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Synchronization and amplification enabled by diversity in nonlinear optical systems
and the analogy with converse symmetry breaking for coupled oscillators
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In this Research Letter it is shown how certain optical wave amplification phenomena, which do not obey
standard phase-matching conditions and are generally classified as non-Hermitian phase matching or gain-
through-loss(-filtering) processes, can be considered as particular cases of the more general phenomenon of
converse symmetry breaking predicted and observed in various networks of coupled oscillators. It is shown that

the abovementioned optical amplification processes are possible thanks to a phase-locking dynamics enabled by
asymmetry or heterogeneity in the coupled-modes equations.
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Symmetry is a defining principle of science which under-
pins the possibility and structure of the laws of physics [1].
It is connected to the elegant construction of Hamiltonian
mechanics and of modern particle physics and is associated
with conserved quantities [2]. A system is said to be sym-
metric with respect to a certain transformation if some of its
features or its evolution equations are invariant under that
particular transformation. Symmetric systems may undergo
symmetry breaking when one of the possible states allowed by
the symmetry is selected by the dynamical evolution, resulting
in a final state possessing a reduced symmetry compared with
the system itself.

Symmetry breaking is indeed at the heart of a variety of im-
portant phenomena playing a relevant role in particle physics
[3,4], in superconductivity [5,6], in lasing [7], in the existence
of chimera states [8], and in the process of pattern formation
in spatially extended systems [9].

A further paradigmatic example is the replica symmetry
breaking (RSB) phenomenon, consisting in the fact that iden-
tical systems, under identical conditions, can exhibit different
values of observable quantities. RSB has been originally
studied in the framework of the spin-glass theory [10] and
subsequently in nonlinear optical systems too [11-14].

Recently, the concept of converse symmetry breaking
(CSB) has been introduced. CSB consists in the fact that, in
certain situations, stable and phase-locked symmetric states
are possible only if the system itself is not symmetric. This
concept has been presented first by studying a network of
coupled oscillators, showing that the symmetric synchronous
dynamical state where all the oscillators are phase locked to
each other can be achieved only when a certain degree of
heterogeneity among the elements of the network is present,
which translates into an asymmetry in the evolution equa-
tions [15]. Heterogeneity indeed results in a powerful tool
to increase synchronization in oscillator networks [16] and
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favors homogeneous states preventing the onset of instabil-
ities [17]. CSB has been demonstrated experimentally in a
network of coupled electromechanical oscillators [18]. It has
been shown theoretically to enable an increased stability of
the synchronous state of national power grid systems too
[19]. These findings have substantially advanced research in
the complex dynamics of coupled oscillators and their syn-
chronization properties, which have been an active subject of
continuous research for many decades [20].

An apparently unrelated research line has been growing in
nonlinear optics where the amplification of coupled modes
in optical parametric oscillators with quadratic nonlinearity
and in optical parametric amplifiers and in a nonlinear optical
resonator with cubic Kerr nonlinearity, under certain condi-
tions (absence of phase matching), can be achieved only when
structural asymmetry is introduced in the system [21-34] (see
also Ref. [35] for an extension of the concept to Bose-Einstein
condensates). Heterogeneity, in the nonlinear optical systems
studied so far, is mediated by optical filtering or by other
forms of selective dissipation that act differently on the cou-
pled modes inducing an asymmetry in the energy loss rate
and phase shift between them. Counterintuitively, dissipation
asymmetry for two small-amplitude coupled modes (called
signal and idler waves in nonlinear optics jargon) enables en-
ergy transfer to the latter from a powerful pump field when this
would not be possible under standard circumstances. In cer-
tain cases [24,25] it is the asymmetric phase change induced
by the presence of asymmetric dissipation, or the anticrossing
of cavity resonances caused by coupling with an auxiliary
mode as in passive driven coupled nonlinear microresonators
[32,33], that leads to sideband amplification. When the ampli-
fication process is caused by losses, this has been referred to as
non-Hermitian phase matching [27], to highlight the breaking
of Hermiticity of the system Hamiltonian due to dissipation,
or as gain through loss [21] to highlight the counterintuitive
effect of how gain can be achieved from its opposite effect.

