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Quantum metrology timing limits of the Hong-Ou-Mandel interferometer and of general
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We examine the precision limits of Hong-Ou-Mandel (HOM) timing measurements, as well as precision
limits applying to generalized two-photon measurements. As a special case we consider the use of two-photon
measurements using photons with variable bandwidths and frequency correlations. When the photon bandwidths
are not equal, maximizing the measurement precision involves a tradeoff between high interference visibility
and strong frequency anticorrelations, with the optimal precision occurring when the photons share nonmaximal
frequency anticorrelations. We show that a generalized measurement has precision limits that are qualitatively
similar to those of the HOM measurement whenever the generalized measurement is insensitive to the net delay
of both photons. By examining the performance of states with more general frequency distributions, our analysis
allows for engineering of the joint spectral amplitude for use in realistic situations, in which both photons may
not have ideal spectral properties.
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I. INTRODUCTION

In the Hong-Ou-Mandel (HOM) effect, two photons inci-
dent on both input ports of a 50:50 beam splitter, identical in
all degrees of freedom, will both emerge from the same output
port [1,2]. Conversely, a reduction in the HOM effect may be
used to estimate differences in the photon properties, allowing
for its use as a sensor. This behavior forms the foundation of
many technologies of current interest, being used in optical
quantum logic gates [3], in the characterization of single-
photon sources [4], in measurements of the quantum tunneling
time [5], for fundamental tests of quantum nonlocality [6],
and as a tool for precise measurement of time delays [1,7,8],
of spatial shifts [9], and of frequency shifts [10]. The experi-
mental implementation of HOM-based measurement schemes
is also simplified by the use of fast single-photon-sensitive
detector arrays, as demonstrated by Ref. [11]. The application
to precision measurements has been known since the initial
investigations into the HOM effect [1]. Despite this, it is only
recently that rigorous studies of the fundamental precision
limits of HOM interferometry have been undertaken, spurred
in part by experiments [7,8] demonstrating few-attosecond
timing (nanometer path length) precision.

Questions about the fundamental precision limits of
physical measurements are answered by the methods of
quantum metrology. These theoretical tools place bounds
on the precision of any physical measurement allowed
by the laws of quantum mechanics [12,13]. Quantum
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metrology has typically focused on improving the resolution
of phase-sensitive interferometers, through techniques such
as quadrature squeezing [14] and N00N state interferome-
try [15]. In noisy environments, however, it is difficult to
provide the phase stability needed for these techniques. A
HOM interferometer is sensitive only to the group delay of the
photons rather than their phase shifts and is immune to some
forms of chromatic dispersion [16], making it a promising
candidate for precision measurements in noisy or dispersive
environments [17].

This paper studies the theoretical precision limits applying
to HOM timing measurements and to more general forms
of measurement using two-photon probe states. Our analysis
focuses on the classical and the quantum Fisher information,
which are used to find the optimal timing precision of a partic-
ular measurement scheme and of any physical measurement,
respectively. Analysis of this kind has been conducted in past
work [7,8,17,18], with the key conclusion that HOM inter-
ferometry is an optimal measurement of the relative photon
delay and that the precision is limited by the bandwidth of
the probe photons rather than their mean wavelength. To date,
these metrological studies have focused exclusively on two-
photon states in which each photon has the same bandwidth
and which share maximal anticorrelations in frequency. In
addition, they have considered only the effect of a single un-
known photon delay, when in many practical scenarios neither
photon delay is known in advance. The analysis we present
here addresses both of these problems, extending the previous
work to include more general two-photon states as well as
examining the effect of shifts in both photon delays on the
precision of timing measurements.
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The HOM interferometer is used in a variety of specific
metrological timing-based tasks, including ranging [19], re-
fractometry [20], and quantum-enhanced optical coherence
tomography [21]. No single set of measurement parameters
describes all measurements made with the technique. For the
purpose of this work, we exclusively focus on those situations
in which a single time delay (the relative photon delay) is
to be estimated. In many situations, such as measurements
of birefringence, only the relative delay between photons,
τ− ≡ (τ1 − τ2)/2, is of interest, rather than the delay of a
particular photon. The HOM measurement may measure τ−
precisely, but it is inherently insensitive to small shifts of
the mean delay of both photons, τ+ ≡ (τ1 + τ2)/2. This may
be remedied through the use of an additional timing mea-
surement to estimate τ+, but in many circumstances, such as
clock synchronization [22], estimation of τ+ by any means
is impractical. Proper metrological bounds, such as those we
present, must therefore consider the effect of the unknown
delay τ+ on the measurement precision for estimates of τ−.

In addition, in situations such as ranging or refractometry,
the two photons experience very different optical environ-
ments; one photon is typically stored in a carefully designed
optical system, while the other is transmitted through an un-
controlled environment that may exhibit strong dispersion or
absorption. In these situations, it is likely that measurement
of the relative delay τ− of photons with different bandwidths
is necessary. The effect of unequal bandwidths must also
be addressed as a source of experimental error: Nonlinear
sources of photon pairs rely on birefringence to obtained the
necessary phase-matching relations, so photons are naturally
created in different optical environments and with different
spectral properties [23]. We show that it is exactly when the
photon bandwidths differ that the unknown delay τ+ may
degrade estimation of the relative delay τ−. Under these cir-
cumstances, we show that the common wisdom of using states
with highly anticorrelated frequencies does not offer the opti-
mal precision and find certain qualitative similarities between
the HOM measurement and any optimal measurement of τ−
that is ignorant of the delay τ+. Though bulk down-conversion
sources of photons naturally produce photon pairs with strong
anticorrelations, this work, together with custom-engineered
down-conversion sources [24,25], enables the possibility of
tailoring the two-photon frequency correlations to optimize
precision in these unbalanced interferometers.

We give here a theoretical analysis of the precision of
measurements of the relative delay τ− of two photons, con-
sidering more general two-photon states which may have
unequal single-photon parameters. In particular, we consider
the behavior of pairs where photons may have different band-
widths, different center wavelengths, and varying degrees of
frequency correlations. This paper consists of two main parts.
In the first part, Sec. II, we consider the precision limits
applicable to measurements of the relative delay between two
photons, regardless of the exact measurement scheme used.
Our model places delays before any interference optics, so
that it is applicable to HOM measurement, as well as modified
schemes such as the spectrally resolved HOM measurement
[26]. We show that in the case of unequal photon bandwidths,
the precision limits for the relative photon delay depend cru-
cially on which parameters are initially known and which

FIG. 1. General scheme for estimation of the relative photon
delay τ− = (τ1 − τ2)/2 using a two-photon probe state. The probe,
consisting of a single photon in each of two spatial modes (â1 and â2),
undergoes delays (τ1 and τ2) in each arm. Measurement(s) are made
(depicted by the projectors {�̂i}) and the relative delay is estimated
from measurement statistics.

are unknown. In the second part, Sec. III, we examine the
precision limits specific to HOM interferometry. We compare
the performance of the HOM measurement to the fundamental
precision limits derived in the Sec. II of the paper and de-
termine those situations in which an alternative measurement
may be advantageous. A summary of our results is provided
in Appendix A for easy reference.

