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Lorentz-invariant topological structures of the electromagnetic field
in a Fabry-Perot resonant slit grating
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It is commonly assumed that the most correct description of the electromagnetic world is the abstract one, and
that topological constructs, such as lines of force are not covariant. In this Letter, we show that for a y-invariant
system with a p-polarized electromagnetic field, it is possible to construct absolute (i.e., Lorentz invariant) lines
in (¢, x, z) space-time, which we call electric spaghettis (ESs). The electromagnetic field is fully described by the
ES topology that transcends the limit between space and time, plus a new invariant, the characteristic parameter 1.
In a Fabry-Perot resonant slit grating, three ES patterns can be distinguished, corresponding to three regions: null
straight lines in plane-wave regions, rounded rhombi in the interference region inside the grating, and Bernoulli’s
logarithmic spiral patterns—the first ever described fractals—in the funneling region.
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Faraday’s concept of lines of force [1,2] was the first topol-
ogy describing the electromagnetic field. However, with our
modern point of view, this topological construct is not Lorentz
invariant, and it is commonly assumed that the most correct
description of the electromagnetic field is the abstract one
[3.4]. Nevertheless, few attempts to define a space-time topol-
ogy of the electromagnetic field have been performed. The
idea of tubes of flux, a space-time generalization of Maxwell’s
concept [2], was described, for example, by Misner et al.
in their book Gravitation [5]. Unfortunately, it only leads to
a schematic and does not construct well-defined space-time
topological structures. A frequent approach of field two-forms
is to separate space and time [6,7], losing the Lorentz invari-
ance. Absolute representations of two-forms were given only
for simple cases, by Jancewicz for an electric charge [8] and
by Warnick and Russer for the case of a propagating plane
wave [9].

In an attempt to construct a Lorentz-invariant topology
of the electromagnetic field, Gratus [10] has suggested to
consider fixed-coordinate space slices of the four-dimensional
(4D) space-time. A space slice, being arbitrary in the general
case, is canonical for a y-invariant p-polarized electromag-
netic field. In this case, the Maxwell’s two-form becomes
a simple two-form, and its pullback onto any arbitrary y =
Const plane defines lines in the two- plus one-dimensional
(24+1D) space-time. There is similarity between these lines
and Faraday’s lines of force for a static field in three-
dimensional (3D) space. The topology by itself defines at
any point (or event) two directional parameters, and a third
parameter is necessary to completely describe the field, either
the value of the electrostatic potential or the field amplitude
(that can be illustrated by the density of lines). However, this
field description by a topology plus a parameter cannot be
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straightforwardly generalized from 3D space to 2 + 1D space-
time, mainly because of the peculiarity of null-like directions
in the latter. In the absence of charge, it is evident that field
lines never end in 3D space, but this is not an established fact
in 2 4+ 1D space-time.

In this Letter, we show that a y-invariant p-polarized
electromagnetic field (i.e., satisfying the Maxwell’s and con-
stitutive equations) can be fully described by an absolute
topology of lines in (¢, x, z) space-time [named here the elec-
tric spaghettis (ESs)] with a new Lorentz-invariant scalar
measure on them, the n parameter. This topology is studied
in detail for an infinite line of charge and for a Fabry-Perot
resonant slit grating. The latter exhibits three specific topo-
logical ES structures: the single plane-wave region high above
the grating, the two interfering plane-wave regions inside the
grating, and the funnel region in the near field of the grating.
In the funneling region a fractal topological structure around
null field events is observed. These endless ES whirls, which
seem to contradict the absence of magnetic charge [10], are
justified here by a careful analysis.

