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Phase transitions in non-Hermitian systems are at the focus of cutting edge theoretical and experimental
research. On the one hand, parity-time- (P7 —) and anti—P7T —symmetric physics have gained ever-growing
interest, due to the existence of non-Hermitian spectral singularities called exceptional points (EPs). On the
other hand, topological and localization transitions in non-Hermitian systems reveal new phenomena, e.g., the
non-Hermitian skin effect and the absence of conventional bulk-boundary correspondence. The great majority
of previous studies exclusively focus on non-Hermitian Hamiltonians, whose realization requires an a priori
fine-tuned extended lattice to exhibit topological and localization transition phenomena. In this work, we show
how the non-Hermitian localization phenomena can naturally emerge in the synthetic field moment space
of zero-dimensional bosonic systems, e.g., in anti—P7 - and P7T —symmetric quantum dimers. This offers
an opportunity to simulate localization transitions in low-dimensional systems, without the need to construct
complex arrays of, e.g., coupled cavities or waveguides. Indeed, the field moment equations of motion can
describe an equivalent (quasi)particle moving in a one-dimensional (1D) synthetic lattice. This synthetic field
moment space can exhibit nontrivial localization phenomena, such as non-Hermitian skin effect, induced by the
presence of highly degenerate EPs. We demonstrate our findings on the example of an anti—P7 —symmetric
two-mode system, whose higher-order field moment eigenspace is emulated by a synthetic 1D non-Hermitian
Hamiltonian having a Sylvester matrix shape. Our results can be directly verified in state-of-the-art optical setups,
such as superconducting circuits and toroidal resonators, by measuring photon moments or correlation functions.
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I. INTRODUCTION

Open quantum systems are ubiquitous in nature, due to
the unavoidable interaction of any quantum system with
its environment. When the environment is Markovian, i.e.,
memoryless, a weak system-environment interaction leads
to decoherence and dissipation, resulting in an irreversible
dynamics where particles, energy, and information are ex-
changed incoherently. Within this quantum description, the
concept of a real-valued energy loses its meaning because the
“energy” spectrum of a dissipative quantum system becomes
complex. In a striking contrast with conventional Hermitian
quantum mechanics [1], the generator of the dynamics is not
a Hermitian Hamiltonian operator, but rather a non-Hermitian
(super)operator. Non-Hermiticity can have a number of inter-
esting and nontrivial features [2—4], including the existence
of spectral singularities called exceptional points (EPs), and
their generalization to higher-dimensional manifolds called
exceptional lines or surfaces. At an EP, both the eigenval-
ues and eigenvectors of a non-Hermitian operator coalesce,
a fact impossible for Hermitian operators. Even though this
kind of singularity was well known among mathematicians
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[2], its rising popularity among physicists started mainly
from the discovery of the pure real spectrum of parity-time-
(PT-) symmetric operators, leading to the characterization
of P7T non-Hermitian Hamiltonians (NHHS) [5] and to the
study of phase transitions in finite-dimensional systems [5,6].
Simultaneously, a number of experiments confirmed and
demonstrated the unique properties of EPs and their influence
on system dynamics [7-23] (for extensive reviews see, e.g.,
Refs. [3,24,25]).

A major obstacle to the observation of gquantum phe-
nomena related to non-Hermitian Hamiltonians and P7T-
symmetry breaking resides in the commutation relations of
quantum operators. At the quantum level, it is necessary to
include dissipation (Langevin noise) in the dynamics of a
non-Hermitian Hamiltonian and, de facto, breaking the P7T
symmetry [26—28]. To circumvent such a problem, two exper-
imental strategies have been recently realized: postselection
[29] and dilation of a non-Hermitian Hamiltonian in a larger
Hermitian space [30,31]. These experiments, however, con-
sidered a single qubit, and these strategies pose significant
challenges to the method scalability. In this regard, following
the construction of a synthetic moment space developed in
Ref. [32], we demonstrate emergent critical behaviors in a
non-Hermitian quantum simulator. That is, we use the mo-
ments of a low-dimensional Lindbladian system capable to
reproduce the dynamics of non-Hermitian lattices. This allows
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investigating the physics of non-Hermitian high-dimensional
systems, in particular the non-Hermitian skin effect, through
the prism of a zero-dimensional open quantum system, whose
parameters can be easily tuned.

A. Topological effects in non-Hermitian lattices

Non-Hermitian systems are known for exhibiting nontriv-
ial topological and localization properties in condensed matter
physics, particularly in one-dimensional (1D) and higher-
dimensional lattice architectures [3,33-37]. For instance, open
and periodic boundary conditions play a fundamental role in
the determination of the eigenspectra of NHHs, invalidating
the conventional bulk-boundary correspondence. As such, one
of the main pillars of Hermitian topological physics fails to
establish a quantitative correspondence between topological
invariants of the bulk and the number of edge modes in a
non-Hermitian system [38]. Moreover, bulk-boundary cor-
respondence failure is intrinsically related to the so-called
non-Hermitian skin effect where, in a system of size N,
O(N) edge modes, exponentially localized at the boundaries,
emerge [39,40]. Nonetheless, attempts to generalize the bulk-
boundary correspondence to the case of NHHs have also
been undertaken [33,39,41-44], provided that (possibly semi-
infinite) periodic boundary conditions can be imposed. These
theoretical findings have been experimentally validated in
photonic platforms [45-47] (see also Refs. [37,48] for a re-
view). Similarly, a generalized bulk-boundary correspondence
to nonperiodic non-Hermitian systems with open-boundary
condition has been predicted [43,49,50].

Several theoretical findings point at the existence of local-
ization transitions in non-Hermitian systems, e.g., Anderson’s
localization in Hatano-Nelson model [51], and non-Hermitian
generalizations of the Aubry-André model [52-55]. In these
cases, localization is induced and controlled by uncorre-
lated [51] or correlated [53] disorder. Interestingly, the
Anderson’s localization transition has also been predicted
in PT-symmetric version of the Aubry-André model [56],
revealing an interesting interplay between P7T-symmetry
breaking and localization. Moreover, some hints at the emer-
gence of rich physical phenomena in non-Hermitian systems
with high-order EPs have been pointed out in Ref. [40], al-
though associated with a Bloch formalism. The role of highly
degenerate EPs on topological properties of lattice systems
has also been reviewed in Ref. [37].

Some of those pioneering theoretical predictions have been
experimentally confirmed, e.g., by realizing Aubry-André
model in synthetic dimensions of an optical quantum walker
[57,58]. The concept of synthetic dimensions in photonics has
recently attracted much interest as it allows to experimentally
explore lattice physics in a more abstract, but at the same time
more experimentally accessible, space [10,59-61]. In other
words, the synthetic dimension allows exploring a variety
of effects that are otherwise difficult to reach in spatial or
temporal domains.

B. Lindbladian simulator in the space of field moments

The previously cited works on non-Hermitian P7-
symmetric 1D models exhibiting localization transition

[40,56] have been derived by theoretically engineering non-
Hermitian Hamiltonians to show such topological properties,
i.e., with an a priori approach. Although being motivated by
their possible experimental implementations, observing these
effects can be extremely challenging in practice because they
require the construction of finely tuned P77 -symmetric arrays
of coupled cavities or waveguides. That is, the number of
degrees of freedom to control inevitably increases with the
lattice size. For instance, the P77 symmetry in a lattice can
be easily broken by perturbations in any of the lattice sites.
As such, this system fragility poses serious challenges for the
experimental observation of non-Hermitian topological and
localization effects. Moreover, an exclusive focus on effective
NHHs does not allow to correctly include quantum effects
arising from the interaction of open systems with environ-
ment, leading, e.g., to quantum jumps [62—64]. The nontrivial
effects arising from the latter have been pointed in recent
studies considering open latices [65-67].

