gap to the positive
energy continuum and leave behind a “hole,” interpreted as
a positron. However, the production rate is suppressed ex-
ponentially if the field strength is lower than the Schwinger
threshold. In an oscillating field, the direction of field turns
over before the Schwinger tunneling is completed if the field
frequency is too high. However, there is another mechanism
called multiphoton absorption that can lead the pair pro-
duction perturbatively in the oscillating field [6–8]. In this
mechanism the photon energy ωh̄ related to the oscillating
field frequency is essential. The electron-positron pair can
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be produced when one or more photons are absorbed with
energy enough to form a pair, nωh̄ > 2mc2 (n = 1,2,3,...).
However, the production rate is also greatly suppressed in
this mechanism when the field frequency decreases and the
number of required photon increases.

A new mechanism called the dynamically assisted
Schwinger mechanism was proposed by combining the non-
perturbative Schwinger tunneling mechanism and perturbative
multiphoton mechanism in 2008 [9]. It was shown that the
Schwinger process can be significantly enhanced by the as-
sistance of the multiphoton mechanism when a fast and
weak field in the perturbative regime is superimposed on a
strong and slow field in the nonperturbative regime. More-
over, the catalysis effect is shown in a plane-wave x ray
superimposed by a strongly focused optical laser [10]. The
dynamically assisted Schwinger mechanism can reduce the
field threshold to experimentally detect the Schwinger ef-
fect. Therefore it has gained increasing attention and been
the focus of many theoretical studies. The dynamically as-
sisted Schwinger mechanism was further verified in the view
of momentum spectrum [11]. The dynamical assistance and
multislit effect were combined in pulse series [12]. The shell
structure, led by a strong field and lifted by a fast field,
was shown and analyzed [13]. The assistant effect was ex-
tended to the combination of three fields, and a significant
enhancement was shown in our previous work [14]. The
single-particle distribution function and density rate of yielded
particles are studied analytically in the combination of a
high-frequency weak field and a strong constant field [15].
Accounting for the spatial dependence of the external field
also showed significant new areas of study in the dynamically
assisted Schwinger mechanism. The enhancement effect was
shown in a temporally varying electric field superimposed
by a spatially modulated magnetic field [16]. A significant
change in the momentum spectrum and reduction of the en-
hancement effect was shown when the spatial dependence of
the fast field was precisely accounted of [17]. Exponential
enhancement was shown in a strong constant electric field
superimposed by a plane wave [18]. Pair production in a
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strong and slow field superimposed by a weak and fast field,
colliding with a nucleus [19] and with a probe photon [20],
were studied. A variety of competing mechanisms were
shown in the combination of static and oscillating fields that
are spatially localized within the same region [21]. The im-
pacts of the field frequency, spatial width, and pulse duration
were studied in detail in two inhomogeneous oscillating fields
[22]. Dynamical assistance in finite extended electric fields
with frequency chirping was investigated [23]. For more re-
lated works, see [24–26].

Investigations on the dynamically assisted Schwinger
mechanism show that the Schwinger effect may be realized
even in the subcritical regime when two or more differ-
ent fields are reasonably superimposed. However, aligning
multibeams at high intensity is a very challenging task. So,
it is worth studying the Schwinger process in two slightly
separated electric fields. Pair production through quantum
tunneling was shown and analyzed in two spatially separated
static fields [27]. The multiphoton process is strongly affected
by field-induced transient bound states and interference ef-
fects in two spatially separated and synchronously oscillating
fields [28]. The main interest of this work is the spatial feature
of the dynamically assisted Schwinger mechanism in the com-
bination of static and oscillating fields, mainly focusing on
the case of spatial separation of the two fields. We investigate
the influence of spatial distance between the two fields and
spatial width of each field on the Schwinger process, in terms
of production rate, energy spectrum. This paper is organized
as follows. In Sec. II we introduce the theoretical formalism
based on quantum field theoretical simulations. We discuss the
numerical results in Sec. III. Finally, the last section presents
the conclusion of this study.

II. THEORETICAL METHOD

In the last several decades, many theoretical methods have
been developed, such as the worldline instanton techniques
[29,30], quantum field theoretical simulations [21,31–33],
Dirac-Heisenberg-Wigner (DHW) formalism [34–37], and
other kinetic methods [38–41]. In this section we briefly in-
troduce the quantum field theoretical simulations used by this
study. We use the natural unit, h̄ = c = 1, in this paper.