For a y-invariant p-polarized field, the six components of
Faraday’s F = (—E,B) or Maxwell’s G = (H, D) 2-forms
[5,11] reduce to three components with

G = Hydt ANdy + D.dy Adz+ D.dx A dy, (1)

in natural units (¢ = 1). Factoring out dy, this 2-form can be
written as G = ¢, A dy with ¢, the 1-form

¢, = Hydt + D.dx — D,dz. 2)
The dual of this 1-form is the vector,
ts = H,0; — D0, + D,0;. 3)

This vector defines integral curves, the ESs, that are absolute
topological structures in 2 + 1D space-time: a given line
connects the same set of events, independently of any frame
of reference. A tensorial approach and the explicit Lorentz
transform calculation is given in the Supplemental Material
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[12]. Starting from from any event s, the line ES(s¢) can be
built using the parametric equation,

n
S(n) =0+ / zsdn. @)
0

The 2-form Eq. (1) that allows to compute the electric flux
G(o) on any oriented surface element o in 3 4 1D space-time
(with a density D, on 9, A 9, surface, D, on 9, A 9, surface,
and H, on 0; A 9, surface), reduces to the 1-form ¢,, which,
being applied to any vector @ in 2 + 1D space-time, gives
the electric flux value ¢.(a) = G(a A 9,) on this vector. The
electric flux on a spaghetti segment ES, ., from the evente; =
s(n1) to the event e; = s(1),) has then the value,

Go(ES, .,) = / "2 = Dyan, )
m

In this equation, the electric flux value ¢, and the H 2_p?
factor are both Lorentz invariant. Hence, n(ES,,.,) = 12 — m1
is actually a new Lorentz invariant.

From a topological point of view, a set of ESs can be
constructed to cover any region of the 2 4+ 1D space-time with
anonzero electromagnetic field. Furthermore, an oriented seg-
ment of ES can be labeled with three quantities: (1) its interval
length (but only if the segment is purely timelike or spacelike),
(2) its electric flux ¢,, and (3) its characteristic parameter 7.

Unlike world lines of physical objects, which are always
timelike, ESs transcend the boundary between time and space
directions. Some parts of the same ES can be timelike, space-
like, and even lightlike. The particular case where ESs are
contained in a light cone requires some attention as H> — D?,
the interval and the electric flux are all equal to zero. In
contrast, the n value of a nondegenerate (i.e., not reduced to a
point) ES segment is never zero, and has a sign fixed by the
orientation of ES. If an arbitrary inertial frame of reference
is chosen, the components of the electromagnetic field can be
obtained from the ES topology and the n value using Eq. (4),

Hy:@a Dz:_dja Dx:& (6)

dn dn

where s;, sy, s, are the ES coordinates. The smaller the field,

the larger the n value. It may seem rather counterintuitive,

but the ES characteristic parameter 7 is an absolute extensive
physical property of ESs.

Figure 1(a) shows the case of a linear constant density of
charge A along the y direction. The world line of each charge
is a straight line along the Or axis, and this axis represents
all charges in 2 4+ 1D space-time (¢, x, z). ESs appear as
concentric green circles centered around the Ot line. Every
ES circle contains the same electric flux value ¢, = A. The
pink radial surfaces are zero-electric flux surfaces (ZEFSs).
They are perpendicular to the ESs and start on the Ot charge
world line. The electric flux on them is zero.

At first glance, Fig. 1(a) is a picture of equipotential lines
(green circles, which are indeed cylinders along the y axis in
4D space-time) and electric-field strength lines, extended in
the time direction (pink surfaces). However, the concept of
equipotential lines is frame dependent: in a different frame
of reference, a magnetic field would appear, and both the
electric field and the equipotential lines would change. In
contrast, ESs and ZEFSs are absolute, connecting the same
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FIG. 1. (a) A t-invariant (electrostatic) case: an Oy charged line
with the Or world line. Green circles: ESs and pink surfaces: ZEFSs.
(b) A non-z-invariant case: ES (green line) with purely an electric-
field part (z direction, dark-blue frame), plane-wave part (null-like
direction, light-blue frame), and purely magnetic field (¢ direction,
purple frame). The ES topology is absolute, the interval values ds,
the flux values §¢,, and the characteristic parameter values 7 are all
absolute, independent of the reference frame. In contrast, H, and D,
depend on the axis choice (¢, z) with Egs. (3) and (6). When ES is
null-like, only the parameter 7 has a nonzero value, able to describe
the electromagnetic field in this region.

set of events, independently of any frame of reference. The 7
value calculated between two events of a given ES is absolute,
independent of the choice of a reference frame. The field
components, which are relative, can be simply derived from
the ES topology and the parameter 7, using Eq. (6). In this
electrostatic example, ¢, has the same value A on all circles.
By contrast, n = 47w?R? /) is proportional to the square of
the radius R. The usefulness of the parameter 1, not obvious
in this example, is crucial when the ES part belongs to a
light cone as shown in Fig. 1(b) where an ES is successively
spacelike, null-like, and timelike, transcending the distinction
between space and time.