Here, we use a genuinely open, i.e., Lindbladian, quantum
simulator [68,69] to witness the previously described localiza-
tion properties and which can be easily tuned. Indeed, in this
work, we take a rather a posteriori approach, proposing a way
to directly access the topological and localization properties
of open quantum systems via experimentally viable techniques
which do not require a fine tuning of large lattice systems,
i.e., zero-dimensional systems, and by incorporating quantum
fluctuation effects. Our approach is based on the construction
of synthetic spaces of field moments, and on the equivalence
between this evolution and that of a particle moving in a
non-Hermitian lattice, as detailed in Ref. [32]. Interestingly,
recent works have also shown that Hermitian lattice topologi-
cal phenomena can be simulated in zero-dimensional systems
on the example of large-sized atomic spins [61].

C. Motivation and uniqueness of the work

In this article, we demonstrate how a Lindbladian quantum
simulator allows to reveal emerging lattice transition phenom-
ena, such as a non-Hermitian skin effect, in zero-dimensional
bosonic systems. In particular, we consider a minimal ex-
ample of a dissipative anti-P7 -symmetric bosonic dimer
[32,70]. Furthermore, we also detail how the obtained results
can be extended to arbitrary open bosonic systems exhibiting
spectral singularities (exceptional points, lines, surfaces, etc.
[71-73)).

Beyond the interest in simulating non-Hermitian Hamilto-
nians, we are motivated by the following set of fundamental
questions: (1) A “quantum” treatment of the environment for
finite-size systems requires including quantum jumps. Can we
use the quantum properties of bosonic operators in conjunc-
tion with quantum jumps to describe open quantum systems
beyond single-particle effective non-Hermitian Hamiltonians?
(ii) Canwe relate spectral (and topological) properties of (low-
dimensional) open quantum systems to a more “standard”
Sformulation of many-body physics? (iii) Can we thus show
a connection between spectral (PT -symmetrical), topologi-
cal, and/or localization transitions in finite-dimensional open
systems? (iv) In this quantum and dissipative framework, is it
possible then to retrieve any novel and/or nontrivial effects or
phenomena?
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A key point, for answering all those questions, is the use
of a high-dimensional synthetic functional or operator space
(from now on, synthetic space for the sake of brevity). Within
this synthetic space, and for the simplest case of a dimer,
the evolution matrix ruling the dynamics of higher-order field
moments of the dimer mimics a NHH of a particle in a 1D
lattice [32]. Starting from the mathematical construction of
Ref. [32], remarkably, we are able to connect the physics of
EPs in quadratic systems to that of localization transitions,
even in zero dimensions (0D). The higher the moments con-
sidered, the larger the corresponding 1D synthetic lattice, in
analogy to operator spreading in standard condensed-matter
physics [74,75], thus allowing to (i) correctly describe the
“localization” properties of dissipative open system using (ii)
a standard formalism of one-particle Hamiltonians (although
non-Hermitian) to describe the properties of the open quantum
systems. Because of the infinite dimension of Hilbert space of
bosonic fields, the lattice can be extended to any size N. Due
to an algebraic relation between each of these moment spaces,
we can (iii) relate the presence of a spectral phase transition to
a localization transition of a (quasi) particle moving in the 1D
synthetic lattice. (iv) This synthetic space approach provides
a different interpretation of non-Hermitian Hamiltonians
[76], and allows exploring phenomena which, otherwise,
could be very difficult to witness in standard non-Hermitian
mechanics.

We remark that an alternative approach to create synthetic
high-dimensional space based, instead, on a decomposition
of Fock Hilbert space of phenomenological low-dimensional
non-Hermitian Hamiltonian operators have been proposed,
e.g., in [30,77,78]. However, working exclusively in the Fock
space of dissipative systems inevitably invokes a postselection
procedure, when one has to discard quantum jumps in the sys-
tem dynamics, whose rate rapidly increases with the system
size, and which, thus, makes such an approach practically un-
feasible for many particle systems. Moreover, in those works,
the emergent localization transitions in such constructed syn-
thetic space have not been investigated.

D. Organization of the paper

The paper is organized as follows. In Sec. II, we introduce
an anti-P7T -symmetric bosonic dimer, and demonstrate how
its space of higher-order field moments can be mapped to a
synthetic 1D P7T -symmetric lattice. In Sec. III, we analyze
the topology, localization, and emergent Z, non-Hermitian
skin effect in the synthetic 1D space of the dimer. In Sec. IV
we detail how such localization phenomena can be directly
simulated and observed by measuring photon moments or
correlation function of the dimer fields. We also discuss the
possible extension of the emergent localization phenomena
to arbitrary zero-dimensional bosonic systems with EPs and
give an outlook for future research in Sec. V. Conclusions are
drawn in Sec. VL.

II. THEORY

Under quite general hypotheses [79], the evolution of a
density matrix of a open quantum system is described by a
completely positive and trace-preserving (CPTP) linear map.

That map, in turn, allows to derive evolution matrices for
moments of both system Hermitian (observables) and non-
Hermitian operators. The dynamics, which governs those
operator moments, can be mapped to a certain non-Hermtitian
lattice, by quantizing the corresponding moments. In other
words, the synthetic space of higher-order operator moments
becomes equivalent to spatial space of a one-particle de-
scribed by a 1D NHH. This property stands behind the idea of
our quantum simulator: we show that the dynamics of system
operators of a (zero-dimensional) open quantum system can
correspond to that of a particle moving in a spatial space under
the action of a (1D) non-Hermitian Hamiltonian [see also
Fig. 1(c)]. This is true for any given quadratic Lindbladian,
as shown in Ref. [32].

As a minimal example of a Lindbladian quantum sim-
ulator, we consider an anti-P7 -symmetric bosonic dimer
coupled to a Markovian environment, consisting of two in-
coherently coupled quantum fields represented by boson
annihilation operators a; and a, and with frequencies w — A
and w + A, respectively. The following results can be eas-
ily extended to P7T-symmetric dimers as well. By tracing
out the degrees of freedom of the environment and passing
in the frame rotating at the frequency w, the equation of
motion of the system’s reduced density matrix p, which
contains all the statistical information of the dimer, has the
following (Gorini-Kossakowski-Sudarshan) Lindblad form
[80-83]

d . PN N
PO = PO+ Y yul28;p)a] — aa;p()
jk=1,2

— p(aja;l, (D

where H = A(aja, — ala,), yji are real and positive ele-
ments of a 2 x 2 decoherence matrix 7, and 7 is the reduced
Planck’s constant. The diagonal elements of the decoher-
ence matrix account for the inner mode dissipation, whereas
off-diagonal terms are responsible for the incoherent mode
couplings. Such a Lindblad master equation naturally emerges
in several experimental platforms. For instance, the asymmet-
ric intermode dissipation can be realized in cascaded optical
systems [84], where asymmetric dissipation favors a unidi-
rectional flow of particles [cf. Fig. 1(a)], in microtoroidal
resonators [24,85], where mode incoherent scattering between
clockwise and counterclockwise modes can be engineered
using nanotips [see Fig. 1(b)], parametric optical oscillators
[86], and other optical setups [§7-90].

