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Creating triple-NOON states with ultracold atoms via chaos-assisted tunneling
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Triple-NOON states are superpositions of the form ¢! |N, 0, 0) + 2|0, N, 0) + %3]0, 0, N) involving N
bosonic quanta distributed over three modes. We theoretically show how such highly entangled states can be
generated with interacting ultracold bosonic atoms in a symmetric three-site lattice. The basic protocol consists
in preparing all atoms on one site of the lattice and then letting the system evolve during a specific time such
that collective tunneling of the atoms to the other two sites takes place. The key point put forward here is that
this evolution time can be reduced by several orders of magnitude via the application of a periodic driving of the
lattice, thereby rendering this protocol feasible in practice. This driving is suitably tuned such that classical chaos
is generated in the entire accessible phase space except for the Planck cells that host the states participating at
the above triple-NOON superposition. Chaos-assisted tunneling can then give rise to a dramatic speedup of this
collective tunneling process, without significantly affecting the purity of this superposition. A triple-NOON state
containing N = 5 particles can thereby be realized with ¥ Rb atoms on timescales of the order of a few seconds.
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Entanglement is a key resource for quantum information
[1] and lies at the heart of various protocols in the context of
quantum communication and quantum computing. Quantum
states that feature a high degree of entanglement are therefore
of great interest. A particularly prominent class of highly
entangled states are NOON states [2,3], €' [N, 0) + 2|0, N)
(with arbitrary phases ¢, ¢,), involving N bosonic quanta that
are distributed over two modes. These Schrodinger-cat states
have interesting applications in particular for the purpose of
quantum metrology [3-5]. They are notoriously difficult to
generate if the number N of involved quanta is large, even
though impressive results were recently obtained with the two
polarization states of photons [6], two optical paths of photons
[71, the nuclear spin of molecules [8], qubits in superconduct-
ing circuits [9], and phonons in ion traps [10].

The technical complexity that is inherent in the gener-
ation schemes for NOON states is certainly a reason why
this concept was hardly ever considered beyond the paradigm
of two-mode systems. A notable exception is Ref. [11]
where the production of triple-NOON states of the form
€N, 0, 0) + €2|0, N, 0) + €/#3]0,0, N) was theoretically
investigated for a gas of ultracold bosonic atoms. A key
ingredient in those bosonic quantum gases is the presence
of atom-atom interaction, which induces a spectral separa-
tion of NOON states from other states with an identical
total population of the modes. This effect was leveraged in
a number of theoretical proposals for generating two-mode
NOON states with bosonic atoms [12-20]. It also comes
into play in Ref. [11] where an adiabatic transition to the
triple-NOON state was investigated in a symmetric three-site
system considering bosonic atoms that exhibit an attrac-
tive mutual interaction. This proposal is intriguing but may
be challenging to implement in practice, as extremely low
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temperatures as well as very slow parameter variations would
be required.

In this Letter, we propose a different strategy to generate
triple-NOON states: Within a symmetric three-site system,
we consider an initial state where all atoms are located on
one of the three sites. The NOON state will then naturally
emerge from collective tunneling of the atoms to the other
two sites, provided the system is in a self-trapping parameter
regime [21-25] where sequential tunneling is inhibited by a
sufficiently strong interaction. While the involved collective
tunneling times are normally prohibitively long to implement
such a protocol in practice, they can be drastically reduced
by means of a suitably tuned periodic driving of the three-site
system, generalizing a concept that was recently proposed for
NOON states in two-site systems [26] (see also Ref. [27] in
this context). Owing to chaos-assisted tunneling [28-32], this
allows one to create triple-NOON states with populations of
the order of N =5 particles, on timescales that are experi-
mentally accessible and feature more favorable scalings with
N than what can be obtained with purely static protocols.

