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Stabilization of zero-energy skin modes in finite non-Hermitian lattices
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The zero energy of a one-dimensional semi-infinite non-Hermitian lattice with nontrivial spectral topology
may disappear when we introduce boundaries to the system. While the corresponding zero-energy state can be
considered as a quasi-edge state for the finite lattice with a long survival time, any small disruption (noise) in the
initial form of the quasi-edge state can significantly shorten the survival time. Here, by tailoring the couplings
at one edge we form an exceptional point allowing for a topological phase transition and the stabilization of the
quasi-edge state in a finite-size lattice with open edges. Such a small modification in the lattice does not require
closing and opening of the band gap and opens the door for experimental realization of such robust zero-energy

edge states.
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I. INTRODUCTION

The energy bands of non-Hermitian Hamiltonians can
exhibit unique nontrivial topological features characterized
by the spectral winding number [1]. In sharp contrast to
Hermitian systems, even a single-band non-Hermitian sys-
tem without any symmetry restrictions can be topologically
nontrivial when its spectrum under the periodic boundary
conditions (PBC) forms a loop or loops in the complex en-
ergy plane. Remarkably, the spectrum of such a system is
highly sensitive to boundary conditions [2-31]. A topological
phase transition occurs when we introduce boundaries and
the system under open boundary conditions (OBCs) becomes
topologically trivial in terms of a point gap [32—35]. This leads
to the failure of the conventional bulk boundary correspon-
dence, as well as to the emergence of the non-Hermitian skin
effect; i.e., eigenstates that are not at the Bloch points are
localized at the edge under OBCs [36,37]. Fortunately, a bulk
boundary correspondence can be established by considering
the semi-infinite boundary conditions (SIBCs), which assume
a boundary on the left but no boundary on the right. Its spec-
trum fills the interior of the loop formed by the PBC spectrum
in the complex energy plane [32]. An infinite number of skin
states inside the loop emerge as a result of the nontrivial spec-
tral winding number. We note that the spectrum under OBCs
is a subset of the spectrum under SIBCs for such systems.
A skin state whose energy is not in the OBC spectrum is
a mathematical solution as any experiment contains a finite
number of lattice sites. Nevertheless, it can be used in the
finite lattices as a quasi-edge state that is not an eigenstate
but acts as if it is an eigenstate up to a survival time, which in-
creases with system size [38,39]. It was shown that quasi-edge
modes can survive at the interface between two topologically
distinct nonreciprocal finite lattices after judicious tailoring
of the complex on-site potentials at the edges of a finite-size
topological interface [40].
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In this paper, we consider single-band and two-band
chiral-symmetric one-dimensional (1D) non-Hermitian tight-
binding lattices with asymmetric couplings. We first explore
survival times for quasi-edge states in finite lattices with open
edges. We show that survival time increases with the system
size and then saturates due to their fragility against noise.
We see that even the numerical rounding errors for finding
survival time may lead to huge fluctuations at large times
in a long lattice. We secondly show that stabilization of the
quasi-edge state in the finite lattices can also be possible by
judiciously changing the coupling at one edge of the system.
Recently, it has been discussed that a quasi-edge mode among
the infinitely many ones can be selectively stabilized in a finite
single-band non-Hermitian lattice provided that on-site poten-
tials are judiciously introduced to the system [41]. However,
such a change breaks the chiral symmetry. We propose to judi-
ciously change the coupling at the edge not to break the chiral
symmetry for the stabilization of the quasi-edge zero-energy
state. We show that a zero-energy topological state appears
in the middle of the band gap with a perturbative change
of the coupling. In this way, we are also able to change the
topological phase of the system by generating an exceptional
point in some finite two-band models.