For the sake of simplicity, in what follows, we assume that
the decoherence matrix §, in Eq. (1), is symmetric, i.e., y;» =
21 =y and y;; = y»» = I'. For Eq. (1) to be stable, the de-
coherence matrix must be positive-definite and dety > 0 (i.e.,
I' > y). Although physical systems must respect this condi-
tion, in the mathematical treatment the positive-definiteness
property can be eased and we can safely set I' = 0 in the fol-
lowing. Indeed, one can make dety < 0 by properly gauging
away the decoherence rate I' [24], meaning that one starts
working in the local frame which is globally decaying. Simi-
larly, zero-net losses can be induced by balanced gain, whose
quantum noise can be safely discarded when dealing with
non-Hermitian forms of the dimer field moments as done in,
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FIG. 1. Possible experimental setups which obey Eq. (1) and resulting dynamics. (a) In a microtoroidal resonator, by appropriately placing
nanotips it is possible to introduce an asymmetric scattering between the clockwise and counterclockwise propagation modes. (b) Similarly,
in optical systems (such as cavitiy or circuit QED) cascaded systems can be engineered to have an asymmetric dissipation rate between two
modes or two cavities (represented as the modes @, and &, in the panel). (c) A scheme of the proposed way to use the Lindbladian system as a
quantum simulator, as described in the main text. (d) The dynamics of Eq. (1) corresponds to the NHH in Eq. (2), describing a particle moving
in the 1D lattice. The onsite energy (presented by ellipsoids) changes in modulus (in size) and in sign [from positive (red color) to negative
(blue)]. The intersite right (blue) and left (green) couplings are asymmetric and site dependent, as signaled by the different width of the arrows.
(e) Real (blue) and imaginary (red) parts of the energies E; of Eq. (2) versus A, according to Eq. (3) for a chain with odd number of sites
n =31. At A = Agp = y, the system displays an nth-order EP for an = N + 1 site lattice. At the EP, the energies coincide and corresponding
eigenvectors coalesce (not shown here). For a lattice with odd number of sites, the spectrum has always a zero-energy mode in both real and
imaginary parts (dashed red and blue line), while for an even number of sites the spectrum does not have a zero-energy eigenmode.

e.g., Ref. [32] (although too large gain leads to instabilities,
and the zero-net loss assumption is valid either for short times
or for nonlinear systems [15]).

The anti-P7-symmetric nature of the system is re-
flected in the time dynamics of the Nth-order moments A =
(aYal), @ 'as), ..., @%y))", which is governed by the
corresponding evolut10n matrix M. One has i9,A = iMA [the
Nth-order field moments are a closed space under the action
of Eq. (1)] and {iM, PT} = 0, where curled brackets denote
anticommutator (see Appendix A and Refs. [15,32]). Note the
latter condition implies that the matrix M commutes with P77~
operator, i.e., it is P77 invariant.

Remarkably, the dynamics of A can be “quantized,” and the
evolution matrix M describes the equation of motion of one
particle in a non-Hermitian 1D chain with (N + 1) sites [91].
In other words, the synthetic space of the dimer higher-order
field moments is equivalent to the NHH H,p of a 1D chain [cf.
Figs. 1(c) and 1(d)], and reads as (see Appendix A)

N

A At A R A ~ LAt A

Hp = E MjC;Cj‘i‘E Y C;+1Cj+§ yiele, ()
j=0

where 6; (¢;) is the creation (annihilation) operator at
site j, the onsite energy u; = —i(N —2j)A, and position-
dependent right and left couplings are yJR =—WN—Jjy
and ij =—jy, j=0,...,N, respectively. This 1D NHH
is invariant under parity-time transformations. In its matrix
form, Hip in Eq. (2) is a tridiagonal Sylvester matrix [92].
Moreover, Hyp is also characterized by chiral symmetry.
Chirality is characterized by a unitary operator x such that
xHipx" = —Hp,and xx" = x"x = x* = 1[34,37,93] (see
Appendix A for the explicit form of x).

Note that, due to the P7 symmetry and the absence
of translational invariance of the matrix M, it is physically

meaningless to impose periodic boundary condition in such
synthetic 1D lattice. Of course, one can mathematically “glue”
the two ends of the 1D chain in such a way that the P7T
symmetry is preserved, but this would amount to a complete
change of the model in Eq. (1) by introducing ad hoc terms.
Moreover, the addition of such terms has no physical basis
since the 1D chain is defined in the field moment space. As
such, only open boundary conditions in Eq. (2) can be well
justified from a physical point of view.

It is also worth noting that NHH similar to that in Eq. (2)
was a priori introduced and studied in Ref. [94], but whose
construction required the presence of n-coupled finely tuned
cavities. Here, instead, we show that such NHH can naturally
arise in the moment space of system operators of a dimer and,
thus, reveal its physical origin.

Importantly, when dealing with any a priori NHH, the
knowledge of both its left and right eigenvectors becomes
necessary in order to assign a physical meaning to the inner
product of the corresponding Hilbert space [95]. Neverthe-
less, in the case we are studying, the a posteriori NHH 1-711)
emerges only in the synthetic space of field moments, and the
underlying physics is described by the well-defined Lindblad
master equation, where such precautions are not needed. In-
deed, the evolution matrix is defined for c-number vectors, not
g-number valued eigenstates of a quantum Hamiltonian. As
such, the right eigenvectors of the 1D NHH correspond to the
well-defined right eigenvectors of the field moment evolution
matrix. Consequently, one would need the left eigenvectors
of Hip only for mathematical manipulations [96,97] not em-
ployed in this article.

We are now in position to investigate in detail the spectral
properties of the NHH Hp associated with EPs, P7-
symmetry breaking, and other topological and localization
phenomena.
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III. RESULTS

A. PT -symmetry breaking and topological phase
transition of ﬂlp

The eigenvalues Ej of Hp in Eq. (2), for a chain with
n = N + 1 sites, are [32]

Er = (N —2k)\/y? — A2,

k=0,...,N. 3)

The explicit expressions for the components of the cor-
responding right eigenvectors |y X) = [y (0), ..., yR@V)I"
are given in Eq. (B1) in Appendix B. The energy spectrum
is symmetric with respect to the zero energy E =0, i.e.,
Ey = —En_k, a consequence of the chiral symmetry of the
system. As it follows from the relation in Eq. (3), whenever
the number of sites n is odd, the system possesses a zero-
energy eigenmode [see Fig. 1(e)], in a close analogy with the
Hatano-Nelson model with open-boundary condition (OBC)
[51,98]. Also, similar spectral behavior of P77 -symmetric 1D
lattices, but with particle-hole symmetry, has been observed
in Refs. [99,100]. However, those models are based on spatial
1D chains with sublattice structures, and deal with the multi-
band Bloch formalism.

According to Eq. (3), when A = Agp = y, the spectrum
of Hp becomes completely degenerate, i.e., E; = 0 for all k.
Furthermore, all the eigenvectors also coalesce [cf. Eq. (B1)],
meaning that the system has an EP of nth order for a 1D lattice
with n sites. At the EP, the NHH H;p undergoes a spectral
phase transition, from an exact (A < Agp, the energies are
real valued) to a broken P7T phase (A > Agp, the energies
are purely imaginary).

For zero-dimensional systems, the P77 -symmetric spectral
transition is accompanied by a topological transition, which
can be described by a Z, invariant, determined by the sign
of the determinant of the NHH [33]. In the considered case,
for PT-symmetric 1D NHH in Eq. (2), the same Z, invari-
ant can be applied as well. Indeed, the Z, invariant of Hpp
is inherited from an effective 0D NHH H.¢, which can be
derived from Eq. (1) (see also Appendix C). In particular,
when the number of sites is even, i.e., n = 2k for k odd,
the sign of the determinant of the NHH v is a Z, invari-
ant, i.e., v = sgn[det(ﬁlD)] = =1, as it directly follows from
Eq. (3). The phases with v = —1 (v = 1) correspond then
to the exact (broken) P7T -symmetric phase. This topological
transition occurs at the n-degenerate EP, where the system
energy is E = 0 (both in imaginary and real parts). We recall
that the NHH H;p does not possess spatial invariance, hence,
no periodic-boundary conditions can be imposed; thus, the
Bloch-band or generalized Brillouin zone formalism cannot
be used to calculate topological invariants such as winding
numbers [33,34,39,41,42]. Additionally, for such a system
with OBC, one could also try to utilize a real-space topo-
logical invariant, e.g., a biorthogonal polarization [49]. The
biorthogonal polarization is calculated knowing both the left
and right eigenvectors, and is applied to the zero-energy mode.
However, since in our case the zero-energy mode is either ab-
sent (for an even-site chain) or it exists in the whole parameter
space (for an odd-site chain), no topological features can be
deduced from it [98].

