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Effects of Efimov states on quench dynamics in a three-boson trapped system
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We investigate the effects of Efimov states on the postquench dynamics of a system of three identical bosons
with contact interactions in a spherically symmetric three-dimensional harmonic trap. The quench we consider
is in the s-wave contact interaction, and we focus on quenches from the noninteracting to strongly interacting
regimes and vice versa. The calculations use the hyperspherical solutions of the three-body problem and enable
us to evaluate the semianalytical results of the Ramsey and particle separation, postquench. In the case where the
interactions are quenched from the noninteracting to strongly interacting regime we find convergent aperiodic
solutions for both the Ramsey signal and the particle separation. In contrast, for quenches from the strongly
interacting regime to the noninteracting regime both the Ramsey signal and particle separation are periodic
functions. However, in this case we find that the solutions for the particle separation diverge, indicating that in
such a system large oscillations may be observable.
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I. INTRODUCTION

Efimov states are a unique type of many-body quantum
state where short-range interactions create effective long-
range forces due to the exchange interaction. They were first
predicted by Efimov [1] and first observed by Kraemer et al.
[2]. Efimov states appear in systems of as few as three bodies
[3–9], and while the circumstances under which Efimov states
appear is well understood, the specifics of those states, e.g.,
their energies, can vary depending on the specifics of the
system. The influence of Efimov states is highly relevant to a
number of topics of cold-gas research, including their effects
on, among other quantities, the two- and three-body contacts
or three-body decay rates after a quench [10–16].

In this work we consider the dynamics of a system of
three identical bosons, interacting via a contact interaction, in
an isotropic harmonic trap. Such systems can be constructed
in experiment [17–21] in the form of dilute ultracold gases.
Specifically, we consider the dynamics of the system after
a quench in the contact s-wave interactions. We consider
two quench pathways, from the noninteracting regime to the
strongly interacting (unitary) regime and vice versa. We utilize
known solutions of the static case [8,9,13,22–24] to calcu-
late the Ramsey signal and particle separation as functions
of time following the quench and investigate the effects of
different Efimov energy spectra upon the dynamics. Such so-
lutions have been used to calculate thermodynamics quantities
such as virial coefficients and Tan contacts [14,21,22,25–37].
In this work we consider a three-dimensional system com-
plementing previous investigations into quench dynamics in
two-dimensional [38] and one-dimensional [39–42] systems.

We note that the predictions in this paper are experi-
mentally testable with current techniques. Notably, Ref. [43]
prepared a harmonically trapped system of two 6Li atoms,
quenched in trap geometry and measured the particle sepa-

ration. It is also possible to experimentally obtain systems of
three harmonically trapped atoms [17–21], and the quench in
s-wave scattering length is possible using tools such as Fesh-
bach resonance [44–47]. Additionally, experiments measuring
the Ramsey signal of trapped cold gases after a quench have
been performed [48].

This paper is structured in the following way. Section II
provides an overview of the hyperspherical solution to the
problem of three identical bosons in a spherical harmonic
trap interacting via a contact interaction, including a review
of Efimov states. In Sec. III we use the static solutions to
calculate observables of the postquench system. We consider
the noninteracting to unitary (forwards) and vice versa (back-
wards) quenches. In these two cases we calculate the Ramsey
signal, the overlap of the pre- and postquench states, and the
expectation of the particle separation. For the forwards quench
we find that both quantities can be calculated semianalytically,
and in the reverse case the Ramsey signal is still calculable,
but the particle separation diverges.

II. OVERVIEW OF THE THREE-BODY PROBLEM

To begin, the Hamiltonian of three identical noninteracting
bodies in an isotropic three-dimensional harmonic trap is

Ĥ =
3∑

k=1

[
−h̄2

2m
∇2

k + mω2r2
k

2

]
, (1)

where �rk is the position of the kth particle, m is the particle
mass, and ω is the trapping frequency. For convenience we
define the length scales

aμ =
√

h̄

μω
, aM =

√
h̄

Mω
, (2)

where μ = m/2 and M = 3m.
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We use the Bethe-Peierls boundary condition to model the
contact interactions [49]

lim
ri j→0

[
d (ri j�)

dri j

1

ri j�

]
ri j→0

= −1

as
, (3)

where � is the total three-body wave function, ri j = |�ri − �r j |,
and as is the s-wave scattering length.

The wave function of three identical harmonically trapped
atoms subject to Eq. (3) is known [25,50]. In particular the
hyperspherical formulation [50] is a closed-form description
of the wave function in the strongly interacting (unitary) and
noninteracting regimes.