The Fabry-Perot resonant slit grating system studied in
this Letter consists of a perfectly conducting metal with slits
parallel to the y direction [Fig. 2(a)], excited at normal inci-
dence by a p-polarized plane wave (i.e., with the magnetic
field oriented along the y direction). The grating period is
L = m, that is, half the wavelength A = 27 (¢ = 1), so all the
diffracted waves are evanescent. The slit width is arbitrarily
chosen as w = L/6. This system is known for perfect trans-
mission of incident radiation [13] with a funneling mechanism
[Fig. 2(b)] that can be understood by the magnetoelectric
interference between the incident and the evanescent fields
[14]. The Fabry-Perot resonance condition corresponding to
total transmission and no reflection is obtained for a slit height
hequal to h = hy +n A/2 with hy ~ 0.417A, and n is an ar-
bitrary integer. The value of Ay is slightly smaller than A /2 as
the phase of the internal reflection is not exactly m. The value
of h = 0.917 A was chosen for a clear view of the interference
pattern inside the slits.

Several numerical techniques based on Egs. (4) and (5)
were used to compute ESs and ZEFSs. Full descriptions
of these and code books are presented in the Supplemental
Material [12]. Figure 2(d) shows ESs crossing the line z =
—h/2,x = —2w/5. The median plane of a slit is a special
place because the D, component is here equal to zero, and the
ESs remain localized on this plane [see Eq. (3) and Fig. 2(c)].
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FIG. 2. (a) Slit grating, invariable in the y direction, made in a perfect conductor. (b) Time-averaged Poynting vector lines in the resonant
case, p-polarized normally incident monochromatic wave. (c) ESs in the central plane of a slit. (d) ESs crossing the line z = —h/2, x = —2w/5.

These ESs are also plotted in Fig. 3 along with ZEFS lines.
As there are no electric charges in the considered region,
the electric flux is constant between two neighboring bold
ZEFS lines, and the density of these lines in the ¢ direction
corresponds to the value of the field component H,, and the
density in the z direction corresponds to the value of the field
component D,.

Far from the slits where a single plane wave propagates
D, = H,, the ESs are straight null-like lines according to
Eq. (3). Inside a slit where two plane waves interfere, con-
centric patterns of rounded rhombi are observed. The field
is purely electric when the ESs (green lines) are parallel to
the z direction and purely magnetic when they are parallel
to the ¢ direction. Owing to the resonance inside the slit, the
electric flux density in this region is six times higher than on
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FIG. 3. Plot of the ES (green) and ZEFS (red) lines on the median
plane for one time period. The orange zone corresponds to the slit
area. The electric flux is constant between two thick red ZEFS lines
and between two thin red lines with a factor of 1/6. The inset: zoom
of the whirl zone with very small flux steps between ZEFS lines.

the plane-wave region. This is clearly depicted in Fig. 3: in
the slit region, there are six ZEFS lines over a half-period
in time, whereas in the upper part of the figure (plane-wave
region), there is only one bold ZEFS line. Compared with the
interference of two identical plane waves [15], the rounded
squares are slightly distorted. This is because the amplitude
of the wave from bottom to top is smaller than that from top
to bottom.

In the funneling region, ESs form whirls that are centered
on zero field events. They seem to contradict the principle
that tubes of flux with no charge never end [5], so they
require detailed analysis. The field in the funneling region
is the superposition of the incoming plane wave and of
a series of diffracted evanescent waves. For simplicity, let
us restrict the continuation of the study to only the first
diffracted wave. In this model, the incident plane wave has
amplitude cos(z +1), and the evanescent wave has ampli-
tude a exp (—+/3z) sin(¢) cos(2x) where the amplitude a =
1.091 and the phase 7 /2 are obtained numerically (see the
Supplemental Material [12]). The ES-ZEFS pattern of this
interference is plotted as, respectively, green and red lines in
Fig. 4(a). The pattern of this simplified model is similar to the
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FIG. 4. (a) ESs (green) and ZEFS lines (red) in the case of
interference of the plane wave and two evanescent ones (with equal
amplitudes and opposite propagation directions along the x axis).
(b) Space-time camembert box (also known as a pill box) with
incoming, never outgoing ESs at x = (0. Other ESs are outgoing
through one of the sides.
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one observed in Fig. 3. The whirls are centered on zero-field
points H, = D, = 0.