Let us consider a symmetric Bose-Hubbard trimer de-
scribed by the Hamiltonian [24,25,33-36]
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with @z = ay. This trimer can represent a model for N ultra-
cold atoms that are contained within an isolated triangle of an
optical kagome lattice [37,38] featuring one orbital per lattice
site, where U is the on-site atom-atom interaction strength. It
is subjected to a periodic modulation of its intersite hopping

©2022 American Physical Society
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FIG. 1. (a) Schematic representation of the Bose-Hubbard trimer.
Free time evolution, starting from the initial state |N, 0, 0), gives
rise to the triple-NOON state after the evolution time t. (b) Time-
dependent detection probabilities (5) of the initial state [N, 0, 0) [blue
(dark gray) line] and its symmetric counterparts |0, N, 0), |0, 0, N)
[red (light gray) line], computed in the self-trapping regime for
N =5 and U/J = 20. The triple-NOON time, when the perfectly
balanced entangled state between |N, 0, 0), |0, N, 0), and |0, 0, N)
is reached, is evaluated as 7 = 5.9 x 10°i/J. (c) Same as (b) but
in the presence of a time-periodic modulation of the hopping with
the amplitude § = J and the frequency w = 60J/h. Note the drastic
reduction of the triple-NOON time, T = 470%/J, as compared to the
undriven case.

parameter [39]
J(@t) =J + 8 cos(wt), 2)

with J the hopping in the absence of the driving, § the
amplitude, and o the frequency of the driving (see, e.g.,
Refs. [40—44] for pioneering experimental realizations of
driven lattices and Floquet engineering).

Let us first assume that there is no driving, i.e., Jj@) =J.
For large NU /J, with N the number of atoms, transfers of par-
ticles between the sites of the trimer are in principle possible
but can be strongly suppressed due to the mismatch between
the chemical potentials on the sites. This is specifically the
case for an initial state |N, 0, 0) which will be subjected to
self-trapping [21-25]. On the other hand, due to the symmetry
between the states |N, 0, 0), |0, N, 0), and |0, 0, N), a popula-
tion transfer between the sites [see Fig. 1(a)] will nevertheless
take place, albeit on a very long timescale.

More quantitatively, the three-level dynamics can be mod-
eled by a matrix,

E V vV
Hg=|V E V|, 3
v V FE

that represents the decomposition of the Hamiltonian (1) in the
basis {|N, 0, 0), |0, N, 0), |0, 0, N)}. The unperturbed energies
are given by E = %N (N — 1) and V is the effective coupling
matrix element between the quasimodes. The eigenvalues are
E —V,E —V,and E + 2V with the splitting Ae = 3V. The

time evolution of the system, initially prepared in |N, 0, 0),
gives rise to Rabi-like oscillations of the form

1 . .
|¢(t)> =§(2elAEt/(2ﬁ) + e*tAEt/(Zﬁ))|N’ O, 0)

20 in (26 ) 0. 3. 0y + 10, 0. N 4
—gsm(ﬁt)(h ,0)4+10,0,N). &)

The detection probabilities

Poy o (1) = (0, n1, na| (1)) |* )

(to be yielded, in practice, with quantum gas microscopes—
see, e.g., Ref. [45]) are the same for |0, N, 0) and |0, 0, N). At
the triple-NOON time
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one has a perfectly balanced superposition between the three
quasimodes at stake, i.e., Py 0.0(t) = Pon.o(T) = Poon(T) =
1/3.

Figure 1(b) shows the time evolution of these detection
probabilities for N = 5 and U/J = 20, computed via numer-
ical diagonalization of the Bose-Hubbard Hamiltonian (1).
The triple-NOON time is evaluated as T = 5.9 x 10°%i/J.
To obtain an idea of what this means in practice, we con-
sider the case of 8’Rb atoms, characterized by a mass
m = 1.443 x 107> kg and an s-wave scattering length a, =
5.313 nm, within an optical lattice that is produced by lasers
of wavelength A = 1064 nm. This yields /1/J = 4.4 x 1073 s
(see Ref. [26] for more details), from which we infer 7 =
2600 s. This is prohibitively long in comparison to the typical
lifetime ~10 s of a condensate in an optical lattice [46].