We define the hyperradius R and hyperangle α as

R2 =
√

r2 + ρ2, α = arctan (r/ρ), (4)

where

�r = �r2 − �r1, (5)

ρ = 2√
3

(
�r3 − �r1 + �r2

2

)
, (6)

and

�C = �r1 + �r2 + �r3

3
(7)

is the center-of-mass (c.m.) coordinate. The c.m. Hamiltonian
is a simple harmonic oscillator (SHO) Hamiltonian. The c.m.
wave function is unaffected by Eq. (3) and is a SHO wave
function of argument �C and length scale aM . In hyperspherical
coordinates the relative Hamiltonian is given as

Ĥrel = −h̄2

2μ

(
∂2

∂R
+ 1

R2 sin(α) cos(α)

∂2

∂α2
[cos(α) sin(α)]

+ 5

R

∂

∂R
− 4

R2
− �̂2

r

R2 sin(α)
− �̂2

ρ

R2 cos(α)

)
+ μω2R2

2
.

(8)

We define an ansatz wave function of the form

ψ3brel = Nqls
Fqs(R)

R2
(1 + P̂13 + P̂23)

ϕls(α)

sin(2α)
Ylm(ρ̂ ), (9)

where Nqls is the normalization constant, Fqs is
the hyperradial wave function, and φls = (1 + P̂13 +
P̂23)ϕls(α)Ylm(ρ̂)/ sin(2α) is the hyperangular wave function.
The exchange operators P̂13 and P̂23 exchange the positions
of particles one and three and particles two and three,
respectively.

Requiring the ansatz to be an eigenfunction of the Hamil-
tonian leads to the hyperangular and hyperradial equations

s2ϕls(α) = −ϕ′′
ls(α) + l (l + 1)

cos2(α)
ϕls(α), (10)

ErelFqs(R) = −h̄2

4μ

(
F ′′

qs(R) + F ′
qs(R)

R

)

+
(

h̄2s2

4μR2
+ μω2R2

)
Fqs(R), (11)

TABLE I. The three-body s eigenvalues at unitarity for the three-
boson case for l = 0 to three decimal places.

n s

0 i × 1.006 . . .

1 4.465...
2 6.818...
3 9.324...

and noting that a divergence at α = π/2 is nonphysical gives
the condition

ϕls

(
π

2

)
= 0. (12)

Equations (10)–(12) determine the form of Fqs(R) and
ϕls(α) [26,50,51],

Fqs(R) =
{

(R̃)se−R̃2/2Ls
q(R̃2), s2 > 0,

1
R̃

WErel
2h̄ω

, s
2
(R̃2), s2 < 0,

(13)

ϕls(α) = cosl+1(α)

×2F1

(
l + 1 − s

2
,

l + 1 + s

2
; l + 3

2
; cos2(α)

)
,

(14)

where Ls
q is the associated Laguerre polynomial; WErel/2h̄ω,s/2

is the Whittaker function; 2F1 is the hypergeometric function;
R̃ = R/aμ, q ∈ Z�0, and s2 ∈ R are the energy quantum num-
bers; and l ∈ Z�0 is the angular momentum quantum number.
In the rest of this work we consider only the l = 0 case for
reasons that are elucidated in the Appendix. As such we omit
angular momentum indices l in subsequent notation.

In this framework the s eigenvalues can be fully specified
only in the noninteracting and unitary regime. In the unitary
limit applying Eq. (3) to Eq. (9) gives the transcendental
equation

0 = dϕ′
s(α)

dα

∣∣∣
α=0

+ 8√
3
ϕs

(
π

3

)
, (15)

which determines the s eigenvalues; some solutions are pre-
sented in Table I. In the noninteracting limit applying Eq. (3)
to Eq. (9) gives s as

s =
{

2,

2n + 6,
(16)

for l = 0, where n ∈ Z�0.
For s2 > 0, the universal case, the energy of the wave

function is Erel = (2q + s + 1)h̄ω, which is implicitly deter-
mined by Eq. (11) (recall q ∈ Z�0). For s2 < 0, the Efimov
case, the energy is not uniquely determined by requiring the
wave function, Eq. (9), to be an eigenfunction of the Hamil-
tonian, Eq. (8); it is, instead, a free parameter. Hence, we
require an additional condition to fix the energy. The Efi-
mov hyperradial wave function oscillates increasingly rapidly
as R → 0, and we set a condition to fix the phase of the
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FIG. 1. The energy spectrum for Efimov states as defined by
Eq. (17). Calculated using s = i × 1.006 . . . . The upper limit on the
horizontal axis is Rt/aμ = eπ/|s| ≈ 22.7, and the vertical black line is
Rt = aμ.

oscillation [8,50],

arg �

[
1 + s − Erel/h̄ω

2

]

= −s| ln

(
Rt

aμ

)
+ arg �(1 + s) mod π, (17)

where Rt is the three-body parameter, an arbitrary parame-
ter with units of distance. Rt determines the energies of the
Efimov states. Physically speaking, Rt is required because,
in the Efimov case, Eq. (11) has an attractive potential term
proportional to 1/R2 which allows for arbitrarily small inter-
particle distances. At small distances the contact interaction
assumption breaks down, and the short-range nature of the
interaction becomes significant. The Efimov energies are plot-
ted as a function of Rt in Fig. 1. The energy spectrum is
unbounded from below and above; we label the states with
q ∈ Z, defining the q = 0 state as the lowest-energy state with
Erel > 0 at Rt = exp(π/|s|)aμ. Note that the energy of the
q = N state evaluated at Rt = aμ is equal to the energy of the
q = N − 1 state evaluated at Rt = exp(π/|s|)aμ.

