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Theory of entanglement and measurement in high-order harmonic generation
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Quantum information science and intense laser-matter interaction are two apparently unrelated fields. Here, we
introduce the notion of quantum information theory to intense laser-driven processes by providing the quantum
mechanical description of measurement protocols for high-order harmonic generation in atoms. This allows
one to conceive new protocols for quantum state engineering of light. We explicitly evaluate conditioning
experiments on individual optical field modes and provide the corresponding quantum operation for coherent
states. The associated positive-operator-valued measures are obtained and give rise to the quantum theory of
measurement for the generation of high-dimensional entangled states and coherent-state superposition with
controllable nonclassical features on the attosecond timescale. This establishes the use of intense laser-driven
processes as an alternative platform for quantum information processing.
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Introduction. In the process of high-order harmonic gener-
ation (HHG), coherent radiation of higher-order harmonics of
the driving laser frequency is generated [1,2]. The transfer of
coherence, and energy, from the intense laser source to the
harmonic field modes (initially in the vacuum) is achieved
by a highly nonlinear interaction of the driving field with the
HHG medium, in which the electron is used as an intermedi-
ary between the optical modes. Until recently this was mainly
described in semiclassical terms, in which only the electronic
degrees of freedom are quantized [1], although there have
been early approaches to introduce a fully quantized descrip-
tion of the HHG process [3-9]. However, recent advances
in the quantum optical analysis of HHG has established a
new direction in the investigation of strong-field physics. This
allows one to study the quantum mechanical properties of
the harmonic radiation or to take into account the backac-
tion on the driving field [10-23]. In particular, it has been
shown that conditioning procedures on processes induced by
intense laser-matter interaction can lead to the generation of
high-photon-number controllable nonclassical field states in a
broad spectral range [16-20].

However, a complete description of these measurement
processes is missing thus far, and to make use of the full
power of such protocols for quantum state engineering in
optical quantum technologies [24-26] the corresponding the-
ory is needed. One goal in this direction is to construct
the quantum theory of measurement for HHG and to obtain
the generic structure of the entangled states of the elec-
tron and the field modes in strong-field processes. Both are
presented in the present work by introducing the natural lan-
guage in which measurements are described. This is done
by providing the necessary measurement operations and cor-
responding positive-operator-valued measures [27,28]. The
notion of measurement operations is well known in quantum
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information science and has led to many advances rang-
ing from light-engineering protocols [29] to describing open
quantum systems [30] to quantum control [31]. But, these
methods play a new role in the description of the interaction
of an intense laser field with matter. A quantum operation
®,(-) is a completely positive map of one quantum state
to another, p — p, = ®,(p)/P(n), and describes how the
state p changes during a process with outcome n, which oc-
curs with probability P(n) = Tr[®,(p)]. The representation
theorem for quantum operations states that the operation is
expressed as ®,(p) = M,,,oM;lr , with linear operators M, sat-
isfying Y, M{M, = 1 [27]. The operators M, correspond to
generalized measurement operations, which for the special
case of projective (von Neumann) measurements are given
by projection operators M, = |n)(n|. This concept of quan-
tum operations naturally leads to the notion of measurement
theory via a positive-operator-valued measure (POVM), in
which each possible measurement outcome n is associated
with a positive operator E, = M, M,. These operators are the
elements of the set {E,} defining the POVM and allow one to
construct all possible operations which can be performed on a
quantum system. It will be shown that, within this framework,
conditioning measurements on the electron allow one to gen-
erate massive, and controllable, entangled and superposition
states of the optical field in intense laser-matter interaction.
The main goal of the present work is to ultimately connect
the domain of strong-field physics with quantum information
science by introducing the relevant quantum formalism of
measurements. This allows one to derive the quantum oper-
ations for the measurement scheme introduced in Ref. [18]
and to prove that the corresponding measurement operators
are elements of a POVM. Is is further shown under which
conditions these generalized measurement operations reduce
to the projection operators phenomenologically introduced
in Refs. [16,17] to describe the generation of optical cat
states. The derived measurement operations for condition-
ing schemes in HHG allow one to perform quantum state
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engineering protocols to anticipate the generation of novel
stats of light with previously inaccessible photon numbers,
frequencies, and timescales.

