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We study the disentanglement dynamics of two giant atoms coupled to a common one-dimensional waveguide.
We focus on the non-Markovian retarded effect in the disentanglement of the two giant atoms by taking the
photon transmission time into account. By solving the time-delayed equations of motion for the probability
amplitudes, we obtain the evolution of the entanglement of the two giant atoms, which are initially in the max-
imally entangled states in the single-excitation space. It is found that the retardation-induced non-Markovianity
leads to nonexponential decay and revivals of entanglement. Concretely, we consider separate-, braided-, and
nested-coupling configurations, and find that the disentanglement dynamics in these configurations exhibits
different features. We demonstrate that the steady-state entanglement depends on the time delay under certain
conditions in these three coupling configurations. We also study the dependence of the disentanglement of
the two giant atoms on both the detuning effect and the initial-state phase effect. In addition, we consider the
disentanglement dynamics of the two giant atoms, which are initially in the state superposed by zero-excitation
and two-excitation components. This work will pave the way for the generation of stationary entanglement
between two giant atoms, which may have potential applications in the construction of large-scale quantum

networks based on the giant-atom waveguide-QED systems.
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I. INTRODUCTION

Quantum entanglement [1-3], as an important physical
resource for quantum technology, plays a critical role in both
the fundamental quantum theory and quantum information
science. A lot of theoretical and experimental schemes were
proposed to generate quantum entanglement in various quan-
tum systems, such as atom-cavity systems [4—7], trapped ion
systems [8,9], quantum dots [10,11], and superconduction
qubits [12—-14]. Waveguide quantum electrodynamics (QED)
systems, as promising candidates for generating entanglement
between distant atoms, attracted much attention in recent
years [14-16]. Many interesting phenomena were found in
waveguide-QED systems, including the few-photon transport
[17-27], the spontaneous entanglement generation [28-32],
the creation of the super and subradiant states [33-35], and the
long-distance entanglement between remote atoms [36,37].
Therefore, the waveguides can be used as excellent platforms
for constructing large-scale quantum networks [38] and for
implementing quantum information processing [39,40].

In most previous schemes for generating entanglement in
waveguide-QED systems, the atoms were typically consid-
ered as point-like objects, and hence the dipole approximation
was usually used [41]. In recent years, giant atoms as
a new research field gained increasing attention from the
peers of quantum optics [42]. In general, the giant atoms
were coupled to a waveguide at multiple points. So far,
many theoretical giant-atom schemes were proposed [43-73],
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with many interesting findings including frequency-dependent
Lamb shifts and relaxation [43], nonexponential atomic de-
cay [44,51,55,66,78], decoherence-free coupling between two
braided giant atoms [45,53,54,65,71], the formation of bound
states [50,52,58,60,64,72], and the single-photon scattering
[52,56,59,62,63,67]. Owing to the advancement of modern
quantum technology, the giant atoms were realized in various
experimental platforms [74—82] via coupling the supercon-
ducting qubits to the surface acoustic waves (SAWSs) or
microwave waveguides.

It was reported in previous investigations that the nonnegli-
gible non-Markovian retarded effect can modify the dynamics
of the system, such as the spontaneous emission of a single
atom in front of a mirror [83-85], the giant atom decay in cou-
pled waveguide arrays [55,72], the collective radiation from
two separate small atoms [86,87] or giant atoms [88], and
the single-photon nonreciprocal excitation transfer between
emitters in waveguide-QED systems [61]. Meanwhile, the dis-
entanglement dynamics with non-Markovian effect was also
studied in a two-qubit system [89-93]. However, for the giant
atoms coupled to a waveguide at multiple coupling points,
how the striking interference and the retardation-induced non-
Markovianity jointly affect the disentanglement dynamics of
two atoms remains an unknown and interesting topic. Note
that the disentanglement dynamics of two small atoms cou-
pled to various environments was studied and interesting
effects were found in these systems [94-99], such as entan-
glement sudden death and entanglement collapse and revival.

In this paper, we study the disentanglement dynamics of
two giant atoms coupled to a common waveguide. Here, the
two giant atoms are initially in maximally entangled states.
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We show that the nonnegligible non-Markovian effect can
give rise to nonexponential decay and revivals of entan-
glement in the double-giant-atom waveguide-QED system,
where each giant atom interacts with the waveguide at two
separate coupling points. The different arrangement of the
coupling points gives three different coupling configurations:
the separate, braided, and nested couplings [45]. We find that
the changes of the phase shift, the time delay, the atomic initial
state, and the coupling configurations can lead to the transition
from the exponential decay or nonexponential decay of the
entanglement to the steady-steady entanglement. By restoring
to the final-value theorem [100], we obtain the steady-state
entanglement between the two giant atoms, which depends on
the time delay and the different coupling configurations. In
addition, by introducing the Dicke symmetric and antisym-
metric states in the cases of separate and braided giant atoms,
we find that the equations of motion for the amplitudes of the
Dicke states are decoupled. Particularly, for the two atoms ini-
tially in the symmetric state, the disentanglement dynamics is
governed by the same equation for the amplitude of the sym-
metric state. The effect of the frequency detuning of the giant
atoms on the disentanglement dynamics is also analyzed. In
the cases of the braided and nested coupling configurations,
the disentanglement dynamics between the two giant atoms
can exhibit different features from small atoms. For a general
entangled state with a phase, we obtain the dependence of the
steady-state entanglement on the phase. Finally, we show that
the steady-state entanglement can be obtained by numerically
solving the time-delayed quantum master equation when the
two giant atoms are initially in the state superposed by zero-
excitation and two-excitation components.

The rest of this paper is organized as follows. In Sec. II,
we introduce the physical system for two giant atoms cou-
pled to a common waveguide and present the Hamiltonian. In
Sec. III, we study the influence of the phase shift, the time
delay, and the coupling configurations on the disentanglement
dynamics of two giant atoms in the single-excitation subspace.
In Sec. IV, we present some analysis on the disentanglement
dynamics of two giant atoms with different transition frequen-
cies. In Sec. V, we consider the case, where the two giant
atoms are initially in a general entangled state with a phase
in the single-excitation subspace. In Sec. VI, we study the
disentanglement dynamics of the giant atoms starting in the
state with two-atom ground-state and excited-state compo-
nents. Finally, we present a brief discussion and conclusion
in Sec. VIIL