lo()

localized, localized, ot 107!
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FIG. 2. Intensity distribution of the components of right eigen-
vectors |1ﬁ,f(i)|2 with (a) k=0, (b) k=5, and (¢c) k=10 in a
ID PT-symmetric lattice with n = 21 sites for various values of
A/y, according to Eq. (B1). The eigenvector with eigenenergy E is
completely delocalized in the whole P7 -symmetric phase A/y < 1
[(a)]. In the broken P7T phase, however, it is localized at the right
edge. The eigenvectors with k£ = 0, N, on the contrary, are localized
at both boundaries in the deep exact P7 phase (A/y < 1), and
experience delocalization right below the EP Agp = y [(b) and (c)]
because all eigenvectors condense to an extended eigenvector at the
EP. Moreover, all the eigenvectors except zero-energy mode with
k = N/2, after crossing the EP (A/y > 1), exhibit strong lo-
calization at either left or right edges, undergoing the so-called
non-Hermitian skin effect [(a) and (b)]. Zero-energy mode, instead,
remains delocalized right above the EP [(c)]. In the deep broken PT
phase (A/y > 1), each eigenvector ¥} tends to localization over
the site with index N — k [(a)—(c)]. We do not plot the eigenvectors
with opposite eigenenergies Ey_; = —E; because they are identical
to those shown apart from a symmetric reflection with respect to the
center of the chain, a consequence of the chiral symmetry of the
NHH. In all panels, the red dashed line denotes the Nth-order EP.

B. Exceptional-point-induced localization transition
and non-Hermitian skin effect

We characterize now an EP-induced localization transition
in terms of right eigenmodes of the NHH H . Since the entire
physics is determined by the ratio A /y, without loss of gener-
ality in the following analysis we choose to vary A, leaving
y fixed. Given the chiral symmetry of the NHH, one has
lWR@) = [¥R (N — i), regardless whether the P symme-
try is broken or not [the chirality condition E; = —Ex_; holds
true for both purely real and imaginary energies, according to
Eq. (3)] (see also Appendix B for details).

In the exact PT phase, the chain eigenvectors can be either
extended or boundary-localized eigenmodes. In the n — oo
limit, the extended eigenmodes are characterized by a vanish-
ingly small probability distribution over all sites of the chain,
while the boundary eigenmodes tend to localize at both edges
of the chain [101]. This simultaneous localization at both
edges is because these eigenmodes are also eigenvectors of
the PT operator in the exact P7 phase, and the probability
distribution of the eigenmodes is symmetric with respect to
the center of the lattice, i.e, | (i)] = [Y{(N — i)| [see Fig. 2
and Eq. (B1)]. That is, each boundary eigenmode can also
be treated as a superposition of two degenerate edge modes
located at opposite sides of the lattice [94]. According to
Egs. (B1) and (B2), the most delocalized eigenmodes are |1//§)
and |¢X), whose energies are Ey and Ey, respectively. These
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states are uniformly distributed (| 1/f§(i )| = const) in the whole
unbroken P77 phase [see Fig. 2(a)].

In the deep exact PT phase, i.e., when A <« Agp, there
are O(n) boundary eigenmodes whose energy is Ey < E < Ej
[see Figs. 2(b) and 2(c)]. Notably, the closer the energy to
zero, the more localized the corresponding eigenmode at both
edges. The parameter A plays a similar role to that of the
correlated disorder [56]. By increasing A, the “tails” of the
boundary modes steadily penetrate into the bulk, eventually
becoming completely delocalized right below the EP [A <
Agp, cf. Figs. 2(b) and 2(c)]. Since the EP is of the nth
order, this implies that all N + 1 = n eigenemodes collapse
to a single and completely delocalized eigenvector [yf,) =
|1p(’f) = |¢&). In other words, this is a localization crossover
induced by the EP spectral singularity, inducing a complete
eigenmode overlap right before the EP.

In the broken PT phase, right above the EP (A 2 Agp), a
number O(n) of eigenmodes experience a sudden localization
transition due to the EP nonanalyticty (see Fig. 2). The modes
whose Im(Ey) is negative (positive) localize at the right (left)
edge of the chain. This is a manifestation of the non-Hermitian
skin effect, where the system eigenmodes become exponen-
tially localized at the edges [37,43,51,98,102]. While these
O(n) eigenmodes localize, O(1) number of modes, whose
eigenenergies lie closer to zero, are delocalized but with a
high occupation at the center of the chain [see Fig. 2(c)].
Note that the skin modes appear at both edges, contrary
to Hatano-Nelson and non-Hermitian Su-Schrieffer-Heeger
models [51,103]. Such an unusual and simultaneous accumu-
lation of skin modes at the two edges has also been dubbed
as Z, skin effect [43]. Since, above the EP, the eigemodes
must also exhibit a large spatial overlap, such an overlay in
the broken P7 phase is a spatial accumulation of the modes
at the edges [37]. The fact that the eigenmodes pile up at
both edges of the chain is dictated by the system chirality:
W] = [ (N = ).

Finally, in the deep broken P7T phase (A > Agp), when
the intersite couplings become irrelevant, i.e., A > y, the
number of skin modes, localized at the edges, steadily de-
creases. That is, the eigenmode, with E; # 0, detaches from
right (left) edge, when k < n/2 (k > n/2), and starts gradu-
ally “moving” inside the chain, with increasing A, and then
localizes at the corresponding site N — k (see Fig. 2). This
A-induced localization is akin to other “disorder”-induced
localization transitions [56]. One thus concludes that the two
edge modes, with the largest absolute energies |Ey y|, remain
at the edges in the whole broken PT phase independently of
A. Hence, the Z, topological invariant, defined by the deter-
minant of the 1D NHH, can be associated with the existence of
these two skin edge modes in the broken P7 regime. Indeed,
the two modes |1ﬁ(’f ) stem directly from the two eigenmodes
of the original zero-dimensional P7 -symmetric NHH (ex-
pressed via a 2 x 2 matrix), upon which the given 1D NHH
H)p is built (see Appendix C). Since the two eigenmodes of
the OD NHH are related to the Z, topological invariant [33],
so will be the two modes [§,) of the 1D NHH Hip. We
conclude that the robustness of these two edge modes with re-
spect to the A-correlated “disorder” could be an experimental
demonstration of the topological nature of the P7T -symmetry
breaking described here.

The robustness of these two modes to the perturbations can
be further explained as following. Since |1ﬁ{f ) are derived
from the two modes of the P7T -symmetric 0D NHH, this
means that any perturbations induced in the original 0D NHH,
and which preserve the P77 symmetry, would not affect the
eigenmodes |1/f(§N) of the 1D NHH, i.e., they stay immune to
the emerging perturbations in the 1D NHH, which originate
from the OD Hamiltonian.

In the case of an odd-site chain, the zero-energy mode
exists in the whole system parameter space, and, thus, fails to
reveal any topological features [98]. However, the peculiarity
of a zero-energy eigenmode Iw,{'}/z) with E = 0 consists in the
fact that it is the only one which does not lose its symmetry
with respect to the center [see Fig. 2(c)]. This behavior of the
zero-energy mode can also be explained by the chiral symme-
try. It is the only eigenmode which is also an eigenmode of the
chiral operator x, which implies |1/f]§/2(i)| = |w1§/2(N — 1)
(see Appendix B).