This very large value of the triple-NOON time is a con-
sequence of the fact that the transition between the states
N, 0,0), |0,N,0), and |0,0, N) arises due to a collective
tunneling process involving the simultaneous participation of
all particles. It is, however, known for a few decades that
such tunneling processes can be strongly enhanced via the
application of an external periodic driving to the system at
hand, to the extent that this time characterizing this process
can decrease by several orders of magnitude [28-32,47-59].
Note that this driving does not need to be so strong as to appre-
ciably alter the characteristics of the states |N, 0, 0), |0, N, 0),
and |0, 0, N) between which tunneling takes place; its primary
function is to induce perturbative coupling matrix elements
to other states (such as [N — 1, 1, 0)) that are more strongly
coupled to a number of other states of the system by the pres-
ence of the driving, corresponding to chaos-assisted tunneling
[28-32] (or exhibit stronger intrinsic tunneling rates, which
would be resonance-assisted tunneling [47,48])

This phenomenon can be leveraged to speed up the cre-
ation of triple-NOON states. Figure 1(c) shows a numerical
simulation of the time evolution of the detection probabili-
ties for § = J and w = 60/i/J, which was obtained through
a diagonalization of the corresponding Floquet Hamiltonian
[60,61]. We find here a drastically reduced triple-NOON time
amounting to T = 470/i/J. For a typical optical lattice filled
with 3Rb (see above), the corresponding triple-NOON time
in laboratory units is T = 2.1 s. This reduction of three orders
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of magnitude can enable an experimental observation of the
triple-NOON state.

The chaos-assisted tunneling phenomenon that is at work
here can be qualitatively and quantitatively understood
through an analysis of the corresponding classical dynamics.
The latter is given in terms of the discrete Gross-Pitaevskii
equation,

ih% = —JOW +Yu) Uy, ()
for/ =0, 1,2 (withy_; = v, and Y3 = ). Here, a conden-
sate amplitude v, = /n; + 1/2 € is associated with each
site where n; and 6; are respectively the number of particles
and the phase on site /. This Gross-Pitaevskii equation (7) is
generated by the classical Hamiltonian (see also Ref. [62])

H(¢o, ¢1.20. 21, 1)

3U y
=UZ + R N/3)

—f(r)[\/zzO(N — 20+ 221) cos(do — $1/2)

+2,/ (8 — 202 /4~ 2} cos()

+220(8 — 29— 221) cos (o + 61/2)], ®)

with N = N + 3/2. This time-periodic Hamiltonian defines a
stroboscopic map in a phase space of four dimensions (using
total particle number conservation) with coordinates

$o =00 — (01 +02)/2, z0=mno+1/2,
1 =01 -0, z1 = —n)/2, 9

where 7y represents the population of site 0, and z; is the
population imbalance between sites 1 and 2.

The four-dimensional phase space can be visualized using
a three-dimensional (3D) phase-space slice [63,64], where the
coordinates (¢, zo, z1) of the stroboscopic time series (eval-
vated for ot = 0 mod 27) are displayed whenever the slice
condition |¢y| < ¢ for some ¢ > 0 is satisfied. If the system
is time independent, the slice can be performed with ¢ =0
to produce a Poincaré section of the continuous-time dynam-
ics. Figure 2(b) shows such a 3D phase-space slice for the
undriven three-site Bose-Hubbard trimer at U/J = 20. The
phase space is characterized by three pendulumlike structures,
corresponding to the three cosine terms in Eq. (8), as it is
visible, e.g., in the plane zp = 0. At their intersection, there
exists a resonance junction [65-67] centered about (zo, 21) =
(N/3,0), giving rise to a chaotic bubble.

Straightforward semiclassical torus quantization rules
yield the location of the quasimodes in the action space
spanned by zy and z;, as shown in Fig. 2(a). Those quasimodes
correspond to the Fock states |ng, n1, n,), which are the eigen-
states of the disconnected Bose-Hubbard trimer (i.e., for zero
hopping J = 0). They acquire nonvanishing tunnel couplings
in the presence of intersite hopping. The quasimodes |N, 0, 0),
|0, N, 0), 10,0, N) that participate at the NOON superposi-
tion are situated near the corners in the action space and are
energetically isolated from other quasimodes with identical
particle number N. Their mutual coupling therefore involves
barrier tunneling taking place on very long timescales.

—0.5 ¢1/4m o5 (b)
0.5
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FIG. 2. (a) Location of the quasimodes |ng, n;, n,) with >, n; =
5 (dots) in action space. The green ellipse indicates the unperturbed
energy shell, associated with the disconnected Bose-Hubbard trimer,
that contains the quasimodes |5, 0, 0), |0, 5, 0), and |0, 0, 5). (b) 3D
phase-space slice of the connected (/ > 0) but undriven (§ = 0)
Bose-Hubbard trimer obtained for N = 5 and U /J = 20. The straight
red lines mark the location of the quasimodes |5, 0, 0), |0, 5, 0),
and |0, 0, 5), in close analogy with (a). The phase-space structure
is mainly regular, with some chaotic regions in the center.