II. SYSTEM AND HAMILTONIANS

We start by considering a two-giant-atom waveguide-QED
system, in which each giant atom couples to a common
waveguide through two separate coupling points. According
to the different coupling arrangement of the two giant atoms
with the waveguide, there exist three coupling configurations
[45]: the separate, braided, and nested couplings, as shown
in Figs. 1(a) to 1(c). The coordinates of the coupling points
are denoted by x;,, with j = a, b marking the giant atom and
n = 1, 2 representing the coupling points. In the rotating-wave
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FIG. 1. Schematic of the two-giant-atom waveguide-QED sys-
tems. The two giant atoms, labeled a and b, are coupled to a
waveguide through the (a) separate-, (b) braided-, and (c) nested-
coupling configurations. In all panels, the two giant atoms are
initially prepared in various entangled states.

approximation, the Hamiltonian of the system reads (% = 1)
A = iv, [ dxtjo-eat)
= —iv XCp(x)—Cr(x
4 R ox R

. . 0, o
+zvg/dxc2(x)£q(x)+ Z a)jafaj

j=a,b

+ Z Z Z /dxgjna(x—xjn)[a;(x)a; +Hel,

o=L,R j=a,bn=1,2
ey

where v, is the group velocity of the photons propagating in
the waveguides. The operators ¢g(x) [éﬁ(x)] and ¢7.(x) [éz )]
are the field operators describing the annihilation (creation)
of a right- and left-propagating photon at position x in the
waveguide, respectively. The éj+ = |e);;{gl and 61._ =g) el
are the raising and lowering operators of the giant atom j = a,
b, respectively, and w; is the transition frequency between the
excited state |e); and ground state |g) ;. The §(x) is the Dirac
delta function and g, is the coupling strength related to the
coupling point xj,,.

To investigate the dynamics of the two giant atoms, we
present the expression of the Hamiltonian in the momentum
space. According to the method used in Ref. [19], we intro-
duce the Fourier transformation

CR() =Y €™ () =Y et ()
kR kL

for the operators ¢z (x) and ¢, (x). Note that we use the summa-
tion of the wave vector kg and k;, in Eq. (2) for the convenience
of our analysis. In later calculations, we will replace the
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summation of kg and k; with their integral. The operator
Cr, (Cr,) in Eq. (2) denotes the annihilation operator for
the right (left)-propagating photon with wave vector kg(>
0) [kr(< 0)] and frequency wy, = Ugkg (wr, = —vgky). If we
are interested in a narrow bandwidth in the vicinity of w;, the
range of kg and k; can be extended to (—oo, 00), then the
Hamiltonian in Eq. (1) can be written as

E a)]o U +E a)kckck

j=a,b

+D 03 Y (gas) et + He). 3)

k j=a,bn=1,2

For simplicity, we assume that the coupling strengths at each
coupling point are equal to g in Eq. (3).

III. DISENTANGLEMENT DYNAMICS OF THE TWO
GIANT ATOMS IN THE SINGLE-EXCITATION SUBSPACE

In this section, we investigate the disentanglement dynam-
ics of two giant atoms coupled to a common waveguide. In
particular, we consider three different coupling configurations
of the two giant atoms interacting with the waveguide. To this
end, we first derive the equations of motion for the probability
amplitudes of the giant atoms.

A. Equations of motion for the probability amplitudes
of the giant atoms

Since the total excitation number operator N =
> j=a,b &j”’ +>,¢ ckck is a conserved quantity, then a
general state in the single-excitation subspace of the system
can be expressed as

> cit)e 6 HIG) +

j=a,b

(1)) = §jwawﬂwf‘ G), 4

where |G) represents the state in which the waveguide is
in a vacuum state and the giant atoms are in their ground
state. The c;(t) is the probability amplitude of the atom
Jj, and u(t) denotes the single-photon probability ampli-
tude of the mode ¢, which satisfy the normalized condition
ijayb le;()? + Y, lux(t)]* = 1. Based on the Schrodinger
equation i0|\W(t))/0t = H|W(1)), we obtain the equations of
motion for these probability amplitudes

éa(t) = — lZ guk(t)(eik""‘ + eikxuz )e—i(wk—w“)r’
k

C"/,(l‘) = — iZ guk(t)(e”‘x”‘ + eikx;,z )e*i(wkfwb)t’
k

e*iksz )ei(wkfw,-)t. (5)

(t) =—i Y gej(t)e ™ +

j=a,b

The formal solution of u;(¢) can be obtained as

we(t) = —i Z f gcj(t )(e—zkle +e—lkx/2)el(wk )t dt

j=a,b
(6)
where we assume that u; (0) = 0, which means that the waveg-
uide is initially in a vacuum state. We now introduce the

relations

Y, a(t) = e, (7
where § = (w, — wp)/2 is defined as the frequency detuning
and meanwhile we introduce the mean frequency wy = (@, +
wp)/2. Using the Wigner-Weisskopf approximation [101]
and assuming wy ~ wy + v = wg + (k — ko)v, [18], with kg
(vg) being the wave vector (group velocity) of the field at
frequency wy, we can obtain the time-delayed differential
equations of the probability amplitudes as

Ca(t) = Cu(t)e

Eut) = —yéa(t) — i88,(t) — yeieéméa(t —110(r —1\”)
(an,brr)
dan n )

Z eO(a"b”) t(gan bn' ))(")(f ¢

nn:12

)

(8a)
o - o i )
Ept) = —y (1) +i88y(1) — ye' &y(t — 1O (r — 1)

Y nlanbn’y b’
_ E Z 6190 Ca(t _ ttgun bn ))®( td(an bn' ))’

n,n'=1,2

(8b)

where ®(¢) is the Heaviside step function and y = 4w g*/ Vg
is the atomic spontaneous emission rate. Note that in the
derivation of Egs. (8a) and (8b), we consider the case of
the weak-coupling regime, which is a common strategy that
was used in many previous studies of small atoms [83—85]
and giant atoms [50,61,66]. We would like to point out that
the ultrastrong coupling in giant atoms may be an interesting
topic for future research [102—104]. In addition, in Eqgs. (8a)
and (8b) we neglect the internal dissipation of the giant
atoms by assuming it is much weaker than the spontaneous
emission rate, which is a standard approximation used in
most of the current theoretical works [43-45,47,50-56,58—
65,67,68]. Meanwhile, this approximation is also reasonable
in the platform of the superconducting qubits since the life-
time of the excited state is much longer than the timescale for
the coherence processes of the system. In Egs. (8a) and (8b),

we introduce the accumulated phase shift 95’ ) = kolxj1 — xj2]
O™ = ko|Xan — Xpw|) and the time delay ) = |x;; —
xja|/vg (13 £ — | xn — Xow | /v,) of photons propagating be-

tween the inner (any two) coupling points of each giant atom
(two giant atoms).