III. QUENCH DYNAMICS

In this paper we calculate the Ramsey signal and particle
separation after a quench in as. As part of this we need to
calculate various integrals of the hyperspherical wave func-
tion, and their details are presented in the Appendix. The c.m.
wave function is unaffected by Eq. (3) and so is unaffected by
a quench in as. As such, only the relative motion impacts the
system behavior.

The time-dependent postquench relative wave function is
given by

|ψ (t )〉 = e−iĤrelt/h̄ |Fqisiφsi〉
=

∑
q,s

〈Fqsφs| |Fqisiφsi〉 e−iEqst/h̄ |Fqsφs〉 , (18)

where Ĥrel is the postquench relative Hamiltonian, quantum
numbers with subscript i refer to the initial state, quantum
numbers with no subscripts are the postquench eigenvalues,
and Eqs are the postquench eigenenergies.

A. Ramsey signal

The Ramsey signal [48] is defined as the wave-function
overlap of the initial and final states,

S(t ) = 〈�i(t )| |� ′(t )〉 =
∞∑
j=0

| 〈�i(0)| |� ′
j〉 |2e−i(E ′

j−Ei )t/h̄,

(19)

where �i is the initial state with energy Ei, � ′ is the
postquench state, and � ′

j are the eigenstates of the postquench
system with energy E ′

j , where j sums over all postquench
eigenstates.

As mentioned above the c.m. wave function is unaffected
by the quench and integrates to 1. Hence, the Ramsey signal
depends only on the relative wave function,

S(t ) =
∑
q,s

|〈Fqisiφsi | |Fqsφs〉|2e−i(Eqs−Eqisi )t/h̄. (20)

To evaluate the Ramsey signal we need to evaluate the hy-
perradial integral 〈Fqs| |Fqisi〉 and the hyperangular integral
〈φs| |φsi〉. The Appendix contains the details of the evaluation
of these integrals. With the integrals known, we can then
calculate the Ramsey signal for the forwards and backwards
quenches. There is a degree of freedom in the choice of
the Efimov energy spectrum, determined by the value of Rt .
Whatever the value of Rt is, the normalization is preserved,
but the postquench behavior is, nonetheless, affected by the
choice of Rt .

The Ramsey signal is the weighted sum of oscillators,
S(t ) = Ae−iat + Be−ibt + Ce−ict + . . . , where the weights are
the square overlaps between the initial state and postquench
eigenstates and the angular frequencies are the differences
between the initial energy and postquench eigenenergies.
The magnitude is similarly a weighted sum of oscillators,
but the angular frequencies of the oscillatory terms are the
differences between postquench eigenenergies, (a − b), (b −
c), (a − c), . . . . The phase of the Ramsey signal is dominated
by the phase of the most heavily weighted terms.

In Fig. 2 we plot the Ramsey signal of the forwards quench
for a number of initial states and values of Rt . The calculations
of the Ramsey signal for the forwards quench are performed
including only the q � −1 Efimov energies, except for the
Rt = aμ calculation, which includes only the q � 0 Efimov
energies. The neglected energies are significantly lower (e.g.,
for Rt = aμ the q = −1 Efimov energy is ≈ −566h̄ω) and do
not contribute meaningfully. Unlike in the two-body case [52]
the magnitude of the Ramsey signal of the forwards quench
is aperiodic. This is because the postquench eigenenergies are
irrational because the unitary s eigenvalues are irrational, as
are the Efimov energies in general. This means the angular fre-
quencies in Eq. (20) (a, b, c, . . . from the previous paragraph)
are irrational, as are the differences between them; hence, the
magnitude and phase of the Ramsey signal are aperiodic.

