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Thermal-noise-resistant optomechanical entanglement via general dark-mode control
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Quantum entanglement not only plays an important role in the study of the fundamentals of quantum theory,
but also is considered as a crucial resource in quantum information science. The generation of macroscopic
entanglement involving multiple optical and mechanical modes is a desired task in cavity optomechanics.
However, the dark-mode effect is a critical obstacle against the generation of quantum entanglement in
multimode optomechanical systems consisting of multiple degenerate or near-degenerate mechanical modes
coupled to a common cavity mode. Here we propose an auxiliary-cavity-mode method to enhance optome-
chanical entanglement in a multimode optomechanical system by breaking the dark-mode effect. We find that
the introduction of the auxiliary cavity mode not only assists the entanglement creation between the cavity
mode and the mechanical modes, but also improves the immunity of the optomechanical entanglement to the
thermal excitations by about three orders of magnitude. We also study the optomechanical entanglement in
the network-coupled optomechanical system consisting of two mechanical modes and two cavity modes. By
analyzing the correspondence between the optomechanical entanglement and the dark-mode effect, we find
that optomechanical entanglement can be largely enhanced once the dark mode is broken. In addition, we
study the mechanical entanglement and find that it is negligibly small. We also present some discussions on
the experimental implementation with a microwave optomechanical setup, on the relationship between the
dark-mode-breaking mechanism and the center-of-mass and relative coordinates, and on the explanation of the
important role of the dark-mode breaking in the enhancement of optomechanical entanglement. Our results pave
the way towards the preparation of entangled optomechanical networks and noise-resistant quantum resources.
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I. INTRODUCTION

As one of the cornerstones of quantum theory, quantum
entanglement is a physical phenomenon that the measure-
ment of one part of a quantum system can determine the
state of the other part, no matter how far the two parts are
separated [1]. Up to now, quantum entanglement has been
widely used in various quantum technologies, such as quan-
tum computation, quantum communication, quantum sensing,
and quantum information processing [2,3]. In particular, quan-
tum entanglement has been observed in numerous physical
systems, including photons [4], trapped ions [5], atoms [6],
and superconducting qubits [7,8], ranging from microscopic-
scale objects to macroscopic integrated devices.

In parallel, owing to the great progress in the ground-state
cooling of mechanical oscillators [9–12] and the realization of
strong linearized optomechanical coupling [13–15], the cavity
optomechanical system has become a powerful platform for
the study of fundamental quantum physics and the manipula-
tion of macroscopic quantum objects [16–18]. Recently, some
schemes for generation of quantum entanglement via optome-
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chanical interfaces have been proposed [19–26]. Moreover,
macroscopic mechanical entanglement between two mechani-
cal oscillators has been experimentally demonstrated [27–30].
Meanwhile, various schemes have been proposed for improv-
ing quantum entanglement in cavity optomechanical systems,
such as conditional measurements on optical modes [31–34],
reservoir engineering [35,36], coherent feedback [37,38], and
the transfer of entanglement from optical modes to mechani-
cal modes [39,40].

Recently, multimode optomechanical systems involving
two or multiple mechanical modes [27–30,41–53] have be-
come a new research hotspot. This is because many interesting
physics have been found in these systems, such as quan-
tum synchronization [54,55] and quantum many-body effects
[56–58]. Motivated by recent interest in multimode op-
tomechanics, the generation of quantum entanglement in
multiple-mechanical-mode optomechanical systems becomes
an interesting task. However, it remains a great challenge
to generate quantum entanglement in those systems when
multiple degenerate or near-degenerate mechanical oscillators
are coupled to a common optical mode. The physical reason
behind this obstacle can be explained by the dark-mode effect
induced by degenerate mechanical modes coupled to a com-
mon cavity mode [23,59–63]. The dark-mode effect strongly
suppresses the generation of entanglement when the system
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works at a nonzero temperature [21,23]. Therefore, a natural
question is whether the optomechanical entanglement can be
generated by breaking the dark-mode effect in the multimode
optomechanical systems.

In this paper we propose the auxiliary-cavity-mode method
to generate considerable optomechanical entanglement by
breaking the dark-mode effect existed in the two-mechanical-
mode optomechanical system. This is realized by introducing
an auxiliary cavity mode optomechanically coupled to either
one of the two mechanical modes. We find that quantum
entanglement between the cavity mode and the two degenerate
mechanical modes can be largely enhanced by breaking the
dark mode, and the generated optomechanical entanglement
is immune to the thermal noise. In particular, the threshold
thermal phonon number for preserving the optomechanical
entanglement could reach around 400. In addition, we study
quantum entanglement between the two mechanical modes.
It is found that the mechanical entanglement is extremely
fragile to thermal noise. We also study the universal physical
coupling configurations for breaking the dark mode in the
four-mode optomechanical network consisting of two cavity
modes and two mechanical modes. We find that the creation
of optomechanical entanglement depends on the breaking of
the dark mode. Our work will provide a different route to the
generation of optomechanical entanglement between a cav-
ity mode and two degenerate or near-degenerate mechanical
modes.

The rest of this paper is organized as follows. In Sec. II
we introduce the physical model and present the quantum
Langevin equations. In Sec. III we study the enhancement
of optomechanical entanglement by breaking the dark mode
with the auxiliary-cavity-mode method. In Sec. IV we study
quantum entanglement between the two mechanical modes.
In Sec. V we study the optomechanical entanglement and
the general dark-mode-breaking conditions in a general four-
mode optomechanical network in which any two nodes
could be coupled with each other. In Sec. VI we present
some discussions on the experimental implementation of this
scheme, elaborate the mechanism of dark-mode breaking in
the absence of the optomechanical-coupling linearization, and
establish the dominate function of the auxiliary cavity mode as

in the enhancement of optomechanical entanglement. Finally,
we present a brief conclusion in Sec. VII.

II. PHYSICAL MODEL AND EQUATIONS OF MOTION

We consider a four-mode optomechanical system consist-
ing of two cavity modes and two mechanical modes, as shown
in Fig. 1(a). Here the target system is composed by the inter-
mediate coupling cavity mode a optomechanically coupled to
two mechanical modes b1 and b2 [namely, the modes a, b1,
and b2, and the couplings g1 and g2 in Fig. 1(a)]. When the two
mechanical modes are degenerate, one of the two mechanical
normal modes becomes the dark mode [23,62,63]. To break
the dark mode, we introduce an auxiliary cavity mode as to
couple with the mechanical mode b1 via the radiation-pressure
interaction. Besides, the driving field with frequency ωL (ωd )
and amplitude � (�s) is injected into the cavity mode a (as).
In a rotating frame defined by the transformation operator
V (t ) = exp[−i(ωLa†a + ωd a†

s as)t], the Hamiltonian of the
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FIG. 1. (a) Schematic of the four-mode optomechanical system.
The intermediate coupling cavity mode a (with resonance frequency
ωc, decay rate κ) is coupled to two mechanical modes b1 (ω1, γ1) and
b2 (ω2, γ2) via radiation-pressure interactions (coupling strengths g1

and g2). The auxiliary cavity mode as (ωs, κs) is optomechanically
coupled to the mechanical mode b1 (coupling strength gs1). Two
proper driving fields with driving frequencies ωL and ωd and driving
amplitudes � and �s are, respectively, introduced to drive the cavity
modes a and as. (b) Schematic of a general case of the four-mode
optomechanical system, we assume that any two nodes in the system
could be coupled with each other. In addition to the notations marked
in panel (a), the connections J , η, and gs2 stand for the photon hop-
ping, the phonon hopping, and the optomechanical coupling between
the auxiliary cavity mode and the mechanical mode b2, respectively.
Here, for analyzing the dark-mode effect in this optomechanical
network, we assume that the two couplings g1 and g2 (solid lines)
always exist, but other four couplings (marked by dashed lines) could
be turned on or off on demand.

system reads

HI = �ca†a + �sa
†
s as +

∑
l=1,2

[ωl b
†
l bl + gla

†a(b†
l + bl )]

+gs1a†
s as(b

†
1 + b1) + (�a† + �sa

†
s + H.c.), (1)

where a (a†), as (a†
s ), and bl=1,2 (b†

l ) are the annihilation
(creation) operators of the intermediate cavity mode (reso-
nance frequency ωc), the auxiliary cavity mode (resonance
frequency ωs), and the lth mechanical mode (resonance fre-
quency ωl ), respectively. The parameter �c = ωc − ωL (�s =
ωs − ωd ) is the driving detuning between the cavity mode
frequency ωc (ωs) and its driving field frequency ωL (ωd ).
The strength of the single-photon optomechanical coupling
between the cavity mode a (as) and the lth mechanical
mode bl=1,2 (b1) is denoted by gl=1,2 (gs1). Note that the
experimental implementation of the physical model with su-
perconducting circuits will be discussed in Sec. VI A.