The first term at the right-hand side of Egs. (8a) and (8b)
corresponds to the typical spontaneous emission of a two-level
atom with a damping rate 2y. The second term is caused by
the frequency detuning of the two giant atoms. The third term
describes the process that the emitted photon is reabsorbed by
the giant atom j itself at times t > ttgj ) due to the existence
of two coupling points. The second line in Egs. (8a) and (8b)
indicates that the giant atom is reexcited by the other one when
t > tg(l”" ") Due to the existence of multiple coupling points
of the giant atoms, quantum interference plays an important
role in the system, and more complicated reemissions and
reabsorptions of photons take place. Moreover, if the propa-
gating times 7\ and 1" ") are nonnegligible compared to the
lifetime of the giant atoms the non-Markovian retarded effect
should be taken into account. Then the system will exhibit
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some non-Markovian features different from the Markovian
case.

B. Reduced density matrix and concurrence
of the two giant atoms

To characterize the quantum entanglement, we adopt the
concurrence to quantitively measure quantum entanglement
between the two giant atoms [105]. For simplicity, we assume
that the distances between adjacent coupling points are equal
to d with corresponding phase shift 6y = kod. In the bases of
{le}ale)s, [€)alg)p, 18)ale)s, 18)alg)s}, the reduced density ma-
trix of the two giant atoms in state (4) is given by

0 0 0 0
0 [&®F  0)E) 0

p(t)= o n N )
0 @) @)l 0

0 0 0 —[e.)P—1ep ()]

€))

where ¢, (1) and ¢, (¢) are introduced in Eq. (4). For the density
matrix p(t), the concurrence can be calculated as

C(t) = 2[ca(t)cy(1)]. (10)

The expressions of &,(t) and &,(¢) can be obtained by
solving Egs. (8a) and (8b) under the initial condition, and
then the concurrence C(z) can be calculated by Eq. (10).
Further, we can study the effect of the phase shift, the time
delay, and the coupling configurations on the disentanglement
dynamics of the two giant atoms. In the single-excitation case,
the two giant atoms can be assumed in a general entangled
state V), = (le)alg)s + €]2)ale)s)/~/2. However, for sim-
plicity, we first consider the case of the phase ¢ = 0 and r,
which corresponds to the symmetric and antisymmetric states
|I£) = (le)alg)p £ |g)a|e)b)/\/§, respectively. The influence of
the phase ¢ will be discussed in detail in Sec. V. Accord-
ingly, the equations of motion for the probability amplitudes
in Egs. (8a) and (8a) can be reexpressed with the variables
(1) = [E,(t) + &()]/v/2 and a_(1) = [E4(1) — &(0)]/V/2,
where o () and «_(¢) are the amplitudes of the symmetric
and antisymmetric states, respectively. In the following, we
will investigate the disentanglement dynamics of the two giant
atoms in three different coupling configurations.

C. Disentanglement dynamics of the two separate giant atoms

We first consider the case of two separate giant atoms,
as shown in Fig. 1(a). Based on Eqgs. (8a) and (8b), the
equations of motion for the amplitudes of the symmetric and
antisymmetric states can be obtained as

() = —ya@0) = i5a' (1) = 3 W AS) AL
- gAgsl’ (11a)

(1) = —ya® () — isaP 1) — A<S> +yAS)
+ %A@—f (11b)

P

10
20
0o/ ~t

0

0o/ ~t

FIG. 2. Concurrences Cf) as functions of the evolution time y¢
and the phase shift 6, at different values of the time delay yt;. The
left and right columns correspond to the initial symmetric state |+)
and antisymmetric state |—), respectively. The time delay yt, =0,
0.8, and oo are set in panels (a), (b), (c), (d), and (e), (f), respectively.

where A®)=e" o (r — 1d/v,)O(t—1d /v,) with | = 1,2,

and 3. Here the superscript S represents the separate-coupling
configuration, while the subscripts / and =+ are used to denote
the time delay /tz; and the atomic initial state, respectively.
For simplicity, we start by considering the case where the
two giant atoms have the same transition frequency, i.e.,
86 = w, — wp = 0. Then, it can be seen from Eqgs. (11a) and
(11b) that the equations of motion for the amplitudes af )(t)
are decoupled from each other.

Based on Eqs (1 la) and (11b), the corresponding Laplace
transforms of ozi (t) in the case of § = 0 can be obtained as

)
- a:’(0)
a(s) = ——, (12)
s+ yYy
with
Y =143 + % + 1%,
YO =141 — e — 1. (13)

In Eq. (13), we introduce the phase 6 = iy — st,.

To see the effect of the phase shift 6, and the initial state
of the two atoms on the dlsentanglement dynamics, we plot in
Fig. 2 the concurrences Ci as functions of the evolution time
yt and 6y when y1, takes different values. The left and right
columns in Fig. 2 correspond to the symmetric [af)(O) =1]
and antisymmetric [a&”(O) = 1] initial states of the atoms,
respectively. For the two states, the concurrences are given
by C¥(1) = [P (1) and C®(1) = |« (1)]?, respectively.
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It can be found from Figs. 2(a) and 2(b) that, when the time
delay yt; =0, the dynamics of the concurrences Cf ) are
jointly determined by the phase shift and the initial condi-
tion. In Fig. 2(a), the concurrence remains its initial value,
ie., C(S)(t) |oe(5)(0)|2 = 1 as time goes at both 6y = (m +
1/2)mr and (2m + 1)z for an integer m. When the two atoms
are initially in the state |—), the concurrence keeps unchanged
[C®() = 1«®(0))2 = 1] at 6y = m. For other values of 6y,
both the concurrences Cf ) exhibit exponentially decays with
time. To explain this phenomenon, we substitute /r; — 0 into
Egs. (11a) and (11b) and obtain

o) = -

() = —y

( + el&g +62100 + 163190)(1(5)([),

(1 + 1 100 _ 62190 _ %63190)0!(_5)0)_

(14a)
(14b)

The effective decay rates in Eqgs. (14a) and (14a)
depend on 6y, and hence the amplitudes will be
modulated by quantum interference. Substituting 6y = 2m,
2m+ ), and (m+ 1/2)r into Eqs. (14a) and (14b),
we obtain o:+)(t) = 4yaf)(t) and o’t(_S)(t) =0 for
0 =2mm, aP@)=a®@)=0 for 6= @m+ ),

<S>(t) = lyotf)(t) and  a®@)=—-Q2+iya® @)
for 6p=Q@m+1/2)r, and &) =iyaP () and
d(_s)(t) = -2 —)ya® @) for6y = 2m + 3/2)7. Therefore,
it can be found that the concurrence Cf)(t) exhibits an
exponential decay at a rate 8y, and c® @) preserves the
initial entanglement C*’(0) =1 when 6y =2mm. Both
the Cf)(t) and C(_S)(t) remain in the initial entanglement
when 6y = (2m + 1)r. In addition to 6y = (2m + 1)z, the
concurrence Cf) can also preserve the initial entanglement at
= (m + 1/2)m because the amplitude af)(t) only evolves
over time with either a phase —yr for ) = 2m + 1/2)
or a phase yt for 6y = (2m + 3/2)m, which will not affect
the value of the entanglement. These analyses confirm the
numerical simulations in Figs. 2(a) and 2(b).