II. SINGLE-BAND MODEL

Skin states can appear under SIBCs or OBCs due to the
non-Hermitian skin effect. We note that an OBC skin state
is also a SIBC skin state, but the reverse is not always true.
A quasi-edge state is a skin state at an energy E in a finite
lattice with OBCs whose spectrum does not include E. An
exactly solvable model helps us better understand the survival
times and stabilizations of the quasi-edge states. We start with
the Hatano-Nelson model describing a one-dimensional tight-
binding lattice with asymmetric couplings between adjacent

©2022 American Physical Society
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sites [42]:
. dW,
JL Wt +Jr Vg = ) (D
dt
where Jg and J;, are the couplings in the forward and back-
ward directions, respectively; n = 1,2, ..., N; and W, is the

time-dependent field amplitude at the nth lattice site. Note
that we mathematically suppose Wy = O for the system with
an open edge on the left. The other conditions for the OBC
and the SIBC read Wy,; = 0 and ¥, = 0, respectively. A
simple analytical solution is available for the system with uni-
directional couplings J;, = 1 and Jg = 0. The eigenfunctions
(W, = e E" y,) subject to the PBC (¥4 = ¥,), OBC, and
SIBC are given by

Y PBO) — ik

’

OBC
1pr(z ) = 8}1,17

Y SIBO) _ ootk n=1), )
with corresponding eigenvalues Epgc = e, Eopc =0, and
Esipe = ¢ “T* where ¥ > 0 and —7 < k < 7. Note that
all nonzero eigenvalues come in pairs (—FE, E) due to the
chiral symmetry, and an exceptional degeneracy occurs at
zero energy. The PBC spectrum describes a circle with a
unit radius in the complex plane and the SIBC spectrum fills
the interior of this circle. On the other hand, an exceptional
point occurs under the OBC and all eigenstates coalesce to
a single eigenstate for any finite value of N. The PBC states
are extended, whereas the OBC and SIBC states are localized
skin states. In this specific example, the quasi-edge states are
the SIBC skin states with nonzero eigenvalues. Recall that
quasi-edge states are the states that are the eigenstates under
SIBCs but not OBCs, so they are just mathematical solutions
as any experiment contains a finite number of lattice sites.
Nevertheless, if a quasi-edge state is initially prepared in a
finite lattice with open edges, then it almost keeps its spatial
form up to a survival time 7. To see this analytically, we write
the general solution of Eq. (1) at J; = 1 and Jg = 0 under the
OBC as

N—n Y
W)= o (];f) 3)

j=0

where ¢, is determined by the initial wave packet. The field
amplitude is constant at the right edge (Wy (f) = cy) and time
dependent at all other sites, causing a localized wave packet
to eventually lose its form. The growth is more rapid in the far
left of the lattice, so the total power becomes mostly concen-
trated at the left edge at sufficiently large times independent
of the form of the initial wave packet. Fortunately, if a skin
state ¥ S1BC) with energy E # 0 is initially prepared in a finite
lattice, then it stays almost stationary up to a survival time
T [W,(t) ~ e B SBO] and then the wave packet deforms
rapidly starting from the left edge. Therefore, the ratio $I‘—(((’)))
helps us roughly determine t. Using Eq. (3) and the relation

T(N, 1) =T(N)e™ Y0 15, we get

W (1) _
W(0)

—iat

(N, —iat)
rN)

“4)

where o = ¢ *** and I'(NV) and T'(V, ¢ ) are complete and in-
complete gamma functions, respectively. This ratio is almost
equal to 1 when 0 < < 7 and then rapidly grows. We can
determine t at which this ratio changes, for example, one
percent from its initial value. We numerically see that the
survival time 7 increases linearly with N [38]. However, an
observation of this linear dependence (v o N) is practically
impossible at large values of N since a system with a larger
value of N is more sensitive to the unavoidable noises in the
preparation of the system in a pure quasi-edge state. Consider,
for example, a perturbation to the initial wave packet such as
V,t=0=>0+€eW,) I/Ir(lSIBC), where W, are random num-
bers in the interval [0, 1] and € < 1. At N =100, « =1,
k =0, and € =0, we numerically find T & 90, which is a
typical timescale in non-Hermitian systems with waveguides
[43], but it is reduced dramatically from 90 to 30 even for a
tiny value of € = 107>, This gets worse for a larger value of N,
which implies that one can numerically see a saturated value
of t (it does not increase linearly indefinitely with N) since
even the rounding errors in numerical computations become
large enough to produce a rapid distortion of the quasi-edge
state.