Under the condition of strong driving, one can linearize
the dynamics of the system by expanding each operator o ∈
{a, a†, as, a†

s , bl , b†
l } as a summation of its steady-state mean

value and small fluctuation, i.e., o = 〈o〉SS + δo. To study the
optomechanical entanglement, we introduce the quadrature
operators δXo = (δo† + δo)/

√
2 and δYo = i(δo† − δo)/

√
2

for the mentioned operators: o = a, a†, as, a†
s , bl , and b†

l .
In addition, we introduce the corresponding input noise op-
erators X in

o = (o†
in + oin )/

√
2 and Y in

o = i(o†
in − oin)/

√
2 for

oin = ain, as,in, b1,in, and b2,in. Here the operators ain (a†
in),
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as,in (a†
s,in), and bl,in (b†

l,in) are the noise operators related to
the bosonic modes a, as, and bl , respectively. These noise
operators are determined by the nonzero correlation functions
[64] 〈ain(t )a†

in(t ′)〉 = δ(t − t ′), 〈as,in(t )a†
s,in(t ′)〉 = δ(t − t ′),

〈bl,in(t )b†
l,in(t ′)〉 = (n̄l + 1)δ(t − t ′), and 〈b†

l,in(t )bl,in(t ′)〉 =
n̄lδ(t − t ′) for l = 1, 2, where n̄l=1,2 denotes the thermal
phonon number associated with the lth mechanical mode.

By defining the quadrature fluctuation vector
u(t ) = (δXb1 , δYb1 , δXb2 , δYb2 , δXas , δYas , δXa, δYa)T

and the corresponding input noise operator vector[N(t )=√
2(

√
γ1X in

b1
,
√

γ1Y in
b1

,
√

γ2X in
b2

,
√

γ2Y in
b2

,
√

κsX in
as ,

√
κsY in

as

,
√

κX in
a ,

√
κY in

a )T

]
, we obtain a

compact form of the linearized Langevin equation

u̇(t ) = Au(t ) + N(t ), (2)

where the coefficient matrix A takes the form as

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−γ1 ω1 0 0 0 0 0 0
−ω1 −γ1 0 0 −2Gs1 0 −2G1 0

0 0 −γ2 ω2 0 0 0 0
0 0 −ω2 −γ2 0 0 −2G2 0
0 0 0 0 −κs �′

s 0 0
−2Gs1 0 0 0 −�′

s −κs 0 0
0 0 0 0 0 0 −κ �′

c
−2G1 0 −2G2 0 0 0 −�′

c −κ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3)

Here κ , κs, and γl=1,2 are, respectively, the decay rates of
the bosonic modes a, as, and bl . The parameters �′

c = �c +
2

∑2
l=1 glRe(βl ) and �′

s = �s + 2gs1Re(β1) are, respectively,
the normalized driving detunings of the cavity modes a and
as, with Re(βl=1,2) taking the real part of βl . The parameter
Gl=1,2 = glα (Gs1 = gs1αs) is the strength of linearized op-
tomechanical coupling between the cavity mode a (as) and
the mechanical mode bl=1,2 (b1). Here the steady-state mean
values α, αs, and βl=1,2 are defined by α = 〈a〉SS, αs = 〈as〉SS,
and βl=1,2 = 〈bl〉SS. The value of these variables can be ob-
tained by calculating the steady-state mean-value equations.
Note that the steady-state values of α and αs could be real by
choosing proper phases of the driving amplitudes � and �s,
then the linearized optomechanical-coupling strengths Gl=1,2

and Gs1 are real accordingly. The stability of this linearized
optomechanical system can be analyzed with the Routh-
Hurwitz criterion [65]. The parameters used in the following
calculations satisfy the stability conditions, i.e., confirming
that the real parts of all the eigenvalues of the coefficient
matrix A are negative.

For studying the steady-state optomechanical entangle-
ment between the cavity mode a and the mechanical modes
bl=1,2, we introduce the covariance matrix V of this system,
defined by the matrix elements

Vi j = 1
2 [〈ui(∞)u j (∞)〉 + 〈u j (∞)ui(∞)〉], i, j = 1–8.

(4)
This covariance matrix V satisfies the Lyapunov equation [20]

AV + VAT = −Q, (5)

where Q = diag{(2n̄1 + 1)γ1, (2n̄1 + 1)γ1, (2n̄2 +
1)γ2, (2n̄2 + 1)γ2, κs, κs, κ, κ} is the diffusion matrix.

III. OPTOMECHANICAL ENTANGLEMENT

In this section we study the enhancement of optomechani-
cal entanglement by breaking the mechanical dark mode with
the auxiliary-cavity-mode method. Concretely, we calculate
the logarithmic negativity between the cavity mode a and the

mechanical mode bl=1,2 in both the presence and absence of
the auxiliary cavity mode.

A. Generation of optomechanical entanglement

To describe quantum entanglement between the cavity field
and each mechanical mode, we first introduce the definition
of the logarithmic negativity for a system consisting of two
bosonic modes A and B in a Gaussian state. We denote the
covariance matrix of the two-mode system as V , which can be
expressed as

V =
(
VA VAB

VT
AB VB

)
. (6)

Here VA, VB, and VAB are 2 × 2 block matrices, which are
related to the mode A, the mode B, and the two-mode cor-
relation, respectively. The logarithmic negativity [66,67] is
defined by

EN = max[0,− ln(2ς−)], (7)

where

ς− = 1√
2

[
�(V ) −

√
�(V )2 − 4 det V

]1/2

(8)

is the smallest eigenvalue of the covariance matrix V , with
�(V ) = det VA + det VB − 2 det VAB. From Eq. (7) we can
find that entanglement exists in this system only when ς− <

1/2, which is equivalent to Simon’s entanglement criterion
[68].

In the following, we introduce the logarithmic negativity
EN ,l=1,2 to measure optomechanical entanglement between
the cavity mode a and the lth mechanical mode bl=1,2. Ac-
cordingly, VB, VA, and VAB should be replaced by the block
matrices of the cavity mode a, the lth mechanical mode bl=1,2,
and the optomechanical correlations, respectively. Concretely,
when one calculates the entanglement between the cavity
mode a and the mechanical mode b1 (b2), the reduced matrix
V of modes a and b1 (b2) can be obtained by tracing out the
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FIG. 2. Logarithmic negativities (a) EN ,1 and (b) EN ,2 vs the
scaled driving detuning �′

s/ω1 and the scaled optomechanical
coupling strength Gs1/ω1. (c) EN ,1 and (d) EN ,2 vs �′

s/ω1 in
both the dark-mode-unbreaking (Gs1/ω1 = 0, dash-dot blue curves)
and -breaking (Gs1/ω1 = 0.05, dashed cyan curves, and Gs1/ω1 =
0.1, solid red curves) cases. Other parameters used are ω2 =
ω1, γ1/ω1 = γ2/ω1 = 10−5, G1/ω1 = G2/ω1 = 0.15, �′

c/ω1 = 1,
κ/ω1 = κs/ω1 = 0.1, and n̄1 = n̄2 = 100.

rows and columns of modes as and b2 (b1) in the covariance
matrix V given in Eq. (4).