Entanglement in strong-field physics. To describe the en-
tangled state of the total system including the electron of
a single atom and the optical field after strong-field light
matter interaction we consider an initially uncorrelated state,
[V (t9)) = |¢i)|g). The initial state of the optical field |¢;) =
®4l94) is assumed to be pure, and we assume that the modes
q are uncorrelated, while the electron is initially in the ground
state |g). The formal solution of the Schrédinger equation de-
scribing the interaction is given by

W (@) = Ut 10)9i)g). ey

In general, the field and the atom are correlated after the in-
teraction, and neither the total state | (7)) # |¢(2)) ® |e(?)),
where |€(¢)) describes the state of the electron, nor the optical
field modes |¢(1)) # ®,|¢,4(¢)) are described as a product
state after the interaction. To make the correlation between the
field and the electron more apparent we introduce the identity
on the electronic subspace:

1= g)(gl+ Y IAu)(hul + / dvlv)(vl, )
"

where |1,,) are the excited electronic bound states, and |v) are
the continuum states with the electron momentum v. The state
(1) can now be written as

W (1)) = K li)12) + ) Khix ) 1h,0) 3)
y

+/dVKATI(V)|¢i>|V>’

where  King = (8|U (7, 10)|g), Kix = (Au|U(t,10)lg), and
Kari(v) = (v]U (¢, t9)|g) are the operators solely acting on the
optical field state. The first term corresponds to the electron
conditioned on the ground state |g) leading to HHG [16],
while the third term corresponds to an electron in a continuum
state |v) leading to the process of above-threshold ioniza-
tion (ATI) [22,32]. The second term, corresponding to the
electron being in an excited bound state |A,,), is usually con-
sidered to be small compared to the contribution of HHG and
ATI. However, bound-state resonances can lead to important
contributions in strong-field ionization [33-35] or high-order
harmonic generation [36,37] and are therefore included in the
present analysis. Hence, the interaction of the intense laser
field with the atom leads to the entangled state (3) in which
the electron is found in the ground state, in an excited state, or
in a continuum state after the interaction

V) = |dg)lg) + Z ) 210) +/dV|¢v)|V>, “)
m

where [¢,) = Kung|¢:) and |¢y) = Kari(V)|¢;) are the op-
tical field states corresponding to the electron conditioned
on HHG or ATI, respectively. The term corresponding to an
electronic excitation is associated with the field in the state
|pu) = Klix|¢i). This is the generic entangled state between
the optical field and the electron in intense laser-matter inter-
action. We only assumed an initial pure state of the field in

the tensor product form, but no further specification was in-
troduced. The state is written in the form where experimental
conditioning schemes on the matter part (electronic ground
state, excitation, or ionization) become apparent.

Entanglement in high-order harmonic generation. Since
HHG is one of the most prominent processes in intense laser-
matter interaction, we shall now describe the entanglement
between the different optical field modes, i.e., between the
fundamental and the harmonic modes, in more detail. To
account for the process of HHG a conditioning measurement
on the electron has to be performed. Namely, we project
onto the electronic ground state ITyyg = |g)(g|. This can, for
instance, be done by considering only the processes where
no electron was detected and assuming that the excited state
population is negligible. In all remaining events, the electron
is in the ground state, and the corresponding state is given by
MuuG|¥) = |¢g)|g). This conditioning effectively eliminates
all idle processes which do not correspond to HHG. Since
the object of interest is the optical field state |¢,), we trace
over the electronic degrees of freedom. To describe the en-
tanglement between the different optical field modes we now
analyze the optical state in more detail:

|§g) = Knngloi) = (8IU (1. 10)18)[®q¢]¢q)]. &)

