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Three-body recombination in a single-component Fermi gas with p-wave interaction
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We study the three-body recombination of identical fermionic atoms. Using a zero-range model for the p-wave
interaction, we show that the rate constant of three-body recombination into weakly bound p-wave dimers can
be written as αrec ∝ v5/2R1/2k4

T (1 + Ck2
T l2

d ) for large and positive scattering volume v. Here R is the p-wave
effective range, k2

T gives the average thermal kinetic energy of the colliding atoms, and ld is the size of the
p-wave dimer. The leading term is different from the usually stated v8/3-scaling law, but is consistent with an
earlier two-channel calculation. For the subleading term, we compute the constant C by solving the relevant
three-body problem perturbatively when the parameter γ ≡ R/v1/3 is small. The additional Ck2

T l2
d term provides

important corrections for the temperature and interaction dependence of αrec, especially close to resonance when
kT ld is relatively large.
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I. INTRODUCTION

Three-body recombination in ultracold gases often acts
as an obstacle that limits the lifetime of trapped gases. On
the other hand, it can also serve as an excellent probe for
observing remarkable few-body phenomena [1–9]. During
the recombination process, three atoms collide and two of
them form a dimer (a molecular bound state); the released
binding energy allows the dimer and the third atom to escape
from the trap and causes atom loss. It turned out that the
three-body processes play a much more prominent role in a
single-component Fermi gas close to p-wave Feshbach reso-
nance, and the related stability problem has been extensively
studied [10–21]. For a comprehensive understanding, it is vital
to investigate microscopically the three-body recombination
of identical fermionic atoms.

For identical fermionic atoms, the recombination rate con-
stant αrec contributes to the inelastic part of the three-body
scattering hypervolume [22–25] and scales as E2 when the
collision energy E is small according to the threshold law
[26]. From dimensional analysis, αrec is proportional to a
quantity with dimension (length)8 and should be determined
by the low-energy scattering parameters, the scattering vol-
ume v, and the effective range R, defined in the effective range
expansion

p3 cot δ1 = −1

v
− 1

R
p2 + · · · , (1)
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with p the wave vector for the relative motion and δ1 the
p-wave phase shift. Here the ellipsis represents higher-order
terms that are not relevant for our discussion below.

The numerical calculation with an adiabatic hyperspher-
ical approach predicted that αrec ∝ |v|8/3 for R/|v|1/3 � 0.1
(irrespective of the sign of v) [27]. For negative and small v

where recombination leads to the formation of deep dimers,
αrec was found to be consistent with |v|8/3 scaling based on the
numerically solved Faddeev integral equation [28] and is also
consistent with the recent experiments [29–31] in the same
parameter regime. However, an analytic calculation based
on a two-channel model pointed out that αrec ∝ v5/2R1/2 for
recombinations into shallow dimers at v > 0 [32]. Although
the power dependence on v that can be checked in actual
experiments differs only by 6%, it is important to establish
the correct dependence theoretically. In addition, experiments
[29,31] have shown clearly the deviation from the leading
scaling with v close to the strong interacting regime. It is
thus also necessary to establish the corrections to the leading
dependences in order to quantitatively compare with experi-
ments.

In this work we study analytically the recombination of
three identical fermionic atoms into a shallow p-wave dimer
at large and positive v. Using a zero-range model for the p-
wave interaction, we obtain an ansatz for the three-body wave
function and derive the integro-differential equation for the
atom-dimer motion. Based on the smallness of γ ≡ R/v1/3,
we first confirm the leading v5/2R1/2 scaling law as obtained
by the two-channel model [32], different from the v8/3 de-
pendence suggested in Ref. [27]. Furthermore, we obtain
corrections to the leading scaling and show that it is char-
acterized by the parameter k2

T l2
d , where k2

T gives the average
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thermal kinetic energy of the colliding atoms and ld ≡ √
v/R

is the size of the shallow dimer.

II. ZERO-RANGE MODEL

Let us start our discussion with the case of two interact-
ing identical fermions. Outside the range of the short-range
interactions, the relative wave function takes the form

ψ2b(r) =
3∑

μ=1

Nμ[ j1(pr) cot δ1 − y1(pr)]Y (μ)(r̂), (2)

where j1(pr) and y1(pr) are the spherical Bessel functions
of the first and the second kind, respectively, Y (μ)(r̂) ≡√

3/4πr (μ)/r is the p-wave real spherical harmonic, the su-
perscript μ represents the μth component of a vector, and
Nμ are the coefficients. Given the p-wave phase shift char-
acterized by both v and R in Eq. (1), ψ2b(r) behaves at short
distance as [33,34]

ψ2b(r) =
3∑

μ=1

[Aμ

r2
+ Bμ + Cμr

]
Y (μ)(r̂) + O(r2), (3)

with coefficients satisfying the constraint

v−1Aμ + 2R−1Bμ + 3Cμ = 0. (4)

The above expansion with the constraint can be viewed as
the short-distance boundary condition for the p-wave channel.
This is equivalent to treating the interaction term as a zero-
range pseudopotential [33]. In fact, if we were to extend the
wave function to zero distance, we can show that

(∇2 + p2)ψ2b(r) =
3∑

μ=1

√
12π

p2
Nμ

∂δ(r)

∂r (μ)
, (5)

where the right-hand side acts as the pseudopotential for the
p-wave scattering.

Now let us turn to the three identical fermions. As usual,
let us define the Jacobi vectors for the three-body problem

xi = r j − rk, (6)

yi = 2√
3

[
ri − r j + rk

2

]
(7)

with (i jk) = (123), (231), or (312), where (r1, r2, r3) are the
position vectors of the three atoms. In most cases, we can sup-
press the subscript and let x ≡ x1 and y ≡ y1. The other pairs
of Jacobi vectors can be expressed as linear combinations of
x and y,

x2 = −1

2
x −

√
3

2
y, y2 =

√
3

2
x − 1

2
y, (8)

x3 = −1

2
x +

√
3

2
y, y3 = −

√
3

2
x − 1

2
y. (9)

We use units such that the reduced Planck constant h̄ = 1
and the mass of the fermionic atom M = 1. In the limit
when |x| → 0 while |y| remains finite, a suitable ansatz for
the three-body wave function would be to replace Nμ by a
function of y, (p2/4π ) fμ(y). Thus we obtain the Schrödinger

equation for the three-body wave function ψ (x, y) in the
center-of-mass frame

(∇2
x + ∇2

y + E
)
ψ =

√
3

4π

3∑
i,μ=1

fμ(yi )
∂δ(xi )

∂x(μ)
i

, (10)

where E gives the collision energy. The unknown func-
tion fμ(y) describes the atom-dimer motion and is to be
determined by imposing the boundary conditions as in the
two-body case (3) except that now the coefficients Aμ, Bμ,
and Cμ are all functions characterized by fμ(y).

III. EQUATION FOR ATOM-DIMER MOTION

The three-body wave function, satisfying Eq. (10), can be
expressed in the general form

ψ = ψ0 +
3∑

i,μ=1

∫
d3y′ fμ(y′)Gμ(xi, yi − y′), (11)

where

Gμ(x, y) = κ3

8π3

K3(κ
√

x2 + y2)

(x2 + y2)3/2
xY (μ)(x) (12)

is the derivative with respect to x(μ) of the Green’s function
for the differential operator in Eq. (10). Here Kn(r) is the ex-
ponentially decaying Bessel function. We use the convention
that κ = −i

√
E if E > 0 or

√−E if E < 0. In addition, ψ0

is the solution to the homogeneous differential equation (10).
Its explicit form is the fully antisymmetrized wave function of
three free fermionic atoms and is given by

ψ0 =
√

1

6
V −3/2

∑
P

(−1)PP exp
3∑

i=1

ibi · ri. (13)

Here P represents the permutation of the three atoms, V is the
system volume, and bi is the wave vector of the individual
atom and the collision energy E = (b2

1 + b2
2 + b2

3)/2. The ψ0

term is absent when E < 0. As we consider the recombination
problem, we require E > 0.