As the time delay increases to yt; ~ 1, as shown in
Figs. 2(c) and 2(d) for yt; = 0.8, we see that both the con-
currences C +S ’ and C*® exhibit exponential decays at a rate
2y within ¢ € (0, t;), in which the non-Markovian effect is
absent. Once ¢ > t;4, the time-delay-induced non-Markovian
effect begins to work such that the dynamics of the con-
currences Cf) are modified. For 6y # 2m + 1) (6y # mm),
the concurrence Cf) (C®) exhibits an oscillating decay
process when t > t;. The revival peaks and the oscillat-
ing amplitudes of the concurrence are different for different
values of 6y and atomic initial states. However, it can be
found that, for 6y = 2m + 1) (6y = mm), the concurrence
Cfrs) (C%)) can reach a steady-state value after experienc-
ing a period of oscillation when ¢ > ;. This means that by
choosing 6y = 2m + 1) (6p = mm) corresponding to the
symmetric (antisymmetric) atomic initial state, we can ob-
tain a subradiant state [33], which gives rise to steady-state
entanglement.

To see clearly the dependence of the stationary entangle-
ment on the atomic initial state, the phase shift, as well as
the time delay, we need to know the long-time expression of
these probability amplitudes, which can be obtained with the

final-value theorem [100]

aP(t — o00) = lim[soti)(s)] (15)

Substituting Eq. (12) into Eq. (15), we obtain the relations 1 +
%eieo + et 4 %631‘00 =0 and 1+ %eiﬁo _ Qi _ %e3i"° -0
for the states |+) and |—), respectively. The solutions deter-
mined by the two conditions are given by 6y = (2m + 1)m (for
[+)) and 68y = 2mm or 8y = (2m + 1) (for | —)), respectively.
The steady-state entanglements are obtained as

1
CO1 — o0) = T 0= 2m+ Dm, (16a)
d
1
— L =2mmr,
C9( - 00) = “*jy’“z (16b)

Equations (16a) and (16b) indicate that the concurrences

(S)(t) between the two atoms can approach stationary val-
ues when the above conditions for the phase shift 6, are
satisfied. Interestingly, these stationary values only depend
on the time delay y¢;. When 6y = (2m + 1)m, we find that
the concurrences Cf )(t) are characterized by the identical
stationary value 1/(1 4+ yt,)>. However, for 6y = 2mm, we
observe that there is only a steady-state value 1/(1 + 3yt;)?
for C(_S)(t), which confirms our numerical simulations in
Figs. 2(a) to 2(d). In addition, Eq. (16b) implies that when
the two separate giant atoms are initially in the antisymmetric
state, the steady-state entanglement can appear at 6y = 2mm
and (2m + 1), while for small atoms, it can only appear at
6y = 2m.

Figures 2(e) and 2(f) show the concurrences Cf ) versus yt
and 6y when the time delay yf; — oo. In this situation, the
photons emitted by the giant atoms in the waveguide cannot
be reabsorbed by the atoms. Therefore, we observe that both

) and C* exhibit an exponential decay at a decay rate 2y
as tlme increases and they are independent of 6.

In the following, we investigate the influence of the time
delay yt; on the concurrences C(is) at different values of the
phase shift 6. For 8y = 2mm, as shown in Figs. 3(a) and 3(b),
both Cj_s) and C® exhibit many revival peaks and the distance
between the peaks increases with the increase of yt;, which
indicates that the non-Markovian retarded effect works in this
case. Nevertheless, the Cf) cannot preserve a steady-state

value after experiencing an oscillating decay while the c®
can approach to a stationary value 1/(1 + yt;)*. In Figs. 3(c)
and 3(d), we take the phase shift 6, = 7 /2 and find that the
Cf) can hold a fairly large value when yf; < 1. As yt,
increases further to yt; ~ 1, Cf) is characterized by a fast
oscillating decay process. For the concurrence %, as shown
in Fig. 3(d), the c® decays fast to zero when y#; < 1. As
yty further increases to approach or even larger than 1, one
can observe some revival oscillating peaks induced by the
non-Markovian retarded effect.

According to Egs. (16a) and (16b), we know that the
concurrences Ci) share the same steady-state value when

= (2m + 1)mr. Figures 3(e) and 3(f) show that C(is) even-
tually approaches an equal value after experiencing different
initial oscillations, which confirms the results derived from
the final-value theorem. Figure 3(g) shows the steady-state
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Yta

FIG. 3. (a)—(f) Concurrences Cf) as functions of the evolution
time yt and the time delay yt; at different values of 6,. The left and
right columns correspond to the states |+) and |—), respectively. The
parameters 6, = 0, 7 /2, and 7 are set for panels (a), (b), (c), (d), and
(e), (f) respectively. (g) The steady-state concurrences Cf )(t — 00)
as functions of the time delay yz, when 6, takes different values.

concurrences Cf )(t — 00) as functions of the time delay

yt; when 6, takes different values. It can be found that the
steady-state value of C(_S)(t) at 6y = 2mm is less than and
decreases faster than that of C(,S)(t) at 8y = 2m + 1)x for an
integer m.

D. Disentanglement dynamics of the two braided giant atoms

For the case of two braided giant atoms [Fig. 1(b)], the
equations of motion for the amplitudes of the symmetric and
antisymmetric states are given by

3y

14
—yagL ¥ LAy, an

2

where A;Q =" P(t — 1d /v,)O(t — Id /vy), with the su-
perscript B representing the braided-coupling configuration.
By comparing Eq. (11a) with Eq. (17), we find that the
equations of motion for the symmetric amplitudes af)(t) and

ocf)(t) have the same form. For the case of § = 0, it can be
seen from Eq. (17) that there is a phase difference = between
the equations of motion for the amplitudes af)(t) and a(,B)(t).
According to Eq. (17), the Laplace transform of ozf )(t) can be
obtained as

(B)
. s (0)
ozf)(s) =+ Ok (18)
s+yYy
with
Y =1£36" +e% £ LY. (19)

Based on Eqs. (15) and (18), the steady-state concurrences
for the atoms initially in states |4) can be obtained by using
the final-value theorem

CPt —>00)=——, G=0CQm+ D, (20a)
* (A +yta)*
1
CP(t —» 00) = ——, 69 =2mm. (20b)
(14 yta)

Comparing Eq. (20b) with Eq. (16a), we find that, the two
giant atoms in both the separate and braided couplings have
equal steady-state entanglement when the two atoms are ini-
tially in the symmetric state and have the phase shift 6y =
(2m 4+ 1)m. This confirms our analysis concerning the equa-
tions of motion for the amplitudes af)(t) and af)(t). Since
the amplitude ozf)(t) has the identical time evolution with

af)(t ), below we only focus on the antisymmetric-initial-state
case in which the two atoms are initially in the antisymmetric
state |—).