To model the HHG process we need to solve Kpyg,
which is done by assuming that the intense driving laser
can be described by a single-mode pure coherent state
|¢1) = |a), while the harmonic modes g € {2, ..., N} are ini-
tially in the vacuum [{0,}) = ®,>2|0,) such that the initial
field state is given by |¢;) = |a) ® |{0,}). The assump-
tion of having a pure coherent state for the driving field
mode implies that experimental realizations need to oper-
ate with a phase-stabilized laser source. A single-mode field
to describe the pulsed laser is used since the measurement
scheme does not discriminate between the individual modes
of the driving field. The electron is assumed to be ini-
tially in the ground state |g). The Hamiltonian describing
the interaction of a single electron with the optical field
in the length gauge, and within the dipole approximation,
is given by H;(t) = —d(z) - E(¢), where the electric-field
operator E(t) = —ik Z;V:l V(b e — bye™") is coupled
to the dipole moment operator d(z) = Ust(t,to)dUSC(t,to).
The time-dependent dipole moment operator is in the in-
teraction picture of the semiclassical frame Us(t, 1)) =
T exp[—i ft:) dtHy(7)], with respect to the Hamiltonian
Hi.(t) = H, —d - E;(¢). This is exactly the Hamiltonian for
the semiclassical description of intense laser fields interacting
with a single electron, where H, = p*/2 + V(r) is the pure
atomic Hamiltonian, and Eq(¢) = (¢:|E()|¢;) = ik (e " —
a*e/®") is the classical part of the initial optical field. A de-
tailed derivation of the interaction Hamiltonian Hy(¢) can be
found in Refs. [16,17]. To now describe the time evolution
of the optical field governed by the Hamiltonian H;(¢), and
conditioned on HHG, it remains to solve

Kung = (|7 exp [1/ dr'd(t’) - E(t’)}lg)- (6)

Assuming that there are no correlations between dipole
moments [3], it was shown [16,17] that this can be approx-
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imated by coupling the dipole moment expectation value to
the electric field instead of the dipole moment operator itself,
such that

Kung =~ T exp [1/ dt’{d) (') - E(t')}, (7

)

where (d)(r) = (g|d(z)|g) = (e(¢)|d|e(¢)) is the dipole mo-
ment expectation value. The electronic state |e(?)) =
Usc(t,19)|g) is given by the conventional solution of HHG in
the semiclassical description [1]. The operator in Eq. (7) can
now be obtained exactly by noting that the electric-field opera-
tor E(¢) is linear in the creation and annihilation operators, and
the solution is given by a multimode displacement operator
D(x) = exp(xb" — x*b) [16-18,20]:

N
King = [ [ €D (xy). ®)
g=1

where the shift of the fundamental mode and the harmonic
modes account for the depletion of the driving laser amplitude
due to the generation of coherent radiation in the harmonic
modes with amplitudes y,. The state (up to a phase) is then
given by

N N
) = [ [PIoi) =l + 1) @ Ixg), 9
q=2

q=1

and the shift of the individual field modes x, =
—ik /q{d)(qw) is given by the respective Fourier component
of the time-dependent dipole moment expectation value
(d)(qw) = f dt{d)(t)e’?". The coherent properties of the
fundamental laser are transferred to the harmonic modes
by virtue of the nonlinear interaction with the electron, and
that the harmonic modes are described by coherent states
is due to the fact that the source for the coherent radiation
is related to the electron dipole moment expectation value
which acts as a classical charge current. Note that we have
so far considered a single atom interacting with the intense
laser field, which is applicable under the assumption of
vanishing interatomic correlations [3]. However, the concepts
and methods introduced in the following are applicable for
generic x,, and extending to the more realistic scenario where
many atoms contribute to the HHG process we can multiply
the displacement x, by the number of atoms which contribute
in a phase-matched way [16]. Furthermore, macroscopic
effects on the HHG mechanism itself, e.g., focal averaging,
can be included in the computation of the time-dependent
dipole moment expectation value (d)(z). This is also where
the microscopic details of the HHG medium are included,
and sophisticated numerical or analytical tools known from
semiclassical HHG theory are needed [38].