In the Rt = aμ, (qi, si ) = (0, 2) case (solid red line in
the top two panels of Fig. 2) the postquench states with
the largest overlaps are (Eq=1, s) ≈ (2.27h̄ω, i × 1.006), with
square overlap of ≈0.666; (Eq=0, s) ≈ (−0.85h̄ω, i × 1.006),
with square overlap of ≈0.14; and (q, s) = (0, 4.465 . . . ),
with square overlap ≈0.105. The two largest modes in the
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FIG. 2. Ramsey signal of the system quenched from noninteract-
ing to unitarity. In each panel si = 2, the solid red line corresponds
to qi = 0, the dashed green line corresponds to qi = 1, and the dotted
blue line corresponds to qi = 2. The top two panels use Rt = aμ to
calculate the Efimov energy spectrum, the middle panels use Rt =
5aμ, and the bottom panels use Rt = 10aμ. These Ramsey signals
are evaluated using Eq. (19) with 40 terms in each of the sums, 1600
terms total. We find that the summation is convergent.

magnitude have periods of ≈2π/3ω. The phase is dominated
by a period of ≈2.7π/ω.

In the Rt = 5aμ, (qi, si ) = (0, 2) case (solid red line in
the middle panels of Fig. 2) the most significant terms are
(Eq=0, s) ≈ (1.077h̄ω, i × 1.006), with a square overlap of
≈0.583; (Eq=1, s) ≈ (3.37h̄ω, i × 1.006), with a square over-
lap of ≈0.24; and (q, s) = (0, 4.465, . . . ), with a square
overlap of ≈0.105. The two largest modes in the magnitude
have periods of ≈0.87π/ω and ≈0.45π/ω. The phase is
dominated by a period of ≈π/ω.

In the Rt = 10aμ, (qi, si ) = (0, 2) case (solid red line in the
bottom panels of Fig. 2) the terms with the largest overlaps
are (Eq=0, s) ≈ (1.603h̄ω, i × 1.006), with a square overlap
of ≈0.72; (q, s) = (0, 4.465, . . . ), with a square overlap of
≈0.105; and (Eq=1, s) ≈ (3.875h̄ω, i × 1.006), with a square

FIG. 3. Ramsey signal of the system quenched from unitarity to
noninteracting. In each panel si = i × 1.006 . . . , the solid red line
corresponds to qi = 0, the dashed green line corresponds to qi = 1,
and the dotted blue line corresponds to qi = 2. The top two panels
use Rt = aμ to calculate the Efimov energy spectrum and thus the
energy of the initial state. The middle panels use Rt = 5aμ, and the
bottom panels use Rt = 10aμ. These Ramsey signals are evaluated
using Eq. (19) with 40 terms in each of the sums, 1600 terms total.
We find that the summation is convergent.

overlap of ≈0.092. This leads to two main modes in the
magnitude with periods of ≈0.5π/ω and ≈0.9π/ω, and the
phase is dominated by a period of ≈1.4π/ω.

In Fig. 3 we plot the Ramsey signal of the backwards
quench for a system initially in an Efimov state for a vari-
ety of Efimov energies. Unlike in the forwards quench the
magnitude of the Ramsey signal of the backwards quench
is periodic. This is because the noninteracting eigenenergies
are all odd-integer multiples of h̄ω. The difference between
the postquench eigenenergies is even integers, leading to the
magnitude having a period of π/ω. However, the phase is
dominated by the largest term in Eq. (20), and the angular
frequencies of each term are irrational because the initial state
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is an Efimov state, which, in general, has an irrational energy.
This leads to the irregularity in the phase.

For Rt = aμ, (Eqi=0, si ) ≈ (−0.850, i × 1.006) (solid red
line in the top panels of Fig. 3) the largest terms are the
overlaps with (q, s) = (0, 2), with a square overlap of ≈0.14,
and (q, s) = (1, 2), with square overlap of ≈0.12. These
terms have periods of ≈0.52π/ω and ≈0.34π/ω. For Rt =
5aμ (Eqi=0, si ) ≈ (1.077, i × 1.006) (solid red line in the mid-
dle panels of Fig. 3) the largest term is the overlaps with
(q, s) = (0, 2)m with a square overlap of ≈0.58 and period of
≈ π/ω. For Rt = 10aμ (Eqi=0, si ) ≈ (1.602, i × 1.006) (solid
red line in the bottom panels of Fig. 3) the largest term is the
overlaps with (q, s) = (0, 2), with a square overlap of ≈0.72
and period of ≈1.43π/ω.

B. Particle separation

We are not limited to calculating only the Ramsey signal.
It is also possible to calculate the particle separation 〈R̃(t )〉.

The expectation value of R̃(t ) is given as

〈R̃(t )〉 = 〈� ′(t )| R̃ |� ′(t )〉 =
∑
j, j′

〈�i(0)| |� ′
j〉 〈� ′

j′ | |�i(0)〉

× 〈� ′
j | R̃ |� ′

j′ 〉 e−i(Ej′ −Ej )t/h̄,

(21)

where �i is the initial prequench state with energy Ei and
� ′(t ) is the postquench state. � ′

j and � ′
j′ are eigenstates of

the postquench system with eigenenergies Ej and Ej′ , respec-
tively, with the sums over j and j′ taken over all postquench
eigenstates.