Using a linear approximation of the field components
around the zero-field points (fp = /3 + p/2, zo = 0.7736),
the parametric equation of an ES is (see the Supplemental
Material [12]),

tm—1t) (0 B\[coshin\
(Z(n)—Z0> _Z0<1 —a>(sin km>e o

x(n) = xpe®*, (8)

where A; = \/(3 sin zog + COST“’)(sin 0 — C‘is/;’ ), and A, =
CcOS

sin zg — TZU For xy = 0 this is an affine transformation of a

curve, named spira mirabilis by Bernoulli three centuries ago
[16]. It is an endless spiral, the first fractal curve ever studied.
And this is the key of the paradox that ESs should never end.
They never end indeed. Each loop of the ES toward the center
corresponds to 277 /X; change in the parameter n whereas the
radius decreases by a factor of exp(—2mA,/A;) = 0.12.

The ES bundles in a vacuum makes tubes of magnetic flux,
corresponding to the Faraday 2-form E.dx A dt + E,dz A
dt + Bydz A dx (see the Supplemental Material [12]). As
there are no magnetic charges, any tube entering on a given
closed surface X of space-time (¢, x, z) must exit somewhere
on the same surface. The observed endless ESs do not contra-
dict this law because they are restricted to x = 0 plane, having
zero measure on the surface X. Considering the camembert
box (also known as the pill box) in Fig. 4(b), the incoming
ESs at the periphery exit through the sides of the disk, thus,
defining tubes of constant magnetic flux.

To conclude, we demonstrated that a y-invariant p-
polarized electromagnetic field, which is usually represented
by three field components (as H,, D;, D,, relative to a frame
of reference), can be represented in an absolute way. In a
flat space-time, the qualifier absolute is synonymous with the
Lorentz invariant. It should be noted that the content of this

Letter can be extended to a curved space-time, provided that
there is translation symmetry along the y direction. The elec-
tromagnetic field can be represented by unique and absolute
structures, the Ss, measured by the absolute parameter 1. The
surfaces perpendicular to ESs (the ZEFSs) are also absolute
space-time structures. Contrary to the world lines of physical
objects, which are always timelike, ESs and ZEFSs transcend
the limit between space and time. Any segment of ES is
characterized by two absolute electromagnetic quantities: its
electric flux ¢,, and its characteristic parameter 1. Despite its
counterintuitive nature (the larger it is, the smaller the field
is), n is a parameter that makes sense because it can describe
the electromagnetic field everywhere. In contrast, the flux and
interval values, which are zero on null-like segments of ESs,
cannot describe the electromagnetic field everywhere. ESs
with 7 milestones written on them form a complete represen-
tation of the electromagnetic world in the 2 + 1D y-invariant
space-time, giving in any inertial frame of reference (¢, x, z),
the field components H,, D, D..

We explored the ES topology of a Fabry-Perot resonant slit
grating. In the plane-wave region ESs are straight light lines
with an electric field equal to the magnetic field. Inside the
slits, the ESs are mainly rounded rhombi, corresponding to
the interference of two plane waves with purely H, zones and
purely Dy zones. The funneling region is of particular interest
with ESs having the fractal behavior of logarithmic spirals.
They correspond to the interference of the incident wave with
the evanescent waves diffracted by the slit grating.

ESs illustrate the profound unity of electric and magnetic
fields and give them a topological structure that can be studied
for itself, opening a new field of research. Also, instead of
considering field components, which are related to an arbitrary
frame of reference, the description of the field as an absolute
topology in space-time with absolute measure 7 is a radical
change in the conceptual approach to the electromagnetic
world. This not only has philosophical and educational con-
sequences, but also suggests new computational approaches.
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