To corroborate quantitatively the observed localization
transition induced by the EP, we calculate the inverse partici-
pation ratio (IPR) for the right eigenmodes [97]. The formula
for the IPR simply reads as

2y —1
[Z |w£<i>|2]
—1 )

IPREy)={—"— =
X[

The values of the IPR can range from O(1/n), which desig-
nates the pure extended states, to O(1), which corresponds
to the localized states. In other words, the IPR for extended
states is characterized by the limit nll>nolo IPR(E) = 0, whereas

for localized states the IPR acquires finite nonzero values
regardless of the lattice size n.

We show the results of the calculation of the IPR as a
function of A/y and the number of sites n for various right
eigenmodes in Figs. 3(a) and 3(b) and 3(c), respectively. As
one can see in Fig. 3(a), the IPR clearly exhibits a second-
order discontinuity at the EP Agp, and the further away the
energies from E = 0 the sharper the change in the IPR. This
characteristic jump accounts for the localization transition,
from extended states just below the EP [IPR is of order
O(1/n)], to the localized skin modes right above the EP [IPR
of order O(1)] [see also Figs. 3(b) and 3(c)]. Such behavior
of the IPR in the vicinity of the EP is most clearly observed
for the eigenmodes k =0 and N (dark blue solid curve),
whose energies lie at opposite sides of the energy spectrum,
as confirmed in Fig. 2.

The zero-energy eigenmode (k = 10) and modes with
E =~ 0 (e.g., k = 8), for which k ~ N/2, do not demonstrate
such a prominent change in the IPR [see Fig. 3(a)]. The
IPR remains mostly unchanged right above the EP, indicating
that these modes stay (mostly) delocalized even after cross-
ing the EP. The fact that those states remain delocalized is
also confirmed by Fig. 3(c), where IPR(E; ~ 0) — 0 when
n — oo [magenta curve in Fig. 3(c)]. All eigenmodes become
localized in the deep broken P7 phase when A/y — oo.
On the other hand, the two fopological edge modes with
Ey n, discussed above, remain localized in the whole broken
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FIG. 3. IPR for various right eigenvectors with eigenenergies E; in a 1D P7T -symmetric chain. (a) IPR as a function of A/y, according to
Eq. (4), for a lattice with n = 21 sites. Apart from the spectral and topological transitions, the EP of the nth order also signals the localization
transition, where the IPR experiences a continuous jump for delocalized states in the vicinity of the EP [e.g., blue solid, cyan dashed, and green
dashed-dotted curves in (a)]. In the deep exact and broken P7 phases, there are O(n) boundary localized states, characterized by the IPR
values of order O(1). In the vicinity of the EP, right below and above the EP, there are n extended and O(n) localized eigenmodes, respectively.
(b), (c) IPR as a function of the number of sites n in the system: (b) right below the EP with A/y = 0.99, and (c) right above the EP with
A/y = 1.01. Right below the EP (b), all n eigenmodes becomes delocalized, where the IPR is decreasing with the number of sites as O(1/n).
Right above the EP (c), there are O(n) eigenstates localized at the left or right edges of the chain for which the IPR saturates with the number

of sites and attains a finite value of order O(1).

PT phase, characterized by ever-growing IPR, saturating at
the value IPR(Ep y) = 1 in the deep broken phase [k = 0 in
Fig. 3(a)].

In the broken P7T phase, the IPR can quantitatively de-
tect a “detachment” of a given skin mode from either edge
and its subsequent localization inside the bulk, as was qual-
itatively described earlier. Indeed, the IPR displays a local
maximum for edge-localized skin modes with 0 < |E| < |Ey|
right above the EP, in the broken P77 phase [see, e.g., k = 2,
k=4, and k = 6 in Fig. 3(a)]. The larger the energy of a
skin mode, the larger the value of A/y, at which a local
maximum in the IPR appears [see Fig. 3(a)]. Note that the
increasing (decreasing) values of IPR signal the tendency of
a given mode to its localization (delocalization). As such,
the local maxima in Fig. 3(a) indicate the point where a
given skin mode detaches from an edge and starts its “mi-
gration” inside the bulk. Increasing A, the state gets more
and more delocalized until the eigenmode with Ej stops
“moving” in the chain and settles down at the correspond-
ing site with index N — k. At this point, further increasing
A amounts again to the increasing strength of a mode lo-
calization in the system, i.e., its IPR starts attaining larger
values. In other words, the edge-localization—detachment—
migration—bulk-localization behavior can be understood as
the competition between the P7 -symmetry breaking edge-
localization effect and the A-induced bulk localization, as also
can be seen in Fig. 2(b).

IV. SIMULATING NON-HERMITIAN MECHANICS
WITH HIGHER-ORDER FIELD MOMENTS

Having shown the presence of a localization transition and
the formation of skin eigenmodes in the synthetic space of
the H,p, here we discuss how these critical phenomena reflect
onto the original anti-P7-symmetric two-mode dimer, that
is, the localization of its field moments in time evolution. In
particular, we highlight how the studied phenomena can be
directly observed and probed in the state-of-art experimental

setups by measuring either higher-order field moments or cor-
relation functions of light generated in the two-mode system.

As it was stressed in Sec. II, the P7T-symmetric form
of the moment matrix M, which governs the time dynamics
of higher-order field moments, can emerge either in a local
reference frame, which is globally decaying with a rate I", or
in a dimer with balanced gain and loss in both modes, which
results in the zero-net dissipation. Note that in the former case,
when returning to a laboratory frame, the decaying rate of
the Nth-order field moments becomes proportional to NT,
i.e., the higher the moment, the higher the dissipation (see
Appendix A). Also, in the deep broken P7T phase, it may
be necessary to include nonlinear terms to avoid nonphysical
divergences in the long time limit of the system evolution [15].
In the latter case, a linear system model is valid only within a
short time interval.

We also recall that the time dynamics of the dimer in
Eq. (1) is anti-P7T symmetric, whereas the evolution matrix
Hip is PT symmetric. That is, the exact anti-77 phase of the
field moments corresponds to a broken PT phase of Hp, and
vice versa. This interchange between phases is caused by the
imaginary factor i, appearing in the equation of motion.

The procedure to pass from the physics of the NHH Hp
to that of the field moments is the following. The intensity
of a wave function |W)(¢) at a site j and evolving with Hip
corresponds to the moment (&{ &12\/—]' )(¢) and evolving with the
Lindlbad master equation. Therefore, by measuring a given
Nth-order field moment, we can simulate the physics of the
corresponding jth site of a n = N + 1 site NHH. To fix the
initial condition, it is sufficient to initialize the system in
the experimentally readily accessible coherent states |«, )
(where, with this notation, we mean that the first cavity is in
the coherent state |«); and the second cavity is in |«),, where
ajloj) = ajla;)). Indeed, by choosing || = |aa], (&{&gﬁ)
is constant, and therefore this is equivalent to an initial wave
function that is extended. Instead, the condition |o;| #£ |o|
corresponds to a certain localized initial state. In both cases,
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a’a2~') (up to ninth order) of the anti-P7 -symmetric two-mode

bosonic system governed by the evolution matrix M for the eigenvectors |¥§) and |yf) of the M, given in Egs. (B2) and (A1), respectively.
(a)—(c) The field moments in the broken anti-P7 phase with A = 0, and (d)—(f) in the exact anti-P7T phase with A/y = 2. (a), (b) The field
moments forming the extended eigenstates in the broken anti-P7 phase and initialized in coherent states |¢ = 1)|f = —1) and |& = 1)|8 = 1),
respectively. These eigenstates either exponentially grow (up for odd j, and down for even j) with the rate |Ey| in (a), or decay with the same
rate |[Ey| = |Ep| in (b). (d), (e) The same initialized coherent states but in the exact anti-P7 phase, where they are not the system eigenstates
anymore. () Field moments forming the edge eigenstate |1/) in the exact anti-P7T phase, initialized in the coherent state |1)| — 0.268). Only
three moments with highest order j = 9, 8, 7 can be seen to form the edge state on (f). The color legends in (d)—(f) are the same as in (c). For
the sake of clarity, it is assumed that the dimer evolves in a local frame where I' = 0, but which can globally decay at some rate I" # 0 (see the

main text for details).

for a state to become an eigenstate, one also has to appropri-
ately choose the phase.