The property of the vacuum in quantum electrodynamics is
described by the Dirac operator φ̂(z, t ). The Dirac operator is
governed by the Dirac equation representing the vacuum dy-
namics under electric field potential V (Z ), which is expressed
as

i∂φ̂(z, t )/∂t = [σ1 p̂z + σ3m + V (z, t )]φ̂(z, t ), (1)

where m and pz denote for the rest mass and momentum of
electron. For computational reasons, we neglect the existence
of the magnetic component of the external field and work
in one-dimensional space, without losing much generality.
In this case the Dirac matrix is reduced to the Pauli matrix,
accounting for the spin conservation in the absence of the
magnetic component. The Dirac operator can be expanded in
terms of positive and negative states of the electron in two

equal forms, which are given by

φ̂(z, t ) =
∑

p

b̂p(t )Wp(z) +
∑

n

d̂†
n (t )Wn(z)

=
∑

p

b̂p(t = 0)Wp(z, t )+
∑

n

d̂†
n (t = 0)Wn(z, t ), (2)

where Wp(n) is the wave function of the positive(negative)
continuum, and d̂†

n (b̂p) is the creation(annihilation) operator
of the positron(electron). In the first line of Eq. (2), the time-
dependent vacuum state is represented as the time-dependent
number of time-independent quantum states, whereas it is
a constant number of time-dependent quantum states in the
second line [in the initial vacuum it reads b̂p(t = 0) = 0 and
d̂†

n (t = 0) = 1]. We evaluate all wave functions Wn(z, t ) via
the quantum-mechanical Dirac equation under V (z) to de-
scribe the vacuum state under the external field. Subsequently,
we calculate the time-dependent creation(annihilation) opera-
tors to obtain the pair productions in the process:

b̂p(t ) =
∑

p′
b̂p′ (t = 0)〈p|U (t )|p′〉

+
∑

n′
d̂†

n′ (t = 0)〈p|U (t )|n′〉, (3)

d̂†
n (t ) =

∑
p′

b̂p′ (t = 0)〈n|U (t )|p′〉

+
∑

n′
d̂†

n′ (t = 0)〈n|U (t )|n′〉, (4)

where the commuting relations ([b̂p, b̂†
p′ ]+ = δp,p′ , and

[d̂n, d̂†
n′ ]+ = δn,n′ ) are applied. Û (t ) is the time-evaluating op-

erator of the wave function, |p/n〉 = |Wp/n(z)〉.
Based on the occupation number operator, we can obtain

the location distribution of created electrons:

ρ(z, t ) =
∑

n

∣∣∣∣
∑

p

〈p|U (t )|n〉Wp(z)

∣∣∣∣
2

. (5)

We determine the total number of the produced electron-
positron pair by integrating the location spectrum:

N (t ) =
∫

dzρ(z, t ) =
∑
p,n

|〈p|U (t )|n〉|2. (6)

〈p|U (t )|n〉 denotes the transition amplitude of an electron in
the negative state |n〉 to positive state |p〉 under the external
field in time t . So |〈p|U (t )|n〉|2 represents the expectation
value of the produced pair number with electron momentum
p and its conjugate positron momentum n. Equation (6) sums
all the possible transitions from negative to positive states.

The energy of the produced electron and its conjugate
positron are Ep =

√
m2 + p2 and En = √

m2 + n2, respec-
tively. The pair energy density ρ(E , t ) is obtained by summing
the expectation number |〈p|U (t )|n〉|2, corresponding to all
cases that fall in the range of (E − δE , E + δE ), where E =
Ep + En.

The simulations are performed by a parallel-computing
FORTRAN program in a discrete space of coordinate, time, and
momentum. The precision of the grids is determined by some
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FIG. 1. Coordinate dependence of potential and strength (inner
set) of the static and oscillating fields

convergence study, and the results are validated by reproduc-
ing selected outcomes from related publications [21,27].