The c.m. wave function is independent of the interparticle
interaction and does not impact the postquench dynamics.
Due to the hyperangular wave function’s orthogonality in s,
two sums over s and s′ collapse into a single sum over s.
Hence, 〈R̃(t )〉 is given as

〈R̃(t )〉 =
∑
q′,q

∑
s

〈Fqisiφsi | |Fq′sφs〉 〈Fqsφs| |Fqisiφsi〉

× 〈Fq′sφs| R̃ |Fqsφs〉 e−i(Eqs−Eq′s )t/h̄. (22)

As in Eq. (20), indices with subscript i refer to the initial
state, and indices with no subscript refer to the postquench
eigenstates. As for the Ramsey signal all relevant integrals are
presented in the Appendix.

In Fig. 4 we plot 〈R̃(t )〉 for a system initially in the
noninteracting ground state quenched to unitarity, with the
top, middle, and bottom panels corresponding to Rt = aμ,
Rt = 5aμ, and Rt = 10aμ, respectively. For Rt � 5aμ we in-
clude states with q � −1 in the calculations, but for Rt = aμ,
Eq=−1 ≈ −566h̄ω, and this state does not meaningfully con-
tribute, so we include only the q � 0 Efimov states in the
calculation. In Eq. (22) terms with q = q′ are constants, and
the s contributions to the energies cancel out; the angular
frequencies depend only on q and q′. The universal-state terms
oscillate with an angular frequency that is an even-integer
multiple of ω because q − q′ is an integer, but the Efimov-state
terms oscillate with irrational angular frequencies because
the differences between the Efimov energies, Eq and Eq′ , are
irrational in general. For each plot we have calculated 〈R̃(t )〉

FIG. 4. 〈R̃(t )〉 of a system initially in the ground state quenched
from noninteracting to unitarity. The top panel corresponds to Rt =
aμ, the middle panel corresponds to Rt = 5aμ, and the bottom panel
corresponds to Rt = 10aμ. Efimov states with q � −1 are included
in the calculation, except Rt = aμ, where Eq=−1 ≈ −566h̄ω does
not contribute meaningfully. The dot-dashed red line corresponds
to Nmax = 3, the dashed green line corresponds to Nmax = 6, the
solid blue line corresponds to Nmax = 12, and the dotted black line
corresponds to Nmax = 24. We find that the summation is convergent.

by summing up to Nmax = 3, 6, 12, 24 terms in each of the
three sums in Eq. (22), and we find that the sum is convergent.

For Rt = aμ the largest oscillating terms are
(q′, q, s) = (q, q′, s) = (0, 1, i × 1.006 . . . ), with total
coefficient ≈0.17 and Eq=1 − Eq=0 ≈ 3.12h̄ω, and
(q, q′, s) = (1, 2, i × 1.006 . . . ), with total coefficient ≈0.09
and Eq=2 − Eq=1 ≈ 2.12h̄ω. This implies characteristic
periods of ≈2π/3ω and ≈ π/ω. For Rt = 5aμ the largest
oscillating terms are (q, q′, s) = (0, 1, i × 1.006 . . . ),
with total coefficient ≈0.3 and Eq=1 − Eq=0 ≈ 2.3h̄ω,
and (q, q′, s) = (0, 1, 4.465), with total coefficient
≈0.054 and an associated energy difference of 2h̄ω.
This leads to characteristic periods of ≈0.9π/ω and
π/ω. For Rt = 10aμ the largest oscillating terms are
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FIG. 5. 〈R̃(t )〉 of a system following a quench from unitarity
to noninteracting. The top, middle, and bottom panels correspond
to Rt = aμ, Rt = 5aμ, and Rt = 10aμ, and the corresponding initial
states are Efimov states with q = 0. The dot-dashed red line corre-
sponds to Nmax = 3, the dashed green line corresponds to Nmax = 6,
the solid blue line corresponds to Nmax = 12, and the dotted black
line corresponds to Nmax = 24.

(q, q′, s) = (0, 1, i × 1.006 . . . ), with total coefficient ≈0.22
and Eq=1 − Eq=0 ≈ 2.3h̄ω, and (q, q′, s) = (0, 1, 4.465), with
total coefficient ≈0.054 and an associated energy difference
of 2h̄ω. This leads to characteristic periods of ≈0.9π/ω and
π/ω.

In Fig. 5 we plot 〈R̃(t )〉 for the backwards quench, where
the system is initially in a variety of Efimov states. Unlike
the forwards quench we find that 〈R̃(t )〉 is periodic for the
backwards quench. This is because in the backwards quench
the postquench states are universal states where the differ-
ences between eigenenergies are always even multiples of h̄ω,
leading to a period of π/ω. However, similar to how Ref. [52]
found a divergence in r = |�r2 − �r1| in the backwards quench,
we find that 〈R̃(t )〉 also diverges for the backwards quench.
In particular we find that it is logarithmically divergent with
the number of terms in the summation, i.e., 〈R̃(t �= nπ/ω)〉 ∝

ln(Nmax). This divergence is not exclusively due to the Efimov
states as the divergence is present even when there are no
Efimov states [53].