We can stabilize a particular quasi-edge state for a finite
lattice by a proper perturbative change of the coupling; i.e.,
we make T — oo for a particular state among infinitely many
ones. We pick the quasi-edge state at energy E,. # 0 (2). To
stabilize it in a finite lattice with open edges, we judiciously
change only the forward coupling at the right edge of the
unidirectional lattice, which is a perturbative change (N > 1):
Jy=1land Jp = Ef dn.n- In this case, the eigenvalues become
0 and FE, and the target quasi-edge state Iﬂ,(lSIBC)(E =E.)
becomes an eigenstate of the finite lattice. Note that the chiral
symmetry is not broken with this coupling change and hence
not only the quasi-edge state with energy E,. but also the one
with energy —E, is stabilized in the finite lattice. As a result,
we analytically see how a perturbative change can lead to a
nonperturbative change on the spectrum. This approach has
a more intriguing result for some chiral symmetric two-band
models in which the zero-energy quasi-edge state in particular
is stabilized. Such a stabilization by a perturbative change
in the Hamiltonian leads to the formation of an exceptional
point. Therefore, we can change a topologically trivial system
into a nontrivial one just by a perturbative change of the
coupling at the right edge as we see below.

III. TWO-BAND MODEL

A non-Hermitian Hamiltonian can have two different types
of topological modes [33,34]: the conventional topology that
can be described by the bulk topological invariants based on
the non-Bloch band theory [44] and the spectral topology that
can be characterized by the spectral winding number at a
complex base energy Ep, w(Ep) = # ffn dk oy In(E, — Ep)
[1]. Below, we consider both types of topological modes in
some two-band models.

Consider a one-dimensional tight-binding lattice with two
sites per unit cell and asymmetric couplings in forward and
backward directions between adjacent sites. Figure 1 depicts
three such systems. Let us first discuss their common features
and then study each system separately. The corresponding
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FIG. 1. Three different one-dimensional tight-binding lattices
with two sites per unit cell, where a, and b, are the field amplitudes
in the nth sublattices. The couplings represented by double lines
between adjacent sites are nonreciprocal.

2 x 2 Bloch Hamiltonian in k-space for each of these systems
has the form (—m < k < )

(0 d—id
H_<dx+idy 0 ) )

where d, and d, are k-dependent complex functions to be
determined specifically for each system. The above Bloch
Hamiltonian has a chiral symmetry, o,H = —Ho,, which
means that the energy spectrum is symmetric with respect to
zero energy. We can readily write the PBC spectrum, which
forms a loop or loops in a complex energy plane as k varies
over the first Brillouin zone:

Eppc = I, /df + d)% (6)

This expression fails to predict the OBC energy spectrum. The
dramatic difference between the PBC and OBC spectra can be
interpreted as the source of the so-called non-Hermitian skin
effect, implying that the standard bulk boundary correspon-
dence is broken.

The number of skin states at a particular complex base
energy Ep inside the PBC loop is equal to |w(Ep)|. Of spe-
cial importance is the zero-energy skin state. Suppose that
|w(Ep = 0)] =1 (the zero-energy point is encircled by the
PBC loop in the complex plane). This means that there must
exist only one skin state at zero energy, Eg = 0. On the
other hand, the chiral symmetry causes the energy eigenvalues
to be symmetric (—E, E). Therefore, a second-order excep-
tional point necessarily appears under the OBC provided that
the OBC spectrum contains zero energy. In the conventional
sense, this is a topological zero-energy state [36,37,44].

Suppose now that the OBC spectrum does not contain
zero energy,; i.e., the system is topologically trivial in the
conventional sense. We further suppose that a zero-energy

state is available under the SIBC. That state can nevertheless
be used as a quasi-edge state in the finite lattice with open
edges. Below, we specifically consider the three models in
Fig. 1 and compute the survival times of the zero-energy
quasi-edge states. Unfortunately, the quasi-edge modes are
highly sensitive to noise and this limits their experimental
observations. Therefore, we aim at stabilizing them through
some perturbative changes in the coupling at the edge. We can,
in principle, stabilize the quasi-edge state at any energy but we
are here particularly interested in the zero-energy quasi-edge
state. Remarkably, picking it out of the infinite number of
quasi-edge states has another interesting effect in addition to
its stabilization. This also generates an exceptional point in the
finite lattice under the OBC and hence turns the conventional
topological phase of the system from trivial to nontrivial by
a perturbative change in the Hamiltonian. This is unique to
the non-Hermitian system as it is not predicted by the stan-
dard bulk-boundary correspondence, which requires band gap
closing and reopening for the topological phase transition. Let
us illustrate our discussions on the three models in Fig. 1.