In Figs. 4(a), 4(c), and 4(e), we show the concurrence c®
versus the evolution time yt and the phase shift 6y, when the
time delay is taken as yt; = 0, 0.8, and oo, respectively. It
can be seen from Fig. 4(a) that, when the atomic initial state
is antisymmetric, the concurrence remains the initial value
c®)=1a®0)2 =1 at 6y = 2mr and (m+ 1/2)7. On
the contrary, the concurrence exhibits an exponential decay
when 6y # m /2. If the time-retarded effect is negligible, i.e.,
It; — 0, then, for the antisymmetric state, Eq. (17) is reduced
to

¢P0) = —y(1- 3" + % — 2@ @D

Substituting 6y = 2mmr and (m + 1/2)m into Eq. (21), we
have ¢®(t) =0 for 6y = 2mn, a® () = —4ya® @) for
6o = 2m~+ D, ¢® @) = iya® () for 2m + 1/2)7, and
d@(t) = —iya@(t) for (2m + 3/2)m. Therefore, it can be
seen that the concurrence C8 )(t) preserves the initial entan-
glement for 6y = 2mr and behaves as an exponential decay at
adecay rate 8y for 8y = (2m + 1)m. The concurrence can also
preserve the initial value c® (0)=1when6y = (m+ 1/2)m,
but the amplitude oz(_B)(t) evolves over time with either a
phase yt for 6p = 2m + 1/2) or a phase —yt for 6y =
2m+3/2)m.

In Fig. 4(c), we plot C® versus yt and 6y at yt; = 0.8,
which shows some features different from C® due to the
different coupling configurations. Since the time delay cannot
be neglected, the retardation-induced non-Markovianity leads
to the revival of some oscillating peaks. In particular, the
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1.4 20

bo/m i Yt

FIG. 4. The left column shows the concurrence C* as functions
of yt and 6, at given values of yz,. The right column shows the
C'® as functions of yr and y1, at given values of 6. The time delay
yts =0, 0.8, and oo are set in panels (a), (c), and (e), respectively.
The parameters 6y = 0, 77 /2, and 7 are set in panels (b), (d), and (f),
respectively.

C'® exhibits a fast nonexponential oscillating decay process
at 6y # 2msr. Note that the nonexponential oscillating decay
is weakened when 6y = (m + 1/2)m. When 6y = 2mm, the
steady-state entanglement can also be observed for the two
braided atoms, which is larger than that of the separate giant
atoms [Fig. 2(c)]. As the time delay further increases, the con-

J

currence C'? is also characterized by an exponential decay
[Fig. 4(e)], which can be exylalned by substituting It; — 00
into Eq. (17) to obtain a¢’(t) = ya@(t). This indicates
that the coupling configurations of the two giant atoms will
not affect the dynamics of the concurrence in the infinite time
delay It; — oo.
Figures 4(b), 4(d), and 4(f) show the concurrence c® a
a function of yt and yt; when 6y =0, 7 /2, and 7, respec-
tively. Comparing these with Figs. 3(b), 3(d), and 3(f), we
find that the dependence of the concurrence Cc® on yt and
yty is the same as that of Cf) at 6y = (m + 1/2)x. In addi-
tion, the C° B at 0y = 2mm [y = (2m + 1)m] also exhibits the
same dynamics as C( ) at 6y = 2m + 1) (6y = 2mzr). This
feature can be explalned based on the existence of a phase dif-
ference 7 between the equations of motion for the amplitudes
(B)(t) and a(s)(t) as shown in Eqs. (17) and (11a).

E. Disentanglement dynamics of the two nested giant atoms

We now turn to the case of two nested giant atoms
[Fig. 1(c)]. Considering the asymmetry of the equations of
motion for the probability amplitudes of the two atoms, here
we do not introduce the symmetric and antisymmetric states
to study the disentanglement dynamics. In this case, Egs. (8a)
and (8b) are reduced to

My = —(y +i8)cM ) — y ALY — v (AN + ATY)),
(22a)

V@) ==y —is)eV @) — y AY) — v (A + AT,
(22b)

where A“j) = ™M (t—1d Ju)O(t — 1d /v,) with | = 1,2,
and 3 and j = a, b. The superscript N represents the nested-
coupling configuration. According to Egs. (22a) and (22b) and
considering § = 0, we obtain the relations

EM)(s) = s+y(1—e*)
V2[y(s — y)e — y2e? +y(s+y)ef + (s + )2
~(N)( )= s+y(l —e —e¥ + %) 23)
V2[y(s — y)e¥ — 22 + y(s+y)ef + (s + )2
and
E(N)(S) _ s+ ]/(1 + 260 + 620)
“ V2[y(s = y)e¥ — 2% + y(s+y)e? + (s +y )]
_ 1 0 260 36
5(N)(S) — [5+V( +e’+e7 e )] (24)

V2[y(s — y)ed —y?

for the symmetric and antisymmetric cases, respectively.
In the following, we show that the steady-state val-
ues C(N)(t — 00) for the nested-coupling case can also

¥ +y(s+y)e +(s+y)2l

(

be obtained by using the final-value theorem. Accord-
ing to Eqs. (23) and (24) and utilizing cﬁ@l,b(leoo) -

lims_)o[séﬁ.N )(s)], the steady-state entanglement for the two
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nested giant atoms are calculated as
(L2101 + dytg)

c™M(t — o0) . 6= Q2m+ ),

242

(l +4yty + 2y td)
(252)

1 —
(e b = 2ma,

c™M(t - c0)= 25b
~ =) 6o = 2m + 1)r. (25b)

(l+4ytd+2yzlj)2 ’

Note that 8y = 2mm and 6y = (2m + 1)m are the solutions
of the condition 1 4 ¢/ — 2% _ @3i% —

Similarly, we study the dependence of Cj([N ) on yt and 6.
In the left and right columns of Fig. 5, the initial state of the
two atoms is assumed to be symmetric and antisymmetric,
respectively. From Figs. 5(a) and 5(b), we can observe that
the concurrence CJ(FN ) (C(_N )) preserves its initial value 1 when
6y = 2m + 1) (6y = mm) in the limit yz; — 0. By taking
yty = 0, Egs. (22a) and (22b) become