Despite substantial efforts focusing on the characterization
of the optical gain and on its possible technological uses in
different geometries and devices, a systematic analysis of the
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FIG. 1. Schematic of the synchronization-through-diversity con-
cept: (i) In a set of coupled heterogeneous oscillators, CSB consists
in the existence of a stable synchronized state which would be other-
wise impossible for a set in which the oscillators are identical; and (ii)
two optical modes synchronize and are amplified during propagation
in a nonlinear medium with an asymmetric spectral response, while
for a symmetric response function this does not occur.
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phase dynamics in asymmetry-induced optical amplification
has not been reported so far to the best of our knowledge.
The main goal of this Research Letter is to show how, and
to which extent, amplification of optical waves enabled by
heterogeneity can be, by analogy, described in terms of the
CSB framework. Based on the fact that sideband equations de-
scribing the evolution of optical modes correspond indeed to
a set of heterogeneous coupled oscillators, we will show that
the amplification process is associated with a synchronization
(phase locking) between the different modes, while by elim-
inating diversity no synchronization or amplification would
take place. A symmetric synchronized state mediated by het-
erogeneity, in a regime of parameters where the symmetric
system would be unlocked, is indeed the defining feature of
CSB. This analogy is summarized schematically in Fig. 1
showing how locking mediated by oscillator diversity leads to
wave amplification. We will illustrate the concept considering
first the case of a medium with cubic nonlinearity and then
the case of a medium with quadratic nonlinearity. When a
powerful monochromatic light wave (pump) propagates inside
a material which possess cubic Kerr nonlinearity, if the disper-
sive properties of the material compensate for the nonlinear
phase shift, energy can be transferred from the pump to two
symmetrically located (in frequency with respect to the pump)
spectral sidebands called the signal and the idler, respectively.
This phenomenon is sometimes called modulation instability
of the pump wave [36-38] (as the sideband amplification
results in a modulation of the input wave amplitude and even-
tually in its destruction), and it is the principle underpinning
the operation of the fiber optical parametric amplifier [39,40].
We will focus here on the linear transient stage of the sideband
evolution process, where the sideband power is much smaller
than the pump power, so that the latter field is basically
not affected by the dynamics and its evolution equation can

be neglected. The evolution of the amplitudes a,; of signal
and idler waves detuned by +w from the pump frequency,
propagating along an optical fiber spatial coordinate z under
the assumption that |a, ;|> < P (where P is the pump wave
power), reads

d

94 _ i&wzas + iy P(as + af) + Ds(w)as,

0z 2

da; B2 2 . «

r = l?a) a; +iyP(a; + a;) + Di(w)a;. (1)
z

Here, B, is the group velocity dispersion coefficient (we
assume higher-order dispersion to be negligible), y is the
nonlinearity coefficient of the fiber, and Dy(w) and D;(w)
describe nonhomogeneity, generally depending on frequency,
and quantify the effects of dissipation [Re(D; ;)] and asso-
ciated phase shift [Im(D;;)] induced, for instance, by the
presence of a spectral filter. In general the real and imag-
inary parts of D,; have to satisfy constraints imposed by
Kramers-Kronig relations in order for causality to be satisfied
(frequency-dependent dissipation entails the presence of a
frequency-dependent phase effect) [41].

Taking the complex conjugate of the equation for a;, we
can rewrite the system of equations (1) in the following form:

ds = iS2%a, + icd],

ar = —iQtal — icas. )

Equations (2) describe two coupled oscillators (indeed the
evolution equation of a generic harmonic oscillator can be
recast into the form a = iQa, where the dot denotes the first
derivative; see, e.g., Ref. [42]).

The two oscillators have complex frequencies
Q=20 +yP—iD, and Qf =20 +yP+iD;,
respectively—the imaginary part being associated with
dissipation—and interact through the pump wave with
coupling parameter ¢ = y P. Most importantly, for D; = D,
Egs. (2) are symmetric (invariant) with respect to the
transformation (a,; — af,, 1 — —i).

From the eigenvalues A of the 2x2 matrix constituted
by the coefficients of Egs. (2) it is possible to infer whether
the spectral sidebands are amplified or not. If at least one
of the two eigenvalues has a positive real part, then both
sidebands detuned by frequency +w experience exponen-
tial growth with the characteristic exponent, or gain, given
by A. = max[Re(1;), Re(A_)]. In the nondissipative limit
[Re(Ds ;) = 0], corresponding to the assumption that both
modes are sufficiently far away from the point of maximum
losses to neglect dissipation (an approximation used, for in-
stance, in Refs. [24,25]), the eigenvalues read

bt = MiD_ £ V=D + P ) (D5 + de + fro?)], (3)

with D, = Im(Dy) 4+ Im(D;) and D_ = Im(Dy) — Im(D;).
When D;; = 0, amplification is possible only if the sign of
B> is negative (anomalous dispersion regime) provided that
4yP
B2
operational regime of parametric amplifiers, signal and idler

phases are locked and synchronization occurs; however, this
is not the case we are focusing on in this Research Letter. The
normal dispersion scenario (8, > 0) instead is the one we are

lw| < . In this scenario, which corresponds to the usual
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FIG. 2. Phase-locking and amplification map for the Kerr
medium: The gain A, is plotted vs frequency and diversity parameter
|D_|. Phase locking and amplification (nonblack areas) occur only
when |D_| > 0. Parameters used are as follows: P =3 W, y =2
W~!/km, B, = 0.5 ps?/km, Im(D;) = 0.

interested in, to establish the analogy with CSB. In particular,
for D;; =0 and B, > 0, no amplification occurs and signal
and idler phases are unlocked.