III. NUMERICAL RESULTS

In our method the external field is represented by electric
potential V (z, t ) in the one-dimensional space. The spatial
shape of the electric fields is a Sauter potential (Fig. 1), which
is expressed as

SW,D(z) = 1

2
tanh

z − D

W
+ 1

2
, (7)

where W denotes the spatial width and D denotes the central
position of the electric field. The space- and time-dependent

potential of combination of a static and an oscillating field is

V (z, t ) = SWs,DsVs + SWo,DoVo sin(ωt ), (8)

where the subscript s and o stand for the static and oscillating
fields, V denotes the potential height, and ω denotes the oscil-
lating field frequency. We multiply the potential by a function
smoothly varying from 0 to 1 during turning on the static
field to suppress the trivial perturbative effect. We measure the
space and time quantities by the Compton length λc = h̄/mc
and Compton time τc = λc/c of the electron. The energy and
frequency are quantified by the rest energy of electron m in
the natural unit.

A. Pair production in spatially separated electric fields

We simulate the electron-positron pair production process
in the presence of a static and an oscillating field, where the
two fields are spatially separated by a distance d = Ds − Do.
We set the spatial width of the two fields as Ws = Wo = 0.3λc.
The total interaction time is 40πτc.

Figure 2 shows the pair production rate within per Comp-
ton time in the combined electric field as a function of the
distance between the two fields, for different static potential
heights and oscillating frequencies. We repeated simulations
for each case of static potential height Vs, oscillating fre-
quency ω, and spatial distance d . The production rate depends
on the phase of the oscillating field. Thus the production
rate is determined by the production number [Eq. (6)] in two
moments t1 and t2, where the oscillating field has the same
phase and the production rate is steady:

n = N (t2) − N (t1)

t2 − t1
. (9)

Both of the two fields are subcritical so that the individual
production rates are negligible, −1.2 × 10−7 (more annihila-
tion than creation) in the static field and 9.4 × 10−7 in the

FIG. 2. The influence of the distance between two electric fields on the production rate, with three different static potential heights and
fixed oscillating frequency ω = 0.6m (left panel), with three different oscillating frequencies and fixed static potential height Vs = 1.5m (right
panel). The oscillating potential height is Vo = 0.5m in both panels.
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FIG. 3. (Legend and curves correspond in vertical order.) The
energy spectrum of the electron-positron pair produced in spatially
separated fields with different spatial distances. The parameters are
Vs = 1.5m, Vh = 0.5m, and ω = 0.6m.

oscillating field, according to the numerical results. We can
see the production rate in the combined fields amplified by
several orders in this figure, even when the two field are
spatially isolated. However, it decreases significantly when
the distance exceeds 1λc. The production rate is 6.1 × 10−6

at d = 4λc and 1.2 × 10−6 at d = 8λc, when Vs = 1.5m and
ω = 0.6m (the top curve in the left panel), which indicates a
suppression of the pair production when the distance exceeds
4λc.

We also find that the production rate as a function of
spatial distance d of the two fields can be approximated
by a Gaussian function α exp(−d2/β2) + γ , where α is the
production rate when the two fields coincide, and γ is the
sum of the production rate of each individual field. We ob-
tain the best value for the width of the Gaussian function,
β = 1.22, through numerical fitting. In Fig. 2 the numerical
results and fitting function agree in most points. The simi-
lar relation between the spatial distance and production rate
was found when two narrow static fields are applied [27],
where the pair production is induced by quantum-mechanical
tunneling.

The pair production process can be characterized by the
energy or momentum spectrum as discussed in [21]. We in-
vestigate the spectrum of the electron-positron pair energy
to identify the underlying mechanism of the enhanced pair
production in the spatially separated fields, as shown in Fig. 3.
The energy distributions are peaked at E = 2.1m, 2.7m, and
3.3m. We find these peaks to match the total energy converted
into matter from the field under the dynamically assistant
Schwinger mechanism, the potential energy of the static field
plus the photon energy of the oscillating field, E = Vs + nω

(n = 1, 2, 3). With the increasing spatial distance d , the peaks
become smaller and almost disappear after d reaches 4λc. This
indicates that the dynamically assistant Schwinger mechanism
is significant in the enhanced production rate until the two
fields separate far away.

We investigate the position-based production rate using
the continuity equation, which is expressed below, to clarify
where the electron-positron pairs are birthed under spatially
separated fields:

�(z, t ) = d

dt
ρ(z, t ) + d

dz
j(z, t ), (10)

where ρ(z, t ) is the spatial density and j(z, t ) is the current
density of the particle. In the classical case, the right side
of Eq. (10) equals zero, representing the conservation of
the particle number. The classical continuity equation breaks
due to unsteady vacuum such that �(z, t ) represents the par-
ticle creation(annihilation) rate in unit space and unit time in
the Schwinger process. Equation (10) indicates that particles
produced at z contribute to increase the particle density at z or
current density diverging from z.