However, the induced time-dependent dipole moment
(d(z)) = (gld(z)|g) makes the respective shifts of the modes
correlated. In fact, the actual mode which is populated during
the HHG process is a wave-packet mode taking into account
these correlations [16,18] and can be described by the cor-
responding number states 7). To account for the process of
HHG, we express the state in Eq. (9) in terms of the number

states of the wave-packet mode:

|Be) = Y _(le) |70 (10)

n

We can now consider two mutually exclusive events: either
emitting harmonic radiation or not. If harmonic radiation is
generated the wave packet described by |7) is excited, and
of course, if no harmonics are generated the wave packet is
in its vacuum state, |0). We can therefore define the set of
operators as

A = {ITg, iz}, (11)

which either projects on the subspace of all possible excitation
of the wave-packet mode,

Migo = Y 1) (7, (12)
i#0
or on its vacuum state,
M = 10)(0]. (13)

This constitutes the POVM elements for conditioning be-
tween the generation of harmonic radiation, and no excitation
of the corresponding wave-packet mode. We now consider
the more interesting case in which harmonic radiation is gen-
erated, i.e., where an excitation of the wave-packet mode is
present. Projecting on IT;.o we obtain

|prm) = Mizoldpe) = > (ile)1). (14)
7150
We use that Zﬁ#o |7i) ()] = 1 — |0) (0| and that the vacuum

state of the wave-packet mode is given by the state of the field
prior to the interaction with the atomic medium,

N
10) = ler) (X) 10,). (15)
q=2
such that the state in Eq. (14) is given by

N N
Iprn) = lo + x1) @) 1xg) — &lor) @) &,10,),  (16)
g=2 q=2

where § = (a|a + x) and &, = (04| x,). This is the entangled
state between all modes of the optical field in the process
of HHG and is heralded by the emission of harmonic radi-
ation. The number of modes which are entangled is on the
order of the harmonic cutoff O(N), and presents a massively
entangled state of many field modes (typically N > 10). A
characterization of this state in terms of the linear entropy
for different partitions can be found in Ref. [18]. Note that
this entangled state is naturally generated by the emission of
harmonic radiation, and no particular measurement has to be
performed on the optical modes if ionization and excitation
events are eliminated. The generation of harmonic radiation
by itself serves as the origin of this entangled optical field
state due to the interaction with the atomic medium and the
corresponding correlations induced between the different field
modes. However, the crucial part is to experimentally separate
the process of HHG from all other idle processes such as ion-
ization or excitation, i.e., implementing the projection IMgyg.
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HHG e us to define the new POVM corresponding to the possible
|a> measurement operation in terms of coherent states |{j%,})

> (I)~7£o [le) (e]] performed on M field modes in HHG:

N
g D(xy) | { 1n) (7
0. l:T (Xa) .,‘|n><n|'.-

>

FIG. 1. Schematic illustration of the conditioning experiment in
HHG. The initial product state |a) ® [{0,>2}) of the optical field
mode is shifted via Kypg =~ ]_[q D(x,) and correlated (via the wave-
packet mode |7i)). Performing a conditioning measurement on the
harmonic modes |{x,}) leads to the quantum operation &7 2ol] on
the initial coherent state of the driving laser.

This can be done by measuring the electrons which might
get ionized and neglecting all cases in which an electron was
detected, i.e., only considering the cases where no ionization
takes place. Alternatively, as done in Refs. [16,17], the har-
monic radiation can be measured together with a subsequent
postprocessing procedure in which only those events are taken
into account in which the shift of the harmonic intensity is
anticorrelated to the intensity of the fundamental mode. This
likewise allows one to separate HHG from all idle processes.
The drawback of this scheme is that some fraction of the
optical field needs to be detected and is thus inevitably inter-
acting with additional optical devices, leading to decoherence
and amplitude reduction. Nonetheless, this scheme is very
powerful for generating nonclassical optical cat states with
high photon numbers [16—-19].