The wave function ψ satisfies the boundary condition (3)
at short interparticle distances that requires us to study the
small-x behavior of ψ . We can rewrite ψ as a sum of four
terms ψ = I1 + I2 + I3 + I4,

I1 = ψ0, (14)

I2 =
3∑

μ=1

∫
d3y′ fμ(y)Gμ(x, y − y′), (15)

I3 =
3∑

μ=1

∫
d3y′[ fμ(y′) − fμ(y)]Gμ(x, y − y′), (16)

I4 =
3∑

μ=1

∫
d3y′[Gμ(x2, y2 − y′) + Gμ(x3, y3 − y′)]. (17)

The first term I1 = ψ0 can be written equally as

I1 = 2i
√

1/6V −3/2
3∑

i=1

sin(bi · x) exp(iBi · y), (18)
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where bi = (b j − bk )/2 and Bi = [bi − (b j + bk )/2]/
√

3
with (i jk) = (123), (231), or (312). For small x, it can be
expanded as

I1 = ψ0 =
3∑

μ=1

Cμ(y)xY (μ)(x̂) + O(x3), (19)

where the explicit form for Cμ(y) is given by

Cμ(y) = 2

3
i
√

2πV −3/2
3∑

μ=1

b(μ)
i exp(iBi · y). (20)

For I2 we note that
∫

d3y G(μ)(x, y) = 1+κx
4πx2 e−κxY (μ)(x̂) and I2

can be expanded as

I2 =
3∑

μ=1

[
1

4πx2
− κ2

8π
+ κ3x

12π
+ O(x2)

]
Y (μ)(x̂) fμ(y). (21)

The third term can be expanded as

I3 =
3∑

μ=1

{
1

8π
∇2

y fμ(y)

+ κ3x

8π3
P

∫
d3y′[ fμ(y′) − fμ(y)]

K3(κ|y − y′|)
|y − y′|3

+ O(x2)

}
Y (μ)(x̂), (22)

where P denotes the generalized principal value integral [35].
For an integrand with a pole of order n + 1, the principal value
integral is defined as

P
∫ a2

a1

h(x)

(x − x0)n+1
dx ≡ lim

ε→0+

[ ∫ x0−ε

a1

h(x)

(x − x0)n+1
dx

+
∫ a2

x0+ε

h(x)

(x − x0)n+1
dx − En(x0, ε)

]
,

(23)

where a1 < x0 < a2 and h(x) is a smooth function at a1 <

x < a2. Here E0(x0, ε) = 0, E1(x0, ε) = 2
ε
h(x0), E2(x0, ε) =

2
ε
h′(x0), and E3(x0, ε) = 2h(x0 )

3ε3 + h′′(x0 )
ε

. For a general n � 1,

En(x0, ε) = ∑n−1
k=0

h(k) (x0 )
k!(n−k)

1−(−1)n−k

εn−k . For n = 0 and n = 1, P
represents the Cauchy principal value and the Hadamard finite
part, respectively.

The fourth term has the small-x expansion

I4 = − κ6x

8π3

3∑
μ=1

∫
d3y′{g3(κχ ) fμ(y′)

+
√

3πκ2g4(κχ )[y · f (y′)]y′Y (μ)(ŷ′)}Y (μ)(x̂)

+ O(x3). (24)

Here and in the following discussion we use the shorthand
gn(x) ≡ Kn(x)/xn, ξ ≡ |y′ − y|, and χ ≡

√
y2 + y′2 + y · y′.

Now we can extract the three coefficients Aμ, Bμ,
and Cμ in the expansion ψ = ∑3

μ=1[Aμx−2 + Bμ + Cμx +
O(x2)]Y (μ)(x̂) + O(x3). From the constraint (4) we obtain
the integro-differential equation for the atom-dimer function

fμ(y),

12πCμ(y) =
[

− 1

v
+ κ2 − ∇2

y

R
− κ3 + L̂

]
fμ(y) + Ŝμf (y),

(25)
where L̂ and Ŝμ are integral operators

L̂ f (y) = 3κ3

2π2
P

∫
d3y′

{
[ f (y) − f (y′)]

K3(κξ )

ξ 3

+ f (y′)
K3(κχ )

χ3

}
, (26)

Ŝμf (y) = 3
√

3πκ4

2π2

∫
d3y′ K4(κχ )

χ4
[y · f (y′)]y′Y (μ)(ŷ′) (27)

and f ≡ ( f1, f2, f3). Note that L̂ conserves angular momen-
tum, while Ŝμ does not. This integro-differential equation is
akin to the Skorniakov–Ter-Martirosian integral equation de-
rived for three bosons [36,37].

IV. LEADING ORDER AT LOW ENERGIES

According to the threshold law [26], the p-wave channel
of the atom-dimer motion gives the dominant contribution
(proportional to E2) to the recombination rate at low energies.
For the leading-order approximation, we only consider the
p-wave channel and express the solution as

fμ(y) =
3∑

ν=1

Fμν (y)Y (ν)(ŷ), (28)

where Fμν (y) can be expanded as

Fμν (y) = fμν (y) + κ2hμν (y) + · · · (29)

at low energies. Note that in Eq. (25) the p-wave component
of the inhomogeneous term is given by

Cl=1
μν (y) =

∫
dyY

(ν)(ŷ)Cμ(y) = D0
μνy + D1

μνy3 + O(κ6),

(30)
where D0

μν = −(2
√

6π/3)V −3/2 ∑3
ρ=1 ερμν (b × B)(ρ), of or-

der κ2, and D1
μν = (2

√
6π/45)V −3/2 ∑3

i=1 b(μ)
i B(ν)

i B2
i , of

order κ4. Here ερμν is the Levi-Cività symbol and b ≡ b1

and B = B1 are the wave vectors associated with x and y,
respectively. Since D0

μν = −D0
νμ, we find fμν (y) = − fνμ(y)

from Eq. (25).
On the other hand, Ŝμ does not conserve the angular

momentum and gives an extra f -wave part when acting on
the p-wave channel. In the leading-order approximation of
Eq. (25), we neglect the f -wave part and obtain (see Ap-
pendix A)

12πD0
μνy =

(
−1

v
+ 1

R
K̂1 + Â0

)
fμν (y), (31)

where

K̂l ≡ − 1

y2

d

dy
y2 d

dy
+ l (l + 1)

y2
(32)

is the kinetic operator of angular momentum l and Â0 is an
integral operator derived from the low-energy expansion of L̂
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and Ŝμ and is given as

Â0 f (y) = − 3

π
P

∫ ∞

0
dy′ f (y′)

∑
σ=±

(
2y′

yξ 4
σ

+ σ

y2ξ 2
σ

+ 16y′

yχ4
σ

+ 16σ

y2χ2
σ

)
, (33)

where we used the shorthand ξ± ≡ |y ± y′| and χ± ≡√
y2 + y′2 ± yy′. For −4 < Re(s) < 4 we find Â0y−s =

A0(s)y−s−3, where

A0(s) = sin πs
6

sin πs
2

[
64√

3
+ s(s2 − 36) cot

πs

6

− 2s(s2 − 4) sin
πs

3

]
. (34)

For simplicity, we further obtain the dimensionless form of
Eq. (31),

λ−5 = (−1 + K̂1 + γ 3/2Â0)F (λ), (35)

where γ = R/v1/3 and λ = y/ld , with ld = √
v/R approxi-

mately the dimer size. In addition, K̂l ≡ l2
d K̂l and Â0 ≡ l3

d Â0.
We have defined the auxiliary function F (λ) via

fμν (y) = 12πD0
μνvld

[
− λ − A0(−1)

γ 3/2

λ2

+ γ 3A0(−1)A0(2)F (λ)

]
. (36)

When approaching a p-wave Feshbach resonance, γ is small.
Equation (35) can be solved perturbatively based on the small-
ness of γ . The general solution is a combination of a particular
solution and the solutions to the homogeneous part of Eq. (35)
and is then uniquely fixed by two proper boundary conditions,
one at small y and one at large y.