The presence of a periodic driving effectively lifts this
energetic isolation of the NOON quasimodes and induces
various additional couplings between the quasimodes of the
system. Correspondingly, the classical dynamics becomes
more chaotic. This is illustrated in Fig. 3 which shows a
3D phase-space slice (with & = 1073) for the parameters
U/J =20, § =J, and hiw = 60J. This latter value for the
frequency was deliberately chosen in order to approximately
match the characteristic oscillation frequencies of the un-
driven Bose-Hubbard trimer near the central region of the
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FIG. 3. Same as Fig. 2(b) but for the case of a periodically driven
Bose-Hubbard trimer, with the driving parameters § = J and hiw =
60J. The phase-space structure is dominantly chaotic, exhibiting a
few islands of regular motion. Predominant regular dynamics is still
encountered in these corners of the phase space that host the quasi-
modes |5, 0, 0), |0, 5, 0), and |0, 0, 5) involved in the triple-NOON
superposition.
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FIG. 4. The triple-NOON time (a), defined in Eq. (6), and the
purity (b), defined in Eq. (10), as a function of the amplitude § of the
driving for N = 5, U/J = 20, and the driving frequency w = 60J /.
While the tunneling process towards the triple-NOON state becomes
faster with increasing driving amplitude, the purity decreases. The
definitions of tolerance thresholds for the triple-NOON time, which
must, e.g., not exceed T = 10*7/J [dashed line in (a)], and the
purity, which must, e.g., be at least p;, = 0.9 [dashed line in (b)],
allows one to identify an acceptable parameter range for the driving
amplitudes, as indicated by the arrows.

phase space. A still rather moderate value for the driving
amplitude is then sufficient to turn this central phase-space
region into a large chaotic sea, interspersed by tiny islands
of regular motion. At the same time, again owing to the
deliberate choice of the driving frequency, the three corners
that host the quasimodes participating at the triple-NOON
superposition are only marginally affected by this driving.

A semiclassical theory of dynamical tunneling in such
high-dimensional mixed regular-chaotic systems, which
would allow one to quantitatively predict the correspond-
ing tunneling rates based on purely classical information, is
still the object of current fundamental research investigations
[67-71]. From a qualitative point of view, the experience
acquired from the studies of similar tunneling problems in
mixed regular-chaotic systems with two effective degrees of
freedom (Ref. [26] in particular) tells us that this particular
configuration of the phase space is about optimal for maxi-
mizing tunneling between the quasimodes |N, 0, 0), |0, N, 0),
|0, 0, N) without significantly admixing those modes to other
states of the system. Indeed, judging from Fig. 3 in compar-
ison with the action space shown in Fig. 2(a), the extent of
each regular corner hosting one of those quasimodes roughly
corresponds to the size of a Planck cell, which indicates that
all other quasimodes are more or less strongly affected by the
chaotic part of the phase space. A straightforward application
of random matrix theory for this chaotic manifold [31,32]
yields |v|?/(hw) as the characteristic scale for the tunneling
rate where v is the largest driving-induced matrix element
between a regular state (i.e., |N, 0, 0), |0, N, 0), |0, 0, N)) and
any of the other quasimodes (such as [N — 1, 1, 0)) [49].

Fixing the driving frequency in the above manner, such
that the driving resonantly couples states located in the central
part of the phase space without affecting the corners that host
the NOON superposition, allows one to efficiently reduce the
timescale needed for the production of the NOON state using
arather moderate driving amplitude. This is shown in Fig. 4(a)

TABLE I. Triple-NOON times 7 (in units of 7/J) for different
particle numbers, keeping fixed NU/J = 130, in the undriven (top
row) and the periodically driven case (bottom row) with /iw = 60J.
Optimal driving amplitudes are respectively found at § = J, 1.3J,
1.5J forN =5,7,9.