Quantum operations in HHG. In the following we in-
troduce the quantum theory of measurement to describe
conditioning experiments in HHG. This can be seen as an
alternative class of quantum state engineering protocols of
light. Suppose we perform a postselection measurement on
the state ppy = |pun){(duu| from HHG (16). In particular,
we perform a measurement on M field modes (denoted by
g") and postselect on the coherent states |{¥,}). The state
of the remaining N-M field modes accordingly reads p’ =
({Xg'} puul{Xy)). Let us therefore define a quantum operation
dD;;( ol*1, which corresponds to this postselection measurement
on the modes ¢’ and acts on the initial state of the remaining
modes described by pg = Tr,[|¢;)(¢:]]. This quantum opera-
tion for conditioning in the process of HHG reads

e % ¥ oA\T
q’ﬁ;&o[pO] Mrf;éopo (Mi)z(;EO)

por>p=—1—= - . an
Pff;eo Tr[E,;;eOPO]
where we have defined the effect
y oo
Erf;&o = (M;%;éo) M;;&o’ (18)
with the measurement operator
M7y = {0l (g D) [ ] DCxo)- (19)
974’

This measurement operator takes into account the shift of
the field modes due to the interaction with the HHG medium
via D(x4), and the conditioning in terms of Il;.o from the
POVM in Eq. (11). The schematic illustration of the experi-
mental conditioning scheme can be seen in Fig. 1. This allows

Xing = [EX = (MF) MZ v € A;), (20)

with POVM elements EX,
relation

1 - -
aN-M /ndzxq’ Z (M\)f)TMl)f =1, 2n
¢

VEA;I

which satisfy the completeness

where we sum over v € A;, the elements of the HHG
wave-packet POVM in Eq. (11). The measurement operation
introduced in Eq. (17) is of a general kind and permits one to
analyze various conditioning schemes in the process of HHG.
It allows one to consider different initial states of the optical
field, e.g., HHG driven by multiple laser modes, nonclassical
states, or mixed states. Note that for different driving laser
fields the operation (9) on the modes Kyyg =~ ]_[q D(x,), due
to the interaction with the HHG medium, is in general dif-
ferent. However, the quantum operation (17) establishes the
connection of the photonic platform of HHG towards quan-
tum information processing for light-engineering protocols in
terms of coherent states. In the following we show how this
can be used to generate new quantum states of light.

High-dimensional entangled states. With the general quan-
tum operation introduced above we now provide the explicit
scheme to generate high-dimensional and controllable en-
tangled states from HHG. For instance, the measurement in
Eq. (17) can be performed on the fundamental mode only
(¢ = 1), such that pg = (¢ + x1lpuule + x1). The corre-
sponding quantum operation d)‘;;rg '[-] on the harmonic modes
reads (up to normalization)

{01 ({0} = pa = 5Ll THO N (1041, (22)
with the corresponding measurement operator acting on the
initial vacuum state of the harmonic modes:

N
=) e+l + ) [ [ Dxg)

710 q=2

N
=1 — e " FHONUON [ D(xy)-  23)

q=2

The resulting state of the harmonic modes under this mea-
surement operation can be expressed as the pure state |Wq) =

M;;()X' 1{0,}) and is given by

N N
Wo) = Q) Ixg) — e Qe 20, 4
q=2 q=2

This is a high-dimensional entangled state of the harmonic
field modes. It can be particularly interesting when consider-
ing the regime of small harmonic conversion efficiency, i.e.,
|x4l <1, such that the coherent state of a single harmonic
mode can be approximated as |x,) >~ |0,) + x4|1,). The state
(24) can then be written up to O(] x4 |?) and reads

N
[Wo) =D %1024 2[1,)[0)2N 2, (25)

q=2
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Now, considering three harmonic modes {g, 7, s}, the field
has the form of a W state [39]:

|‘I‘93) = Xq|1q0r0s> + Xr|0q1r0s) + Xs|0q0r1s>~ (26)

Since the optical field in the process of HHG can be tai-
lored in an accurate way, it allows for very precise coherent
control of the light-engineering protocols and accordingly
also on the multipartite entangled states.