The dark mode formed by the two degenerate mechani-
cal modes coupled to a common cavity mode is an obstacle
against the generation of optomechanical entanglement when
the system works at a nonzero temperature [23,69]. A natural
question is whether we can break the dark-mode effect to
enhance the optomechanical entanglement in this system. To
address this concern, we investigate the entanglement measure
when the auxiliary cavity mode exists or does not exist. In
Figs. 2(a) and 2(b), the logarithmic negativities EN ,1 and EN ,2

are plotted as functions of the scaled driving detuning �′
s/ω1

and the scaled optomechanical coupling strength Gs1/ω1 as-
sociated with the auxiliary cavity mode. Here EN ,1 (EN ,2)
is used to characterize the optomechanical entanglement be-
tween the cavity mode a and the mechanical mode b1 (b2). We
can see that the logarithmic negativity reaches the maximum
value around the optimal driving detuning �′

s = ω1. When
the coupling strength Gs1/ω1 is close to 0, the logarithmic
negativity becomes zero. This feature can be seen more clearly
in Figs. 2(c) and 2(d). Here we see that the cavity mode a and
the mechanical modes are uncorrelated in the absence of the
auxiliary cavity mode (EN ,1 = EN ,2 = 0, the lower horizontal
dash-dot purple curves), but they are entangled in the presence
of the auxiliary cavity mode (EN ,1 ≈ EN ,2 ≈ 0.1, the upper
solid red curves). The results indicate that the auxiliary cavity
mode as plays a very important role in the enhancement of the
optomechanical entanglement.

The underlying physics of this entanglement enhancement
can be explained using the dark-mode physical mechanism

[23,69]. When the auxiliary cavity mode is absent, the system
is reduced to two degenerate mechanical modes b1 and b2

coupled to a common cavity mode a, then there exists a dark
mode [23,63,70,71]. This dark mode is decoupled from the
cavity mode and the mechanical bright mode, and hence the
dark mode cannot be cooled. Further, the thermal excitations
stored in the dark mode will destroy all the quantum effects,
including optomechanical entanglement [69]. However, in the
presence of the auxiliary cavity mode, the dark-mode effect
is broken, then both the mechanical modes can be cooled
to their ground states. In this case, quantum entanglement
can be created by the optomechanical interaction. Thus, the
auxiliary-cavity-mode method not only provides the physical
origin for breaking the dark mode, but also shows a clear per-
spective for creating dark-mode-immune quantum resources
in coupled multiple-mechanical-resonator systems. The phe-
nomenon of this entanglement enhancement assisted by the
ground-state cooling can be confirmed based on the optical
detuning effect. As shown in Figs. 2(a) and 2(b), the maxi-
mal entanglement appears around �′

s = ω1. This is because
the photon-phonon exchanging becomes the most efficient
at the red-sideband resonance, and then the optimal cooling
occurs in this case. In addition, we see from Figs. 2(a) and
2(b) that the logarithmic negativities EN ,l=1,2 increase with
the increase of the scaled optomechanical coupling strength
Gs1/ω1. This phenomenon can be understood by analyzing
the role of the dark-mode effect. Although the increase of the
coupling strength between the auxiliary cavity mode and the
mechanical mode will increase the overall mixing degree of
the original optomechanical system, the dark-mode effect is
the dominate factor affecting the generation of the optome-
chanical entanglement, thus the optomechanical entanglement
increases with the increase of the coupling strength Gs1/ω1,
which is used to break the dark mode.

Since the dark mode appears only theoretically in the two-
degenerate-mechanical-mode case, it becomes an interesting
topic to analyze the influence of the frequency mismatch
between the two mechanical modes on the generation of op-
tomechanical entanglement. In Figs. 3(a) and 3(b) we plot
the logarithmic negativities EN ,1 and EN ,2 as functions of
the frequency ratio ω2/ω1 in both the dark-mode-unbreaking
(Gs1/ω1 = 0) and -breaking (Gs1/ω1 = 0.02, 0.04, 0.06, 0.08,
and 0.1) cases. Here we can see that, although the dark mode
exists theoretically only in the degenerate-mechanical-mode
case (i.e., ω1=ω2), the dark-mode effect actually works for
a wider detuning range in the near-degenerate-mechanical-
mode case (see the valley area of blue curves in Fig. 3).
Due to the influence of this dark-mode effect, the logarithmic
negativities EN ,1 and EN ,2 are greatly suppressed in this valley
area. When the auxiliary cavity mode is introduced into this
system (Gs1/ω1 	= 0), the optomechanical entanglement for
the degenerate and near-degenerate mechanical modes be-
comes feasible, because the dark mode is broken (see the other
curves in Fig. 3). In addition, we find that the optomechan-
ical entanglement EN ,1 and EN ,2 have different dependence
features with the frequency ratio ω2/ω1. In Fig. 3 we chose
the mechanical frequency ω1 as the scale unit and consider
the resonance case �′

c = �′
s = ω1. Therefore, the coupling

between the cavity mode a and the mechanical mode b1 is
resonant. Different from the mechanical mode b1, the mode b2

063506-4



THERMAL-NOISE-RESISTANT OPTOMECHANICAL … PHYSICAL REVIEW A 106, 063506 (2022)

FIG. 3. Logarithmic negativities (a) EN ,1 and (b) EN ,2 vs the the
frequency ratio ω2/ω1 when the optimal driving �′

c = �′
s = ω1 and

the scaled optomechanical coupling strength takes various values
Gs1/ω1 = 0, 0.02, 0.04, 0.06, 0.08, and 0.1. Other parameters are
γ1/ω1 = γ2/ω1 = 10−5, G1/ω1 = G2/ω1 = 0.15, κ/ω1 = κs/ω1 =
0.1, and n̄1 = n̄2 = 100.

will be coupled unresonantly with the mode a when ω2/ω1 	=
1. When the modes a and b2 are of far-off-resonance, the
optomechanical entanglement EN ,2 between the cavity mode
a and the mechanical mode b2 is not as good as that of the
optomechanical entanglement EN ,1. This result is consistent
with the analysis obtained in Fig. 2 (entanglement enhance-
ment assisted by the ground-state cooling at the optimal drive
detuning).

B. Thermal-noise-resistant optomechanical entanglement

When the dark-mode effect appears (Gs1 = 0), the op-
tomecanical entanglement between the cavity mode and the
mechanical modes is extremely fragile to the thermal noise. To
study whether the auxiliary-cavity-mode method can generate
robust quantum entanglement against the thermal noise, we
plot the dependence of the quantum entanglement on the
thermal mechanical excitation number n̄1 = n̄2 = n̄ in both
the dark-mode-unbreaking and -breaking cases. As shown in
Fig. 4(a), the logarithmic negativities EN ,1 and EN ,2 emerge
only when the system is approximately in the quantum ground
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FIG. 4. Logarithmic negativities EN ,1 and EN ,2 vs (a) the ther-
mal phonon numbers n̄ or (b) the scaled decay rate κ/ω1 in both
the dark-mode-unbreaking (solid curves and circles) and -breaking
(dash-dotted curves and dotted curves) cases. Note that the scaled
decay rate κ/ω1 = 0.1 is used in panel (a), and the thermal phonon
numbers n̄ = 100 is used in panel (b). Other parameters used are
ω2 = ω1, n̄1 = n̄2 = n̄, γ1/ω1 = γ2/ω1 = 10−5, G1/ω1 = G2/ω1 =
0.15, Gs1/ω1 = 0.1, �′

c/ω1 = �′
s/ω1 = 1, and κs/ω1 = 0.1.

state (n̄l=1,2 
 1) (see the horizontal axis ranges from 10−3 to
1) in the dark-mode-unbreaking case. This means that there
is no optomechanical entanglement between the cavity mode
and the mechanical modes when the mechanical modes are
not precooled to their quantum ground states. In the dark-
mode-breaking case, differently, the logarithmic negativities
EN ,1 and EN ,2 can still exist even when the thermal phonons
in the two mechanical modes are about n̄l=1,2 = 450 (see
the horizontal axis ranges from 102 to 103), which is about
three orders of magnitude larger than that in the dark-mode-
unbreaking case.