Consider first the boundary condition at small y. Note
that the zero-range model of the p-wave interaction breaks
down when we extend the wave function from outside the
range of interaction into the inside [33,38,39]. Thus, we need
to impose a proper boundary condition whenever any two
atoms reach a distance roughly the range of interaction re.
For simplicity, we impose the Dirichlet boundary fμ(y) = 0
at y = yc with yc � re. Note that re is usually of order R.
This choice of boundary condition also avoids unphysical
solutions. We note that the function A0(s) has four complex
zeros at s ≈ ±(2.086 ± 1.103i). Then the solution behaves
as F (λ) ∼ λ2.086 sin(1.103 ln λ + θ̃ ) with a phase θ̃ at λ → 0
(see Appendix C). The log-periodic feature indicates discrete
scaling symmetry and suggests the existence of the Efimov
effect [40–44]. However, it has been proven that the Efimov
effect is impossible for the p-wave interaction in three di-
mensions because it leads to the unphysical situation that the
normalized wave function exhibits negative probability inside
the range of interaction [38,39,45]. Moreover, from a Born-
Oppenheimer analysis, the binding energy of the three-body
system has an inverse-cubic dependence on the distance and
this suggests the absence of scaling symmetry [46,47].

For the recombination problem, fμ(y) should only contain
the outgoing wave at large y, whose radial part has the form of
approximately exp(iκ0y)/y, with κ2

0 the dimer binding energy

(κ0 > 0). Any incoming wave with a radial wave function of
approximately exp(−iκ0y)/y must be canceled by adding ap-
propriately the solution to the homogeneous part of Eq. (35).
This serves as the boundary condition at large y.

V. PERTURBATIVE METHOD

When γ is small, the solution can then be expressed as
a series expansion F (λ) = F 0(λ) + γ 3/2F 1(λ) + · · · , where
F 0(λ) and F 1(λ) satisfies

λ−5 = (−1 + K̂1)F 0(λ), (37)

0 = (−1 + K̂1)F 1(λ) + Â0F 0(λ). (38)

For a particular solution, we find the closed-form expressions
(see Appendix B)

F 0(λ) = 1

8

[
Ci(λ) j1(λ) + Si(λ)y1(λ) − 2

λ3

]
, (39)

F 1(λ) = − 2

15
√

3

[
Si(λ) j1(λ) − Ci(λ)y1(λ) − 1

λ2
− 12

λ4

]

− π

32
cos λ + S (λ), (40)

where Ci(λ) ≡ − ∫ ∞
λ

dt cos(t )/t and Si(λ) ≡ ∫ λ

0 dt sin(t )/t
are the cosine and sine integral functions, respectively, S (λ)
is a smooth and nonoscillatory function, and S (λ) ∼ λ−4 ln λ

for λ → +∞ and behaves as ln λ for λ → 0.
We further obtain the perturbative solution to the homoge-

neous part of Eq. (35), which consists of a linear combination
of two independent solutions Fhomo(λ) = d1[ j1(λ) + γ 3/2(1 −
K̂1)−1Â0 j1(λ)] + d2[y1(λ) + γ 3/2(1 − K̂1)−1Â0y1(λ)] (see
Appendix B). We choose the coefficients d1 and d2 such
that fμ(y) satisfies the boundary conditions at small y and
at large y. Then the final perturbative solution is expressed
as F (λ) = Fhomo(λ) + F 0(λ) + γ 3/2F 1(λ). At large λ,
F (λ) should only contain the outgoing atom-dimer wave
F (λ) ≈ cadh(1)

1 (λ), with h(1)
l the spherical Hankel function of

the first kind. Thus, we find

cad ≈ i

1
A0(2) + 1

4r∗
− 8

5
√

3r2∗

1 + ( − 32
3
√

3
+ 12

π

)
1
r∗

γ −3/2 + O(γ 0), (41)

where the dimensionless parameter r∗ ≡ yc/R � 1.

VI. RECOMBINATION RATE CONSTANT

We calculate the recombination rate constant from the flux
of the atom-dimer function. At large y and fixed x, we expect
that the three-body wave function has the form

ψ �
3∑

μ=1

ψ
(μ)
ad (r)φ(μ)

2b (x), (42)

where r = √
3y/2 is the atom-dimer relative position vector,

ψ
(μ)
ad (r) is the outgoing atom-dimer wave function, and

φ
(μ)
2b (x) = (1 + κ0x)e−κ0x

(
1
R − 3

2κ0
)1/2

x2
Y (μ)(x̂) (43)
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is the normalized wave function of the shallow dimer
[33]. The wave number κ0 satisfies 1/v − κ2

0 /R + κ3
0 = 0,

and at large and positive v, κ0 = l−1
d [1 + γ 3/2/2 + 5γ 3/8 +

O(γ 9/2)]. For the p-wave channel, the atom-dimer wave func-
tion has the form

ψ
(μ)
ad (r) =

3∑
ν=1

c̃μνh(1)
1

(
2√
3
κ0r

)
Y (ν)(r̂). (44)

Comparing its large-y behavior to Eqs. (3) and (10) when x →
0, we find

fμ(y) ≈ 4π

(
1

R
− 3κ0

2

)−1/2

ψ
(μ)
ad

(√
3y
2

)
. (45)

Then the coefficient c̃μν can be obtained from the large-y
behavior of fμν (y) [see Eqs. (28), (29), and (36)].

We define the recombination rate constant αrec such that the
number of recombination events per unit time per unit volume
is (N/V )3αrec, with N the number of fermionic atoms. We
calculate the total flux of the atom-dimer outgoing wave, � =
3V limr→∞

∫
drr2r̂ · j(r). The factor 3 appears because

there are three output atom-dimer channels due to permutation
and they contribute equally to the total flux. The V comes
from the integration over the center-of-mass position. The
probability current j(r) = 1

i(2/3) Im
∑3

μ=1[ψ (μ)∗
ad (r)∇ψ

(μ)
ad (r)],

where 2/3 is the atom-dimer reduced mass. From Eq. (44) we
obtain

� = 9
√

3V

4κ0

3∑
μ,ν=1

|c̃μν |2. (46)

Also, according to the definition and a similar argument
in Ref. [48], (N/V )3αrec = (�/V )N (N − 1)(N − 2)/6. The
factor N (N − 1)(N − 2)/6 is the number of triplets among
N fermionic atoms. As N is usually large, we take N (N −
1)(N − 2) ≈ N3 and therefore αrec = 1

6V 2�. Finally, we ob-
tain the leading-order result

αrec = Crec(r∗)
h̄

M
v5/2R1/2|b × B|2. (47)

Here and in the following similar formulas, the SI units are
restored. The term

Crec(r∗) = 18
√

3π2[A0(−1)A0(2)]2

(
1

κ0ld
− 3

2
γ 3/2

)
γ 3|cad|2

(48)
depends on the position of short-range boundary condition
r∗ = yc/R via cad given in Eq. (41) and is plotted in Fig. 1.