In Fig. 4, we investigate the physics across the (anti-)P7T
transition using the dimer moments up to ninth order, thus
simulating a lattice of size n = 10. We focus, in particular,
on the quantum simulation of the eigenvectors |yX) and |yf),
i.e., those showing topological properties.

At first, we can observe that the eigenmodes |\IJ§ ) of

Hip are extended in the exact P7 (broken anti-P7) phase
A < y. To do that, we initialize the system in the extended
states |a; = 1, ap = =£1), for A = 0. All the moments exhibit
the same amplification (decay) with the same rate Ey (Ey)
[see Figs. 4(a) and 4(b)]. We conclude that the initial state is
an eigenstate of the system. One can, thus, verify that these
modes are the slowest (largest) decaying ones (other inter-
mediately decaying modes are not shown here). In Fig. 4(c),
instead, we show that the moments of an initial state with
|| # |aa| evolve with different rates, meaning that a lo-
calized state is not an eigenstate of Hp in this phase. This
confirms the following: (i) that the eigenenergies of Hjp in
this phase are purely real [cf. Fig. 1(e)] and (ii) that |\Il(li ) are
completely delocalized.

Let us now consider the exact anti-P7 phase (broken PT
phase) for A > y. At first, let us confirm that the previous
completely delocalized states are no longer the system eigen-
states in this phase. To do that, in Figs. 4(d) and 4(e) we
consider again |o; = 1, o, = %1) as initial state. Obviously,
this time, each of the moments oscillate with a different
period, showing that indeed those delocalized states are not
the eigenstates of the system. However, if we initialize the
system either in |1, —0.268i) or | — 0.268, i), according to
Eq. (B2) with N = 1, and for A/y = 2, we can see that they

produce regular oscillations where all the moments have the
same oscillation frequency [see Fig. 4(f)], meaning that they
are eigenstates of the evolution. That is, the formation of the
two topological skin modes is manifested by the exponen-
tial difference in the “intensities” of the field moments. This
demonstrates (i) that the eigenenergies of H)p have become
purely imaginary, (i.e., real energy for anti-P7T -symmetric
moments dynamics); (ii) the eigenstates are localized.

We remark that all these moments can be observed using
standard experimental techniques in, e.g., the platforms in
Figs. 1(a) and 1(b). Indeed, by checking the emitted field of
each cavity in an optical implementation, or the clockwise and
counterclockwise light propagating in an optical fiber coupled
to a microtoroidal resonator, it is possible to infer all the
expectation values of the field inside the cavity. Furthermore,
by means of recombining these emitted fields and applying
beam-splitter operations, one can ascertain the properties of
the higher-order moments of light necessary to witness the
PT-symmetry breaking and its localization properties.

Furthermore, since the considered Lindblad master equa-
tion is quadratic in Eq. (1), this implies that the field moment
dynamics also determines the time evolution of the corre-
sponding time correlation functions of the fields, according to
the quantum regression theorem [70,82]. As such, instead of
measuring the time evolution of higher-order field moments,
one can measure the high-order photon two-time correlation
functions.

V. DISCUSSION AND OUTLOOK

In the studied example above, we considered the syn-
thetic field moment space of an anti-P7 -symmetric dimer.
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FIG. 5. Schematic representation of the emergent (a) triangular
and (b) tetrahedron synthetic chains, which can arise in the higher-
order field moments space of the three- and four-coupled cavities,
respectively (shown in the same panels below). The site indices in
(a) and (b) correspond to certain (non-)Hermitian field moments of
cavities, similar to those in Fig. 1.

Nevertheless, our conclusions, regarding localization transi-
tion in the synthetic chain of the field moments, remain valid
even for a general non-Hermitian dimer, where such a sym-
metry (including P7") does not hold, but a system possesses
an EP or an exceptional line (surface). In that case, however,
the localization phase diagram can become more involved (see
Appendix D).

Compared to some of the previous studies on localization
transitions in the 1D noninteracting non-Hermitian systems
[37,51], whose Hamiltonians are presented via Toeplitz matri-
ces, here, instead, we demonstrate how the emerging NHHs,
defined in synthetic field moment space of a bosonic dimer
and describing a 1D model with open boundary condi-
tion, can acquire a Sylvester matrix shape. This also allows
to analytically determine the eigendecomposition of the
NHHs [92].

Note that the revealed above localization and topological
transition can also occur in the synthetic space spanned by
Hermitian field moments, e.g., moments of photon numbers,
which might be easier to detect than non-Hermitian ones
(though the latter can be detected via the two-time correla-
tion functions). Moreover, this localization phenomena can be
observed in synthetic space of nonlinear quadratic systems
(corresponding to quantum nonlinear parametric processes),
where Hermitian and non-Hermitian field moments are, in
general, mixed in the system dynamics, which allows to have
complex entries for the corresponding evolution matrices,
which leads to the existence of high-degenerate EPs in the
system. Moreover, in dissipative and linear systems, if there
is a gain in a system, there will be noise presented in the
dynamics of the Hermitian moments. Nonetheless, the overall
effect would be a certain nonzero shift in the moments in
the long time limit and which leaves the very time dynamics
unchanged [104].

Importantly, our results can be easily extended to higher-
dimensional chains. For instance, instead of a dimer, one can
study synthetic space of triangular or tetrahedron chains (see
Fig. 5). If these three- or four-coupled open cavities exhibit
high-degenerate exceptional points, lines, or surfaces, then
the resulting synthetic lattices defined by the corresponding
field moments are characterized by high degeneracies, and,
hence, by various localization and topological phenomena in
the resulting synthetic lattices.

Apart from quadratic systems, it would be also interest-
ing to investigate the synthetic space of moments arising in
nonlinear systems, e.g., a laser or Kerr resonators. In such a
system, the nonlinearity would couple moments with different
orders, inducing an “extra” dimension in the synthetic space
of the field moments. In this sense, it may be possible to
reinterpret known spectral and continuous dissipative phase
transitions where nonlinearity plays a central role [15,105—
108] and reveal, if any, topological and localization features
emerging in synthetic space of such nonlinear systems.

Another interesting direction of future research will be
the investigation of higher-order moment spaces of quadratic
fermionic fields, and their possible similar mapping to
higher-dimensional lattice systems. A foreseeable challenge
towards this extension is the mathematical construction of
the fermionic higher-order moment space and the associated
mapping to the single-particle NHHs. Indeed, the Kronecker
sum algebra, that we employed in the bosonic case, cannot be
directly applied to fermionic particles.

VI. CONCLUSIONS

In this work, we have shown that the non-Hermitian lo-
calization phenomena, such as the non-Hermitian skin effect,
naturally emerge in the synthetic space of the field mo-
ments of bosonic zero-dimensional systems. As a specific
example, we considered a physically realizable bosonic anti-
PT -symmetric dimer. Namely, by taking into consideration
the full quantum properties of the system, we have demon-
strated the emergence of spectral, topological, and localization
properties in the vector space spanned by its field moments,
which can be mapped onto a spatial non-Hermitian 1D
chain. This synthetic field moment space exhibits a nontrivial
localization transition induced by the presence of highly de-
generate EP. We revealed the emergence of Z, non-Hermitian
skin effect in such synthetic 1D space of high-order field
moments of the dimer, i.e., the formation of skin modes ap-
pearing at both edges of synthetic P77 -symmetric 1D lattice.
In comparison to previous P7T -symmetric models exhibiting
localization transitions, which were proposed a priori and
require a construction of spatial arrays of finely tuned waveg-
uides and cavities, our method bears an opposite a posteriori
approach, demonstrating that those theoretical models can
naturally emerge in synthetic space of currently realizable
low-dimensional physical systems.