The physical reason for this phenomenon can be under-
stood as follows. When this system works at a nonzero
temperature, the thermal excitation energy stored in the dark
mode cannot be extracted through the cavity mode, and hence
the generation of optomechanical entanglement is largely sup-
pressed by the thermal noise. However, when the auxiliary
cavity mode is introduced, the dark-mode effect is broken. As
a result, the mechanical modes can be cooled to approach their
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ground states, and quantum entanglement can be generated
by the optomechanical interaction. This dark-mode-breaking
mechanism makes the optomechanical entanglement switch-
able from extremely fragile to quite robust against the thermal
noise.

To investigate the influence of the sideband-resolution con-
dition on the entanglement generation, we plot the logarithmic
negativities EN ,1 and EN ,2 as functions of the scaled decay
rate κ/ω1 in both the dark-mode-unbreaking (solid curves)
and -breaking (dashed curves) cases. Figure 4(b) shows that
the logarithmic negativities EN ,1 and EN ,2 are destroyed by
the thermal noise when the dark mode exists (see the lower
solid curves and circles). However, the optomechanical entan-
glement between the cavity mode and two mechanical modes
can be generated when the dark mode is broken (see the upper
dash-dotted curves and dotted curves). Moreover, the maximal
optomechanical entanglement is located around κ/ω1 = 0.2,
which is consistent with the optimal condition for resolved-
sideband cooling [9,10].

IV. QUANTUM ENTANGLEMENT BETWEEN THE TWO
MECHANICAL MODES

In Sec. III we have investigated how to break the
dark-mode effect and generate optomechanical entanglement
between the cavity mode and two mechanical modes by us-
ing the auxiliary-cavity-mode method. Since the investigated
system consists of two mechanical modes optomechanically
coupled to a common cavity mode, a natural question arising
is how does the dark-mode-breaking effect affect quantum
entanglement between the two mechanical modes. To answer
this question, we next study quantum entanglement between
the two mechanical modes.

In Fig. 5(a) we study the resistance of the mechanical
entanglement to the thermal effect by plotting the logarith-
mic negativities EN ,m as functions of the thermal excitation
number n̄ in both the dark-mode-unbreaking (see the red solid
curve) and -breaking (see the blue dash-dotted curve) regimes.
We find that the logarithmic negativities EN ,m are zero in
both the dark-mode-unbreaking and -breaking regimes when
the thermal excitation number n̄ � 0.002, which means that
the mechanical entanglement is extremely fragile with respect
to thermal noise. These results are fully consistent with the
stationary entanglement between two movable mirrors in a
Fabry-Perot cavity [21]. In the low-temperature limit, n̄ 

1, the logarithmic negativity has a very small value, and it
rapidly approaches zero with the increase of environmental
temperature. In addition, even in the almost vacuum-bath
case, the mechanical entanglement is also negligible small.
This is because there is no direct interaction between the two
mechanical modes, and then it is very hard to create the mixed
state entanglement between the two mechanical modes. This
indicates that the mechanical entanglement should be much
smaller than the optomechanical entanglement between the
optical mode and the mechanical mode.

In Fig. 5(b) we plot the logarithmic negativities EN ,m as
functions of the scaled driving detuning �′

c/ω1 in both the
dark-mode-unbreaking (the red solid curve) and -breaking
(the blue dash-dotted curve) cases. Here we see that the loga-
rithmic negativities EN ,m increase with the increase of driving
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FIG. 5. Logarithmic negativity EN ,m vs (a) the thermal phonon
numbers n̄ or (b) the scaled driving detuning �′

c in both the dark-
mode-unbreaking (red solid curves) and -breaking (blue dash-dotted
curves) cases. Note that the scaled decay rate �′

c/ω1 = 3 is used
in panel (a), and the thermal phonon numbers n̄ = 0 is used in
panel (b). Other parameters used are ω2 = ω1, n̄1 = n̄2 = n̄, γ1/ω1 =
γ2/ω1 = 0.1, G1/ω1 = G2/ω1 = 0.15, Gs1/ω1 = 0.05, �′

s/ω1 = 5,
and κ/ω1 = κs/ω1 = 0.1.

detuning �′
c/ω1 in the initial detuning region �′

c/ω1 ≈ 1–3,
and reach the maximum at an intermediate detuning region
�′

c/ω1 ≈ 3–3.5, then the logarithmic negativities decrease in
the detuning region �′

c/ω1 > 3.5. In Sec. III we find that
optomechanical entanglement between the cavity mode and
the mechanical mode can be greatly enhanced when the dark
mode is broken, but in Fig. 5(b) we find that the mechani-
cal entanglement does not increase when the dark mode is
broken. This phenomenon can be understood from the en-
tanglement in the parameters n̄1 = n̄2 = 0. In this case, there
is no thermal-excitation energy in the dark mode formed
by these mechanical modes. Therefore, the auxiliary cavity
mode cannot play an important role in the extraction of the
thermal-excitation energy from the dark mode. Namely, the
mechanical entanglement does not increase even if the dark
mode is broken. In addition, the optimal driving detuning for
the peak mechanical entanglement appears around �′

c/ω1 ≈
3. This is because in the vacuum-bath case, the main reason
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for the entanglement generation should be the counter-rotating
coupling term, which becomes important around the optical
driving detuning in this case.

V. OPTOMECHANICAL ENTANGLEMENT IN THE
NETWORK-COUPLED FOUR-MODE

OPTOMECHANICAL SYSTEM

In the above sections, we showed the generation of op-
tomechanical entanglement by introducing an auxiliary cavity
mode as optomechanically coupled to the mechanical mode
b1. However, in practical optomechanical networks, the in-
teractions among these bosonic modes are more complicated
[56]. So it is necessary to study the optomechanical entan-
glement in a general four-mode optomechanical system. Here
we consider a network-coupled four-mode optomechanical
system in which any two nodes could be coupled to each
other [see Fig. 1(b)]. In a rotating frame defined by the op-
erator V (t ) = exp[−i(ωLa†a + ωd a†

s as)t] with ωL = ωd , the
Hamiltonian of this four-mode optomechanical network is

given by

HI = �ca†a + �sa
†
s as + J (a†as + a†

s a) + η(b†
1b2 + b†

2b1)

+
∑
l=1,2

[ωl b
†
l bl + gl a

†a(b†
l + bl ) + gsl a

†
s as(b

†
l + bl )]

+(�a† + �sa
†
s + H.c.), (9)

where the parameters gs2, J , and η are the optomechanical
coupling strength, the photon-hopping coupling strength, and
the phonon-hopping coupling strength, respectively. Other pa-
rameters in Eq. (9) have been defined in Eq. (1).

Based on the Hamiltonian (9), we obtain the linearized
Langevin equations. According to the similar procedure per-
formed in Sec. II, we can obtain a compact form of the
linearized Langevin equations

u̇(t ) = Ãu(t ) + N(t ), (10)

where u(t ) and N(t ) have been defined in Sec. II, and the
coefficient matrix Ã takes the form as

Ã =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−γ1 ω1 0 η 0 0 0 0
−ω1 −γ1 −η 0 −2Gs1 0 −2G1 0

0 η −γ2 ω2 0 0 0 0
−η 0 −ω2 −γ2 −2Gs2 0 −2G2 0
0 0 0 0 −κs �′′

s 0 J
−2Gs1 0 −2Gs2 0 −�′′

s −κs −J 0
0 0 0 0 0 J −κ �′

c
−2G1 0 −2G2 0 −J 0 −�′

c −κ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (11)

Here �′′
s = �s + 2gs1Re(β1) + 2gs2Re(β2) is the driving de-

tuning of cavity mode as. Note that the parameters �′
c, Gl ,

and Gsl (l=1,2) have the same form as the parameters defined
in Sec. II, and the steady-state mean values α, αs, β1, and
β2 are obtained by calculating the steady-state mean-value
equations.

