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Raman spectroscopy of Fermi polarons

Hui Hu

and Xia-Ji Liu

Centre for Quantum Technology Theory, Swinburne University of Technology, Melbourne, Victoria 3122, Australia

® (Received 8 April 2022; accepted 30 November 2022; published 12 December 2022)

By using a non-self-consistent many-body 7 -matrix theory, we calculate the finite-temperature Raman spec-
troscopy of a mobile impurity immersed in a Fermi bath in three dimensions. The dependencies of the Raman
spectrum on the transferred momentum, temperature, and impurity-bath interaction are discussed in detail. We
confirm that the peak in the Raman spectrum shows a weaker dependence on the impurity concentration than that
in the radio-frequency spectroscopy due to the nonzero transferred momentum, as anticipated. We compare our
theoretical prediction with the recent measurement by Gal Ness et al. [G. Ness, C. Shkedrov, Y. Florshaim, O.
K. Diessel, J. von Milczewski, R. Schmidt, and Y. Sagi, Phys. Rev. X 10, 041019 (2020)] without any adjustable
parameters. At weak coupling, we find a good quantitative agreement. However, close to the Feshbach resonance
the agreement becomes worse. At strong coupling, we find that an unrealistic Fermi bath temperature might be

needed to account for the experimental data.
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I. INTRODUCTION

Fermi polarons (quasiparticles formed when impurities
move inside a Fermi bath) received increasing attentions from
researchers in different research fields due to the rapid ex-
perimental advances in ultracold atomic physics. Nowadays,
Fermi polarons can be routinely realized by using a highly im-
balanced two-component Fermi-Fermi mixture [1-4], where
the minority atoms play the role of impurities. The interaction
between the impurity and the majority Fermi bath or Fermi sea
can be tuned precisely with the help of Feshbach resonances
[5]. Many useful techniques were developed to characterize
the quasiparticle properties of Fermi polarons, such as the
radio-frequency spectroscopy [6—11], Ramsey interferometry
[12], Rabi oscillation [8,10], and Raman spectroscopy [13].
As a result, a number of intriguing features of Fermi po-
larons were revealed [14,15], including the excited branch
of repulsive polarons [8—-10,16] and the disappearance of at-
tractive polarons at sufficiently large impurity-bath coupling
[13,17-19].

Here, we are interested in the Raman spectroscopy, which
was applied most recently by Ness er al. to observe the
polaron-molecule transition [13]. In this experiment, the
Fermi bath temperature is about one-fifth Fermi temperature
(i.e., 0.2Tf), and the trap-average impurity concentration,
defined by x = njyp/n with njy,, (n) being the density of
impurity and (bath) atoms, is about 0.23. To account for
the temperature effect, the experimental data were analyzed
by using a phenomenological theory, where the system was
treated as a noninteracting thermal mixture of polarons and
molecules [13]. The thermal distributions or numbers of po-
larons and molecules are determined, respectively, according
to their zero-temperature energy, calculated using the vari-
ational Chevy ansatz at the lowest level of particle-hole
excitations [20]. A set of free fitting parameters, such as
the polaron residue Z, polaron temperature 7p (which might
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be different from the Fermi bath temperature), and effective
binding energy of molecules were introduced to fit the data
and to extract the polaron energy and molecule binding energy
[13].

In this work, we would like to theoretically understand
the measured Raman spectrum, based on a finite-temperature
microscopic theory within the non-self-consistent many-body
T-matrix approximation [21,22]. At zero temperature, the
non-self-consistent 7'-matrix approximation is fully equiva-
lent to the variational Chevy ansatz with one-particle-hole
excitation [23]. The finite-temperature extension of the
T-matrix theory [21,24,25] allows us to improve the phe-
nomenological treatment used in the experimental analysis, at
least in the weak-coupling regime, where attractive polarons
are well-defined quasiparticles in the ground state [18,23].

Indeed, for weak coupling we find that our theory agrees
very well with the experimental data, without any free ad-
justable parameters. In the vicinity of the Feshbach resonance
of the impurity-bath interaction, however, the experimental
data appear to lie systematically lower than the theoretical
prediction. To theoretically account for the data, we need
to significantly increase the Fermi bath temperature. This is
somehow consistent with the experimental observation that
the extracted polaron temperature 7p is systematically higher
than the Fermi bath temperature near the Feshbach resonance.
Finally, for the strong coupling case our theory fails to ex-
plain the experimental data with any reasonable Fermi bath
temperature. This failure clearly indicates the importance of
developing a better description of Fermi polarons near the
polaron-molecule transition by extending more reliable zero-
temperature theories such as the functional renormalization
group [26] and diagrammatic Monte Carlo simulation [17,27]
to the finite-temperature case.