II. QUANTUM METROLOGICAL LIMITS TO
TWO-PHOTON TIMING

This section derives precision limits governing measure-
ments of the relative delay τ− between two photons. In
Sec. II A we define the relevant metrological quantities used
in this section and in our analysis of the Hong-Ou-Mandel
interferometer in Sec. III and summarize the key precision
bounds involving these quantities. In Sec. II B we define the
two-photon probe state of interest and describe its evolution
under two variable delays. In Sec. II C we give the precision
limits for estimation of one photon’s delay when the other
photon’s delay is known. Finally, in Sec. II D we consider the
problem of estimating the relative delay τ− between two pho-
tons in the presence of an unknown mean delay τ+, providing
the relevant precision limits and outlining optimal strategies
in a few specific scenarios.

A. Classical and quantum estimation theory

A general measurement consists of four main steps, de-
picted in Fig. 1 for a two-photon timing measurement. First, a
known probe state ρ̂ is prepared; second, the state undergoes
an unknown evolution parametrized by the unknown quanti-
ties {θi}, leading to the postevolution state ρ̂ ′(θi ); third, the
state is measured, leading to measurement outcomes {Oi};
finally, estimates {θ̂i} of one or more parameters are made. The
precision of the estimates is defined to be the standard devia-
tion �θi ≡

√
〈�2θi〉 of the estimates, taken over an ensemble

of identical measurements (including preparation, evolution,
measurement, and estimation). Here 〈�2θi〉 denotes the vari-
ance of the estimate θ̂i, evaluated for the particular probe state
used. The goals of quantum metrology are to find the optimal
(minimum) possible values of the �θi for a given probe state
and for a given measurement.
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For simplicity, we focus first on the case of a single un-
known parameter θ . The metrological quantities of interest to
us are then the classical Fisher information (CFI) F and the
quantum Fisher information (QFI) Q. Each quantity provides
a distinct bound on the precision of a given measurement
scheme. Given a particular probe state and measurement
scheme, the classical Cramér-Rao bound (CCRB) states

〈�2θ〉 � 1

nF (1)

after n repetitions of the measurement have been performed.
If measurement outcome Oi occurs with probability pi, then
the CFI is given by the expression

F =
∑

i

(∂ pi/∂θ )2

pi
, (2)

where the pi have an implicit dependence on the particular
probe state used and on the measurement scheme in ques-
tion. The quantum Cramér-Rao bound (QCRB) [12] states
〈�2θ〉 � 1/nQ, where Q depends only on the probe state in
question; the exact form of Q varies, depending on the type
of probe and evolution in question. Since the QCRB applies
to any possible measurement we have F � Q, where both
quantities are evaluated for the same probe state, leading to
the chain of inequalities

〈�2θ〉 � 1

nF � 1

nQ . (3)

The QFI can thus be used to select an optimal probe state,
while the CFI can be used to evaluate the performance of a
given measurement scheme.

We turn now to the case of multiple unknown parameters
{θi}, focusing exclusively on the generalization of the QFI.
The figure of merit for estimations of the θi is still the vari-
ances 〈�2θi〉, here obtained as the diagonal elements of the
covariance matrix C of the estimates θ̂i. The QCRB now takes
the form [13]

C � 1

n
Q−1, (4)

with Q the quantum Fisher information matrix, which again
depends only on the probe state in question. The diagonal
elements of this inequality take the form

〈�2θi〉 � 1

nQ(i)
eff

, (5)

similar to the single parameter QCRB. The quantities Q(i)
eff ≡

1/(Q−1)ii here play the role of an effective QFI. For two
unknown quantities, indexed by i = 1, 2, the effective QFI
takes the form

Q(1)
eff = Q11 − Q12

2

Q22
, Q(2)

eff = Q22 − Q12
2

Q11
. (6)

The presence of a nonzero off-diagonal term Q12 results in
the multiparameter effective QFI of a given θi being less
than the single parameter QFI of θi, were all other parame-
ters known. As discussed in [13], the presence of additional

unknown parameters generally reduces the measurement pre-
cision even for estimates of a single parameter of interest. This
is particularly relevant to the problem of two-photon timing
measurements, for which the optimal estimation precision of
the relative photon delay τ− is potentially degraded depending
on whether the mean photon delay τ+ is known in advance.

B. Two-photon probe state and evolution

We consider now the particular problem of two-photon
timing estimation. The probe state of interest is a pure quan-
tum state containing a single photon in each of two orthogonal
spatial modes. Equivalently, the photons may occupy the same
spatial mode, but have orthogonal polarization states. Defin-
ing â†

1(ω) and â†
2(ω) to be creation operators that place a

photon of angular frequency ω in the first and second spa-
tial modes, the probe state may be written in the general
form

|ψ0〉 =
∫∫

dω1dω2φ0(ω1, ω2)â†
1(ω1)â†

2(ω2) |0〉 . (7)

The complex function φ0(ω1, ω2) is known as the joint spec-
tral amplitude (JSA) and describes the entire spectral content
of the state, including the bandwidths and mean frequencies
of individual photons, as well as any frequency correlations
or anticorrelations between the two photons. The squared
quantity |φ0(ω1, ω2)|2 is known as the joint spectral intensity.
Due to the orthogonality of the two spatial modes, the creation
operators satisfy [âi(ω), â†

j (ω
′)] = δi jδ(ω − ω′). Normaliza-

tion of the state |ψ0〉 implies that∫∫
dω1dω2|φ0(ω1, ω2)|2 = 1. (8)

Throughout our analysis, we will express quantities in terms
of the probe state, using 〈X̂ 〉0 to denote the expectation value
of the operator X̂ for a probe state |ψ0〉 and 〈�2X̂ 〉0 to denote
the variance of X̂ for the same state.

It is useful to briefly review the properties of typical two-
photon states. The most common method of producing states
of this form are through χ (2) nonlinear optical interactions,
such as spontaneous parametric down-conversion, in which a
single pump photon of energy h̄ωp is converted into a pair of
photons of energies h̄ωs and h̄ωi [23]. Due to the requirement
ωp = ωs + ωi for energy conservation, the down-converted
photons typically exhibit frequency anticorrelations, with the
strength of the correlations being related to the bandwidth of
the pump beam. The specific nonlinear medium used in the
process enforces a phase-matching relation between the wave
vectors of the pump and down-converted photons, which plays
the role of momentum conservation for the system. The JSA
of the resulting two-photon state is a product of the pump
spectrum and a phase-matching factor. The advent of engi-
neered nonlinear crystals, such as periodically poled media,
as well as the use of broadband pump beams, allows for the
generation of a variety of custom JSAs, exhibiting frequency
anticorrelations, frequency correlations, and uncorrelated fre-
quencies [24,25].
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Upon evolution through the two time delays τ1 and τ2,
as depicted in Fig. 1, the two-photon state will evolve as
|ψ0〉 → |ψ (τ1, τ2)〉 = Û (τ1, τ2) |ψ0〉, where the unitary oper-
ator Û (τ1, τ2) has the form

Û (τ1, τ2) = exp(−i
̂1τ1 − i
̂2τ2) (9a)

= exp(−i
̂−τ− − i
̂+τ+). (9b)

The generators 
̂1 and 
̂2 are given by


̂i ≡
∫

dω ω â†
i (ω)âi(ω). (10)

Here 
̂± ≡ 
̂1 ± 
̂2 act as generators of the relative de-
lay τ− ≡ (τ1 − τ2)/2 and the mean delay τ+ ≡ (τ1 + τ2)/2.
Upon evolution, the creation operators transform as â†

i (ω) →
â†

i (ω)e−iωτi . The postevolution state |ψ (τ1, τ2)〉 has the form
of Eq. (7), with the JSA φ0(ω1, ω2) replaced by the delayed
JSA

φ(ω1, ω2; τ1, τ2) = φ0(ω1, ω2)e−iω1τ1−iω2τ2 . (11)

Estimating shifts in the delay parameters is therefore equiv-
alent to estimating shifts in the phase gradient of the
postevolution JSA.