The dark-mode effect in this network-coupled four-mode
optomechanical system can be clarified by deriving the pa-
rameter conditions for the existence of the dark mode. By in-
troducing the two hybrid mechanical modes B+ = (G1δb1 +
G2δb2)/

√
G2

1 + G2
2 and B− = (G2δb1 − G1δb2)/

√
G2

1 + G2
2,

the conditions for the existence of the dark mode in this
network-coupled four-mode optomechanical system can be
derived as [70]

M1 = (ω1 − ω2)G1G2 + η
(
G2

2 − G2
1

) = 0, (12a)

M2 = Gs1G2 − Gs2G1 = 0. (12b)

Based on these conditions, we can analyze the cases of ap-
pearance and disappearance of the dark mode in this system
when the two mechanical modes are degenerate (ω1 = ω2).
(i) Under the condition of η = 0, i.e., M1 = 0, the hybrid me-
chanical mode B− decouples from the cavity modes a and as

when Gs1G2 − Gs2G1 = 0 (Gs1/Gs2 = G1/G2). In this case,
the excitation energy stored in the dark mode B− cannot be
extracted via the optomechanical cooling channel, then the
thermal noise will destroy the optomechanical entanglement.
(ii) When η 	= 0 and G1 	= G2, i.e., M1 	= 0, we can find that

there is no dark mode in this system. (iii) In the case of
η 	= 0 and G1 = G2, i.e., M1 = 0, B− becomes a dark mode
when Gs1 = Gs2. However, when Gs1 	= Gs2, i.e., M2 	= 0, the
hybrid mode B− is coupled with the auxiliary cavity mode as,
thus the dark mode is broken and optomechanical entangle-
ment can be generated.

To study more clearly the influence of these couplings on
the generation of optomechanical entanglement, we consider
various coupling structures. Since our intention is to break the
dark mode by controlling other four couplings J , Gs1, Gs2,
and η [the dashed lines in Fig. 1(b)], we keep G1 and G2

unchanged [the two solid lines in Fig. 1(b) always exist] and
consider the two-degenerate-mechanical-mode case (ω1 =
ω2). In particular, to study the influence of the dark-mode
effect on the optomechanical entanglement in this system, we
consider the case G1 = G2 (Note that in the case of G1 	= G2,
there is a dark mode in the system only when both η = 0 and
G1/G2 = Gs1/Gs2 are satisfied). Thus, the coupling configu-
rations can be divided into three types: one, two, or three of
the four coupling channels J , Gs1, Gs2, and η are switched
off [70]. For convenience, here we assume Gs1 = Gs2 when
Gs1 and Gs2 exist at the same time. The case Gs1 	= Gs2 will
be discussed at the ending of this section. Based on condi-
tion (12), we can find the following results. (i) When one
coupling channel is turned off, there are four cases: J = 0,
η = 0, Gs1 = 0, and Gs2 = 0. When either J = 0 or η = 0,
the dark mode cannot be broken. However, when Gs1 = 0 or
Gs2 = 0, the dark mode can be broken. (ii) When two coupling
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channels are turned off, there exist six cases: J = η = 0,
Gs1 = Gs2 = 0, J = Gs1 = 0, J = Gs2 = 0, η = Gs1 = 0, and
η = Gs2 = 0. The dark mode cannot be broken when J = η =
0 or Gs1 = Gs2 = 0. However, in these four cases J = Gs1 =
0, J = Gs2 = 0, η = Gs1 = 0, and η = Gs2 = 0, the dark
mode can be broken. (iii) When three coupling channels are
turned off, there are four cases: J = η = Gs1 = 0, J = η =
Gs2 = 0, J = Gs1 = Gs2 = 0, and η = Gs1 = Gs2 = 0. The
dark mode can (cannot) be broken when J = η = Gs1 = 0 or
J = η = Gs2 = 0 (J = Gs1 = Gs2 = 0 or η = Gs1 = Gs2 =
0).

Corresponding to the above mentioned three types of
coupling configurations, we plot in Fig. 6 the logarithmic
negativities EN ,1 and EN ,2 as functions of the scaled driving
detuning �′′

s /ω1. From Figs. 6(a) and 6(b) we see that the
optomechanical entanglements are (are not) equal to zero
when J = 0 or η = 0 (Gs1 = 0 or Gs2 = 0). Figures 6(c)
and 6(d) are plotted in the case where two coupling chan-
nels are switched off. We find that the entanglements exist
when J = η = 0 or Gs1 = Gs2 = 0, but in these four cases
J = Gs1 = 0, J = Gs2 = 0, η = Gs1 = 0, and η = Gs2 = 0,
the entanglements disappear. In Figs. 6(e) and 6(f), the log-
arithmic negativities EN ,1 and EN ,2 are plotted when the three
coupling channels are switched off. The results show that the
entanglement can exist when J = η = Gs1 = 0 or J = η =
Gs2 = 0, but cannot exist in the cases of J = Gs1 = Gs2 = 0
or η = Gs1 = Gs2 = 0. According to the above results, we
find that the performance of the optomechanical entanglement
generation depends on whether the dark mode is broken.
When there is a dark mode, the entanglement disappears.
When the dark mode is broken, a considerable entanglement
is created.

To better understand the influence of Gs1 and Gs2 on
the generation of optomechanical entanglement, we plot in
Figs. 7(a) and 7(b) the logarithmic negativities EN ,1 and
EN ,2 as functions of the scaled coupling strengths Gs1/ω1

and Gs2/ω1. Here we see that the optomechanical entan-
glements disappear when Gs1 and Gs2 have equal or close
values, as shown by the valley area along the diagonal line
Gs1 = Gs2. This feature can be seen more clearly in Figs. 7(c),
EN ,1 and EN ,2 are zero during the intermediate interval of
Gs2/Gs1 = 0.7–1.3. These results are consistent with the anal-
yses obtained based on Eq. (12). For finite values of the ratio
Gs2/Gs1, the dark-mode effect works, then the generation
of optomechanical entanglements between cavity mode and
two mechanical modes is unfeasible. When Gs2/Gs1 < 0.5 or
Gs2/Gs1 > 1.5, the dark-mode effect is broken, then a large
entanglement can be obtained.

VI. DISCUSSION OF THE EXPERIMENTAL
IMPLEMENTATION AND THE DARK-MODE-BREAKING

MECHANISM FOR THE NONLINEAR
OPTOMECHANICAL COUPLING

In this section we present discussion of the experimental
implementation of our scheme and elaborate the physical
mechanism of the dark-mode breaking in the absence of the
optomechanical-coupling linearization.
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FIG. 6. Logarithmic negativities EN ,1 and EN ,2 vs the scaled
driving detuning �′′

s /ω1 in various coupling configurations. Pan-
els (a) and (b) indicate the cases where one coupling channel is
switched off, i.e., J = 0 (red solid curves), η = 0 (blue triangles),
Gs1 = 0 (green dashed curves), and Gs2 = 0 (cyan circles). Panels
(c) and (d) correspond to the cases where two coupling channels are
switched off, i.e., J = η = 0 (red solid curves), Gs1 = Gs2 = 0 (blue
triangles), J = Gs1 = 0 (green dashed curves), J = Gs2 = 0 (cyan
circles), η = Gs1 = 0 (purple dash-dotted curves), and η = Gs2 = 0
(brown squares). Panels (e) and (f) are related to the three-coupling-
channel-closed cases: J = Gs1 = Gs2 = 0 (red solid curves), η =
Gs1 = Gs2 = 0 (blue triangles), J = η = Gs1 = 0 (purple dash-
dotted curves), and J = η = Gs2 = 0 (brown squares). Other param-
eters used are taken as ω2/ω1 = 1, γ1/ω1 = γ2/ω1 = 10−5, κ/ω1 =
κs/ω1 = 0.1, J/ω1 = η/ω1 = 0.05, �′

c/ω1 = �′′
s /ω1 = 1, G1/ω1 =

G2/ω1 = 0.15, Gs1/ω1 = Gs2/ω1 = 0.1, and n̄1 = n̄2 = 100. Note
that when the values of J , η, Gs1, and Gs2 are equal to 0, the
corresponding coupling channels are switched off.