Generation of optical cat states. To further explore the
use of the quantum operation introduced above for generating
nonclassical field states, we consider the case in which all
harmonic modes ¢’ > 2 are measured in Eq. (17). The re-
sulting operation on the initial state of the fundamental mode
reads

o) (el > p = DLqller) (@l 27)
with the measurement operator

M = (X Mazol (XN DO) = [1 — e~ %) (@1D(x),
(28)

where Q = Z;V:z |x41>. Applying this operation on the initial
state of the driving laser d9§¢0[|a)(a|] = |W)(¥|, we obtain
the pure state

W) = Jor + x1) — (el + x1)e” Fa), (29)

which can interpolate between an optical kitten or cat state
with nonclassical signatures in the corresponding Wigner
function [16,17]. Note that a similar operation can be per-
formed on other field modes in order to generate optical
cat states towards the XUV regime [18], which shows the
applicability of these conditioning experiments on HHG for
the generation of nonclassical field states over a broad spec-
tral region. The influence of the harmonic modes, which
can be considered as an environment in which conditioning
measurements are performed, is captured in the decoherence
factor 2. The measurement operation in Eq. (28) consists
of two contributions: First, the displacement operation for
the initial coherent state taking into account the depletion
of the fundamental mode due to HHG, and second, the op-
erator P} = 1 — e=*}|a)(«|, which reflects the conditioning
processes. This conditioning operation does not constitute a
projective measurement since (PY)> # PX. But, we observe
that for a small decoherence factor €2 the operator P is indeed
given by a projective measurement, such that (P} ) = Pf =
1 — |a){«|. This is the projective measurement phenomeno-
logically introduced in Ref. [16] to interpret the measured
Wigner function after an experimental conditioning proce-
dure on HHG [20]. Note that this projection is performed on
the subspace which is “orthogonal” to the initial state, i.e.,
the identity subtracted by the initial state of the fundamen-
tal mode. In Ref. [18] it was shown that the environmental
induced decoherence factor scales as 2 o< O(1/N) with the
harmonic cutoff N. Since the harmonic cutoff usually extends
towards values of N > 10, this scheme of generating optical
cat states with large amplitudes is robust against this source of
decoherence.

However, we observe that the measurement operator (28)
corresponds to the set of operators {MX}, where

MX = ({ZHTL{x, DD (X1, (30)

which form the POVM defined by the set {EX} with POVM
elements,

E} = (M) M7, 31
satisfying the completeness relation

1 u ot s
o [Tlen X om'mi =1 @)
q=2

VEAﬁ

This proves that the derived measurement operators {MX}
belong to a POVM and provide the mathematical structure of
the conditioning schemes given in Refs. [16—-18].

Discussion. We introduced the quantum theory of measure-
ment to the process of HHG, which establishes the connection
between the two mainly unrelated fields of quantum infor-
mation science and intense laser-matter interaction. Using
the general quantum operation in terms of coherent states
allows one to conceive alternative light-engineering protocols
for the generation of high-dimensional, and controllable, op-
tical entangled states. Using attosecond physics as a novel
platform for quantum information processing brings the ad-
vantage of the intrinsic ultrafast timescale, together with the
high degree of coherent control of the HHG mechanism by
complex polarization states or spatial modes of the driving
field [40—43]. This allows one to tailor the continuous-variable
nonclassical field states in the desired way for quantum infor-
mation processing protocols [44—49], quantum computation
[50], or quantum key distribution [51]. Furthermore, the en-
tangled coherent state can be used for quantum metrology [52]
or in correlation experiments towards the use for fundamental
tests of quantum theory by violating Bell-type inequalities
[53-56], whereas the optical cat states allow for spectroscopy
with nonclassical states of light [57-59]. Considering that
HHG from more complex materials, such as solids or plasma
[60-64], strongly correlated systems [65], or topological
systems [66—70], follows very similar mechanisms, this sug-
gests the need for further investigation of the nonclassical
properties from the interaction with such materials. In par-
ticular, entanglement in strong-field-driven processes, for
instance, between the ion and the ionized electron [71], or
in two-electron ionization [72] is of current interest. The
connection to quantum information science will ultimately
help to answer the question of the quantum mechanical
properties in intense laser-matter interaction from atoms to
complex materials, and how new quantum states of light to
be used in modern quantum technologies can be generated
[20,21].
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