C. Precision bounds for a single unknown delay

We turn now to the specific QCRB applicable to two-
photon timing measurements. First, we briefly review the
problem of estimating the delay τ1 when the delay τ2 is known
in advance, for which the QCRB has been derived previously
in Ref. [8]. In Ref. [13] it was shown that the QFI for a
transformation characterized by the single parameter g and
the generator Ĝ is Qg = 4 〈Ĝ2〉 − 4 〈Ĝ〉2

. If the only unknown
parameter is τ1, generated by 
̂1 as in Eq. (9a), then the QFI
for the problem is

Qτ1 = 4
〈

̂2

1

〉
0 − 4 〈
̂1〉2

0 = 4 〈�2
̂1〉0 ≡ 4(�ω1)2, (12)

where �ω1 denotes the root mean square (rms) angu-
lar frequency bandwidth of the photon in mode 1. The
single-parameter QCRB then limits the per-trial measurement
precision to �τ1 � 1/2�ω1. In this case, the single-parameter
QCRB is equivalent to the Heisenberg-like time-bandwidth
inequality �τ1�ω1 � 1

2 . The use of a two-photon measure-
ment may confer technical advantages in this situation, such as
the phase insensitivity and dispersion cancellation properties
of the HOM measurement, but no improvement in precision
is possible relative to an optimal single-photon measurement.

D. Precision bounds for two unknown delays

We now consider the QCRB applicable to estimation in the
presence of two unknown delays τ1 and τ2 or equivalently τ−
and τ+. This general analysis is directly comparable to the
particular case of HOM interferometry, discussed in Sec. III,
in which the interferometer must estimate τ− using a mea-
surement insensitive to τ+. We express the QCRB for the
relative delay τ− in terms of the bandwidths of the individ-
ual arms �ω1,2 and the frequency correlations (quantified by
the covariance C) between the two arms. Since this situation
involves multiple unknown parameters, the QCRB must be

calculated through the use of the quantum Fisher information
matrix. This matrix encodes not only the precision limits
due to quantum-mechanical limitations on the measurement
process, but also the manner in which additional unknown
parameters of the probe state (here τ+) may degrade the pre-
cision of estimates of a quantity of interest (here τ−).

As in the case of the single-parameter quantum Fisher
information, the quantum Fisher information matrix may be
calculated in terms of generators of the individual parameters.
As shown in Ref. [13], if Ĝi denotes the generator of param-
eter i, then Qi j = 2 〈{Ĝi, Ĝ j}〉0 − 4 〈Ĝi〉0 〈Ĝ j〉0, where {·, ·}
denotes the anticommutator. We evaluate these bounds for the
problem of estimating τ− and τ+, which have generators 
̂±
defined following Eq. (10). The quantum Fisher information
matrix elements are then

Q++ = 4 〈�2
̂+〉0 = 4�ω2
1 + 4�ω2

2 + 8C, (13a)

Q−− = 4 〈�2
̂−〉0 = 4�ω2
1 + 4�ω2

2 − 8C, (13b)

Q+− = Q−+ = 4 〈
̂+
̂−〉0 − 4 〈
̂+〉0 〈
̂−〉0

= 4�ω2
1 − 4�ω2

2. (13c)

Here �ω1 and �ω2 continue to refer to the rms angular
frequency bandwidths of the photons in modes 1 and 2 and we
introduce the frequency covariance between the two modes

C = 〈
̂1
̂2〉0 − 〈
̂1〉0 〈
̂2〉0 . (14)

Values of C > 0 describe photons with frequency correlations
and C < 0 describes photons with frequency anticorrelations.
The off-diagonal elements of the quantum Fisher information
matrix Q+− = Q−+ vanish only when the two photons have
equal bandwidths. It follows from our discussion of Eq. (6)
that for probe states with �ω1 �= �ω2, a lack of information
about the mean delay τ+ leads also to a decrease in the possi-
ble precision of estimates of τ−.

A key result of this paper is the derivation of effective QFI
for measurements of the relative delay τ− and mean delay τ+.
Combining Eq. (13) with Eq. (6), we arrive at expressions for
the effective QFIs in terms of the single-mode bandwidths and
the two-photon frequency covariance

Q(+)
eff = 16

�ω1
2�ω2

2 − C2

�ω1
2 + �ω2

2 − 2C
, (15a)

Q(−)
eff = 16

�ω1
2�ω2

2 − C2

�ω1
2 + �ω2

2 + 2C
. (15b)

Together with Eq. (5), these expressions provide precision
bounds for any measurement of these delays using a two-
photon state of the form of Eq. (7), regardless of the specific
JSA used. Taken alone, the bound obtained from Eq. (15b)
limits the precision of measurements such as the HOM mea-
surement that estimates the relative photon delay τ− in the
absence of prior information about τ+.

Plots of Eqs. (15) are shown in Fig. 2, normalized to the
product of the two-mode bandwidths �ω1 and �ω2. When
the photons have equal bandwidths �ω1 = �ω2, maximal
anticorrelations provide optimal precision in measurements
of τ−, at the expense of reduced precision for measurements
of τ+. If the photon bandwidths are not equal, measurements
with nonmaximal frequency anticorrelations offer the opti-

063715-4



QUANTUM METROLOGY TIMING LIMITS OF THE … PHYSICAL REVIEW A 106, 063715 (2022)

FIG. 2. Effective quantum Fisher information that determines the
maximum possible precision of measurements of the relative delay
τ− (red, upper left curves) and the mean delay τ+ (blue, upper right
curves), displayed on a logarithmic scale. The case of equal photon
bandwidths �ω1 = �ω2 shows maximum timing precision when the
photons are maximally (anti)correlated. If the photons have different
bandwidths, the optimal precision occurs when the frequency covari-
ance is reduced from its maximum value. Note that the effective QFI
shown here is normalized by the product of both photon bandwidths
to emphasize the symmetry between Q(eff)

− and Q(eff)
+ . Later plots

normalize the effective QFI to only one photon bandwidth.

mal precision. Likewise, when the probe photons have equal
bandwidths, the optimal precision for measurements of τ+ oc-
curs when the photons are maximally correlated in frequency.
When the photon bandwidths are not equal, nonmaximal fre-
quency correlations give the best precision for measurements
of τ+. The optimal precision for measurements of τ± occurs
at a frequency covariance of Copt = ± min[(�ω1)2, (�ω2)2],
for which the QCRBs for the two parameters are (after apply-
ing the Cauchy-Schwarz inequality |C| � �ω1�ω2) �τ± �

1
4
√

n
max[1/�ω1, 1/�ω2]. The smaller of the two-photon

bandwidths ultimately sets the precision limits for estimation
of either parameter. This behavior occurs only for the optimal
covariance value Copt, with measurements having worse pre-
cision at other values of C. Proper tuning of the two-photon
frequency correlations becomes important whenever the pho-
ton bandwidths are not equal.