A. Discussions on the experimental implementation

We now discuss the experimental implementation of this
auxiliary-cavity-mode scheme with microwave optomechan-
ical systems [12,28–30,72,73]. Concretely, we consider an
inductor-capacitor (LC) oscillator consisting of an inductor
(with inductance L0) and three capacitors [with capacitances
C0, C1(x1), and C2(x2)], as shown in Fig. 8. The two capac-
itances C1(x1) and C2(x2) depend on the micromechanical
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FIG. 7. Logarithmic negativities (a) EN ,1 and (b) EN ,2 vs the
linearized optomechanical coupling strengths Gs1 and Gs2. (c) EN ,1

and EN ,2 vs the ratio of the linearized optomechanical cou-
pling strengths Gs2/Gs1. Other parameters are taken as ω2/ω1 =
1, γ1/ω1 = γ2/ω1 = 10−5, κ/ω1 = κs/ω1 = 0.1, J/ω1 = η/ω1 =
0.05, �′

c/ω1 = �′′
s /ω1 = 1, G1/ω1 = G2/ω1 = 0.15, and n̄1 = n̄2 =

100.

resonators b1 and b2, respectively. To achieve the auxiliary-
cavity-mode scheme, we introduce an auxiliary LC oscillator,
which consists of an inductor (with inductance Ls0) and two
capacitors [with capacitances Cs0 and Cs(x1)]. Note that C1(x1)
and Cs(x1) are mounted on a common micromechanical res-
onator b1. Moreover, there is no electric circuit connection

C0

L0 L

Cs0

s0

2 1 s

2

2

Resonator

     (b )

C (x  ) 1C (x  ) 1C (x  )

1

Resonator

     (b )

FIG. 8. Schematic of a microwave electromechanical system.
The microwave cavity on the left consists of an inductor (with in-
ductance L0) and three capacitors [with capacitances C0, C1(x1), and
C2(x2)]. The microwave cavity on the right consists of an inductor
(with inductance Ls0) and two capacitors [with capacitances Cs0 and
Cs(x1)]. Here the two capacitances C1(x1) and Cs(x1) depend on a
common micromechanical resonator b1 and the capacitance C2(x2)
depends on the micromechanical resonator b2. The displacements
xl=1,2 of the mechanical resonators modulate the capacitances and
hence the frequencies of microwave cavities. Note that the phonon-
hopping coupling between the two mechanical resonators can be
realized by the stress manipulation and the photon-hopping coupling
between the two microwave cavities can be induced by a capacitor.

between the two LC oscillators for realizing the Hamiltonian
in Eq. (1). However, for the introducing photon-hopping cou-
pling between the two cavity modes a and as, a capacitor is
needed to couple the two LC resonators.

To better understand the experimental circuit diagram,
below we present a detailed derivation of the effective Hamil-
tonian of this microwave optomechanical system. For the
superconducting circuit on the left, the total kinetic energy T
is given by

T = 1
2C0
̇

2 + 1
2C1(x1)
̇2 + 1

2C2(x2)
̇2, (13)

where 
 is the generalized magnetic flux. The energy of the
inductor is identified as the potential energy U = 
2/2L0.
The Lagrangian of this circuit can be written as

L = T − U

= 1
2 [C0 + C1(x1) + C2(x2)]
̇2 − 1

2L0

2. (14)

By introducing the momentum conjugate to the generalized
magnetic flux 


P = ∂L
∂
̇

= [C0 + C1(x1) + C2(x2)]
̇, (15)

the Hamiltonian of this circuit can be derived as

HL = ∂L
∂
̇


̇ − L

= P2

2C(x1, x2)
+ 1

2L0

2, (16)

where we introduce the variable C(x1, x2) = C0 + C1(x1) +
C2(x2). Since the mechanical displacements in C(x1, x2) are
small, we can expand the variable C(x1, x2) to the first order
of x1 and x2, then the Hamiltonian can be expressed as

HL ≈ P2

2C(0, 0)
+ 1

2L0

2 − P2

2C2(0, 0)

×
[

∂C(x1, x2)

∂x1

∣∣∣∣
x1=x2=0

x1 + ∂C(x1, x2)

∂x2

∣∣∣∣
x1=x2=0

x2

]
.

(17)

Using the canonical quantization, the momentum and flux
operators can be expressed with the creation and annihilation
operators as

P = i

√
h̄

2L0ω0
(a† − a),


 =
√

h̄L0ω0

2
(a + a†), (18)

which obey the commutation relation [
, P] = ih̄. Here we
introduce the oscillation frequency ω0 = 1/

√
L0C(0, 0).

Denote the modulation frequency as ω(x1, x2) =
1/

√
L0C(x1, x2), then we obtain the relationship

∂C(x1, x2)

∂x1

∣∣∣∣
x1=x2=0

= − 2η1

L0ω
3
0

,

∂C(x1, x2)

∂x2

∣∣∣∣
x1=x2=0

= − 2η2

L0ω
3
0

, (19)

063506-9



HUANG, LAI, AND LIAO PHYSICAL REVIEW A 106, 063506 (2022)

where we introduce the parameters η1 =
[∂ω(x1, x2)/∂x1]x1=x2=0 and η2 = [∂ω(x1, x2)/∂x2]x1=x2=0.
Substituting Eqs. (18) and (19) into Hamiltonian (17), we
obtain (h̄ = 1)

HL ≈ ω0a†a − 1
2 (a†a† + aa − 2a†a − 1)(η1x1 + η2x2)

≈ ω0a†a + 1
2 (2a†a + 1)(η1x1 + η2x2). (20)

In the second line of Eq. (20), we neglected the two high-
frequency oscillating terms (a†a† and aa) under the condition
that the resonant frequency of the optical mode is much larger
than the resonant frequencies ω1 and ω2 of the mechanical
modes.

The displacements xl=1,2 can be quantized using
the phonon creation and annihilation operators xl=1,2 =
xl,zpf(b

†
l + bl ), with xl,zpf being zero-point fluctuation. Then

the Hamiltonian (20) is reduced to

HL ≈ ω0a†a +
∑
l=1,2

[ωl b
†
l bl + g′

l a
†a(b†

l + bl )]

+
∑
l=1,2

1
2 [g′

l (b
†
l + bl )], (21)

where we introduce the coupling strengths g′
l=1,2 = ηl xl,zpf.

For the Hamiltonian HL, we introduce the displacement
operators Dl (βl ) = exp[βl (b

†
l − bl )] for l = 1, 2, with the

parameters βl=1,2 = −g′
l/2ωl . Then the transformed Hamil-

tonian becomes

H̃L = D†
1(β1)D†

2(β2)HLD1(β1)D2(β2)

≈ ωca†a +
∑
l=1,2

[ωl b
†
l bl + g′

l a
†a(b†

l + bl )], (22)

where ωc = ω0 − g′2
1 /ωl − g′2

2 /ω2 is the effective frequency
of the cavity mode.