This divergence is quite unusual; it is not obvious why
it occurs or why it occurs only for the reverse quench. To
investigate further we look at how the probability distribution
of R, P(R, t ), evolves over time for both quenches. P(R, t ) is
given by

P(R′, t ) = 〈� ′(t )| δ(R′ − R) |� ′(t )〉 , (23)

where � ′(t ) is the postquench state.
In Fig. 6 we plot the evolution of P(R, t ) for the forwards

quench with Rt/aμ = 1, 5, and 10 in the top, middle, and
bottom panels, respectively. For all values of Rt we see a
qualitatively similar evolution; the system oscillates between
a broad distribution and a tightly peaked one with a smaller
mean value. This oscillation is only approximately periodic
due to the influence of the irrational Efimov energies. The
broad distribution corresponds to the initial universal state,
and the tightly peaked distribution is dominated by the Efimov
states; the system oscillates between these two regimes.

To understand this oscillation it is useful to consider 〈R̃〉
for the initial and postquench states. For example, for Rt =
aμ the states with the largest overlaps with the initial state
are (Eq=1, s) ≈ (2.27h̄ω, i × 1.006), with a square overlap of
≈0.666, and (Eq=0, s) ≈ (−0.85h̄ω, i × 1.006), with a square
overlap of ≈0.14; these states have 〈R̃〉 ≈ 1.5 and ≈ 0.57,
respectively. The initial state is (q, s) = (0, 2), so we have
〈R̃(t = 0)〉 ≈ 1.66; hence, the position of the initial broad
distribution is to the right of the tightly peaked Efimov dis-
tribution. As Rt increases, 〈R̃〉 of the strongly overlapping
Efimov states increases, but they are, on average, still less
than 〈R̃〉 of the initial universal state; hence, the peak of
the narrow distribution moves rightward with increasing Rt .
Additionally, as Rt increases, the narrow Efimov distribution
broadens because the higher-energy Efimov states are simply
broader. Note that in the third bottom of Fig. 6 we can see
small local peaks in probability near R̃ = 0. These come from
the (Eq=−1, s) ≈ (−5.6, i × 1.006) state and have a square
overlap with the initial state of ≈0.01 and 〈R̃〉 ≈ 0.3; the
(Eq=−1, s) state is also accounted for in the Rt = 5aμ calcu-
lation, but the overlap is approximately 50 times smaller.

In Fig. 7 we plot P(R, t ) for the backwards quench at t =
0, 0.17π/ω, 0.34π/ω, and π/2ω. Unlike the forwards quench
the evolution of P(R, t ) here is periodic. The mean of P(R, t )
increases with time, reaching a maximum at π/2ω before
returning to its initial shape at t = π/ω; this then repeats with
a period of π/ω. Initially, P(R, t ) is tightly peaked, but it
develops a long tail as it evolves, and in Fig. 8 we present the
long tail in detail for various values of Nmax. The tail behaves
approximately like R̃−2 until it ends in an exponential-like
“cutoff”. This cutoff occurs at larger R for larger Nmax, and
in the limit of Nmax → ∞ the behavior of the tail of P(R, t )
approaches R̃−2 with no cutoff. This means that the integral
of P(R, t ) over R from R = 0 to R → ∞ is finite and properly
normalized in the Nmax → ∞ limit; however, RP(R, t ) has a
R̃−1 tail, and so the integral is not finite, hence the divergence
in 〈R̃(t )〉 for the backwards quench.

Physically speaking, there are two likely candidates for the
source of the divergence: the zero-range contact interaction
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FIG. 6. The evolution of the probability distribution of the hy-
perradius, Eq. (23), for the forwards quench. The top, middle, and
bottom panels correspond to Rt/aμ = 1, 5, and 10, respectively. The
horizontal axis is the hyperradius, and the vertical axis is time,
with dark blue corresponding to low probability density and yel-
low corresponding to high density. For all plots the initial state is
(qi, si ) = (0, 2), and each plot is constructed with Nmax = 24. In this
case P(R, t ) is convergent with Nmax.

and the instantaneous nature of the quench; in reality atoms
interact at some finite range, and the quench in as occurs over
some finite time. These are two nonphysical inputs into this
model and may be responsible for the nonphysical outputs.