We now give strategies to attain optimal precision in a
few specific scenarios. First, we consider estimation of τ−
when the mean delay τ+ is not known. If the probe state
must have strong frequency anticorrelations, as is the case
for cw-pumped down-conversion sources of photon pairs, it is
crucial to have photon bandwidths that are very nearly equal.
On the left-hand side of Fig. 2 we see a rapid decline in
precision of τ− measurements when the photon bandwidths
are not equal. In Fig. 3 we plot the QCRB for estimates of
τ− when one photon (the photon at ω1, for concreteness) is
restricted to a particular bandwidth �ω1. The precision limits
are normalized to the bandwidth of this photon. If the photon
bandwidths are equal, we again see optimal precision for
strongly anticorrelated states. These anticorrelated states are
however highly sensitive to errors in the bandwidth ratio. If the
second bandwidth may be tuned, then uncorrelated states with
a large bandwidth ratio �ω2/�ω1 offer the same precision

FIG. 3. Maximum precision for arbitrary measurements of the
relative photon delay τ−, equal to the inverse of the minimum relative
delay that can be resolved and normalized to the bandwidth of one of
the photons. Larger values of the delay precision correspond to more
sensitive timing measurements. The vertical and horizontal scales of
this plot are both logarithmic. The colored (lower) curves indicate
the precision limits when the mean delay of the two photons is not
known, for different values of the frequency covariance C defined in
Eq. (14). Starting at the upper right corner of the figure and moving
downward, the curves correspond to normalized covariances of 0,
−0.2, −0.5, −0.9, and −0.99, respectively. The light dashed line
along the top of the figure indicates the precision limit when the delay
of one of the photons is known in advance; this limit is independent
of C. The dark dashed line indicates the optimal delay precision for
a given bandwidth ratio.

with less sensitivity to the exact values of the bandwidth,
potentially allowing for an increase in precision if the band-
width of one photon is not known in advance. In any situation,
precision estimation of τ− requires proper selection of both
the bandwidth ratio and the frequency covariance of the state.

The upper dashed line in Fig. 3 is the bound obtained from
the analysis of a single unknown delay in Ref. [8]. As the
unknown parameter in this case is a single-photon property,
it is independent of any shared properties of the photon pair,
such as the frequency entanglement or the ratio of photon
bandwidths. The bound on τ− we derive describes estimation
of a parameter shared between both photons (a relative time
delay) and so the estimation precision for this delay has a
strong dependence not only on the single-photon properties,
but also on these properties of the photon pair.

We consider now to estimation of τ− when the delay of
the photon in mode â2 is known in advance. Comparing the
effective QFI of Eq. (15b) to the single-parameter QFI of
Eq. (12), we see that knowledge of one photon’s delay allows
estimation of the relative delay τ− at the optimal precision
regardless of the photon bandwidth and of the two-photon
frequency covariance. We note that the factor of 4 differ-
ence between Eqs. (15b) and (12) is due to our definition
of τ− ≡ (τ1 − τ2)/2. If τ2 is fixed at a particular value, then
a shift of δτ1 leads to δτ− = δτ1/2 so that �2τ1 ∼ �2τ−/4
and the QCRB contains an additional factor of 4. In this case,
estimation of τ− is equivalent to estimation of τ1 alone, so
we return to the single-parameter single-particle estimation
problem, for which two-photon properties play no role.
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FIG. 4. (a) Hong-Ou-Mandel measurement scheme. A beam
splitter of reflectivity η, typically with η = 0.5, interferes the two
spatial modes. The output ports are monitored by single-photon
detectors, and the number of single counts (projectors �̂1 and �̂2),
as well as the number of coincident counts (projector �̂12), are
recorded. The proportion of probe states leading to a coincident
detection is used to estimate the relative delay τ− ≡ (τ1 − τ2)/2.
(b) Hong-Ou-Mandel interference, which appears as a dip in the
probability of a coincidence detection as the relative delay τ− ap-
proaches zero. The reduction in the coincidence probability is due to
both photons leaving from the same output port of the beam splitter.

III. HONG-OU-MANDEL MEASUREMENT PRECISION

This section examines the precision limits specific to the
Hong-Ou-Mandel timing measurement. In Sec. III A we find
expressions for the coincidence probability given an arbitrary
two-photon JSA and use them to derive the classical Fisher
information for estimation of τ−. In Sec. III B we examine the
specific case of a probe state with a JSA that is Gaussian in
the two frequencies ω1 and ω2. We then compare this to the
fundamental bounds given in Sec. II.

The HOM measurement (Fig. 4) involves interference of
the two spatial modes at a beam splitter, followed by detec-
tion by a single-photon detector placed at each output port.
The rate of coincidence detections between the two detectors
is then recorded. In practice, many photon pairs arrive in
succession at the detectors, so spurious coincidence events
consisting of one photon from each of two-photon pairs may
occur. This is avoided by the use of time-resolving detectors
and gated coincidence counting, so detections due to different
photon pairs may be distinguished. The time resolution used
for this purpose is typically insufficient to measure the relative
delay τ− of the photon pairs at the precision required. We
therefore neglect any time resolution of the detectors them-
selves and focus instead on the timing resolution inherent to
the HOM measurement itself.

A. Detection probabilities and timing precision

We calculate here the detection probabilities for single
and coincidence counts. The HOM measurement consists of
a beam splitter with intensity reflectance η and detection of
the resulting state by a pair of single-photon detectors. The
initial state (7) is described by the JSA φ0(ω1, ω2). After evo-
lution, the JSA now takes the form φ(ω1, ω2; τ1, τ2), defined
in Eq. (11). We model the beam-splitter action as

â†
1(ω) → √

ηâ†
1(ω) + i

√
1 − ηâ†

2(ω), (16a)

â†
2(ω) → i

√
1 − ηâ†

1(ω) + √
ηâ†

2(ω), (16b)

which neglect any frequency dependence on η. A value of
η = 0.5 is commonly used to maximize the HOM interference
effect. After the beam splitter, the photon pair has the state

|ψ (τ1, τ2)〉 = i
√

η(1 − η) |ψ11(τ1, τ2)〉
+ i

√
η(1 − η) |ψ22(τ1, τ2)〉 + |ψ12(τ1, τ2)〉 ,

(17)

with |ψii(τ1, τ2)〉 and |ψ12(τ1, τ2)〉 describing pairs of photons
at the same output port and at different output ports, respec-
tively. These are in turn expressed in terms of the JSA of the
delayed two-photon state by

|ψii(τ1, τ2)〉 =
∫∫

dω1dω2φ(ω1, ω2; τ1, τ2)â†
i (ω1)â†

i (ω2) |0〉 (i = 1, 2), (18a)

|ψ12(τ1, τ2)〉 =
∫∫

dω1dω2[ηφ(ω1, ω2; τ1, τ2) − (1 − η)φ(ω2, ω1; τ1, τ2)]â†
1(ω1)â†

2(ω2) |0〉 . (18b)