First, we note that αrec ∝ v5/2R1/2, consistent with the
scaling predicted by the two-channel model calculation
[32]. At R  yc  ld (1  r∗  γ −3/2) we find Crec(r∗) ≈
18

√
3π2[A0(−1)]2 + O(r−2

∗ ) ≈ 1536π2
√

3, which remark-
ably recovers Eq. (90) in Ref. [32].

We also see that αrec ∝ |b × B|2, which recovers the E2

threshold law [26]. We can further obtain experimentally a
more accessible recombination rate constant by averaging
over the wave vectors (b, B) assuming a Maxwell Boltzmann
distribution (see Appendix D)

〈αrec〉T = 3h̄

8π2M
Crec(r∗)v5/2R1/2k4

T , (49)

FIG. 1. Plots of Crec(r∗) (red solid curve) and C(r∗) (blue dashed
curve) as a function of r∗. Here Crec(r∗) is normalized by 1536π 2

√
3,

the value of Crec(r∗) when r∗ → ∞.

where kT =
√

2πMkBT/h̄2 (defined as 2π over the thermal
de Broglie wavelength), kB is the Boltzmann constant, and T
is the temperature.

VII. SUBLEADING CORRECTION

Now let us consider the subleading correction to αrec.
Equation (25) can be expanded perturbatively at small E . In
the p-wave channel of the atom-dimer motion, the subleading
order gives an E3 correction to αrec. Meanwhile, according to
the threshold law [26], the s- and d-wave channels also give
the same E3 contributions. Thus, the subleading term consists
of these three parts.

A. Subleading order in the p-wave channel

First, we consider the contribution from the p-wave
channel. We expand Eq. (25) at small κ2 and consider
the equation for hμν (y) defined in Eq. (29). Because the
atom-dimer flux is proportional to

∑3
μ,ν=1 |c̃μν |2 for the

leading-order approximation and fμν (y) is antisymmetric in
the two indices μ and ν, only the antisymmetric part hA

μν (y) ≡
1
2 [hμν (y) − hνμ(y)] contributes to the subleading correction.
We obtain

12π

κ2
D1A

μνy3=
(

− 1

v
+ K̂1

R
+Â0

)
hA

μν (y) +
(

1

R
+ Â1

)
fμν (y),

(50)
where D1A

μν ≡ (D1
μν − D1

νμ)/2 = κ2D0
μν/20. Here 1 � μ, ν �

3 label the p-wave components. In addition, Â1 is an inte-
gral operator (see Appendix A). At −2 < Re(s) < 4, Â1y−s =
A1(s)y−s−1, where

A1(s) = 1

(s − 1) sin πs
2

[
4
√

3(s − 4) sin
πs

6
+ 12s cos

πs

6

− 3

2
s(s − 2) cos

πs

2

]
. (51)
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We define an auxiliary function H (λ) such that

hA
μν (y) = 12π

κ2
D1A

μνvl3
d [−λ3 + 12λ + w1γ

3/2

+ w2γ
3/2λ−2 + w2γ

3A0(2)H (λ)] (52)

and obtain the dimensionless form of the equation

(−1 + K̂1 + γ 3/2Â0)H (λ)

= w3λ
−3 − λ−5 − 20A0(−1)

w2
(1 + γ 3/2Â1)F (λ), (53)

where w1 ≡ 2A1(−1) − A0(−3), w2 ≡ 4A1(−1)−2A0(−3)+
14A0(−1), and w3 ≡ −[w1A0(0) + 2A0(−1)A1(2)]/w2A0(2).

We solve Eq. (50) perturbatively at small γ . Similarly
to the leading contribution, to uniquely fix the solution, we
impose the following boundary conditions: (i) At short dis-
tances y � yc = r∗R, hA

μν (y) = 0 and (ii) at large distances,

H (λ) ≈ c1A
ad h(1)

1 (λ). Here the coefficient c1A
ad describes the

amplitude of the atom-dimer outgoing wave. Note that in
Eq. (53), the first source term w3λ

−3 and third source terms
−[20A0(−1)/w2](1 + γ 3/2Â1)F (λ) are much less important
than the second term −λ−5. The small-distance behavior of
a particular solution of H (λ) is mainly determined by the
second source term −λ−5. Then, according to Eq. (35), we
obtain c1A

ad ≈ −cad. As a result, we find the correction

�αl=1
rec ≈ − 9

20κ2l2
d αrec, (54)

and after a thermal averaging,

〈
�αl=1

rec

〉
T

≈ 27h̄

64π3M
Crec(r∗)v5/2R1/2l2

d k6
T , (55)

where the wave number kT =
√

2πMkBT/h̄2 (defined as 2π

over the thermal de Broglie wavelength), kB is the Boltzmann
constant, and T is the temperature.

B. Contribution from the s-wave channel

Now let us consider the contributions from the s- and d-
wave channels. To obtain analytic results, we will neglect the
coupling between the s- and d-wave channels in Eq. (25). First
we consider the s-wave channel and assume fμ(y) = fμ(y). At
low energies, from Eq. (25) we find

12πCl=0
μ y2 =

(
− 1

v
+ 1

R
K̂0 + L̂l=0

0 + Ŝl=0
0

)
fμ(y), (56)

where L̂l=0
0 and Ŝl=0

0 are the s-wave component of the op-
erators defined in Eqs. (26) and (27) (see Appendix A) and
Cl=0

μ = −
√

2π
9V 3/2 i

∑3
i=1 b(μ)

i B2
i .

We define the auxiliary function F l=0(λ) such that

fμ(y) = 12πCl=0
μ vl2

d

[ − λ2 + 6 − γ 3/2Al=0
0 (−2)λ−1

+ γ 3Al=0
0 (1)Al=0

0 (−2)F l=0(λ)
]

(57)

and F l=0(λ) satisfies

λ−4 = ( − 1 + K̂0 + γ 3/2Âl=0
0

)
F l=0(λ), (58)

where Âl=0
0 ≡ l3

d (L̂l=0
0 + Ŝl=0

0 ). At −5 < Re(s) < 5,
Âl=0

0 λ−s = Al=0
0 (s)λ−s−3, where

Al=0
0 (s) = 1

cos πs
2

[
− s(s2 − 1) sin

πs

2
− 8s sin

πs

6

+ 8√
3

s2 cos
πs

6

]
. (59)

We solve Eq. (58) perturbatively at small γ in a similar
way. To uniquely fix the solution, we impose the follow-
ing boundary conditions: (i) At short distances y � yc = r∗R,
fμ(y) = 0, and (ii) at large distances, F l=0(λ) ≈ cl=0

ad h(1)
1 (λ).