By adopting the same method, we can obtain the Hamilto-
nian of the superconducting circuit on the right as

HR ≈ ωsa
†
s as + g′

s1a†
s as(b

†
1 + b1). (23)

Based on the above discussions, we know that the total
Hamiltonian of the microwave optomechanical system can be
written as

HT ≈ ωca†a +
∑
l=1,2

[ωl b
†
l bl + g′

l a
†a(b†

l + bl )]

+ωsa
†
s as + g′

s1a†
s as(b

†
1 + b1). (24)

The above Hamiltonian shows that our auxiliary-cavity-mode
scheme can be experimentally achieved in the superconduct-
ing circuit. In particular, in this setup the phonon-hopping
interaction between the two mechanical resonators can be in-
troduced either by coupling them to a superconducting charge
qubit [63,69] or through the stress manipulation [45,74,75],
and the photon-hopping interaction between the two mi-
crowave cavities can be induced by a capacitor [76,77].

Based on the current experimental progress, we present
some estimations on the experimental parameters of the
microwave optomechanical systems [12,28–30,72,73]. As
shown in Fig. 8, the two effective microwave cavities are two
LC oscillators with resonance frequencies ωc = ωs ≈ 2π ×
7 GHz and decay rates κ = κs ≈ 2π × 1 MHz [72,73]. The

left microwave cavity acts as the intermediate cavity mode
a, and the right microwave cavity acts as the auxiliary cavity
mode as. The two micromechanical resonators are fabricated
on quartz substrates, with resonance frequencies ω1 = ω2 ≈
2π × 8 MHz and decay rates γ1 = γ2 ≈ 2π × 100 Hz. The
motion of the micromechanical resonators modulates the res-
onance frequencies of two microwave cavities, thus realizing
the optomechanical interactions. The coupling strengths be-
tween the microwave cavity a and two mechanical resonators
are taken as G1 = G2 ≈ 2π × 0.5 MHz, and the coupling
strengths between the microwave cavity as and two mechani-
cal resonators are Gs1 = Gs2 ≈ 2π × 0.8 MHz.

According to the above experimental parameters, the
scaled parameters in our simulations are taken as ω2 = ω1,
γ1/ω1 = γ2/ω1 = 10−5, G1/ω1 = G2/ω1 = 0.15, Gs1/ω1 =
Gs2/ω1 = 0–0.15, J/ω1 = η/ω1 = 0.05, �′

c/ω1 = �′
s/ω1 =

1, κ/ω1 = κs/ω1 = 0.1, and n̄1 = n̄2 = 100. These used pa-
rameters are of the same order of the experimental parameters.
These analyses indicate that our scheme is feasible under the
present experimental conditions.

B. Discussion of the dark-mode-breaking mechanism in the
absence of the optomechanical-coupling linearization

In our above discussion, we analyzed the dark-mode ef-
fect by introducing new hybrid mechanical modes after the
linearization of the optomechanical interaction. Based on the
coupling configuration in the four-mode optomechanical sys-
tem, it is natural to ask what is the relationship between
the dark-mode effect and the center-of-mass and relative
coordinates. In this section, we analyze the physical mech-
anism behind the dark-mode breaking in the absence of
optomechanical-coupling linearization. The Hamiltonian of
the four-mode optomechanical system derived from Fig. 8 can
be rewritten as

HP = �ca†a + �sa
†
s as +

∑
l=1,2

[ωl

2

(
p2

l + q2
l

) + g̃l a
†aql

]

+g̃s1a†
s asq1 + (�a† + �sa

†
s + H.c.), (25)

where pl and ql are the dimensionless momentum and po-
sition operators of the lth mechanical mode, respectively.
The g̃l=1,2 (g̃s1) term describes the optomechanical coupling
between the cavity mode a (as) and the lth mechanical
mode bl (b1). Note that the relationships between the cou-
pling parameters defined in Eq. (25) and those presented in
Eq. (20) are given by g̃l=1,2 = ηl=1,2 and g̃s1 = ηs1 with ηs1 =
[∂ω(x1)/∂x1]x1=0. The other variables have been defined in
Eq. (1).

To observe the dark-mode effect in the system when
the two mechanical modes are degenerate, we first con-
sider the case where the auxiliary cavity mode does not exist,
then the Hamiltonian reads

H̃P = �ca†a +
∑
l=1,2

[ωl

2

(
p2

l + q2
l

) + g̃l a
†aql

]
+ �(a† + a).

(26)
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To describe the dark-mode effect, we introduce the effective
center-of-mass and relative coordinates

qcm = g̃1q1 + g̃2q2√
g̃2

1 + g̃2
2

, pcm = g̃1 p1 + g̃2 p2√
g̃2

1 + g̃2
2

,

qr = g̃1q2 − g̃2q1√
g̃2

1 + g̃2
2

, pr = g̃1 p2 − g̃2 p1√
g̃2

1 + g̃2
2

. (27)

Then we can reexpress the momentum and position operators
with the center-of-mass and relative degrees of freedom as

q1 = g̃1qcm − g̃2qr√
g̃2

1 + g̃2
2

, q2 = g̃2qcm + g̃1qr√
g̃2

1 + g̃2
2

,

p2 = g̃2 pcm + g̃1 pr√
g̃2

1 + g̃2
2

, p1 = g̃1 pcm − g̃2 pr√
g̃2

1 + g̃2
2

. (28)

With these new coordinates, the Hamiltonian H̃P in Eq. (26)
becomes

H̃P = �ca†a + ωcm

2

(
p2

cm + q2
cm

) + ωr

2

(
p2

r + q2
r

) + �(a† + a)

+ (ω2 − ω1)g̃1g̃2

g̃2
1 + g̃2

2

(pcm pr + qcmqr ) −
√

g̃2
1 + g̃2

2a†aqcm,

(29)

where we introduce the effective frequencies

ωcm = ω1g̃2
1 + ω2g̃2

2

g̃2
1 + g̃2

2

, (30a)

ωr = ω1g̃2
2 + ω2g̃2

1

g̃2
1 + g̃2

2

. (30b)

Equation (29) shows that in the degenerate-resonator case
(ω1 = ω2), the relative coordinate qr is decoupled from both
the center-of-mass coordinate qcm and the cavity mode a. As a
consequence, the relative coordinate qr becomes a dark mode.

To break the dark mode, we present the auxiliary-cavity-
mode method by introducing an auxiliary cavity (with
frequency ωs) coupled with the mechanical mode q1 and a
driving to the auxiliary cavity (with amplitude �s and fre-
quency ωd = ωs − �s), then the Hamiltonian in Eq. (25) can
be written as

HP = �ca†a + �sa
†
s as + ωcm

2

(
p2

cm + q2
cm

) + ωr

2

(
p2

r + q2
r

)
+ (ω2 − ω1)g̃1g̃2

g̃2
1 + g̃2

2

(
pcm pr + qcmqr

) −
√

g̃2
1 + g̃2

2a†aqcm

+g̃s1a†
s as

g̃1qcm − g̃2qr√
g̃2

1 + g̃2
2

+ (�a† + �sa
†
s + H.c.). (31)

We can see from HP in Eq. (31) that the relative coordinate qr

is always coupled with the auxiliary cavity mode as. There-
fore, even if the relative coordinate qr is decoupled from both
the center-of-mass coordinate qcm and the cavity mode a, the
dark mode can also be broken via the auxiliary cavity mode
as.