However, oscillator heterogeneity, D, # D;, breaks the
symmetry and may lead to amplification even when 8, > 0.

In Fig. 2 a map of the locking and amplification area
is plotted versus frequency and diversity parameter |[D_|. In
Fig. 3 the evolution of wave amplitudes and relative phase,
AP(2) = ¢y(z) — ¢i(z), is shown in one symmetric case and
in one asymmetric case resulting in an unlocked state without
amplification and in a locked state with exponentially growing
amplitudes, respectively.

What is important to stress here is that amplification caused
by diversity occurs in correspondence to a phase synchro-
nization between the coupled waves: Phase locking between
the two light waves occurs in normal dispersion (8, > 0)
mediated by heterogeneity, while in the absence of hetero-
geneity no locking would occur. This point is connected to
the defining feature of the CSB, where indeed phase locking
and synchronization in an ensemble of coupled oscillators
occur thanks to heterogeneity (asymmetry) for a parameter
set for which this would be impossible in a symmetric system
scenario. As in the CSB case, not every arbitrary asymmetry
will induce a locked state, but there is an optimal choice of
the parameters for which locking occurs and is maximized.
Implementation of this phase-diversity scheme can be real-
ized by changing locally (in frequency) the dispersion via
the introduction of a spectral filter which entails a frequency-
dependent phase response through Kramers-Kronig relations.
For frequencies sufficiently detuned from the filter maximum
losses, this would result in a purely dispersive heterogeneity.
This has been demonstrated theoretically and experimentally
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FIG. 3. Sideband evolution for the Kerr medium. In the symmet-
ric system the evolution is plotted vs spatial coordinate z (the signal
is shown with the black curve, and the idler is shown with the dotted
red curve) in (a), while the phase difference A¢ (modulo 2x) is
shown in (b): Sidebands oscillate without experiencing amplification,
and the free evolution of the relative phase shows that the modes
are unlocked. In (c) and (d) the same quantities are depicted for the
asymmetric scenario, showing in this case exponential amplification
and clear phase locking. Parameters used are as follows: P =3 W,
y=2W~l/km, B, = 0.5 ps?>/km, o = 27 x0.2 rad/ps, Im(D;) = 0;
Im(D;) = 0 in (a) and (b), and Im(D;) = —1 km ™' in (c) and (d).

in passive fiber cavities by using notch filters [24,25]. A fur-
ther possibility is considering concatenated fiber links, each
one followed by fiber Bragg grating causing a selective phase
shift only on the signal or idler.

We consider now another paradigmatic scenario of wave
amplification in nonlinear optics: the optical parametric
oscillator (OPO) with quadratic nonlinearity. In this case
the equations governing the dynamics of signal and idler
complex-conjugate wave amplitudes A; and A} interacting
through a powerful pump field can be written (assuming that
the signal and idler amplitudes remain small compared with
the pump one and that the latter basically remains undepleted)
in the following normalized coupled-oscillators form:

dAs _ . .
p = iwsAs + icAT,
Z
dA?
7 L= —iwfAT —iclA,. )
2
Here, o, = —ATI‘ —iDyand o} = —AT" + iD7 are the frequen-

cies, Ak is the mismatch parameter, and ¢; = ,/i;A, and ¢; =
/LAy, are coupling parameters that depend on the pump am-
plitude A,. i, ; are proportionality factors which we assume to
be equal to u for both modes considering the degenerate OPO
case. As in the Kerr case, D;; describe nonhomogeneity and
here are taken to be real to illustrate an example of a purely
dissipative regime (considering, in particular, the lossy case
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FIG. 4. Amplification-locking map for the quadratic nonlinear
medium: The gain A. is plotted vs mismatch parameter Ak and
diversity parameter |d_|. Locking and amplification occur in the
nonblack areas of the plot. Parameters used are as follows: Ak = 4,
wlA, > = 1, Re(Dy) = 0.

D, ; < 0). The system of equations (4) is symmetric under
the transformation (A;; — A, i — —i). The condition for

amplification is determined by the existence of eigenvalues
with real positive parts. In this case the eigenvalues read

ha = Mdy &[0k —d_P + 4uld, ], (5)

where d; = Re(D;) + Re(D;) and d_ = Re(Dy) — Re(D;).
The gain is defined as A, = max[Re(A;), Re(A;)]. In the
scenario where D, ; = 0, amplification and phase locking oc-
cur only when the mismatch satisfies |Ak| < 2,/u|A,|?; the
nontrivial balanced scenario D; = D; < 0 enables synchro-
nization in an even smaller region of |Ak|. Amplification
and phase locking for |Ak| > 2,/u|A,|*> are impossible in
the symmetric scenario. However, by introducing nonhomo-
geneity and breaking the system symmetry, e.g., when the
dissipation is unbalanced for signal and idler waves (D, #
D;), phase locking and amplification become possible even for
the forbidden values of Ak. A locking map for the quadratic
nonlinearity OPO is shown in Fig. 4, where it is clearly evident
how locking in an asymmetric system |d_| # 0 is possible for
much larger values of the mismatch parameter Ak compared
with the symmetric case |[d_| = 0.