1. Model 1
We start with the first model depicted in Fig. 1(a), where a,,
and b, are field amplitudes at the nth unit cell. This model is
a tight-binding lattice with asymmetrical and staggering cou-
plings between adjacent sites. The corresponding Hamiltonian
in k-space reads

—ik
H+d8ne ) o

0
H_<5t1+tzeik 0

where ¢ and t, are positive staggering couplings in the back-
ward direction and 0 < é§ < 1 is the multiplicative factor for
the couplings in the forward direction.

The OBC spectrum is gapped and lies along the real axis
when #; > f,, whereas the corresponding PBC spectrum de-
scribes a closed loop in the complex plane as depicted in
Fig. 2(a). Decreasing ¢, at fixed #, and § will reduce the OBC
band-gap width until the band gap closes at t; = ,. If we
further decrease the coupling #; (¢#; < ), the OBC spectrum
becomes gapped again and a zero-energy state appears in the
middle of the band gap. This zero-energy state is, in fact,
the conventional topological zero-energy mode in the finite
lattice. On the other hand, the semi-infinite lattice can have a
zero-energy skin mode over a wider range of the parameters
as can be seen from the exact zero-energy solution of the cor-
responding eigenvalue equation subject to the SIBC (a,, — 0

and by, — 0):

=5n\"

an=< ‘), by =0, )
15}

which shows that the zero-energy mode is available under the
SIBC as long as § x #; < t,. At the critical point § x t;=t,,
this zero-energy solution no longer satisfies the SIBC while
it satisfies the PBC, indicating the formation of an excep-
tional point under the PBC. For § X #;> f,, no zero-energy
skin mode appears in the semi-infinite lattice and the PBC
spectrum does not encircle the zero energy but makes two
separate loops excluding the zero energy.
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FIG. 2. The PBC (in black) and OBC (in red) energy spectra in
the complex plane at t, = 1.1, 1, = 0.9, § = 0.1, and N = 100 for
model I (a) and stabilized model I (b). The latter one has a con-
ventional topological zero-energy mode under the OBC, while the
former one does not. The absolute values of the field amplitudes as a
function of time for the zero-energy quasi-edge state [panels (c) and
(d)] corresponding to the system in panels (a) and (b), respectively.
For clarity, only the portion up to 2n = 40 is shown. The form of the
initial wave packet remains almost the same until # ~ 180 for panel
(c) while it is truly stable for panel (d).

Consider now that § x 1 <, and t; > t,, at which the
SIBC spectrum contains zero energy but the OBC spectrum
does not. This means that the truncated zero-energy SIBC
state can be used as a quasi-edge state for the finite lattice
with open edges. We next find its survival time. Suppose
that we prepare an initial wave packet according to Eq. (8)
forn=1,2,..., N. This initial wave packet is not an exact
stationary state for the finite lattice but can still be used as
a quasistationary solution since ay4+1 < a;. We then numer-
ically compute its time evolution for the parameters given in
Fig. 2(a) and N = 100. The survival time 7 at which the wave
packet starts to lose its initial form is quite long as is shown
in Fig. 2(c). However, similar to the previously studied case of
the single-band model, t reduces considerably in the presence
of noise on the initial wave.