Figure 4 shows the position-based production rate of the
electron and positron in two combined fields when they co-
incide (left) and are spatially separated by a distance d =
4λc (right). The production rate is determined at the phase
ωt = 6.5π of the oscillating field, when it reaches its positive
maximum. We also show the distributions for each individual
field and mark the spatial position of the electric fields in the
plots. In the left panel, the spectrum of the position-based
production rate for the electron(positron) is peaked near the
electric field from the left(right). The peaks of electron and
positron are separated by a distance 0.4λc in the center and by
approximately 1λc in the overall location. There are almost
no distributions in these points distant far more than one
Compton length from the electric field. The distributions in
the individual field are rather small, representing the absence
of the assistance effect.

The right panel of Fig. 4 shows the position-based
production rate of the electron and positron where two
fields are separated by a distance d = 4λc. The distribu-
tions of the electron and positron in combined fields are
peaked with a distance 0.4λc in the position of the static
field and a distance 0.1λc in the position of oscillating
field, respectively. By integrating these peaks, we obtain
the production rate of the electron(positron) as 2.35(2.27)
(with the unit of 10−4/τc) around the oscillating field,
0.66(0.74) around the static field, and 3.01(3.01) in the
whole range. The approximated production rate of the elec-
tron and positron in each peak indicates that pairs in the
two peaks are independent. Compared to peaks in the
individual field, the production rate is enhanced in the position
of both the static and oscillating fields due to the assistance
effect in combined fields. To be more accurate, the production
rate significantly increases in the position of the static field
or oscillating field when an oscillating field or static field is
turned on at 4λc distance away.

Figure 5 illustrates the position-based production rate of
the electron for distance d = 2λc (left panel) and d = −2λc

(right panel), where the positions of static and oscillating
fields are exchanged. The heights of the two peaks in the com-
bined field change significantly in the right panel compared
to the left panel. The production rate around the static field is
much larger in the right panel than in the left panel, and around
the oscillating field the situation is reversed. This is possibly
because of the negative continuum in the vacuum experience
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FIG. 4. Position-based production rate in the combined and each individual field when the two fields coincide (left) and are spatially
separated by a distance d = 4λc (right). The field parameters are the same as in Fig. 3. The spatial location of electric fields is also marked by
a narrow bar. All lines are for the electron, except the dash-dotted line for the positron.

Schwinger tunneling through the static field before (after)
absorbing the photon in the oscillating field in the left(right)
panel. (Static force on the electron is always oriented to the
left direction.) We confirm that the total production rates
are the same in the two panels, 5.22:5.22, by integrating the
peaks in the whole space. This indicates that the order of the
Schwinger tunneling and photoabsorption processes does not
affect the production rate. This can be easily understood. The
situation in the left panel for the electron is symmetric with
the right panel for the positron. The electron and positron
should have always the same production rate due to the charge
conservation.

Based on these results, we can confirm that the Schwinger
effect can be dynamically assisted even when the oscillating
field is separated from the static field by a spatial distance.
However, the assistant effect decreases exponentially when
the distance exceeds one Compton length. The energy spec-
trum precisely shows the signature of the dynamically assisted
Schwinger mechanism in terms of energy converting from
field to matter. The position-based production rate is enhanced
around each component of the separated fields.

B. The impact of spatial width of electric fields on dynamically
assisted Schwinger mechanism

In the previous section we applied the identical spatial
width for static and oscillating fields Ws = Wo = 0.3λc. How-
ever, their spatial width can be different in realistic field
configurations. In this section we investigate the influence of
the spatial width of each field with a constant potential height.