We want to emphasize that the relation between the
dark/bright mode and the relative/center-of-mass coordinate
depends on the realistic physical system. This is because

2

2

b

C0

L0
L

2C (x  ) 2
x  

1
x  

x  

11C (x  )
1b

(b)(a)

FIG. 9. (a) The microwave electromechanical system consists of
an inductor (with inductance L0) and three capacitors [with capac-
itances C0, C1(x1), and C2(x2)]. Here the two capacitances C1(x1)
and C2(x2) depend on two micromechanical resonators b1 and b2,
respectively. The displacements xl=1,2 of the mechanical resonators
modulate the resonance frequency of the microwave cavity. (b) A
Fabry-Perot-type optomechanical cavity (length L) with two movable
mirrors. The radiation-pressure force exerted by the photons causes
the motion of two mirrors, and then the displacements xl=1,2 of two
mirrors modulate the resonance frequency of the optical cavity.

the form of the relative/center-of-mass coordinate depends
on the choice of the common coordinate system. Below, we
compare the form of the radiation-pressure interactions in the
microwave electromechanical system [Fig. 9(a)] and Fabry-
Perot-type cavity optomechanical system [Fig. 9(b)]. For the
microwave electromechanical system, when g̃l = g̃2 = g̃, the
radiation-pressure interactions between the microwave cavity
and two mechanical modes can be written as (see Sec. VI A
for detailed derivation)

HI = g̃a†a(x1 + x2). (32)

In this case, the center-of-mass coordinate qcm becomes a
bright mode, which is coupled to the cavity mode. The rel-
ative coordinate qr is decoupled from both the center-of-mass
coordinate qcm and the cavity mode a, and it becomes a dark
mode.

In the Fabry-Perot-type cavity optomechanical system, the
resonance frequency of the cavity field is

ωc(x1, x2) = nπc

L + x2 − x1
≈ nπc

L

(
1 − x2 − x1

L

)

= ωc

(
1 − x2 − x1

L

)
, (33)

where the parameters c, L, and xl=1,2 are the speed of light in
vacuum, the length of the rest cavity, and the displacements
of the two mirrors, respectively. In this case, the optomechan-
ical couplings between the cavity mode and two mechanical
modes can be expressed as

H ′
I = ga†a(x1 − x2), (34)

where g = gl=1,2 = ωcxl,zpf/L is the single-photon
optomechanical-coupling strength. Here the center-of-mass
coordinate qcm is decoupled from the cavity mode and
becomes a dark mode. But the relative coordinate qr is
coupled from the cavity mode a, and it becomes a bright
mode.
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FIG. 10. (a) Schematic of the three-mode optomechanical sys-
tem consisting of a cavity mode and two mechanical modes. The
cavity mode a is coupled to the lth mechanical mode bl=1,2 via the
optomechanical interaction with the coupling strength gl . The cavity
mode a and the lth mechanical mode bl are coupled to the vacuum
bath and the heat bath (thermal-occupation number n̄l ), respectively.
(b) An auxiliary cavity mode as coupled with a vacuum bath is intro-
duced into the three-mode optomechanical system, and it is coupled
to the mechanical mode b1 via the optomechanical interaction of
strength gs1.

C. Clarification the dominate role of the dark-mode breaking in
the enhancement of optomechanical entanglement

In Sec. III we have studied the generation of optome-
chanical entanglement between the cavity mode and two
mechanical modes by breaking the dark-mode effect with
the auxiliary cavity mode, when the mechanical baths are at
nonzero temperatures. The introduction of the auxiliary cavity
mode also brings an additional degree of freedom. Thus a nat-
ural question arising is how does the correlation established
between the auxiliary cavity mode as and the mechanical
mode b1 affect the optomechanical entanglement between the
cavity mode a and the two mechanical modes b1 and b2. We
know that both the introduced correlation and the dark-mode
breaking will affect the optomechanical entanglement. How-
ever, which one is the dominate factor remains unclear. To
clarify this point, we now study optomechanical entanglement
between the cavity mode and the two mechanical modes in
both the dark-mode-unbreaking and -breaking cases when
the mechanical baths are at either zero or finite (n̄ = 100)
temperatures.

In Fig. 10 we plot the simplified schematic of the three-
mode and four-mode optomechanical systems. As shown in
Fig. 10(a), the cavity mode a is optomechanically coupled
to two mechanical modes bl=1,2 of strengths gl=1,2. More-
over, the cavity mode a and the lth mechanical mode bl are
coupled to the individual vacuum bath and the individual
heat bath (thermal-occupation number n̄l ), respectively. In the
degenerate-mechanical-mode case, one of the two mechanical
normal modes becomes the dark mode. To break the mechan-
ical dark mode, we introduce an auxiliary cavity mode as to
couple with the mechanical mode b1 via the optomechanical
interaction of strength gs1, and the auxiliary cavity mode as is
coupled to the individual vacuum bath [see Fig. 10(b)].

In Fig. 11 we plot the logarithmic negativities EN ,1 and
EN ,2 as functions of the scaled decay rate κ/ω1 in both the
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FIG. 11. Logarithmic negativities EN ,1 and EN ,2 vs the scaled
decay rate κ/ω1 in both the dark-mode-unbreaking and -breaking
cases when the thermal phonon numbers (a) n̄ = 0 and (b) n̄ = 100.
Other parameters used are ω2 = ω1, n̄1 = n̄2 = n̄, γ1/ω1 = γ2/ω1 =
10−5, G1/ω1 = G2/ω1 = 0.15, Gs1/ω1 = 0.1, �′

c/ω1 = �′
s/ω1 = 1,

and κs/ω1 = 0.1.

dark-mode-unbreaking and -breaking cases when the mechan-
ical baths are at either zero or nonzero temperatures. As shown
in Fig. 11(a), the logarithmic negativities EN ,1 and EN ,2 de-
crease with the increase of the scaled decay rate κ/ω1 in both
the dark-mode-unbreaking and -breaking cases when the me-
chanical baths are at zero temperatures. Here we choose n̄ = 0
such that the crosstalk from the thermal noise can be avoided
and that we can analyze the pure influence of the correla-
tion between as and b1 on the optomechanical entanglement.
We observe that, in the absence of mechanical thermal noise
(n̄ = 0), the influence of the auxiliary cavity mode on the
optomechanical entanglement is weak. In the presence of
the thermal noise (for example n̄ = 100), differently, we find
that the breaking of the dark mode will largely increase the
optomechanical entanglement, as shown in Fig. 11(b). This
indicates that the dark-mode effect is the dominate factor for
affecting the generation of optomechanical entanglement.

The physical reason behind those phenomena can be un-
derstood as follows. In the absence of the auxiliary cavity
mode, the dark mode decouples from the cavity mode and
prevents the energy extraction through the optomechanical
cooling channel, then the thermal excitations stored in the
dark mode will destroy the optomechanical entanglement. In
this case, the thermal noise in the dark mode is the domi-
nated negative factor for the entanglement. By introducing the
auxiliary cavity mode, a new cooling channel will be built
to extract the thermal excitations stored in the dark mode.
As a result, the ground-state cooling can be realized and the
optomechanical entanglement can be created by breaking the
dark mode. Though the auxiliary cavity will create the mixing
of the state of the cavity and mechanical modes, the thermal
noise is the vital factor for degrading the optomechanical
entanglement.

VII. CONCLUSION

In conclusion, we have studied the generation of optome-
chanical entanglement in a four-mode optomechanical system
consisting of two degenerate or near-degenerate mechanical
modes and two cavity modes. Here the common coupling
cavity mode is coupled to two mechanical modes, while the
auxiliary cavity mode is coupled to one of the two mechanical
modes. The motivation for introducing the auxiliary cavity
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mode is to break the dark mode formed by the two degenerate
mechanical modes coupled to a common cavity mode, and
then to enhance the optomechanical entanglement. We have
also studied the universal physical coupling configuration for
generation of optomechanical entanglement in the network-
coupled four-mode optomechanical system. The results show
that the generation of optomechanical entanglement depends
on the breaking of the dark mode. To break the dark mode
formed in this physical model, an efficient way is to introduce
an auxiliary cavity mode and couple it with either one of the
two mechanical modes. This scheme is experimentally acces-
sible with a microwave optomechanical setup. Our results will
not only pave a way toward the generation and manipulation

of macroscopic optomechanical entanglement, but also initi-
ate the study of noise-immune quantum resources.
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