The rest of the paper is organized as follows. In Sec. II, we
briefly review the non-self-consistent many-body 7 -matrix
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theory for Fermi polarons at finite temperature. In Sec. III, we
first discuss in detail the properties of Raman spectroscopy in
the ejection scheme and investigate the spectrum as functions
of the transferred momentum, impurity concentration, tem-
perature, and the impurity-bath interaction strength. We then
compare our theoretical predictions with the experimental
data. We also briefly consider the injection Raman spectrum.
Finally, Sec. IV is devoted to the conclusion and outlook.
In the Appendix we also consider the effect of spatial inho-
mogeneity on the Raman spectrum, caused by the external
harmonic traps.

II. NON-SELF-CONSISTENT MANY-BODY
T-MATRIX THEORY

The non-self-consistent many-body 7-matrix theory of
Fermi polarons at finite temperature was discussed at length
in Ref. [21]. Here, for self-containedness, we briefly review
the key equations in the following. The Fermi polaron system
under consideration involves an impurity of mass m; interact-
ing with a homogeneous bath of fermionic atoms of mass m.
It can be described by a model Hamiltonian

8 t
M=) aciec+ Y e didy + v > cpdl dgpcp. (1)
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where clt (d;) are the creation field operators for fermionic
atoms (impurity) with momentum k (p) and single-particle
dispersion relation €, = i°k2/(2m) [elD = i2p?/(2my)], and
V is the system volume. The last term in the Hamiltonian
describes the s-wave contact interaction between the impurity
and bath with a bare coupling strength g, which is regularized
via the relation
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Here, a is the s-wave scattering length between the im-
purity and the Fermi bath and m, = mm;/(m 4+ my) is the
reduced mass for the impurity-bath scattering. Throughout
the work we always take m; = m, so m, = m/2. The number
of fermionic atoms in the Fermi bath (n) can be tuned by
adjusting the chemical potential (7)) at nonzero temperature
T. We often measure the single-particle energy of the bath
from the chemical potential and therefore define & = ex — u.

To solve the Fermi polaron problem, the key quantity of
interest is the (retarded) impurity Green’s function

1
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and its associated single-particle spectral function A(k, w) =

—(1/m)ImGg(Kk, ®). In the single-impurity limit, within the

non-self-consistent many-body 7 -matrix theory [21], the (re-

tarded) self-energy Xz(k, @) can be calculated by summing

all the ladder-type diagrams, which gives rise to an expression

1
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where f(x)=1/(e?* +1) with B =1/(kgT) being the
Fermi-Dirac distribution function and I'g(q, 2) is the vertex
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FIG. 1. The zero-momentum impurity spectral function A(k =0,
) in the unitary limit 1/a = 0. The spectral function is in units
of 5!, where & = hi%k2/(2m) and kp = (62n)'/ are the Fermi
energy and Fermi wave vector, respectively. The temperature is 7 =
0.2TF = 0.2ef /kp. The inset shows the spectral function in the linear
scale.
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As discussed in Ref. [21], the two-dimensional integrals in the
calculations of the inverse vertex function Fgl(q, ) can be
efficiently evaluated, leading to fast and accurate determina-
tion of the (retarded) self-energy Xz(k, @) and consequently
the single-particle spectral function A(k, ).

As an example, in Fig. 1 we show the zero-momentum
impurity spectral function A(k = 0, w) at the Feshbach res-
onance, where the s-wave scattering length a between the
impurity and Fermi bath diverges. A finite temperature typ-
ically leads to a nonzero thermal decay of the attractive Fermi
polaron, as given by I' = —2ZImXz(0, £p), where Ep is the
polaron energy and Z = [1 — dReXx(0, a))/aa)];i&: is the
residue of the attractive polaron. At the low temperature con-
sidered in Fig. 1 (i.e., T = 0.27F), the decay rate I' ~ 0.008¢p
is very small, as indicated by the narrow full width at half
maximum (FWHM) of the spectral function. This leads to
a sharp peak at the polaron energy Ep ~ —0.64¢p. There is
also a broad peak at much higher energy ~ep, which may
be understood as a precursor of the repulsive polaron. Our
accurate determination of the impurity spectral function is
able to capture both the sharply peaked attractive polaron and
broadly distributed repulsive polaron, allowing us to perform
a microscopic calculation of the Raman spectrum at finite
temperature, as we shall discuss in detail as follows.