Figure 6 shows the pair production rate in the combined
electric fields as a function of the spatial width of the static
(left panel) and the oscillating (right panel) fields when they
coincide and are separated. We independently simulated eight
points for each curve and linked them with a modified Bezier
line in ORIGIN for a smooth curve. The gradient is very flat
near the left edge in all curves, indicating the negligible width
dependence when the spatial width is sufficiently small. The
production rate significantly decreases after the spatial width
reaches one Compton length. However, it decreases more
slowly in the case of isolation of two fields than in the case of
coincidence. In the right panel the production rate decreases
by a factor of 2.1 in the case of coincidence at W = 1λc,

FIG. 5. Same as Fig. 4, but with distance d = 2λc (left panel) and d = −2λc (right panel).
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FIG. 6. The pair production rate in the combined electric fields as a function of the spatial width of the static (left panel) and oscillating
(right panel) fields, when they coincide (black square) and are separated (red circle). Other parameters are the same as in Fig. 4.

whereas the factor is 1.4 in the case of isolation. That is
because the electric field is stronger in the coincidence than
the isolation, so field strength (inverse proportion to the spatial
width) becomes more essential in this case. The production
rate decreases more quickly in the left panel than in the right

panel, indicating that the field strength of the static field is
more essential than the oscillating field. In Fig. 7 we show
the energy spectrum of the electron-positron pair produced
in the combined electric fields in terms of their coincidence,
isolation, and with different spatial widths of the static and

FIG. 7. (Legends and curves correspond in vertical order.) The energy spectrum of the electron-positron pair produced in the combined
electric fields in terms of their coincidence (upper panels), isolation (lower panels), and with different spatial widths of static (left panels) and
oscillating (right panels) fields. Other parameters are the same as in Fig. 4.
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oscillating fields. The energy spectrum is peaked in three
points and disappears in a large spatial width in all panels.
The position of each peak represents the energy conversion in
the dynamically assisted Schwinger mechanism, as discussed
in Fig. 3. The first peak (corresponding to one photon process)
quickly decreases compared to the second peak (correspond-
ing to two-photon process) when the spatial width of the static
field increases in the left panels. This is possibly because there
is more opportunity to absorb the multiphoton when the length
of Schwinger tunneling is longer. However, the situation is
reversed in the right panels: the second peak quickly decreases
when the spatial width of the oscillating field increases. This
is because the photon density decreases when the oscillating
field strength decreases; thus there is less opportunity to ab-
sorb multiphotons. The peak heights decrease in the lower
panels compared to the upper panels when the two fields
are separated by distance d = 1λc. However, the heights of
the second peaks decrease more clearly than the first one.
We think this is because there is less opportunity to absorb
more photons for pairs produced around the static field when
the oscillating field is separated away.

IV. CONCLUSION AND OUTLOOK

We investigated the Schwinger pair production process in
the presence of a static and an oscillating field, where they
are finitely extended and spatially separated, using quantum
field theoretical simulations. First we studied the production
rate as a function of the spatial distance between the two
fields to show that there is considerable enhancement until the
spatial distance exceeds far more than one Compton length.
We fitted the distance dependence of the production rate with
a Gaussian function. The energy spectrum of pairs produced
in the separated fields showed a signature of dynamically as-
sisted Schwinger mechanism. Subsequently, we investigated
the position-based production rate to show that the Schwinger

process can be significantly assisted by the oscillating field
distance away. The production rate increases in the position
of both the static and oscillating fields. By exchanging the po-
sitions of the two fields, we also showed that the sequence of
Schwinger tunneling and photon-absorption processes in the
dynamically assisted Schwinger mechanism does not affect
the total production rate.

Finally, we investigated the impact of spatial width of each
of the two fields on the Schwinger process in the view of the
production rate as well as energy spectrum. We showed that
the production rate significantly decreases when the spatial
width of any of the two fields exceeds one Compton length.
Moreover, we showed that the production rate is more sensi-
tive to the spatial width of the fields in the case of coincidence
rather than misalignment. The energy spectrum showed that
single-photon and multiphoton processes were more sensitive
to the spatial width of the static field and the spatial width of
the oscillating field, respectively. We showed that multiphoton
processes were more sensitive to the spatial distance than the
single-photon process by comparing the energy spectrum in
the case of coincidence and isolation of two fields.

Our study implies that it is not necessary to align two laser
beams perfectly to realize dynamically assisted pair produc-
tion, but the distance between them cannot be too far. Our
work did not avoid some limitations. The field parameters
took very extreme values to highlight the effect. The dynam-
ical assistance from an oscillating field distance away needs
to be described by more research. However, our topic can
be completed by further investigations. It is worth extending
our study to other field configurations, such as the multislit
interference or a combination of electric and magnetic fields.
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