Beyond the theoretical interest of this approach, it also
bears a significant experimental advantage because local site
perturbations can now be easily controlled. Indeed, this lo-
calization transition and P7 -symmetry breaking occur in a
1D N-site synthetic space, but the physical system displaying
such a property remains, in our example, a zero-dimensional
bosonic dimer. Thus, to obtain a NHH akin to those emerging
in higher-dimensional lattice architectures [37,109,110] one
has to tune the few parameters of the dimer instead of fine tun-
ing all the parameters of the lattice. Furthermore, as discussed
in the main text, measuring the dynamics in the synthetic
space just requires standard beam-splitter operations.

Our findings, thus, open avenues for further theoretical and
experimental exploration of operator moments space of other
(zero- and/or higher-dimensional) open quantum systems
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which may reveal novel topological, spectral, and localization
effects. We note that our approach can be simply extended
to other (low-) dimensional physical systems. For instance,
the operator moment space of open three- or four-coupled
cavities form synthetic non-Hermitian triangular or tetrahe-
dron chains, respectively. Our approach is also applicable to
open nonlinear quantum systems, where nonlinear coupling
can form an extra dimension in synthetic space of operator
moments of a system.

ACKNOWLEDGMENTS

LLA. acknowledges funding by the Ministry of Educa-
tion, Youth and Sports of the Czech Republic Project No.
CZ.02.1.01/0.0/0.0/16_019/0000754.

APPENDIX A: MAPPING THE SPACE OF HIGHER-ORDER
FIELD MOMENTS OF A QUADRATIC DIMER
TO THE ONE-PARTICLE 1D CHAIN

As was shown in Ref. [32], the evolution matrix M, arising
from the master equation in Eq. (1), and which governs a
(N + 1)-dimensional vector of the Nth-order moments A =
((&%3) (@ 'a), ..., @%ah))7" via the equation of motion

d—lA iMA, has a tr1d1agonal Sylvester matrix form, whose
matrix elements read as

My =—jy8jk—1 —[i(N —2j)A — NI'16;«

— (N = j)y8jsss (A1)
assuming that the elements of the decoherence matrix 7 in
Eq. (1) are y;; = y»» =T and yj» = y»; = y. The matrix M
is P77 symmetric. Indeed, by introducing the parity operator,
whose matrix elements are Pj; = 8 y41-t, and the action
of the time operator 7 is complex conjugation, then it is
straightforward to check that PTM(PT)~' = M. The PT
symmetry of the matrix M then automatically implies the
anti-P7 symmetry of the corresponding equation of motion
of the vector of moments A.

Apart from the P77 symmetry, as has been highlighted in
the main text, the matrix M also has a chiral symmetry since
its eigenspectrum is symmetric, according to Eq. (3). When
M is a 2k x 2k matrix, the chiral operator x takes a simple
matrix form with components satisfying

2k — 1.
(A2)
The matrix M in Eq. (Al) can be mapped onto a new
1D NHH, describing a tight-binding model of a quantum
one particle in a 1D chain with (N 4 1) sites and with
imposed open boundary conditions. To do so, one intro-
duces a (N + 1)-dimensional vector of annihilation operators
o where éj (¢;) is the creation (annihilation)

vg = (=1 i8, 41, where p,g=0,...,

C=léo,...,enl"
operator at site j. This 1D NHH can be expressed as Hjp =
C™MC, whose operator form coincides with that in Eq. (2),
assuming that I' = 0 (as was explained in the main text). In
other words, by quantizing the c-number vector A, one arrives
to the quantum model of a particle moving in the 1D lattice,
described by the 77 -symmetric and chiral NHH H/p.

APPENDIX B: RIGHT EIGENVECTORS
OF THE HAMILTONIAN A, IN Eq. (2),
AND THE MATRIX M IN Egq. (A1)

As it has been found in Ref. [92], the unnormalized compo-
nents of the right eigenvectors |{X) = [YF(0), ..., yR(N)]"
of the (N 4+ 1) x (N + 1)-dimensional tridiagonal Sylvester
matrix M in Eq. (Al) and, consequently, the 1D NHH in
Eqg. (2), have the following form:

<L (N —=My\ [ My o
stor= m By (1) (M Yo

j=0 J
My

Xl—[ 1—[ n+1—r’ B1)

r=my;+1

where s=a —iA, t=a+iA, a=y2— A2, m; =
min{k, i}, M;; = max{k,i}, b, =—-I(N+1—-1)y, and
bo=1. The eigenvector |¢F) with a quantum number
k corresponds to the eigenvalue Ej, given in Eq. (3).
Remarkably, one thus obtains an analytical solution of
the eigenspectrum of such a P7 -symmetric matrix of any
size, hence, avoiding the need to invoke any numerical
algorithms [111,112].

The exact P77 symmetry of the eigenvectors |1/f,f) im-
plies |¥R(i)| = [¥8(N — i)|. And chiral symmetry requires
[WR (@) = [¥R (N —i). Note that the chiral symmetry is
broken in the whole parameter space, i.e., in general x |1/f,f ) =
|1ﬁ§_k), except the zero-energy mode for which X|1ﬁ1§/2) =
|y R 12)» Where the explicit form of the chiral operator is given
in Eq. (A2).

From Eq. (B1), one finds that the eigenmodes W{f ~) Tead
as

R .
Von) =57 > ul™Val0), (B2)

where
WP = (A £ V1 - A2,

and A’ = A/y. As it was stressed in the main text and
Fig. 2(a), these eigenmodes capture the localization transition
most vividly. Indeed, for A’ < 1 (unbroken P7 phase), each

site is equally occupied because uEO M = = exp(Ligj) lie on

the complex unit circle, where ¢ = arctan(A’/+/1 — A’?), and
therefore |u O-N )|2 = 1. At the EP, all the eigenmodes collapse

to a smgular extended vector |X,), whose amplitude at site
j is proportional to (i)/, according to Eq. (B2). However, in
the broken P7T phase u; = i/, B € R, where B > 1 (8 < 1)
for the state with energy Ey (Ey), according to Eq. (B2). In
other words, the skin eigenmode W(‘f) (W[‘\})) exponentially
localizes at the right (left) boundary of the chain, due to the
system chirality.
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APPENDIX C: EFFECTIVE ZERO-DIMENSIONAL
NON-HERMITIAN HAMILTONIAN A, DERIVED FROM
Eq. (1), AND ITS TOPOLOGICAL RELATION
TO 1D NHH H;j, IN Eq. (2)

From the master equation in Eq. (1), one can derive
an effective two-mode NHH H.i, which accounts for the
continuous dissipative dynamics of the system, i.e., the dy-
namics between two quantum jumps [70]. Namely, given the
decoherence matrix considered in Eq. (1), one has [70] Hu =
H —iT(ala, + alay) — iy(aja, + aja,), where the Hermi-
tian Hamiltonian H is given in Eq. (1). This effective
NHH determines the evolution matrix M = —iH.¢ for the
first-order field moments (a;)(¢), j = 1,2, where Heg is a
matrix form of the NHH in the mode representation Hy =
(&'{', a;)Heff(&l, a,)". Since any evolution matrix M, which
governs the dynamics of higher-order field moments, is ob-
tained from the evolution matrix for the first-order moments
by simply applying Kronecker sum operation, that means
that topological and spectral properties of Hip, in Eq. (2),
originate from the NHH —iH. [32]. The topological Z,
invariant v for the anti-P7 NHH H. (i.e., when I is set to
zero) is determined by the sign of its determinant [33], i.e.,
v = sgn[det(H.¢]. Indeed, its determinant equals y2 — A2,
meaning that v = 1 (v = —1) when the H.qr is exact (broken)
anti-P7 phase. This topological invariant is, thus, inherited
by the synthetic P7-symmetric NHH Hip. Therefore, the
value of v reflects the formation of two skin eigenmodes
in the whole broken-P7 phase of the 1D NHH Hp, as it
was stressed in the main text. That is, although in the bro-
ken phase there might exist O(n) skin eigenmodes, only two
eigenvectors, namely, |1//(§ ~), Temain localized at the edges
in the limit A/y — oo, whereas the rest modes eventually
migrate into the bulk. This topological resistance of the these
two eigenvectors to A can be traced back to the NHH Hegr,
when setting N = 1, in Eq. (B2), which, when unfolding into
higher-dimensional moment space, constitute the synthetic 1D
topological edge states W([f N

APPENDIX D: LOCALIZATION TRANSITION
IN SYNTHETIC FIELD MOMENT SPACE
OF A NON-HERMITIAN DIMER WITHOUT PT
SYMMETRY

Here we shed light on the localization transition phenom-
ena in the synthetic 1D chain spanned by the higher-order
field moments of a zero-dimensional non-Hermitian dimer
without P77 symmetry but with a spectral singularity (i.e., EP,
exceptional line, etc.).