The detection probabilities are obtained from the projec-
tors �̂i, describing detection at a single output, and from the
projector

�̂12 =
∫∫

dω1dω2â†
1(ω1)â†

2(ω2) |0〉 〈0| â1(ω1)â2(ω2),

(19)

describing a coincidence event. Our definition of �̂12 im-
plicitly ignores any time resolution of the detectors, so the
probability amplitudes for detection at different frequencies
may be incoherently summed. The opposite limit, of infinitely
fast detectors, involves additional terms describing single-
and two-photon interference at different frequencies [16]. In
Appendix B we examine a more realistic model which in-
cludes a finite-time resolution and show that the results given
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for a non-time-resolving measurement are recovered when the
timescale of the detector resolution is much longer than the
duration of the input photons. In Appendix B it is also shown
that the probability of detection at a single detector does not
depend on τ1 or τ2 in the limit of poor detector time resolution.
These events therefore do not contribute a useful signal for
parameter estimation. From Eqs. (17)–(19) we find that the
probability Pc for a given photon pair to lead to a coincidence
count is

Pc ≡ 〈ψ (τ1, τ2)|�̂12|ψ (τ1, τ2)〉 =
∫∫

dω1dω2|ηφ

× (ω1, ω2; τ1, τ2) − (1 − η)φ(ω2, ω1; τ1, τ2)|2

= η2 + (1 − η)2 − 2η(1 − η)Re
∫∫

dω1dω2φ0

× (ω1, ω2)φ∗
0 (ω2, ω1)e−2i(ω1−ω2 )τ− , (20)

where the final expression is in terms of the JSA of the probe
state before any delays are implemented.

The coincidence signal depends only on the combination
τ− = (τ1 − τ2)/2, so the mean delay τ+ cannot be estimated
using the HOM measurement. Since only the final term de-
pends on the delay parameters, it is advantageous to choose
the value of η leading to the largest τ−-dependent signal while
minimizing the τ−-independent contributions to the measured
signal, which together maximize the classical Fisher infor-
mation [Eq. (2)]. For any two-photon state, the conventional
choice of a 50:50 beam splitter (η = 0.5) satisfies both condi-
tions and leads to the optimal signal for timing measurements.
We exclusively consider η = 0.5 for the remainder of our
analysis. The coincidence probability then becomes

Pc =1

2
− 1

2
Re

∫∫
dω1dω2φ0(ω1, ω2)φ∗

0 (ω2, ω1)

× e−2i(ω1−ω2 )τ− . (21)

If the JSA of the probe state is symmetric between the two
photons, φ(ω1, ω2) = φ(ω2, ω1), the coincidence probability
decreases to zero at τ− = 0. More general probe states will
not show a null at zero relative delay, but the decrease in coin-
cidence events may still be used to estimate the relative delay
τ−. The visibility of interference at τ− = 0 is determined by
the overlap integral between the input JSA and a copy of the
input JSA reflected over the line ω1 = ω2,

lim
τ−→0

V = Re
∫∫

dω1dω2φ(ω1, ω2)φ∗(ω2, ω1). (22)

As noted in Sec. II A, the timing precision attainable with
a HOM interferometer is (�τ−)min = 1/

√
nF , with the CFI

obtained from Pc by F = (∂Pc/∂τ−)2/Pc. For pairs with near-
zero relative delay, the CFI takes the simplified form

lim
τ−→0

F = 4
∫∫

dω1dω2(ω1 − ω2)2φ0(ω1, ω2)φ∗
0 (ω2, ω1).

(23)

Maximizing the CFI in this case requires the use of anticor-
related frequencies, for which |ω1 − ω2| is large, and also
requires that φ0(ω1, ω2)φ∗

0 (ω2, ω1) remain nonzero over a
large range of frequencies. From Eq. (22) the condition that
φ∗(ω2, ω1)φ(ω1, ω2) be large is simply a requirement for high
interference visibility. To gain further insight into relation

FIG. 5. Two-photon probe state, with Gaussian joint spectral am-
plitude. The color bar indicates the magnitude of the joint spectral
intensity (equal to the squared magnitude of the joint spectral am-
plitude) in arbitrary units. The marginal distributions are centered
at frequencies ω1 and ω2 and have bandwidths �ω1 and �ω2, re-
spectively. The covariance parameter C describes the strength of any
frequency correlations (C > 0) or anticorrelations (C < 0) of the
two photons. The covariance ellipse, defined as the contour where
the joint spectral intensity takes the value |φ(ω1, ω2)|2 = e−1/2, is
outlined in red.

between F and the optical properties of the input state, such as
the photon bandwidths and frequency entanglement, we focus
now on the behavior of F for a particularly simple family of
input states.

B. Probe states with Gaussian JSAs

A large class of JSAs encountered in practice, consisting
of a central lobe at mean frequencies ω1 and ω2, may be
approximated by a Gaussian distribution. This allows for an-
alytical expressions of the coincidence probability and CFI
to be obtained in terms of the mean frequencies, the photon
bandwidths �ω1 and �ω2, and the frequency covariance C.
Consider the special case of a probe state with a JSA of the
form

φ0(ω1, ω2) = N exp[− 1
4 (�ω − �
)T �−1(�ω − �
)], (24)

where �ω ≡ (ω1, ω2)T . Here �
 = (ω1, ω2)T is a vector com-
posed of the mean photon frequencies, � is a matrix
describing the photon bandwidths and correlations in the
spectral amplitudes of the photons, and N is a normalization
constant. The matrix � has elements

� =
(

(�ω1)2 C
C (�ω2)2

)
. (25)

These parameters are depicted in Fig. 5. The normalization
constant N = (2π

√
det �)−1/2 is determined by the normal-

ization condition (8).
For the Gaussian JSA of Eq. (24), the coincidence proba-

bility (20) has a Gaussian-shaped dip

Pc = 1
2 [1 − V exp(−τ 2

−/2T 2)], (26)

with width

T = 1

4

√
�ω1

2 + �ω2
2 + 2C

�ω1
2�ω2

2 − C2
. (27)
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FIG. 6. (a) Maximum precision for HOM measurements of the relative photon delay τ−, equal to the inverse of the minimum relative
delay that can be resolved by the HOM measurement and normalized to the bandwidth of one of the photons. Larger values of the delay
precision correspond to more sensitive timing measurements. Note that the horizontal axis has a linear scale, different from Fig. 3. Different
curves correspond to the precision limits of two-photon states with different values of the normalized frequency covariance C/�ω1�ω2.
Starting at the bottom of the line �ω2/�ω1 = 1 and moving upward, the curves correspond to normalized covariances of 0, −0.2, −0.5, −0.9,
and −0.99, respectively. (b) and (c) Depictions of the overlap integrals between the JSA φ(ω1, ω2) and the reflected function φ(ω2, ω1) in
terms of the covariance ellipse of the JSA, defined by the equation |φ(ω1, ω2)|2 = e−1/2. This overlap integral determines the interference
visibility of the HOM dip. For states with unequal photon bandwidths, anticorrelated distributions are no longer exactly aligned with the
antidiagonal of the diagram and correlated distributions are not aligned with the diagonal, leading to a reduction in interference visibility.
(b) States with weak frequency correlations have broad JSAs whose interference pattern is less sensitive to a mismatch in the photon
bandwidths; (c) states with strong correlations have narrower JSAs, so the interference visibility is more sensitive to any bandwidth mismatch.
The net result is that, for mismatched photon bandwidths, strongly correlated states have a reduced precision relative to less correlated states.