Let us next stabilize the zero-energy quasi-edge state as
it also enables us to change the topological feature of the
finite system. As mentioned in the preceding section, we
can judiciously change the coupling at the right edge for
stabilization. Therefore, we assume that the coupling in the
forward direction at the edge is zero instead of ¢, as shown
in Fig. 3(a). This is a perturbative change since all other
couplings along the lattice with N >> 1 remain intact. With
this perturbative change, a second-order exceptional point is
necessarily formed and hence a conventional topological zero-
energy state localized at the left edge appears in the middle of
the band gap [see Fig. 2(b)]. We stress that chiral symmetry,
given by the chiral operator C as the diagonal matrix with
elements C,,, = (—1)"8,,, is not lost under this perturbative
change and the energy eigenvalues stay symmetric with zero

(a)
4’61’1 6t2 61’1 (51’2 0
-t b 4 b ot
an-2 by an-1 by ay by

(b)
- t1—(5 t2 t1—6 t2 0
-~ t1+(5 t1+6 t1+6

an-2 by2an-1 by an by

(c)

aN-2 an-1 ayn

bN_2 bN—1 bN

FIG. 3. The couplings at the edge are changed for the three
models shown in Fig. 1 to stabilize the zero-energy quasi-edge state.
An exceptional point at zero energy is necessarily formed and a
topological zero-energy mode appears in the finite lattice with open
edges after such a change of the couplings.

energy. As a final step, we plot the corresponding density for
the zero-energy state in this finite lattice in Fig. 2(d) up to
t = 1000, which shows its stationary character.

We conclude that the stabilization of the zero-energy quasi-
edge state is possible by generating an exceptional point. In
this way, the topological feature of the finite system with open
edges is also changed. According to the standard theory of
Hermitian topological insulators, a topological phase transi-
tion in one dimension can happen with a band gap closing and
reopening. However, this is not the case in our system and
a topological phase transition occurs through a perturbative
change in the system without the band gap closing. Further-
more, the zero energy topological modes in Hermitian systems
are robust against a symmetry-protecting disorder unless the
disorder strength is strong enough to close the band gap. In the
above non-Hermitian system, they are robust against a chiral
symmetry-protecting disorder as long as the exceptional point
is not lost.

2. Model 11

Let us now consider another configuration depicted in
Fig. 1(b) [37]. This system has asymmetric intradimer cou-
plings #; F § and symmetric interdimer couplings #,, where ?;,
1y, and ¢ are all positive constants with § < #;. The Hamilto-
nian for the system is given by Eq. (5) with

d. =t +tycosk, d,=tsink+is. 9

The corresponding PBC spectrum can be found using Eq. (6).
An exceptional point at the band edge occurs at t; =1, F§
(or t;y = —t, ¥4 at the band center). Beyond this point,
the PBC spectrum makes two separate loops excluding
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FIG. 4. The PBC (in black) and OBC (inred) at N = 100 spectra
for model II (a) and model III (c). The density plot |, | for the zero-
energy quasi-edge state as a function of time for model II (b) and
model III (d). The plots are up to 2n = 40 for clarity. The parameters
aret; = 1.3,1, = 1,and § = 2/3 for model Il and #;, = 0.6,17, = 0.8,
and 13 = § = 1 for model III.

the zero-energy point. On the other hand, the correspond-
ing OBC spectrum can be derived using the non-Bloch

band theory [45]: Egpe = 17 +1° — 8% + 26V} — 8% cos 6

for |8] < t; and Edge =t + 17 — 8% — 2it,v/ 8% — t?sin 6 for
|8] > t, where — < 6 < m. These expressions indicate that
the OBC spectrum is real when |§| < #; and the topological
zero-energy modes are available when 17 > 17 — 8% [37]. As
an example, the PBC and OBC spectra can be seen in Fig. 4(a)
fort; = 1.3, =1,and § = 2/3.

Let us now analytically solve the corresponding eigenvalue
equation to find the exact form of the zero-energy modes
under the SIBC. The un-normalized solution is given by

th—34 "
ay =\ — P bn = 07 (10)

15}

where a, and b, are the field amplitudes at the nth unit cell.
If we impose the SIBC, a,, — 0, we conclude that a zero-
energy solution is available in the semi-infinite lattice as long
ast) >t — 4.