By considering the finite range of the interaction it is
possible to estimate a maximum value of 〈R̃(t )〉. The length
scale of the interaction provides a justification for a maximum
energy and thus a cutoff in Eq. (22). Specifically, the range of

FIG. 7. The evolution of the probability distribution of the
hyperradius, Eq. (23), for the backwards quench plotted at t = 0 (dot-
dashed red line), t = 0.17π/ω (dashed green line), t = 0.34π/ω

(solid blue line), and t = π/ω (dotted black line). The initial states
in the top, middle, and bottom panels are the q = 0 Efimov states for
Rt/aμ = 1, 5, and 10, respectively. All calculations are performed
with Nmax = 60; unlike in the forwards quench, we find that P(R, t )
is convergent only for t = 0.

interaction defines a minimum de Broglie wavelength which
defines a maximum energy and thus the cutoff. For sodium in
a 1-kHz trap and assuming a van der Waals range of 1 nm,
we obtain an energy of Erel ≈ 8.7 × 106h̄ω, and so we predict
〈R̃(t )〉max ≈ 21 for an initial Efimov energy of Eq=0 ≈ −0.85.
This is an order of magnitude larger than the amplitude of
oscillations when the system is quenched from the noninter-
acting to the strongly interacting regime.

In contrast it is difficult to quantify the effects of a finite-
duration quench. In the formalism used here only quenches
between the noninteracting and unitary regimes can be de-
scribed, meaning a quench to or from the intermediate regime
cannot be elucidated. However, in the two-body case a quench
between any two scattering lengths can be considered [52], so
the effects of a finite-duration quench can be investigated.
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FIG. 8. The tail of P(R, t = π/2ω) for the reverse quench with
the energy of the initial Efimov state given E ≈ 1.077 (q = 0 for
Rt = 5aμ) for various values of Nmax. The dot-dashed red line cor-
responds to Nmax = 10, the dashed green line corresponds to Nmax =
20, the solid blue line corresponds to Nmax = 30, and the dotted black
line corresponds to Nmax = 40.

IV. CONCLUSION

In this paper we have examined the effects of different
Efimov energy spectra on the time-dependent postquench
dynamics of an interacting few-body system. This was done
in the context of three interacting bosons in a spherically
symmetric trap, where the contact interactions were quenched
from the noninteracting regime to the strongly interacting
regime (forwards quench) and vice versa (backwards quench).
In each case we were able to evaluate the postquench
dynamics of both the Ramsey signal and the expectation
value of the hyperradius.

For the forwards quench we found an irregularly repeating
signal for both the Ramsey signal and 〈R̃(t )〉. For the Ramsey
signal this is due to both the Efimov energies and unitary s
eigenspectrum being irrational in general. In the case of the
particle separation the contributions from s cancel out, and the
irregularity is due to the irrationality of the Efimov energies.
In both cases the results are convergent and well defined.

For the backwards quench the magnitude of the Ramsey
signal and 〈R̃(t )〉 oscillate with a period of π/ω. This is
because the noninteracting s eigenvalues are even integers
and Efimov states are not present when as = 0. The phase
of the Ramsey signal is still irregular due to the influence
of the initial irrational Efimov energy. However, we found,
analogous to previous results [52], that the particle separation
diverges logarithmically. By enforcing a cutoff on Eq. (22)
motivated by a minimum de Broglie wavelength derived from
the van der Waals range we expect a maximum 〈R̃(t )〉 ≈ 21.
This estimate of the size of the oscillations is extremely large
compared to the forwards quench case.
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APPENDIX

In this work we calculate quench observables of systems
where the wave functions of the pre- and postquench systems

are known. To obtain these observables we need to perform
numerous integrals involving these wave functions. In this
Appendix we present those integrals. First, the Jacobian in
hyperspherical coordinates is given by

dV = d�r1d�r2d�r3 = 3
√

3

32
R5 sin2(2α)dRdαd ��rd ��ρd �C,

(A1)

and for convenience we define

〈Fqs(R)| |Fq′s′ (R)〉 =
∫ ∞

0
RFqs(R)∗Fq′s′ (R)dR, (A2)

〈φs(α)| |φs′ (α)〉 =
∫∫∫ π/2

0
φs(α)∗φs′ (α)2 sin2(2α)

×dαd ��rd ��ρ. (A3)

To calculate the Ramsey signal, Eq. (20), we need
the wave-function overlaps, i.e., 〈Fqs(R)| |Fq′s′ (R)〉 and
〈φs(α)| |φs′ (α)〉. Whether s is imaginary or not does not
change the functional form of the hyperangular wave func-
tion φs(α), unlike the hyperradial wave function Fqs(R). For
the hyperangular integral there is only one case, but for the
hyperradial integral there are three: the universal-universal,
universal-Efimov, and Efimov-Efimov. We begin by consid-
ering the hyperangular integral.