Here

V = 2

√
(�ω1)2(�ω2)2 − C2

[(�ω1)2 + (�ω2)2]2 − 4C2

× exp

(
− (ω1 − ω2)2

2
(
�ω2

1 + �ω2
2 − 2C

)
)

(28)

is the HOM interference visibility. The CFI takes the form

F = 1

T 2

(
τ 2
−

2T 2

(
Ve−τ 2

−/2T 2)2

1 − Ve−τ 2−/2T 2

)
. (29)

A similar expression was derived in Ref. [7] for the case
of a Gaussian HOM dip with equal photon bandwidths
�ω1 = �ω2 = �ω and maximal frequency anticorrelations,
for which T → 1/4�ω. Our result generalizes this to the case
of more general states with Gaussian JSAs of unequal band-
widths, unequal central wavelengths, and arbitrary amounts of
correlation.

For the type of nondegenerate states considered in our
model (those states with Gaussian JSAs), photons possessing
different center wavelengths offer much poorer precision than
similar photon pairs with the same bandwidths and correla-
tions but degenerate center wavelengths. This is due to the
exponential loss of visibility with increasingly nondegener-
ate pairs. This result contrasts with the nondegenerate pairs
considered in previous analysis of the HOM interferometer
[6,8] in which each spatial mode may contain a photon at
either center wavelength. This latter type of state is still useful
for enhanced timing metrology due to spectral indistinguisha-
bility between the two modes, in contrast with our result

showing a rapid decline of the CFI when degenerate pairs
are used.

The effective QFI for this Gaussian JSA, given by
Eq. (15b), is Q(−)

eff = 1/T 2. The HOM measurement is an
optimal measurement (saturates the QCRB) only when the
factor of Eq. (29) in large parentheses is unity, which oc-
curs when both τ− → 0 and V → 1. From the expression
(28) for the HOM visibility, this requires that the photons
have identical properties ω1 = ω2 and �ω1 = �ω2. Though
the HOM measurement saturates the QCRB at any value of
the covariance C, the use of anticorrelated states still offers
enhanced precision by reducing the HOM width T , given by
Eq. (27), which increases both the effective QFI and the CFI
for the parameter τ−.

We consider now the situation in which one photon’s
bandwidth is restricted to a particular value and compare
the performance of the HOM measurement to the ultimate
precision bounds given in Sec. II. A plot of the CCRB for
estimation of τ− is shown in Fig. 6(a), which may be com-
pared directly to the quantum bound of Fig. 3, noting the
change of scale on the horizontal axis. Since the CCRB given
in Eq. (29) depends on the value of τ− about which shifts in
the delay are measured, the precision bounds shown in Fig. 6
assume a value of τ− that maximizes the timing precision
of the measurement. For perfect interference visibility, this
corresponds to the assumption of a properly zeroed HOM
interferometer, with delays chosen to give τ− = 0 before mea-
surements of any shift in τ−. For imperfect visibility, the HOM
interferometer has maximum visibility when the initial delay
τ− is slightly offset from zero, as was first noted in Ref. [7].

Both the QCRB and the CCRB show that anticorrelated
states are most sensitive to estimation of τ− when photon
bandwidths are equal and that highly anticorrelated states
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lose precision more quickly than uncorrelated states when
the photon bandwidths become increasingly unbalanced. The
HOM measurement is much more sensitive to changes in
the bandwidth ratio than is required by the quantum bound,
however, and the use of HOM interference using uncorrelated
states with a large ratio of photon bandwidths does not yield
high timing precision as was found for the QCRB.

For the arbitrary timing measurements considered in
Sec. II, the exact physical reasons leading to the behavior of
Fig. 3 are not apparent and would depend on the measurement
in question. Focusing on the specific case of a HOM measure-
ment provides some insight into the increase in precision with
weaker anticorrelations when the photon bandwidths are not
equal. In this case, the CFI at zero relative delay [Eq. (29)]
involves a factor depending on the relative frequency (ω1 −
ω2)2 of the photons and a factor describing the overlap of the
JSA φ(ω1, ω2) with a reflected JSA φ(ω2, ω1). The first factor
is maximized when the JSA contains strong anticorrelations
so that |ω1 − ω2| is large for much of the state. The second
factor is related to the interference visibility, which takes the
form of Eq. (22). We see that increasing the CFI requires
strong anticorrelations and a high interference visibility.

Focusing exclusively on Gaussian JSAs, we see from
Figs. 6(b) and 6(c) that states with unequal bandwidths and
frequency anticorrelations have a main extent that is not
aligned with the antidiagonal of the ω1-ω2 space, but is in-
stead rotated away from this antidiagonal, with an angle that
increases with the ratio �ω1/�ω2 of the bandwidths. This
rotation leads to a decreasing overlap between φ(ω1, ω2) and
φ(ω2, ω1) and to a resulting loss of interference visibility.
States with strong frequency anticorrelations have narrower
JSAs than those states with weaker anticorrelations and lead
to a decreased visibility relative to less correlated states as
a result. When the photon bandwidths are not equal, then
anticorrelated states which maximize |ω1 − ω2| are hampered
by a low interference visibility and offer less precise timing
measurements than uncorrelated states which have a visibility
less sensitive to the relative sizes of the photon bandwidths.

When the photon bandwidths are identical, frequency an-
ticorrelated pairs provide high resolution. When the photons
have unequal bandwidths, maximizing the resolution involves
a tradeoff between the competing requirements for high visi-
bility and strong anticorrelations in frequency.

IV. CONCLUSION

To summarize, we have examined theoretically the preci-
sion bounds of HOM interferometry in the important case
where one photon has a smaller bandwidth than the other.
Using the classical Fisher information for this measurement
[Eq. (29)], we found that highly anticorrelated light is undesir-
able and instead the amount of frequency correlations must be
tuned to a value determined by both of the photon bandwidths
in order to obtain maximum precision. By examining the
fundamental precision limits imposed on the measurement by
quantum mechanics [Eq. (6)], we found that this behavior is
not specific to the HOM interferometer and that similar lim-
itations apply to any measurement of the relative time delay
τ− between a pair of photons that is insensitive to their mean
delay τ+. A different feature of our analysis is the fact that

the CFI for HOM measurements is bounded above both by
the QFI found for a single unknown delay and by the effective
QFI for measurements of τ− in the presence of an unknown
τ+. This is due to the HOM measurement statistics being
intrinsically insensitive to τ+ so that the CFI for measurements
of τ− has the same value regardless of whether τ+ is known in
advance. Compared to the previous analysis in Refs. [7,8], our
analysis also demonstrated the relation of the timing precision
to the two-photon properties of frequency entanglement and
bandwidth mismatch.