Here the coefficient cl=0
ad describes the amplitude of the atom-

dimer outgoing wave. Then we find

cl=0
ad = − i

6r∗
Al=0

0 (1)Al=0
0 (−2)

[
1 − Al=0

0 (−2)

6r∗

− Al=0
0 (1)Al=0

0 (−2)

12r2∗
− Al=0

0 (1)Al=0
0 (−2)

9
√

3r3∗

]

×
[

1 +
(

8

3
√

3
− 2

π

)
1

r∗

]−1

γ −3/2 + O(γ 0). (60)

Also, we know that in the s-wave channel the atom-
dimer outgoing wave ψ

(μ)
ad (r) = c̃μh(1)

0 (2κ0r/
√

3), with c̃μ =√
1
R − 3

2 κ0

4π
12πCl=0

μ vl2
d γ 3Al=0

0 (1)Al=0
0 (−2)cl=0

ad , and then the

atom-dimer flux � = (9
√

3π h̄V/Mκ0)
∑3

μ=1 |c̃μ|2. Finally,
we obtain its contribution to the recombination rate constant

�αl=0
rec ≈Cl=0

rec (r∗)
h̄

M
v5/2R1/2l2

d [b2(b2 − B2)2

+ 4b2B2(2B2 − b2)t2], (61)

where t ≡ b̂ · B̂ and

Cl=0
rec (r∗) ≈ 27

√
3π2

4
r2
∗

[
1 − Al=0

0 (−2)

6r∗

− Al=0
0 (1)Al=0

0 (−2)

12r2∗
− Al=0

0 (1)Al=0
0 (−2)

9
√

3r3∗

]2

×
[

1 +
(

8

3
√

3
− 2

π

)
1

r∗

]−2

. (62)

After thermal averaging,

〈
�αl=0

rec

〉
T ≈ 15h̄

8π3M
Cl=0

rec (r∗)v5/2R1/2l2
d k6

T . (63)

C. Contribution from the d-wave channel

Finally, let us consider the d-wave channel and assume
fμ(y) = ∑5

i=1 fμi(y)Di(ŷ), where Di(y) is the real d-wave
spherical harmonics defined as

D1(ŷ) =
√

15

4π

y(1)y(2)

y2
,

D2(ŷ) =
√

15

4π

y(2)y(3)

y2
,

D3(ŷ) =
√

15

4π

y(3)y(1)

y2
,
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D4(ŷ) =
√

5

16π

[
3

(
y(3)

y

)2

− 1

]
,

D5(ŷ) =
√

15

16π

[(
y(1)

y

)2

−
(

y(2)

y

)2]
,

where y ≡ (y(1), y(2), y(3) ), y ≡ |y|, and ŷ ≡ y/y. Here 1 �
μ � 3 and 1 � i � 5 label the p- and d-wave components,
respectively. At low energies, neglecting the mixing between
the s-wave and the d-wave channels, from Eq. (25) we find

12πCl=2
μi y2 =

(
− 1

v
+ 1

R
K̂2 + L̂l=2

0

)
fμi(y)

+
3∑

ν=1

5∑
j=1

Ŝμi,ν j fν j (y), (64)

where Cl=2
μi = −i 8

√
2π3/2

45V 3/2

∑3
k=1 b(μ)

k B2
kDi(B̂k ). The operator

Ŝμi,ν j can be expressed in the form

Ŝμi,ν j = Ãμi,ν j Ŝ
A + B̃μi,ν j Ŝ

B, (65)

where Ãμi,ν j and B̃μi,ν j are numerical coefficients and ŜA and
ŜB are integral operators defined as

ŜA f (y) =
∫ ∞

0
dy′

∫ 1

−1
dτ f (y′)

288yy′3

χ8
P1(τ ), (66)

ŜB f (y) =
∫ ∞

0
dy′

∫ 1

−1
dτ f (y′)

288yy′3

χ8
P3(τ ), (67)

where Pl (τ ) is the Legendre polynomial and τ ≡ cos � =
y·y′
yy′ , with � the angle between y and y′. To diagonalize the

equation, we use the collective indices ī ≡ μi and j̄ ≡ ν j (in
a proper order 1 � ī, j̄ � 15). Then we make the transforms

Ŝī j̄ = (QŜDQ−1)ī j̄, (68)

f̃ī(y) =
∑

j̄

(Q−1)ī j̄ f j̄ (y), (69)

C̃l=2
ī =

∑
j̄

(Q−1)ī j̄C
l=2
ī , (70)

where Q is a matrix of real numbers, ŜD is a diagonal matrix

ŜD
īī =

⎧⎪⎨
⎪⎩

− 3
20π

(ŜA − ŜB), 1 � ī � 5
3

140π
(14ŜA + ŜB), 6 � ī � 12

1
20π

(ŜA + 9ŜB), 13 � ī � 15,

(71)

and C̃l=2
ī = 0 when 1 � ī � 5. Then we obtain the diagonal-

ized equation

12πC̃l=2
ī y2 =

(
− 1

v
+ 1

R
K̂2 + L̂l=2

0 + ŜD
īī

)
f̃ī(y). (72)

Similarly, we define the auxiliary function F l=2
ī (λ) such that

f̃ī(y) = 12πC̃l=2
ī vl2

d

[ − λ2 − γ 3/2Wī(−2)λ−1

− 6γ 3/2Wī(−2)λ−3 + 6γ 3Wī(3)Wī(−2)F l=2
ī (λ)

]
(73)

and F l=2
ī (λ) satisfies

λ−6 + Wī(1)

6Wī(3)
λ−4 = (−1 + K̂2 + γ 3/2Ŵī )F

l=2
ī (λ), (74)

where Ŵī ≡ l3
d (L̂l=2

0 + ŜD
īī ) and Ŵīλ

−s = Wī(s)λ−s−3 at −5 �
Re(s) � 5.

We solve Eq. (74) perturbatively at small γ in a similar
way. To uniquely fix the solution, we impose the follow-
ing boundary conditions: (i) At short distances y � yc = r∗R,
fμ(y) = 0, and (ii) at large distances, F l=2

ī (λ) ≈ cl=2
ad,ī h

(1)
2 (λ).

Here the coefficient cl=2
ad,ī describes the amplitude of the atom-

dimer outgoing wave. For simplicity, we only consider the
γ 0th-order solution to Eq. (74). Then we find

cl=2
ad,ī ≈ iγ −3/2

[
1

3Wī(3)
+ 1

18r∗

]
. (75)

In the d-wave channel, the atom-dimer outgoing wave
ψ

(μ)
ad (r) = ∑5

i=1 c̃μih
(1)
2 (2κ0r/

√
3)Di(r̂), with c̃μi =√

1
R − 3

2 κ0

4π

∑
j̄ P̄i j̄[12πC̃l=2

j̄ vl2
d 6γ 3Wj̄ (3)Wj̄ (−2)cl=2

ad, j̄] and

the collective index ī = μi. Then the atom-dimer flux
� = (9

√
3h̄V/4Mκ0)

∑3
μ=1

∑5
i=1 |c̃μi|2. Finally, we find the

d-wave contribution to the recombination rate constant

�αl=2
rec ≈ h̄

M
v5/2R1/2l2

d

{
992

√
3π2

49

[
b6

+ 2

115
b4B2(208 − 673t2)

+ 1

155
b2B4(881 + 514t2)

]
+ #1

r∗
+ #2

r2∗

}
, (76)

where t ≡ b̂ · B̂ and #1,2 represents two functions of (b, B, t ).
After a thermal averaging,

〈
�αl=2

rec

〉
T ≈ h̄

8π3M
Cl=2

rec (r∗)v5/2R1/2l2
d k6

T , (77)

where

Cl=2
rec (r∗) ≈ 7104

√
3

7
π2

+
(

− 313 344
√

3π

49
+ 309 248π2

147

)
1

r∗

+
(

16 957 440
√

3

343
− 18 776 064π

343

+ 146 243 584π2

9261
√

3

)
1

r2∗
. (78)

D. Overall contribution to three-body relaxation rate

Now we can collect results from all partial waves, in-
cluding both the leading and subleading contributions, and
obtain the final result for the recombination rate constant in
the form

〈αrec〉T = 3h̄

8π2M
Crec(r∗)v5/2R1/2k4

T

[
1 + C(r∗)k2

T l2
d

]
, (79)
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where the coefficient C(r∗) is given by

C(r∗) = C−1
rec (r∗)

[
9

8π
Crec(r∗) + 5

π
Cl=0

rec (r∗) + 1

3π
Cl=2

rec (r∗)

]
.