The presence of the permutation operators makes evaluat-
ing the hyperangular integral directly difficult. To evaluate we
transform the permuted terms into the same Jacobi set as the
unpermuted term [54]. However, this limits us to the l = 0
case; if the spherical harmonic term is nonconstant, then the
coordinate transform is more complicated, and the integral
becomes intractable. The hyperangular integral is given by
[55–58]

〈φ0s| |φ0si〉 = 8π

∫ π/2

0

[
(1 + P̂23 + P̂13)

ϕs(α)

sin(2α)

]∗

×
[

(1+P̂23 + P̂13)
ϕsi (α)

sin(2α)

]
sin2(2α)dα

= 24π

×
{∫ π/2

0
ϕ∗

s (α)ϕsi (α)dα + 4√
3

∫ π/2

0
ϕ∗

s (α)

×
[∫ π/2−|π/6−α|

|π/3−α|
ϕsi (α

′)dα′
]

dα

}
. (A4)

For l = 0 we have [7,56]

ϕ0s ∝ sin

[
s

(
π

2
− α

)]
. (A5)

Note that evaluating Eq. (A4) with Eq. (A5) does not give the
same result as Ref. [7] in general. This is because Ref. [7] is
first concerned with the overlaps with the ground state and,
second, combines Eq. (A4) with Eq. (15), so the results pre-
sented here and in Ref. [7] agree when s is a unitary eigenvalue
and (qi, si ) = (0, 2). Note that different hyperangular states of
the same regime (i.e., two different unitary values of s or two
different noninteracting values of s) are orthogonal, but there
is nonzero overlap between unitary and noninteracting states.
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The hyperradial integrals are integrals of products of well-understood functions. The universal-universal integral is given by
[59]

〈Fqs(R)| |Fqisi (R)〉 = a2
μ

2

(
q + s

q

)(
qi + si − s

2
− 1

qi

)
�

(
s + si

2
+ 1

)
3F 2

(
− q,

s+si

2
+ 1,

s − si

2
+ 1; s + 1,

s − si

2
− qi+1; 1

)
.

(A6)

The Efimov-Efimov integral is given by [60]

〈Fqs(R)| |Fqis(R)〉 = a2
μRe

[
�(s + 1)�(−s)

�
( 1−Eqi /h̄ω−s

2

)
�

( 3−Eq/h̄ω+s
2

) 3F2

(
s + 1, 1,

1 − Eqi/h̄ω + s

2
; 1 + s,

3 − Eq/h̄ω + s

2
; 1

)]
, (A7)

and the universal-Efimov integral is given by [60]

〈Fqs(R)| |Fqisi (R)〉 = a2
μ

4

(−1)qi

�(1 + qi )

[
�

( 2−s∗+si
2

)
�

( 2+s∗+si
2

)
�(−si )

�(−qi − si )�
( 3−Eq/h̄ω+si

2

) 3F 2

(
1 + si − s∗

2
, 1 + s∗ + si

2
,−qi; 1 + si,

3 − Eq/h̄ω + si

2
; 1

)

+ �
( 2+s∗−si

2

)
�

( 2−s∗−si
2

)
�(si )

�(−qi )� �
( 3−Eq/h̄ω−si

2

) 3F 2

(
1 + s∗ − si

2
, 1 − s∗ + si

2
,−qi − si; 1 − si,

3 − Eq/h̄ω − si

2
; 1

)]
, (A8)

where we have used the identity

Lα
n (z) = (−1)n

n!
ez/2z−(n+1)/2W2n+α+1

2 , α
2
(z). (A9)

For the hyperradial integral we find that for s = s′ the integral is zero for q �= q′.
To calculate the particle separation expectation value, Eq. (22), we again need to calculate a number of integrals involving the

wave function. All the needed integrals except 〈Fq′s| R̃ |Fqs〉 are given above. Previously, for the hyperradial integral we had three
cases; here we do not need to consider the universal-Efimov case as s is the same in both the bra and ket due to the orthogonality
in s of the hyperangular integral. For the universal-universal case we have [59]

〈Fqs(R)| R̃ |Fq′s(R)〉 = a2
μ

2

(
q + s

q

)(
q′ − 3

2

q′

)
�

(
s + 3

2

)
3F 2

(
−q, s + 3

2
,

3

2
; s + 1,

3

2
− q′; 1

)
, (A10)

and for the Efimov-Efimov case we have [60]

〈Fqs(R)| R̃ |Fq′s(R)〉 = a2
μRe

[
�

(
3
2 + s

)
�

(
3
2

)
�(−s)

�
( 1−Eq′ /h̄ω−s

2

)
�

( 4−Eq/h̄ω+s
2

)
×3F 2

(
3

2
+ s,

3

2
,

1 − Eq′/h̄ω + s

2
; 1 + s,

4 − Eq/h̄ω + s

2
; 1

)]
. (A11)
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