The fundamental bounds we derived are not specific to
the standard HOM measurement scheme and apply to many
modified measurements as well, such as the use of number-,
time-, or frequency-resolving detectors [18,26], as well as the
use of more complicated estimators that rely on more than
just the coincidence probability. Nevertheless, as the standard
HOM measurement we considered does not saturate these
fundamental bounds for most probe states, the possibility of
improving the HOM scheme beyond the precision of current
techniques is compelling. Relevant to our analysis, we found
that uncorrelated probe states with highly mismatched band-
widths may be used to perform timing measurements at the
level of current precision HOM measurements without a strict
requirement for equal bandwidths, which would be highly ad-
vantageous in circumstances involving transmission through
an absorbing medium, where the final bandwidth of one pho-
ton is not under experimental control. Whether a measurement
exists that can reach this precision while also keeping the
many salutary properties of the HOM measurement is an open
question.

We believe that insight into the fundamental limitations
of precision measurements will benefit the development of
future metrological schemes both by identifying the key fea-
tures necessary to increase precision and by identifying those
features that cannot be improved beyond current limitations.
Our analysis highlighted the essential features of HOM inter-
ferometry that must be considered when one or more photon
bandwidths are constrained. By carefully tailoring the spectral
properties of photon pairs, the techniques of precision HOM
interferometry can reach beyond the laboratory in the contin-
uing effort for increasingly precise measurements.
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APPENDIX A: SUMMARY OF RESULTS

In this Appendix we briefly summarize the main mathe-
matical results of our analysis. In all equations, �ω1 and �ω2

refer to the rms angular frequency bandwidths of photons 1
and 2 and C refers to the frequency covariance shared by the
two photons.
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1. Precision bounds of the HOM measurement

The HOM measurement is defined by the use of the
measurement in Fig. 4(a) in the final stage of Fig. 1. This
measurement may obtain a precision for estimates of the rel-
ative photon delay τ− limited to �2τ− � 1/nFτ− when the
measurement is repeated n times, where Fτ− is the CFI.

If the JSA of the input photon pair has the form of a real
two-dimensional Gaussian, then Fτ− has the form

Fτ− = 1

T 2

(
τ 2
−

2T 2

(
Ve−τ 2

−/2T 2)2

1 − Ve−τ 2−/2T 2

)
, (A1)

where the width T of the HOM dip is

T = 1

4

√
�ω1

2 + �ω2
2 + 2C

�ω1
2�ω2

2 − C2
(A2)

and the HOM visibility is

V = 2

√
(�ω1)2(�ω2)2 − C2

((�ω1)2 + (�ω2)2)2 − 4C2

× exp

(
− (ω1 − ω2)2

2
(
�ω2

1 + �ω2
2 − 2C

)
)

. (A3)

Here ω1 and ω2 are the mean angular frequencies of the two
photons.

2. Precision limits for generalized measurements
with a single unknown delay

The generalized measurement we consider has the form of
Fig. 1, with any set of projectors allowed as the measurement.
The timing precision possible with this form of measurement
is bounded by

�2τi � 1/4n(�ωi )
2 (A4)

when the measurement is repeated n times, where ωi is the
angular frequency of the photon undergoing the delay τi. The
precision bounds of the relative delay τ− = (τ1 − τ2)/2 and of
the mean delay τ+ = (τ1 + τ2)/2 are �2τ± � 1/16n(�ωi )2.

3. Precision limits for generalized measurements
with two unknown delays

If neither delay τ1 or τ2 is known in advance, the preci-
sion of the generalized measurement of Fig. 1 for estimates
of τ± = (τ1 ± τ2)/2 is in this case bounded by �2τ± �
1/nQ(±)

eff , where the effective QFI Q(±)
eff is

Q(±)
eff = 16

�ω1
2�ω2

2 − C2

(�ω1)2 + (�ω2)2 ∓ 2C
. (A5)

As discussed in Sec. II, these are also the bounds that apply to
measurements of τ± that are insensitive to the other delay τ∓.

APPENDIX B: MODEL OF TIME-RESOLVED HOM
INTERFEROMETRY

This Appendix examines the effect of time-resolved photon
detection as it pertains to estimation of the delays τ− and τ+.
We show how the results of Sec. III for a HOM measurement
with no time resolution emerge from a model that includes
time resolution. A more detailed analysis of the effect of time
resolution for estimation of a single unknown delay is avail-
able in Ref. [18]. We begin with a model of time-, frequency-,
and number-resolving measurement and from that obtain a
model of detection that is time resolving, but not frequency
or number resolving. We then apply this detector model to
find the probability distribution describing the measurement
outcomes, which is related to the multiparameter CCRB in
a manner similar to the single-parameter CCRB discussed in
Sec. II A.

A measurement scheme is determined by its positive-
operator-valued measure (POVM) {�̂i}, with each operator �̂i

describing a measurement outcome i. Our model assumes a
detection process that is described by projectors onto the pure
states

|ζTDωD〉i =
∫

dω ζTDωD (ω)â†
i (ω) |0〉 , |ζTDωDζT ′

Dω′
D
〉

i j

=
∫∫

dω dω′ζTDωD (ω)ζT ′
Dω′

D
(ω′)â†

i (ω)â†
j (ω

′) |0〉 ,

(B1)

which describe a single photon at detector i = 1, 2 and a pair
of photons at each of the detectors i, j = 1, 2, respectively.
In the latter case, the labels i and j may be equal, describing
a measurement of two photons at the same detector; in this
case, we require that the detection times are labeled with
T ′

D > TD. The labels ζTDωD refer to a time-frequency bin cen-
tered at time TD and frequency ωD so that TD refers to the
time bin of the detected photon and ωD refers to its frequency
bin. The POVM describing the measurement then consists of
all projectors �̂i,TDωD ∝ |ζTDωD〉i i〈ζTDωD | and �̂i,TDωD; j,T ′

Dω′
D

∝
|ζTDωDζT ′

Dω′
D
〉

i j i j
〈ζTDωDζT ′

Dω′
D
|, where the proportionality con-

stants are chosen so that the POVM elements sum to the
identity. The detection probabilities for a detector that is only
time resolving, and not number or frequency resolving, may
be obtained by summing over the probabilities of all measure-
ment outcomes with the same time bin.

In performing this sum, we also add the probabilities
〈�̂i,TDωD;i,T ′

Dω′
D
〉 of measuring two photons at port i to the

probability 〈�̂i,TDωD〉 of measuring only one photon at i, as
a detector insensitive to photon number will not distinguish
these events. In doing so, the time bin of the second photon,
T ′

D, is discarded, as the second photon arrives during the
dead time of the detector is ignored. This final time-resolved
detection is described by four probabilities: the probability p0

of observing no click at either detector, the probability pi(TD)
(i = 1, 2) of observing a click at detector i within time bin
TD, and the probabilities p12(TD, T ′

D) (i = 1, 2) of observing
a click at detector one in time bin TD and a click at detector
two in time bin T ′

D. For a two-photon input state |ψ〉, these
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probabilities have the form

pi(TD) =
∫

dωD 〈ψ |�̂i,TDωD |ψ〉

+
∫

dT ′
D

∫∫
dωDdω′

D 〈ψ |�̂i,TDωD;i,T ′
Dω′

D
|ψ〉 ,

p12(TD, T ′
D) =

∫∫
dωDdω′

D 〈ψ |�̂i,TDωD;i,T ′
Dω′

D
|ψ〉 ,

p0 = 1 −
∫

dTD p1(TD) −
∫

dTD p2(TD)

−
∫∫

dTDdT ′
D p12(TD, T ′

D). (B2)

To calculate these probabilities, a specific form of the time-
frequency bins ζTD,ωD (ω) must be specified.