N=5 N=7 N=9
§=0 5.9 x 10° 1.0 x 10° 1.9 x 10"
8§#0 4.7 x 10? 4.8 x 10° 4.3 x 10°

which displays the numerically computed triple-NOON time
as a function of the driving amplitude. If we introduce, some-
what arbitrarily, tym. = 10*%i/J (corresponding to roughly
44 s in the case of 8’Rb atoms in optical lattices, see above)
as the maximally acceptable threshold value for t, then the
driving amplitude has to be chosen larger than 0.5J.

The triple-NOON time continues to decrease with further
increasing driving amplitude, but the quality of the NOON
superposition starts to significantly degrade for § > J, due to
increasingly important admixtures of components |ng, 1y, nz)
that are unrelated to the NOON state. To quantify this, we
introduce the purity

1 T
pP= T / dt[Pn,o.0(t) + Pono(@) + Poon ()], (10)
0

where the temporal average is performed over a sufficiently
long time (e.g., T = 100 x 27 /w) in order to level out os-
cillatory effects due to micromotions. As shown in Fig. 4(b),
the purity is very close to unity in the undriven Bose-
Hubbard trimer and decreases monotonously with increasing
driving amplitude. If we define, again somewhat arbitrarily,
Pmin = 0.9 as the minimally acceptable threshold value for
p, then we have to choose § < 2.1J. Quite naturally, § = J
is therefore a near-optimal choice for the driving amplitude
in order to produce triple-NOON states with high purity
(p =0.976) on reasonable timescales (tr = 470%4/J, corre-
sponding to 7 = 2.1s for ¥’Rb, see above). Figure 4 also
demonstrates robustness with respect to small parameter vari-
ations, which facilitates the implementation of this driving
protocol.

The above consideration can be generalized for different
total particle numbers N while keeping the same classical
phase-space structure. To this end, the interaction strength U
has to be rescaled such that NU = (N + 3/2)U is fixed while
keeping J and @ constant. As N effectively represents the
inverse Planck constant, an exponential increase of the triple-
NOON time with N is to be expected in the undriven trimer.
This exponential increase can be very favorably amended by
the presence of the driving. Since the size of a Planck cell
shrinks with increasing NV, slightly larger values for the driving
amplitude can be employed for N larger than 5, in order to
achieve maximal chaos conditions outside the Planck cells
hosting |N, 0, 0}, |0, N, 0), |0, 0, N) while keeping those three
quasimodes essentially unaffected. As shown in Table I, the
thereby obtained near-optimal values for the triple-NOON
time still increase with N but much less dramatically than in
the absence of the driving.
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In conclusion, we show that a triple-NOON state can be
realized with ultracold bosonic atoms in a symmetric three-
site lattice that is exposed to a suitably tuned periodic driving.
Chaos-assisted tunneling is the key semiclassical mechanism
that is leveraged in this context, giving rise to a drastic re-
duction of the collective tunneling time that one has to let the
system evolve in order to obtain the equiprobable superposi-
tion between |N, 0, 0), |0, N, 0), and |0, 0, N). The analysis of
underlying classical dynamics enables one to determine near-
optimal driving parameters for a rather rapid generation of
triple-NOON states with a very high purity. Those parameters
can form the starting point for the application of quantum
control techniques to further optimize the driving protocol,
which may allow one to further boost the involved collective
tunneling process.

While tunneling times smaller than the typical life-
time of the atomic gas can thereby be reached, other
important technical challenges are still to be faced in
order to create triple-NOON states in practice. Specifi-
cally, a decoherence-free environment has to be maintained

throughout the collective tunneling process. Heating due to
the driving-induced population of excited Wannier modes has
to be avoided, possibly through fine tuning of the driving
frequency such that the driving resonantly couples the ground
mode into a band gap of the three-well lattice. In addition,
very stringent symmetry requirements, both in the configura-
tion of the lattice and in the driving, have to be implemented
and maintained (which can possibly be achieved by replacing
the static lattice under external driving with a three-site time
crystal [72] featuring intrinsic symmetry). Further studies are
certainly required to investigate those additional challenges in
more detail, and to extend this study to other types of atomic
gases, e.g., involving dipolar interactions [73,74].

We thank Felix Fritzsch, Markus Firmbach, and Srihari
Keshavamurthy for inspiring discussions. Financial support
from the Belgian FR.S.-FNRS (FNRS aspirant grant for
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tion) — 290128388; 497038782.
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