(80)

A numerical figure of C(r∗) is plotted in Fig. 1. For reasonable
choices of r∗, we note that C(10) ≈ 0.81 and C(15) ≈ 1.56;
both are of order one.

VIII. SUMMARY

We studied the recombination of three identical fermionic
atoms with p-wave interaction into a shallow p-wave dimer
state. Our results highlight the importance of the p-wave ef-
fective range in three-body observables with the leading-order
term scaling as v5/2R1/2. The subleading terms from s-, p-, and
d-wave channels are also calculated and their corrections are
characterized by the dimensionless parameter k2

T l2
d . Given a

reasonable value of r∗ ≈ 15, then we expect that the sublead-
ing term will become important when k2

T l2
d � 0.64, which is

experimentally quite accessible. In fact, the experiment [29]
conducted on the v < 0 side indicated that such deviation oc-
curred when k2

T l2
d ∼ 0.4, which is equivalent to the parameter

kek2
T VB ∼ 0.095 used in Ref. [29].

ACKNOWLEDGMENTS

S. Zhu and S. Zhang were supported by HK GRF Grants
No. 17318316 and No. 17305218, CRF Grants No. C6026-
16W and No. C6005-17G, and the Croucher Foundation under
the Croucher Innovation Award. Z.Y. was supported by the
Key Area Research and Development Program of Guang-
dong Province (Grant No. 2019B030330001), the National
Natural Science Foundation of China (Grants No. 11474179,
No. 11722438, No. 91736103, and No. 12074440), and the
Guangdong Project (Grant No. 2017GC010613).

APPENDIX A: PROPERTIES OF THE INTEGRAL
OPERATORS

First we consider the integral operator L̂, defined as

L̂ f (y) = 3κ6

2π2
P

∫
d3y′{[ f (y) − f (y′)]g3(κξ )

+ g3(κχ ) f (y′)}. (A1)

We rewrite it in a partial wave expansion. Let f (y) =∑
lm flm(y)Ylm(ŷ). Then we find

L̂ f (y) =
∑
lm

[L̂l flm(y)]Ylm(ŷ), (A2)

L̂l flm(y) = 3κ6

π

∫ 1

−1
dτ P

∫ ∞

0
dy′y′2{ flm(y′)Pl (τ )g3(κχ )

+ [ flm(y) − flm(y′)Pl (τ )]g3(κξ )}, (A3)

where Pl (τ ) is the Legendre polynomial and τ ≡ cos � =
y·y′
yy′ , with � the angle between y and y′. Here and in the

following we use the shorthand notation

ξ ≡ |y′ − y|, χ ≡
√

y2 + y′2 + y · y′, (A4)

ξ± ≡ |y ± y′|, χ± ≡
√

y2 + y′2 ± yy′. (A5)

We see that L̂ conserves the angular momentum l . After
integrating out the angular part we have the following expres-
sions: For the s wave,

L̂l=0 f (y) = − 3

π
κ4P

∫ ∞

0
dy′ y

′

y

∑
σ=±

σ {[ f (y)

− f (y′)]g2(κξσ ) + 2 f (y′)g2(κχσ )}, (A6)

and for the p wave,

L̂l=1 f (y) = − 3

π
κ4P

∫ ∞

0
dy′ y

′

y

∑
σ=±

{
σ f (y)g2(κξσ )

+ f (y′)
[

g2(κξσ ) + 2g2(κχσ ) + σ

κ2yy′ g1(κξσ )

+ 4σ

κ2yy′ g1(κχσ )

]}
. (A7)

We define the low-energy expansion

L̂l f (y) = L̂l
0 f (y) + κ2L̂l

1 f (y) + O(κ4). (A8)

Now let us consider the operator Ŝμ, defined as

Ŝμf (y) = 3
√

3πκ8

2π2

∫
d3y′g4(κχ )[y · f (y′)]y′Y (μ)(ŷ′). (A9)

As the integral kernel contains a p-wave angular part Y (μ)(ŷ′),
Ŝμ does not conserve the angular momentum. We see that
Ŝμ effectively adds an angular momentum l = 1 to that of
the atom-dimer function f (y). For simplicity, we can find the
proximate result of Ŝμ by assuming f (y) to be in a specific par-
tial wave channel and neglecting the mixing between different
channels.

Consider the s-wave channel and assume f (y) = f (y). We
find

Ŝμf (y) = Ŝl=0 fμ(y) + d-wave part, (A10)

where the operator Ŝl=0 is defined as

Ŝl=0 f (y) = − 3κ6

π

∫ ∞

0
dy′y′2 f (y′)

∑
σ=±

[
g3(κχσ )

+ 2σ

κ2yy′ g2(κχσ )

]
. (A11)

We neglect the d-wave part and obtain Ŝμf (y) ≈ Ŝl=0 fμ(y).
We also define the low-energy expansion

Ŝl=0 f (y) = Ŝl=0
0 f (y) + κ2Ŝl=0

1 f (y) + O(κ4). (A12)

Consider the p-wave channel and assume fμ(y) =∑3
ν=1 fμν (y)Y (ν)(ŷ) with μ = 1, 2, 3. We find

Ŝμf (y) =
3∑

ν,ρ=1

3κ8y

π
Y (ν)(ŷ)

∫ ∞

0
dy′

∫
dy′ [y′3 fνρ (y′)

× g4(κχ )Y (ρ)(ŷ′)Y (μ)(ŷ′)]
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=
3∑

ν=1

Y (ν)(ŷ){3R̂[ f11(y) + f22(y) + f33(y)]δμν

+ 3R̂ fμν (y) + (T̂ − 2R̂) fνμ(y)}
+ ( f -wave part), (A13)

where the integral operators T̂ and R̂ are defined as

T̂ f (y) = − 3κ6

π

∫ ∞

0
dy′y′2 f (y′)

∑
σ=±

σg3(κχσ ), (A14)

R̂ f (y) = − 3κ6

5π

∫ ∞

0
dy′y′2 f (y′)

∑
σ=±

[
σg3(κχσ )

+ 6

κ2yy′ g2(κχσ ) + 12σ

κ4y2y′2 g1(κχσ )

]
. (A15)

We neglect the f -wave part and only retain the p-wave part
of Ŝμf (y). Also, we define the low-energy expansion of the
operators

T̂ f (y) = T̂0 f (y) + κ2T̂1 f (y) + O(κ4), (A16)

R̂ f (y) = R̂0 f (y) + κ2R̂1 f (y) + O(κ4). (A17)

Then we find that Â0 ≡ L̂l=1
0 + 5R̂0 − T̂0 in Eq. (31) and Â1 ≡

L̂l=1
1 + T̂1 + R̂1 in Eq. (50).

APPENDIX B: PERTURBATIVE METHOD
IN THE p-WAVE CHANNEL

First we seek a particular solution of Eq. (35). For the
leading-order term, we straightforwardly obtain the particular
solution (39).