We focus on the case of Gaussian time-frequency bins, for
which

ζTD,ωD (ω) =
(

2τ 2

π

)1/4

e−τ 2(ω−ωD )2
eiωTD . (B3)

The detection probabilities of a time-resolved detector are
most easily expressed in terms of the joint temporal amplitude
of the input state φ̃0, which is related to the JSA φ0 by

φ̃0(t, t ′) = 1

2π

∫∫
dω dω′φ0(ω,ω′)e−iωt−iω′t ′

. (B4)

The time-resolved detection probabilities are found to be

p0 = (1 − θ )2,

p1(TD) = θ (1 − θ )(1 − η)√
2πτ 2

∫∫
dt dt ′|φ̃0(t ′, t )|2e−[t+TD−(τ+−τ− )]2/2τ 2 + θ (1 − θ )η√

2πτ 2

∫∫
dt dt ′|φ̃0(t, t ′)|2e−[t+TD−(τ++τ− )]2/2τ 2

+ 2η(1 − η)θ2

√
2πτ 2

∫∫
dt dt ′|φ̃0(t + τ−, t ′ − τ−) + φ̃0(t ′ + τ−, t − τ−)|2e−(t+TD−τ+ )2/2τ 2

,

p2(TD) = θ (1 − θ )η√
2πτ 2

∫∫
dt dt ′|φ̃0(t ′, t )|2e−[t+TD−(τ+−τ− )]2/2τ 2 + θ (1 − θ )(1 − η)√

2πτ 2

∫∫
dt dt ′|φ̃0(t, t ′)|2e−[t+TD−(τ++τ− )]2/2τ 2

+ 2η(1 − η)θ2

√
2πτ 2

∫∫
dt dt ′|φ̃0(t + τ−, t ′ − τ−) + φ̃0(t ′ + τ−, t − τ−)|2e−(t+TD−τ+ )2/2τ 2

,

p12(TD, T ′
D) = θ2

2πτ 2

∫∫
dt dt ′|ηφ̃∗

0 (t + τ−, t ′ − τ−) − (1 − η)φ̃∗
0 (t ′ + τ−, t − τ−)|2e−(t+TD−τ+ )2/(2τ 2 )−(t ′+T ′

D−τ+ )2/(2τ 2 ), (B5)

where θ is the efficiency of each detector and other variables
have the same meaning as in the main text. In all four ex-
pressions, the mean delay τ+ serves only to determine the
time bin of the detected photons. The difference delay τ−,
however, affects the two-photon interference pattern seen in

p12. If the duration of the input state φ̃0 is much shorter than
the time resolution τ of the detector, then the exponentials
vary slowly over the extent of the integral so that we obtain
the approximate probabilities

p0 = (1 − θ )2,

p1(TD) = θ (1 − θ )√
2πτ 2

[(1 − η)e−[TD−(τ+−τ− )]2/2τ 2 + ηe−[TD−(τ++τ− )]2/2τ 2
]
∫∫

dt dt ′|φ̃0(t, t ′)|2

+ 2η(1 − η)θ2

√
2πτ 2

e−(TD−τ+ )2/2τ 2
∫∫

dt dt ′|φ̃0(t + τ−, t ′ − τ−) + φ̃0(t ′ + τ−, t − τ−)|2,

p2(TD) = θ (1 − θ )√
2πτ 2

[ηe−[TD−(τ+−τ− )]2/2τ 2 + (1 − η)e−[TD−(τ++τ− )]2/2τ 2
]
∫∫

dt dt ′|φ̃0(t, t ′)|2

+ 2η(1 − η)θ2

√
2πτ 2

e−(TD−τ+ )2/2τ 2
∫∫

dt dt ′|φ̃0(t + τ−, t ′ − τ−) + φ̃0(t ′ + τ−, t − τ−)|2,

p12(TD, T ′
D) = θ2

2πτ 2
e−(TD−τ+ )2/2τ 2−(T ′

D−τ+ )2/2τ 2
H (τ−),

H (τ−) =
∫∫

dt dt ′|ηφ̃∗
0 (t + τ−, t ′ − τ−) − (1 − η)φ̃∗

0 (t ′ + τ−, t − τ−)|2. (B6)

Here the function H (τ−) encodes the HOM interference pattern.
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The estimation of the two unknown delays τ± is bounded
by the multiparameter classical Cramér-Rao bound

C � 1

n
F−1, (B7)

where the classical Fisher information matrix F plays a role
analogous to the CFI F used in single-parameter estimation.
As discussed in Ref. [13], the elements of F are related to the
probability functions in Eq. (B6) by

F i j = 1

p0

(
∂ p0

∂τi

)(
∂ p0

∂τ j

)
+

∫
TD

1

p1(TD)

(
∂ p1(TD)

∂τi

)

×
(

∂ p1(TD)

∂τ j

)
+

∫
TD

1

p2(TD)

(
∂ p2(TD)

∂τi

)(
∂ p2(TD)

∂τ j

)

+
∫∫

TDT ′
D

1

p12(TD, T ′
D)

(
∂ p12(TD, T ′

D)

∂τi

)

×
(

∂ p12(TD, T ′
D)

∂τ j

)
. (B8)

In this equation i and j take one of the values ±, analogous
to Eqs. (13). From Eq. (B6) we find

F++ = O(τ−2),

F+− = O(τ−2),

F−− = θ2

H (τ−)

(
∂H (τ−)

∂τ−

)2

+ O(τ−1). (B9)

Though the single-click probabilities p1 and p2 contain a
two-photon interference signal in the second term, due to the
reduced signal contrast, the contribution to the CFI matrix
is at a lower order of τ compared to the contribution from
the coincidence probability p12. The multiparameter CCRB
then bounds the variance of estimates of τ− by 〈�2τ−〉 �
F−− − F2

+−/F++, similar to Eq. (6) for the multiparameter
QCRB. From the matrix elements above, the bound is

〈�2τ−〉 � θ2

H (τ−)

(
∂H (τ−)

∂τ−

)2

+ O(τ−1). (B10)

Identifying θ2H (τ−) with the coincidence probability (20),
the multiparameter CCRB agrees with the single-parameter
bound of Eq. (2) to lowest order in the detector time
resolution τ .

In many photodetectors the slow time resolution is due
primarily to the electronic response time, rather than being
related to some intrinsic detector bandwidth, as was assumed
in this model. An electronic time response may be included
by convolving the probabilities in Eq. (B6) with an additional
Gaussian describing the electronic time response. If the elec-
tronic response time is τe, then the outcome probabilities of
the combined system will have the same form as Eq. (B6) but
with the parameter τ replaced by

√
τ 2 + τ 2

e . The results of this
Appendix are still applicable to this more general situation,
with the τ now representing an effective time resolution of
both the detector and related electronics.
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