(M) = —y (1L + ™)) = y (@ + %)) o),

(26a)
M@y = —y (1 +e®)e™M(t) — y (e 4+ 20)c ™M (1)

(26b)
To remain the initial value of C (N), the phase shift 6, needs

to be taken as different values. If the phase shiftis 6y = (2m +
1), Eqgs. (26a) and (26b) are reduced to ¢ (1) = é5 (1) =

0, which means that the unchanged CEFN ) and €™ can be
observed in both the symmetric and antisymmetric states, as
shown in Figs. 5(a) and 5(b). However, when 6y = 2m, both
¢M(t) and ¢\ (¢) are governed by the same equation

M) = =2y (M) + V1), @7)

with j=a,b. If the two atoms are initially in the
antisymmetric state, the concurrence C™) retains its initial
cV)y=c™©0)=1. When 6= m+1/2)x,
the concurrence Cj[N )(t) can be obtained as CiN )(t) =
Aie " by solving Egs. (26a) and (26b) under the
initial condition, in which we introduce the modified
coefficients Ai = |(i + 2)[v/4 — 2isinhQyt+/—1 —2i) =
2cosh2yt/—1 — 2i) Fil/5].

By increasing the time delay to yf; ~ 1, the non-
Markovian retarded effect leads to some recovery oscillating
peaks after experiencing an exponential decay within yt €
(0, yt4), as shown in Figs. 5(c) and 5(d). In the long-time

value

limit, the concurrence CSFM approaches to a steady-state value
given in Eq. (25a) when 6y = (2m + 1), which implies
the appearance of a subradiant state [33]. For the concurrence
C™, the condition for the appearance of the subradiant state
is given by 6y = mm. However, the steady-state value of c™
at 6y = 2mm and 6y = (2m + 1)z is determined by different
expressions [see Eq. (25b)]. In Figs. 5(e) and 5(f), we find that
the disentanglement dynamics between the two nested giant
atoms exhibits the same exponential decay process as the pre-
vious coupling configurations with the time delay yt; — oco.
Therefore, the influence of the coupling configuration on the
disentanglement dynamics takes effect when the time delay is

Yta

FIG. 5. Concurrences C{" as functions of the evolution time ¢
and the time delay yt, at different values of ). The left and right
columns correspond to the states |+) and |—), respectively. The time
delay yt; =0, 0.8, and oo are set in panels (a), (b), (c), (d), and
(e), (), respectively. (g) The steady-state concurrences CiN Nt — 00)
versus the time delay yz, when 6, takes different values.

within an appropriate range, in which the two giant atoms can
be reexcited by each other and each giant atom can reabsorb
the photons radiated by itself.

For the nested coupling, we do not show the concurrences
Cj([N )(t) as functions of the time delay y¢; and the evolution

time yt since C(iN)(t) exhibit similar characteristics with Cf )

and Cf ) when y1, increases from 0 to yz; ~ 1. Instead, we
focus on the steady-state concurrence given in Eqs. (25a) and
(25b), in which the steady-state concurrences Cj(EN )(t — 00)
are different from C$(r — c0) [Eqgs. (16a) and (16b)] and
CP(t — o) [Eqgs. (20a) and (20b)] at 6y = 2m + 1)7. In
Fig. 5, we display the C{")(r — c0) given in Egs. (25a)
and (25b) as functions of yt; when 6, takes different val-
ues. Figure 5 shows that the steady-state concurrences in
Egs. (25a) and (25b) satisfy the relation CJ(FN )(00)90=(2m+1),, >
C(_N)(oo)g():gmﬂ >C(_N)(oo)90:(2m+1),,, where the value of
the subscript 6y is the condition for the appearance of
the steady-state value. In particular, the steady-state value
CSLN )(00)30:(2,”_»,_])7-[ is larger than those in the separate- and
braided-coupling configurations, which indicates that the
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TABLE I. Concurrence between the two giant atoms for three different coupling configurations. Here we assume that the two giant atoms
have the same transition frequency wy and are initially in either the symmetric or antisymmetric state with the maximal entanglement.

Phase shift 6,
Time delay Concurrence 2mz

Coupling configurations (m+1/2) Cm+ D)
: (S) 1
Two separate giant atoms yty >0 C'(00) 0 0 Tar
(S) 1 1
G (37102 0 a2
yta=0 ) et 1 1
c®) e 1
. . (B)
Two braided giant atoms yta >0 CP(00) 0 0 m
C®(c0) T 0 0
vty =0 CPr) et 1 1
C(,B)(l) 1 o8Vt
Two nested giant atoms yty >0 CﬂrN)(oo) 0 0 (1+2th)(1+4}’td;
(1+4y1y+29212)
C™M(00) L 0 (14+2y1)
(+y14)? (1+4ytd+2y2t3)2
vt =0 M) e B! Ape 1
c™@) 1 A_e 1

nested-coupling configuration is an optimal arrangement for
achieving large steady-state entanglement in the two-giant-
atom waveguide-QED system.

To clearly see the disentanglement dynamics between the
two giant atoms for three different coupling configurations,
we summarize in Table I the expression of the concurrence
in the considered cases under certain conditions. Based on
Table I, we know that the appearance of the steady-state en-
tanglement depends on the coupling configurations, the phase
shift, and the initial atomic state.

IV. EFFECT OF THE ATOMIC DETUNING
ON THE DISENTANGLEMENT DYNAMICS
OF THE TWO GIANT ATOMS

In Sec. III, we focus on the case where the two giant atoms
have the same transition frequency. Below, we consider that
there exists a frequency detuning § = w, — wp, between the
two giant atoms in three different coupling configurations. In
Fig. 6, we plot the concurrences c® 1), Cf ) (t),and CiN )(t) as
functions of y¢ when the detuning § takes various values. To
better show the effect of the detuning on the disentanglement
dynamics of the giant atoms, here we take a finite time delay.
It can be seen from Fig. 6(a) that the stationary value of the
concurrence C¥(¢) is quickly destroyed with the increase of
8 and that the C®'(¢) starts to exhibit oscillating decay. To
explain the mechanism behind this feature, we take yt; — 0
and substitute 8y = 2x into Eqgs. (14a) and (14b) to obtain

a¥(0) = —isa® (1) — 4yaP 1), (282)
a®(r) = —isa'd (). (28b)

From Eqgs. (28a) and (28b), we find that the coupling be-
tween the states |+) and |—) is induced by the frequency
detuning 8. Therefore, the states |+) and |—) will exchange
the population. For the symmetric state |+), there exists an
additional dissipation channel with decay rate 4y due to the

coupling of the giant atoms to the continuous field modes
in the waveguide. When §/y < 4, the concurrence c® @)
exhibits a monotonic decreasing behavior [see the green

FIG. 6. (a)—(c) Concurrences C(_S)(t), CiB)(t), and Cer)(t) versus
the evolution time y¢ when §/y takes different values. In panel (a),
we take 6y = . In panels (b) and (c), we take 6y = 7 /2. In all panels,
the time delay is yz, = 0.03.
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dashed and the blue dash-dotted curves in Fig. 6(a)]. This
is because the speed of the population exchange between
the states |+) and |—) is smaller than the decay rate of the
state |+), and then the population in the state |+) cannot
be transferred to the state |—). However, when 6/y > 4, the
population in the state |[4+) can come back to the state |—), and
then the concurrence C**(¢) is characterized by an oscillating
decay.