Consider the first-order term F 1(λ) = (1 −
K̂1)−1Â0F 0(λ). It is convenient to write the expressions
in the form of the inverse Mellin transforms. We have the
following observations about the inverse Mellin transforms of
F 0(λ) and its momentum space counterpart F 0

q :

F̃ 0(s) =
∫ ∞

0
dq F 0

q q−s+2 = π

16
tan

πs

2
, (B1)

with 3 < Re(s) < 5;

F 0
q =

∫ ι+i∞

ι−i∞

ds

2π i
F̃ 0(s)qs−3, (B2)

with 3 < ι < 5; and

F 0(λ) =
∫ ι+i∞

ι−i∞

ds

2π i
F̃ 0(s)J (s)λ−s, (B3)

with 3 < ι < 5, where F 0
q = 2

π

∫ ∞
0 dλ λ2 j1(qλ)F 0(λ) =

1
8

q2

1−q2 and J (s) = ∫ ∞
0 dλ j1(λ)λs−1 = �(s)

2−s sin πs
2 with

Re(s) > −1. Further, we obtain

Â0F 0(λ) =
(

16√
3λ6

+ 2√
3λ4

)

+
∫ ι+i∞

ι−i∞

ds

2π i
F̃ 0(s)J (s)A0(s)λ−s−3, (B4)

with −1 < ι < 1. Here we have shifted the integral contour to
the left ι → ι − 4. By doing so, we limit the integral contour

in the range −1 < ι < 1 and then we can work in the momen-
tum space, where the inverse operator (1 − K̂1)−1 is simply
(1 − q2)−1. For the first part of the right-hand side, we find

(1 − K̂1)−1

(
16√
3λ6

+ 2√
3λ4

)

= − 2

15
√

3

[
Si(λ) j1(λ) − Ci(λ)y1(λ) − 1

λ2
− 12

λ4

]
.

(B5)

For the second part, we seek the explicit expression of (1 −
K̂1)−1

∫ ι+i∞
ι−i∞

ds
2π i F̃

0(s)J (s)A0(s)λ−s−3 in the momentum space
and we find (taking −1 < ι < 1)

1

1 − q2

∫ ι+i∞

ι−i∞

ds

2π i
F̃ 0(s)J (s)A0(s)

2

π
J (−s)qs

= −1

8

q

(1 − q2)2
+ S̃ (q). (B6)

The contour integral becomes an equivalent Fourier transform
after a change of variable s = ι + iβ and eζ = q. Here we set
ι = 0. The integrand has poles at β = ±(2n + 1)i, with n =
0, 1, 2, 3, . . .. For positive or negative values of ζ , we enclose
the contour on the upper or lower complex plane, respectively,
and sum up all the residues at the poles. Note that there are
three general expressions of the residues at β = ±(6n + 1)i,
±(6n + 3)i, or ±(6n + 5)i. We find

S̃ (q) = 1

1 − q2

{
1

π
√

3
(q2 + q−2 + 1)

[
Li2(eiπ/3q)

+ Li2(e−iπ/3q) − Li2(e2iπ/3q) − Li2(e−2iπ/3q)

+ π

3
arctan

(
1 − q2

√
3q

)
−π2

6
− ln

(
1 + q + q2

1 − q + q2

)
ln q

]

+
(

− 1

3
+ 2

π
√

3

)
(q − q−1)+ 2

π
√

3
(q + q−1) ln q

}
,

(B7)

where Lis(z) = ∑∞
n=1

zn

ns is the polylogarithmic function and
S̃ (q) is a real smooth function of q at 0 < q < ∞. Then we
obtain a closed-form expression for the first-order solution

F 1(λ) = − 2

15
√

3

[
Si(λ) j1(λ) − Ci(λ)y1(λ) − 1

λ2
− 12

λ4

]

− π

32
cos λ + S (λ), (B8)

where S (λ) = ∫ ∞
0 dq q2 j1(qλ)S̃ (q) is a smooth and nonoscil-

latory function. As S̃ (q) ∼ q ln q at q → 0 and S̃ (q) ∼
q−3 ln q at q → ∞, we see S (λ) ∼ λ−4 at λ → +∞ and
S (λ) ∼ ln λ at λ → 0.

Now we seek the perturbative solution to the homogeneous
part of Eq. (35),

0 = (−1 + K̂1 + γ 3/2Â0)Fhomo(λ). (B9)

Up to the first order, the solution takes the form

Fhomo(λ) = d1[ j1(λ) + γ 3/2(1 − K̂1)−1Â0 j1(λ)]

+ d2[y1(λ) + γ 3/2(1 − K̂1)−1Â0y1(λ)]. (B10)
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Similarly, we write the functions j1(λ) and y1(λ) in the form
of the inverse Mellin transforms

j1(λ) =
∫ ι+i∞

ι−i∞

ds

2π i
J (s)λ−s (B11)

with ι > −1 and

y1(λ) =
∫ ι+i∞

ι−i∞

ds

2π i

[
− J (s) cot

πs

2

]
λ−s (B12)

with ι > 2. Then we find

Â0 j1(λ) =
∫ ι+i∞

ι−i∞

ds

2π i
J (s)A0(s)λ−s−3 (B13)

with ι > −1 and

Â0y1(λ) =
(

128

3
√

3
− 48

π

)
λ−5

+
∫ ι+i∞

ι−i∞

ds

2π i

[
− J (s)A0(s) cot

πs

2

]
λ−s−3

(B14)

with 0 < ι < 2. In Eq. (B14) we have shifted the integral
contour to the left ι → ι − 2. By doing so, we limit the in-

tegral contour in the range −1 < ι < 1 and then work in the
momentum space. We find

2

π

∫ ∞

0
dλ λ2 j1(qλ)[Â0 j1(λ)]

=
∫ ι+i∞

ι−i∞

ds

2π i
J (s)A0(s)

2

π
J (−s)qs (B15)

with −1 < ι < 1 and

2

π

∫ ∞

0
dλλ2 j1(qλ)[Â0y1(λ)]

=
(

− 16

3
√

3
+ 6

π

)
q2

+
∫ ι+i∞

ι−i∞

ds

2π i

[
− J (s)A0(s) cot

πs

2

]
2

π
J (−s)qs (B16)

with 0 < ι < 1. The contour integrals on the right-hand sides
can be evaluated using the residue theorem through a large
contour on the left or right half complex plane. Then we
transform back to the real space and obtain the expressions

(1 − K̂1)−1Â0 j1(λ) = 1

2
sin λ +

(
− 16√

3
+ 4

√
3 ln 3

)
y1(λ) + S1(λ), (B17)

(1 − K̂1)−1Â0y1(λ) = −1

2
cos λ +

(
− 16

3
√

3
+ 6

π

)[
Si(λ)y1(λ) + Ci(λ) j1(λ) − 2

λ3

]
+

(
9

2
− 4π

3
√

3

)
y1(λ) + S2(λ), (B18)

where S1,2(λ) = ∫ ∞
0 dq q2 j1(qλ)S̃1,2(q) are smooth and nonoscillatory functions. Here S̃1(q) and S̃2(q) are smooth at 0 < q <

+∞,

S̃1(q) = 1

1 − q2

[
− 16√

3π
(q + q−1) + 8√

3π
(q2 + q−2 + 1) ln

(
1 + q + q2

1 − q + q2

)
−

(
− 16√

3
+ 4

√
3 ln 3

)
2

π
q

]
, (B19)