Figure 5 illustrates the evolution of the OPO wave ampli-
tudes and relative phases for the locked [Figs. 5(a) and 5(b)]
and unlocked [Figs. 5(c) and 5(d)] scenarios, respectively.

Regarding practical implementation of the dissipative het-
erogeneity, in the scenarios described in a series of works
on non-Hermitian phase matching [27-30], signal and idler
waves are spatially separated, which enables the engineering
of asymmetry through building or manipulating separated
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FIG. 5. The amplitude of the signal and idler modes and their
relative phase evolution (modulo 2m) are plotted vs the evolution
coordinate for the symmetric (unlocked) quadratic nonlinearity OPO
in (a) and (b), respectively. In (c) and (d) the corresponding quantities
are shown for an asymmetric system where locking and amplification
are taking place. Signal and idler amplitudes are plotted in black and
red, respectively. Parameters used are as follows: Ak =4, u|A, =1,
Re(Dy) =0; Re(D;) =0 in (a) and (b), and Re(D;) = —1.5 in
(c) and (d).

waveguides featuring different losses, e.g., through the use of
fiber Bragg gratings. In other works, instead, losses on the
idler have been introduced by specific doping [26].

The optical amplification phenomena enabled by diversity
share with CSB the key feature that the phase difference
between different oscillators or modes is locked (constant)
and that symmetric synchronization occurs thanks to hetero-
geneity or asymmetry in the system components. This is the
main finding of this Research Letter, and it is rooted in the
mathematical equivalence of the optical signal and idler side-
band equations with those of coupled oscillators. It should be
mentioned that in the optical wave amplification scenarios we
may have not only a scenario where the resulting phase-locked
system state is symmetric (same amplitude for both modes)
as is shown in Fig. 3(c), but also a partial symmetry in the
phase-locked synchronized dynamics, as the two oscillators’
amplitudes can be different from each other [see Fig. 5(c)]. On
the other hand, it is important to stress that for optical amplifi-
cation the description presented here refers to the transient of
the amplification process (where sideband amplitude is much
smaller than the pump field which couples them together
and also considers the pump field to be undepleted). In the
CSB cases considered so far, the synchronized dynamics is a
feature of a stable system attractor [15,19].

In Ref. [15], emphasis has been put on the fact that CSB
may play an important role in pattern formation. For the
optical amplification case we can distinguish between two
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different scenarios. In the propagative regime when the Kerr
or quadratic medium is not embedded in a cavity, it is more
challenging to achieve a stationary nontrivial asymptotic state
and hence pattern formation, also because during sideband
growth, pump depletion occurs. A stable attractor can be
reached instead when sideband amplification occurs in a cav-
ity with external driving. In the latter case the flow of energy
from the pump to the sidebands is compensated by the exter-
nal injection at the pump frequency, and stable roll patterns (a
train of light pulses) drifting at a constant speed can be formed
in the time domain [24,25]. A full treatment of the nonlinear
regime which accounts for the depleted-pump case requires
considering an additional equation for the pump field, effec-
tively resulting in a variable coupling strength between the
two oscillator modes; furthermore, accounting for nonlinear
terms in both sideband and pump equations is needed when
their amplitudes grow substantially. The study of the phase
dynamics and locking in the nonlinear regime is left to future
investigations.

To summarize, in this Research Letter it has been shown
that phase synchronization of optical modes achieved through
diversity (asymmetry) between them can be interpreted as a
particular case of CSB. Concerning further developments in

photonics and nonlinear optics, we envisage the possibility
of generalization and application of this approach to systems
where a large number of optical modes are involved such
as waveguide arrays and multicore optical fibers. Another
relevant possibility is the study of the interplay between CSB
and RSB in random lasers and in mode-locked lasers, with
heterogeneity provided by disorder [11-14], leveraging the
similarity of the evolution equations to the ones presented
in this Research Letter. As the concepts presented here rely
on the universal formalism of coupled oscillators, it is ex-
pected that they could be further generalized and adapted to
a variety of systems across different scientific disciplines to
make synchronization and locking processes that are more ro-
bust and/or occur in unexpected configurations. Furthermore,
these concepts could have potential applications in solv-
ing consensus-related problems in complex systems where
a collective and cooperative behavior between the different
individual components is required.
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