For the braided-coupling case, we can show that the ampli-
tudes af )(t) have the same time evolution with ozf )(t) given
in Egs. (28a) and (28b) by substituting 6y = 2 into Eq. (17).
It was shown in Ref. [45] that for 6y = /2, there exist
vanished individual decays for the two braided giant atoms
and a nonzero exchanging interaction (called the decoherence-
free interaction [45]) between them. Therefore, we show the
concurrence CfrB )(t) in Fig. 6(b) as a function of yt at given
values of 6/y when 6y = 7w /2. The equations of motion for
the amplitudes oz(f)(t) atfy = /2 and yt; — 0 become

df)([) = —iSaEB)(t) — iyot(f)(l), (292)
a® ) = —isaP (1) + iya® (). (29b)

By solving Egs. (29a) and (29b) under the initial condition
[oef)(O) =1lor oe(_B)(O) = 1], the concurrence can be obtained
as

VIy? + 82 cos(2Q1)? + 82Q2 sin>(21)
QZ

where we introduce Q = /y2 + §2. According to Egs. (29a),
(29a), and (30), it can be found that the concurrences C%(z)
can preserve their initial value when § = 0, which is con-
sistent with our previous analysis. However, when § # 0,
the initially occupied state |+) (]—)) exchanges energy with
the state |—) (|+)). Since there is no additional dissipation
channel for the states |£), and hence the concurrences Cf;(t)

undergo periodic oscillations with a period 7 /+/y?% + §2. Fig-
ure 6(b) shows that the oscillation period of the concurrence
Cf () increases with the increase of §. In particular, the energy
exchange between the states |[+) (|—)) and |—) (|+)) can reach
the maximum when §/y = 1.

In the case of nested giant atoms, the amplitudes aﬁ_LN)(t)
also have the same time evolution with oe(is )(t) described by
Eqgs. (28a) and (28b) when we take 6yp = 27 in Egs. (22a)
and (22b). Figure 6(c) shows the concurrence Cf (t) as a
function of yt when § takes different values and 6y = 7 /2.
Considering the time delay yt; — 0, Egs. (22a) and (22b) are
reduced to

) =

. (30)

&M@y = —[y +i(6 — IEM @) — iyeM () + v @),

(31a)
Ny = —[y —i(s — NEM @) — iy (@) + ye).
(31b)

If we further consider the condition §/y =1, then
Egs. (31a) and (31b) become

aM @) = —isa(1), (32a)
™) = =28a™ @) — isa™ (1), (32b)

b
(a) 1()

1 10 1 10
2 20 2 20

o/ yt o/ vt

FIG. 7. Concurrences (a), (b) C\, (c), (d) €, and (e), (f)
CiN) as functions of the evolution time y¢ and the phase ¢ when
the two giant atoms are initially in the state |Y¥). = (le),|g)» +
e?|g), |e);,)/ﬁ. The left and right columns correspond to the phase
6o = 2 and 7, respectively. In all panels, we take yz;, = 0.3.

where we introduce the symmetric and antisymmetric am-
plitudes oV (t) = [¢M)(r) + E;N )(t)]/+/2 for the two nested
giant atoms. Equations (32a) and (32b) indicate that the am-
plitudes a(iN)(t) are decoupled from each other, and hence
the concurrence Cf () can still preserve its initial value even
when there exists the frequency detuning between the two
nested giant atoms [see the orange dashed curve in Fig. 6],
while this feature does not exist for small atoms. When the
nested giant atoms are initially in the antisymmetric state |—),
the concurrence CY (¢) will exhibit exponentially decays with
time at a rate 25. These results indicate that the frequency
detuning of the giant atoms can also play an important role in
the manipulation of quantum entanglement between the two
giant atoms.

V. EFFECT OF THE INITIAL-STATE SUPERPOSITION
PHASE ¢ ON THE DISENTANGLEMENT
DYNAMICS OF THE TWO GIANT ATOMS
IN THE SINGLE-EXCITATION SPACE

In Secs. III and IV, we focus on the disentanglement dy-
namics of the two giant atoms starting in the symmetric and
antisymmetric states. We next study the disentanglement dy-
namics of the two giant atoms in a general pure entangled state
1Y)+ = (€)alg)s + €?1g)ale)s)/v/2 in the single-excitation
space. As shown in Figs. 7(a) and 7(b), we plot the concur-
rence Cf) as a function of yr and ¢ when 6y = 27 and 7,
respectively. From Fig. 2(a), we can see that the steady-state
entanglement monotonically increases with ¢ € [0, 7] and
decreases with ¢ € [x, 2] when 6y = 2. However, when
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we take 6y = m, the steady-state entanglement becomes ¢ in-
dependent. By using the final-value theorem, the dependence
of the steady-state entanglement on the phase ¢ at 6y = 2mm
can be obtained as

1 —cos¢

) ___—cose
=) = Sy

0o =2mm.  (33)

Equation (33) indicates that when ¢ = m, the stationary value
of the concurrence Cf) (¢) can reach the maximal value, which
is consistent with the numerical results in Fig. 7(a).

To see the effect of the phase ¢ on the disentanglement
dynamics of two braided giant atoms, in Figs. 7(c) and 7(d) we
plot the concurrence Cf) as a function of yt and ¢ when 6, =
2 and 7, respectively. Different from the separate case, here
we find that the steady-state entanglement at 8y = 27 and 7
are both ¢ dependent. By resorting to the final-value theorem,
we obtain the ¢-dependent steady-state entanglement as

14 cos¢
Bt =—— " f=CQm+ D, 34
Pt = 00 = 57 = @m (4
CBG ooy L2 o (34b)
* T2 4y T

Equation (34a) indicates that the concurrence C(f ) can
reach the maximal stationary value given by Eq. (20a) when
¢ = 0 and 27, which corresponds to the initial state |+) of
the two giant atoms. However, according to Eq. (34b), the
maximal stationary value of CfrB ) is obtained at ¢ = m, which
corresponds to the result given by Eq. (20b), where the two
giant atoms are initially in the state |—).