S̃2(q) = 1

1 − q2

[
8

π
+

(
8

3
√

3
− 9

π

)
q + 16

3
√

3
q2 + 2q

π (1 + q)
− 16√

3π
(q2 + q−2 + 1) arctan

( √
3q2

2 + q2

)]
. (B20)

Then we find the asymptotic behaviors of the first-order terms

(1 − K̂1)−1Â0 j1(λ) = 8

3
√

3
+ λ

2
+ O(λ2) at λ → 0 (B21)

≈ 1

2
sin λ +

(
− 16√

3
+ 4

√
3 ln 3

)
y1(λ) at λ → ∞, (B22)

(1 − K̂1)−1Â0y1(λ) =
(

32

3
√

3
− 12

π

)
λ−3 +

(
32

3
√

3
− 24

π

)
λ−1 + O(λ ln λ) at λ → 0 (B23)

= −1

2
cos λ +

(
15

2
− 4π√

3

)
y1(λ) + O(λ−5) at λ → ∞. (B24)

The final perturbative solution up to the first order
can be expressed as F (λ) = Fhomo(λ) + F 0(λ) + γ 3/2F 1(λ).
Through the boundary conditions at small and large distances,
we can fix the coefficients d1 and d2 and then find the flux of
the atom-dimer motion.

APPENDIX C: SMALL-λ BEHAVIOR OF F(λ)

Let us study the small-λ behavior of F (λ) in Eq. (35).
Consider the region where γ 3/2 � λ  1 or equivalently R �

y  ld . We only retain the two important terms and the homo-
geneous part of Eq. (35) becomes

0 = (K̂1 + γ 3/2Â0)F (λ). (C1)

We write F (λ) in the form of inverse Mellin transform

F (λ) =
∫ ι+i∞

ι−i∞

ds

2π i
F̃ (s)λ−s (C2)
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and the equation becomes∫ ι+i∞

ι−i∞

ds

2π i
(s − 2)(s + 1)F̃ (s)λ−s−2

=
∫ ι+i∞

ι−i∞

ds

2π i
γ 3/2A0(s)F̃ (s)λ−s−3. (C3)

On the left-hand side, we do a contour shift ι → ι + 1 assum-
ing no poles in the region ι < Re(s) < ι + 1 and then a change
of variable s → s + 1. We find that F̃ (s) satisfies

F̃ (s + 1) = γ 3/2

tan πs
2

s3G(s)

(s − 1)(s + 2)
F̃ (s), (C4)

where A0(s) ≡ s3

tan πs
2

G(s) and

G(s) = 1 − 4

s2

(
1 + 8

cos πs
6

cos πs
2

)
+ 64√

3s3

sin πs
6

cos πs
2

. (C5)

The function G(s) has zeros at ±u0, ±u∗
0, and ±un with

n = 1, 2, 3, . . . and poles at 0 and ±bn with n = 0, 1, 2, 3, . . .,
where

u0 ≈ 2.086 + 1.103i, u1 = 4, u2 = 6,

u3 ≈ 6.39, u4 ≈ 8.97, u5 ≈ 11.16, . . . , (C6)

bn = 2n + 1, (C7)

and at n → +∞,

un − bn

=

⎧⎪⎨
⎪⎩

− 8
3
√

3π

1
n2 + 32

27
√

3π

1
n3 + O

(
1
n4

)
if mod(2n + 1, 6) = 1

− 16
27

√
3π

1
n3 + O

(
1
n4

)
if mod(2n + 1, 6) = 3

8
3
√

3π

1
n2 − 112

27
√

3π

1
n3 + O

(
1
n4

)
if mod(2n + 1, 6) = 5.

(C8)

Then G(s) can be expressed in the infinite product form

G(s) =
(
s2 − u2

0

)(
s2 − u∗2

0

)
s2(s2 − 1)

+∞∏
n=1

s2 − u2
n

s2 − b2
n

. (C9)

The correct solution of F̃ (s) should (i) satisfy Eq. (C4), (ii)
be integrable in Eq. (C2), and (iii) have no singularities on the
certain stripe on the complex plane. Then we construct one
solution

F̃1(s) = γ 3s/2 sin

(
πs

2

)
�(1 − s + 1)

�(s + 2)
�(s)

�(s + u∗
0 )

�(1 − s + u∗
0 )

×
+∞∏
n=0

�(s + un)�(1 − s + bn)

�(s + bn)�(1 − s + un)
. (C10)

Here F̃1(s) has no pole on the strip −Re(u0) < Re(s) < 2. The
closest poles to the imaginary axis are s = −u0 and s = −u∗

0.
Thus we see that at small λ,

F1(λ) ∼ c1

(
λ

γ 3/2

)u0

+ c∗
1

(
λ

γ 3/2

)u∗
0

≈ 2|c1|
(

λ

γ 3/2

)2.086

sin

(
1.103 ln

λ

γ 3/2
+ θ1 + π

2

)
,

(C11)

where c1 = |c1|eiθ1 is a complex number independent of γ

and λ. Note that λ/γ 3/2 = y/R. The other solution F2(λ) will
be constructed in a similar way and have a similar small-λ
behavior (with a different phase inside the sine function).
Therefore, at small λ, the solution to the homogeneous part
of Eq. (35) has the behavior

F (λ) ∝
(

λ

γ 3/2

)2.086

sin

(
1.103 ln

λ

γ 3/2
+ θ + π

2

)
. (C12)

APPENDIX D: THERMAL AVERAGE

Consider the thermal average of the three-body recombi-
nation rate constant. Based on the argument of Ref. [49], we
consider the distribution function f (r1, r2, r3, b1, b2, b3) for
the three atoms with position vectors r1, r2, r3 and momenta
b1, b2, b3. The distribution function is normalized as

∫
d3r1d3r2d3r3d3b1d3b2d3b3 f (r1, r2, r3, b1, b2, b3) = 1.

(D1)
Then the thermal average of the flux � of the atom-dimer
outgoing wave is

〈�〉T =
∫

d3r1d3r2d3r3d3b1d3b2d3b3

× f (r1, r2, r3, b1, b2, b3)�. (D2)

Here � is a function of the momenta (b, B), � =
�(b, B). According to the Maxwell-Boltzmann distribution,
f (r1, r2, r3, b1, b2, b3) ∝ exp(−H/kBT ). For a homogeneous
gas, neglecting the interactions, the Hamiltonian

H = 1
2

(
b2

1 + b2
2 + b2

3

) = 1
6 b2

c + b2 + B2. (D3)

Then

〈�(b, B)〉T =
∫

d3b d3B e−(b2+B2 )/kBT �(b, B)∫
d3b d3B e−(b2+B2 )/kBT

. (D4)

If �(b, B) = �(E ) with E = b2 + B2, then

〈�(E )〉T = 1

2(kBT )3

∫ ∞

0
dE E2�(E )e−E/kBT . (D5)

This recovers Eq. (3) of Ref. [29].
Note that if the integrand only depends on b, B, and

the angle θ between b and B, we can use
∫

d3b d3B =∫ ∞
0 db 4πb2

∫ ∞
0 dB 2πB2

∫ π

0 dθ sin θ to evaluate the formula.
Here we list the formulas

〈|b × B|2〉T = 3
2 (kBT )2, (D6)

〈b2(b2 − B2)2 + 4b2B2(2B2 − b2)t2〉T = 15(kBT )3, (D7)

〈
b6 + 2

115 b4B2(208 − 673t2)

+ 1
155 b2B4(881 + 514t2)

〉
T

= 1554
31 (kBT )3, (D8)

where t ≡ b̂ · B̂ ≡ cos θ .
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