Suppose that the SIBC spectrum contains zero energy but
the OBC spectrum does not, meaning that the finite system is
topologically trivial in the conventional sense. This happens

whent; —§ <t <V t12 — 8. For example, the numerical pa-
rameters in Fig. 4(a) satisfy these conditions. We can truncate
the state (10) to use it as a quasi-edge state or stabilize it in
the finite lattice under the OBC. Let us start with the former
one and prepare an initial wave packet according to Eq. (10)
withn = 1,2, ..., N. We numerically find that it stays almost
stationary up to a survival time (r & 80) in the finite lattice
[Fig. 4(b)]. Next, we stabilize it by changing the coupling in
the forward direction at the right edge as can be seen from
Fig. 3(b), which is a perturbative change as all other couplings
remain the same. This also changes the topological feature

of the finite system. One can analytically see that this new
system has a zero-energy mode exactly given by Eq. (10) with
n=1,2,...,N.Inthis case, a second-order exceptional point
at zero energy is formed in the system. To this end, we note
that this zero-energy state in the finite lattice is robust against
coupling disorder as long as the coupling of the forward
direction at the right edge remains zero. This guarantees the
existence of the exceptional point.

3. Model 111

We finally consider the last specific model depicted in
Fig. 1(c). The corresponding non-Hermitian Bloch Hamilto-
nian is given by Eq. (5) with

d, =t + (t +13)cosk + idsink,
dy = (t — 13)sink + id cos k, (11D

where 1, 1, t3, and § are constants [45]. Here, we obtain
conclusions similar to those of the other two models. Let us
study a particular example without a conventional topological
zero mode. Suppose t; = 0.6, £, = 0.8, and 13 =& = 1. The
corresponding PBC spectrum (6) describes two closed loops
with the outer one encircling the complex OBC spectrum
as can be seen from Fig. 4(c). The corresponding system is
topologically trivial in the conventional sense, and the OBC
spectrum does not contain zero energy. However the SIBC
spectrum contains zero energy. We aim to stabilize the zero-
energy mode of the semi-infinite lattice in a finite lattice with
open edges. A family of the SIBC zero-energy mode is given
by

_ G =A@+ A
(—2n)

where A = «/tl2 — 4t (t3 — §) and a,, — 0. Then we prepare
an initial wave packet according to Eq. (12) in the finite lattice.
We numerically find that t =~ 40 for the above parameters
and N = 100 [Fig. 4(d)]. Next, we stabilize it in the finite
lattice; i.e., T — oo by making a perturbative change in the
lattice. Suppose that the coupling between the sites in the last
sublattice is zero and the forward coupling between a,,_; and
a, is also zero as can be seen from Fig. 3(d). All other cou-
plings remain the same. In this case, the solution (12) withn =
1,2,...,N becomes an exact eigenstate of the finite lattice.
It is, in fact, a conventional zero-energy topological mode and
the system becomes topologically nontrivial. Furthermore, we
also numerically check that an exceptional point is formed in
the system; i.e., there exists one state corresponding to the two
zero-energy eigenvalues. This zero-energy topological state is
also an exceptional state.

, by =0, 12)

n

IV. CONCLUSION

According to the standard bulk-boundary correspondence,
an edge state appears at the interface of a topological insulator
with an ordinary insulator. In non-Hermitian tight-binding lat-
tices, the standard bulk-boundary correspondence fails when
the PBC and OBC spectra are dramatically different from
each other. For the 1D non-Hermitian tight-binding lattices
with asymmetric couplings between adjacent sites, the PBC
spectrum forms a loop or loops in the complex energy plane,
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and the SIBC spectrum fills the interior of the loop or loops.
On the other hand, the OBC spectrum is a subset of the SIBC
spectrum, implying that an OBC state is also a SIBC state
but the reverse is not always true. A skin state that appears
only under SIBCs can also be used as a quasi-edge state in the
finite lattice with open edges. In this paper, we showed that
survival times can be quite long in some systems but reduce
dramatically in the presence of noises in the preparation of
pure quasi-edge states in the finite lattices. We further discuss
how a change in the coupling at the edge of the lattice al-
lows us to stabilize a particular quasi-edge state in the finite
lattice. Of special importance is the stabilization of zero-
energy quasi-edge states that can be possible by generating

an exceptional point in the chiral symmetric two-band non-
Hermitian lattices. In this way, the topological feature of the
system can be changed without bang-gap closing and reopen-
ing.
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