Figures 7(e) and 7(f) show the concurrence CJ(rN ) versus yt
and ¢ when 6y = 2 and m, respectively. By applying the
final-value theorem, the ¢-dependent steady-state entangle-
ment are given by

1
Mt = 00) = S (b, yta) . G= @m+ Dy,
(14 4ytq +2y%2)
(35a)
1 —cos¢
ca = 6 =2mm, 35b
Lt — 00) 20+ i) b = 2mm (35b)
where  the  function  f(¢, ytq) = |[yta(e’® + 1) + 1]

[yt;(3e™® 4+ 1) + ¢**]| is introduced. We find that the
steady-state values of CJ(FN ) have an identical ¢-dependent

relation with that of Cg_B) when 6y = 2m [see Eqgs. (34b)
and (35b)]. In particular, when ¢ = 6y = 7, the minimal
stationary value of CSLN ) is nonzero, which is different
from the case of the braided giant atoms. By substituting
¢ = m into Eq. (35a), the minimal stationary entanglement
is equal to C(,N)(oo)g(,:n when the nested giant atoms
are initially in the state |—) [see Eq. (25b)]. According
to the ¢-dependent steady-state entanglement of three
different coupling configurations, we know that a large
steady-state entanglement can be achieved when the two giant
atoms are initially prepared in symmetric or antisymmetric
states.

FIG. 8. (a), (c), and (e) Concurrences C®, C®, and C™ as
functions of the evolution time y¢ and the phase shift 6, when ¢ = 0.
(b), (d), and (f) Concurrences C®, C®, and C™) as functions of yt
and ¢. In panels (b), (d), and (f), the phase shifts are 6y = m, 7 /2,
and 7, respectively. The other parameter is yt;, = 0.2.

VI. DISENTANGLEMENT DYNAMICS OF THE TWO
GIANT ATOMS IN THE INITIAL STATE
(18)alg)s + €*le)ale)s) /2

In previous sections, we focused on the single-excitation
subspace of the system and obtained the evolution of the two
giant atoms by solving the time-delayed equations of motion
for the probability amplitudes. Here we present numerical
results of the disentanglement dynamics of the two giant
atoms when they are initially in the state |1ﬂ)+ = (|g)alg)s +
e le)ale)s)/ /2. This is achieved by numerically solving the
time-delayed quantum master equation of two giant atoms
for three different coupling configurations. We would like to
point out that the time-delayed quantum master equation for
the two giant atoms can be obtained by applying the method
used in Refs. [59,73]. In the left column in Fig. 8, we plot
the concurrences C®, C® and CW) as functions of 6
and yt when yt; = 0.2. For the steady-state entanglement
of the giant atoms in these three coupling configurations,
we first take ¢ = 0 in Figs. 8(a)-8(c), corresponding to the
Bell state |®). = (18)a4lg)s + |e)a|e)b)/«/§. It can be seen
that both the concurrences C*® and C™") can reach a sta-
tionary value at 6y = (2m + 1) for an integer m in the
long-time limit. However, for the two braided giant atoms,
the steady-state value of C'®) appears at ) = (m + 1/2)7.
In the long-time limit, the steady-state entanglement between
the giant atoms for these three coupling configurations sat-
isfies the relation C®)(00)g=@m+1)r > C™(00)g=@m+1)r >
CB (00)gy=(mt1/2)7-
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To see the effect of the phase ¢ in the state [/), on the
steady-state entanglement, we show the concurrences C®,
C®, and C™) as functions of ¢ and yt in the right col-
umn in Fig. 8, when the phase shift 8y = m in Figs. 8(b)
and 8(f) and 7 /2 in Fig. 8(d), respectively. In these phase
shifts, the steady-state entanglement exists in the long-time
limit. From Figs. 8(b), 8(d), and 8(f), we see that the two
giant atoms have similar entanglement evolutions but differ-
ent stationary values for the three coupling configurations.
Meanwhile, these values approach the maximum at ¢ = 0 and
7, which corresponds to the giant atoms starting in the Bell
states |®)+ = (|g)4lg)p |e)a|e);,)/\/§. However, the station-
ary value of C®®, C®, and C™") vanish in the long-time limit
when ¢ is near to (m + 1/2)m, which is different from the
case of the single-excitation state, as shown in Fig. 7.

VII. DISCUSSION AND CONCLUSION

We present some discussions of the experimental imple-
mentation of the three kinds of double-giant-atom waveguide-
QED systems. It was reported that the giant atoms can
be realized in experiments by coupling the superconducting
qubits to the SAWs [74,76-80] or microwave waveguides
[81,82]. Therefore, these three setups can be used to im-
plement the present scheme. Concretely, we can utilize two
frequency-tunable Xmon qubits to couple with a coplanar mi-
crowave waveguide [43,81,82]. The accumulated phase shift
between two neighboring coupling points can be adjusted by
tuning the qubit frequencies. To include the non-Markovian
effect in this system, the distances between two neighbor-
ing coupling points need to be of order of d ~ 10 m to
satisfy the time delay y#; ~ 1 [81]. In addition, we can
also use two transmon qubits to couple with a SAWSs trans-
mission waveguide through multiple interdigital transducers
[78,80]. Due to the slow propagating speed of the SAWs,
the time delay between two neighboring coupling points of
the giant atoms becomes remarkable. In Ref. [78], the time
delay was realized to reach yt; & 14, which is well in the
non-Markovian regime. All these advances indicate that the

three kinds of systems in our work is experimentally accessi-
ble with current and near-future conditions.

In conclusion, we studied the disentanglement dynam-
ics of two coupled to a waveguide with three different
coupling configurations. We considered the influence of the
non-Markovian retarded effect on the disentanglement dy-
namics between two giant atoms in this double-giant-atom
waveguide-QED system. Concretely, we considered three
coupling configurations: the separate, braided, and nested
couplings. It was shown that the evolution of the entan-
glement can exhibit oscillating decay or steady-state value
by adjusting the accumulated phase shift, the initial atomic
state, and the coupling configurations. The appearance of
the steady-state entanglement indicates the existence of the
subradiant state. We obtained the expressions of the time-
delay-dependent steady-state concurrence between the two
giant atoms, which shows that the increase of the time delay
will degrade the value of the steady-state concurrence. For the
nonresonance case, the frequency detuning plays a crucial role
in the manipulation of the disentanglement dynamics, which
can exhibit different characteristics from that in small atoms
due to quantum interference effect induced by the multipled
coupling points of giant atoms. This work will pave the way
for generating steady-state entanglement between giant atoms
based on the giant-atom waveguide-QED systems, which can
be used as a significant resource to apply in modern quantum
technologies, such as quantum computation, communication,
and metrology [106].
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