First, suppose that one has a bosonic dimer described by a
linear NHH in the mode representation (&, a,) as follows:

H= <"‘)‘ “ ) (D1)

Ky 110))
where, for the sake of simplicity, the parameters w2, k12
are assumed to be real. This NHH in Eq. (D1), for arbitrary

parameters, in general, does not possess a P77 symmetry, but
can have a spectral singularity expressed via equation

(w1 — @2)* — dicyicr = 0, (D2)

which can describe an exceptional surface. Of course the
choice of the NHH in Eq. (D1) is not general, but given the
fact that most of bosonic NHH are realized via induced losses,
for simplicity, we can consider the NHH given in Eq. (D1).

The corresponding evolution matrix L for Nth-order non-
Hermitian field moments [(@)), (&) 'a), ..., (&))] would
read as [32]

Lix= jrkabji—1 +il(N — jlor + jwnld;k
+WN — pribjry1, j,k=0,...,N. (D3)

Even though the given dimer does not possess P7 sym-
metry, by appropriate transformations, one can reduce it to
the PT -symmetric one. To show that, first, and without loss
of generality, assume that w; < w,. Then by an appropriate
gauge transformation &;, — ;2 expl—(w1 + w2)/2t], one
obtains

H— H = ("‘“ ’.‘1>, (D4)
Ky i

where w = (w; — w;)/2. Finally, by applying a similarity

transformation S~'H'S (taking into account that the same

NHH rules the dynamics of c-number valued moments),

where

S = diag[1, /k2/x1], (D5)

one attains a P7 -symmetric NHH as follows:

/ " o__ —iw K1k2
H—>H_<\/m Ve ) (D6)

with two eigenmodes |, given in Eq. (B2) for N =1, by
identifying A = w, and m = y. Clearly, the eigenmodes
¥, of the PT-symmetric NHH H" would form two topolog-
ical edge modes in synthetic space of higher-order moments
of the mode operators constituting the NHH H”, as was
shown in the main text and Appendix C. However, the original
eigenmodes of the NHH H in Eq. (D1) (ignoring the global
dissipative rate [ + w,]/2) would read as

Ve =SY), n=12. (D7)

When considering the right eigenmodes v, of the Nth-
order (N > 1) moment evolution matrix L in Eq. (D3), the
eigenvector equations in (D7), expressed via eigenmodes
of the P7T-symmetric matrix M in Eq. (Al), acquire the
following form:

Yo =Ty, =S8y,

where ) are given in Eq. (B1), and the elements of the
diagonal (N + 1) x (N + 1) matrices S; are written as [96]

n=0,...,N (D8)

My b,
k,k l’ S2]] _ 1_[ k,k l7 (D9)

and Sy oo = 1, kK = 1, 2. The elements of matrices M j; and L j;
are given in Egs. (Al) and (D3), respectively. When renor-
malized, the elements of the diagonal matrix 7 = SQS’I, in
Eq. (D8), are decreasing (increasing) from 1 to 0 (from O to 1)
when k; > ky (k1 < k7), with increasing index j. The matrix
T acts as a “squeezer” on the eigenmodes v, in Eq. (D8).
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K1/w

FIG. 6. Phase diagram of the right eigenmodes v, in Eq. (DS),
comprising the eigenvectors of the synthetic chain governed by the
NHH L in Eq. (D3). The four different phases are separated by two
lines described by equations k| = «, (P7T -symmetry condition) and
that in Eq. (D11). The highly degenerate exceptional line (EL) is
shown as white dashed curve. Phases I and II are characterized by
completely localized eigenmodes at the right and left edges of the
chain, respectively. The phase III (IV) describes the parameter space,
where the majority of eigenmodes are localized at the right (left)
edge. The only mode which remains localized at the left (right) edge
in the whole phase III (IV) is ¥y (¥y), and whose delocalization
implies the transition border between phases III and I (IV and II).

That is, it squeezes all the modes to the right or left edge of
the chain, depending on the values k| 5.

As a result, the localization phase diagram for the right
eigenmodes, comprising the synthetic 1D chain of the non-
PT-symmetric non-Hermitian system, and described by the
NHH in Eq. (D3), becomes a little complex compared to its
PT-symmetric counterpart, and which is plotted in Fig. 6.

One can distinguish four different phases (see Fig. 6).
Phases I and II describe completely localized modes at the
right and left edges of the chain, respectively. Phases III and
IV denote the parameter space where not all but a majority
of the eigenmodes either tend to localize at the right and
left edge, respectively. The exceptional line (EL) is shown
as a white dashed curve, which separates the spectrum of the
matrix L in Eq. (D3), with pure imaginary-valued spectrum
(parameter space below the EL) and spectrum where the real
part is nonzero (parameter space above the EL).

These four phases are separated by two lines, described by
the following two equations:

K1 = K2, (D10)
kit (D11)
2w

The first equation (D10) denotes the P7T -symmetric condi-
tion. The dashed part of that line corresponds to the broken
‘PT phase, and the solid part to the exact P77 phase. This line
divides phases I and II, as well as phases III and IV in Fig. 6.

The second line with Eq. (D11) determines the condition
when only the eigenmode ¥y (¥p), in Eq. (D8), becomes de-
localized on the border of the phases I and III (IT and I'V), and
the rest remain completely localized at the left (right) edge of
the chain. Roughly speaking, that line separates phases when
either of the modes vy abruptly changes its polarization
from left to right edge of the chain, or vice versa.

As can be seen from Fig. 6, in general, the EL does not
separate two distinct eigenmode phases, as it is the case for
PT symmetry. That is, when crossing the EL, the eigen-
modes might not show any localization transition features (see
Fig. 6).

Clearly, above the EL, the regions with phases I and II can
be understood as states which are mapped from the exact PT
states, lying on the line k; = 3, by the transformation matrix
T in Eq. (D8). Since in the exact P77 phase, all the states are
symmetrical with respect to the center of the chain, their right
or left localization in phases I and II is induced by the right or
left squeezing effect of the matrix T, respectively.

In the region below the EL, there may exist all four
localized phases (see Fig. 6). In other words, the broken P7T -
symmetric states can be mapped to any phase, depending on
system parameters. The latter stems from the fact that, below
the EL, there is a competition between left or right localization
of the broken P7T modes and squeezing effect of the matrix
T, according to Eq. (D8). That is, if the squeezing is not
strong enough, some of the eigenmodes will be left at the
left (right) edge of the chain in phase III (IV). And the last
eigenmode which can resist that squeezing in phase III (IV) is
¥~ (Yo). The region where the localization of the modes v x
is counterbalanced with the squeezing is the line in Eq. (D11).
Crossing which all eigenmodes become localized at the right
or left side of the chain (phases I and II, respectively).
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