III. RESULTS AND DISCUSSIONS

A. Ejection Raman spectroscopy

In the Raman spectroscopy experiment [13], initially the
impurity is in the interacting state with the Fermi bath. It is
then transferred to a noninteracting state using Raman beams
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FIG. 2. The ejection Raman spectrum in the unitary limit and
T = 0.27F at different transferred momenta as indicated. The spectra
are in units of 5;1 and are normalized to unity [i.e., f dol(w) = 1].
This can be achieved by dividing I(w) the impurity density 7jy,. We
take an impurity concentration 7y, = 0.15n.

with the energy @ and momentum Q. In this ejection scheme,
according to the linear response theory the transfer rate is
proportional to [13,28,29]

1
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Here, we assume a fermionic impurity according to the exper-
iment [13]. To account for the finite impurity density #;m,, we
also introduce an impurity chemical potential p;, which is to
be determined by the number equation

1 +00
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It is readily seen that the ejection Raman spectrum is
normalized to the impurity density, ie., [dwl(®) = nimp.
Moreover, in the limit of zero transferred momentum Q =
0, the Raman spectroscopy simply recovers the well-studied
radio-frequency spectroscopy [6,11,21]. In Fig. 2, we report
exemplified Raman spectra at different transferred Raman
momenta for the unitary impurity-bath interaction. As the
momentum Q increases, the Raman peak becomes broader
and quickly shifts to high energy.

The blue shift of the peak with transferred momentum can
be easily understood from the coherent part of the polaron
spectral function, which at zero temperature takes the form

[13]
2,2
Acon(k, w) = Z§ |:a) — (5;: + Wk ):|, (8)

2m*

where the polaron mass m* is close to the mass of bare atoms
m* >~ m; = m, unless it is near the polaron-molecule transi-
tion. By substituting Ay, into the ejection expression Eq. (6),
we find a coherent contribution to the Raman signal, if the
frequency w satisfies
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After performing the integration over the angle between k
and Q, the coherent contribution is therefore centered around
the peak position, @peak hZQZ/(2m) — &p. In Fig. 3, we
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FIG. 3. The position and width of the peak in the ejection Raman
spectrum as a function of the transferred momentum Q, at (a) 7 =
0.27f and (b) T = 0.5T¢. Here, we consider the unitary limit with
1/(kra) = 0. The blue dashed line in each plot shows the anticipated
peak position wpea = h2Q2 /(2m) — Ep. The impurity concentration
iS Rjpp /n = 0.15.

examine the dependence of the Raman peak on the transferred
momentum Q at two characteristic temperatures 7 = 0.27¢
and 0.57f in the unitary limit. The peak position extracted
from the Raman spectrum (solid circles) follows the antici-
pated trajectory #2Q2/(2m) — Ep (blue dotted lines), with the
difference barely observable in the scale of the figure.

In Fig. 3, we also report the width of the Raman peak as
a function of the transferred momentum Q (see red dashed
lines). The width seems to be proportional to the trans-
ferred momentum at large Q. It is also strongly temperature
dependent. Both the temperature dependence and linear Q
dependence might be understood from the last term in Eq. (9)
since the width is directly related to the maximum value of
Qk, which depends on both temperature and the impurity
concentration. Therefore, from the width of Raman spectrum
we can hardly extract useful information about the decay rate
of Fermi polarons.

In contrast, as we discussed earlier, the peak position nicely
follows the prediction wpeax i?Q%/(2m) — Ep and is not
sensitive to both temperature (apart from the temperature
dependence in the polaron energy £p) and the impurity con-
centration. Actually, the robustness of the peak position is one
of the advantages of the Raman spectroscopy mentioned in
the experimental work [13] owing to the significant change in
momentum. In Fig. 4 we check specifically the dependence
of the Raman spectrum on the impurity concentration Ajmp.
The spectrum becomes broader with increasing niyp, While
keeping its peak position nearly unchanged. In the inset, we
subtract from wpe, the background contribution h2Q2 /(2m)
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FIG. 4. The ejection Raman spectrum at different impurity den-
sities njmp, = 0.01 (black solid line), 0.05 (red dashed line), 0.15 (blue
dot-dashed line), and 0.30 (brown dotted line), in units of the Fermi
bath density n. Here, we consider the unitary limit at 7 = 0.27r. The
transferred momentum is Q = k. The spectra are in units of £;' and
are normalized to unity [i.e., f dwl(w) = 1]. The inset shows wy =
Wpeak — 1*Q%/(2m) for the radio-frequency spectrum (with Q = 0)
and for the Raman spectrum (with Q = kr). The blue dotted line is
the anticipated polaron energy wy = |Ep|.

and define wy = Wpeak — h2Q2 /(2m). We find that wy shows
a very weak red-shift with increasing impurity concentration
at Q = kp (see the black dot-dashed line) and correctly ap-
proaches |Ep| in the single-impurity limit #;y, — 0. This can
be contrasted with the radio-frequency spectrum, where the
peak position w fails to recover the anticipated value |Ep|
and there is a small systematic shift at about 0.02¢ in the
single-impurity limit (i.e., the red dashed line). In Fig. 5, we
also show the Raman spectrum at different temperatures in
the unitary limit. The spectrum becomes broader with smaller
peak height, as anticipated.

Finally, in Fig. 6 we report the ejection Raman spectrum
in the strong coupling regime with 1/(kra) > 0. Our non-
self-consistent 7'-matrix theory becomes less accurate when
we increase 1/(kpa) at strong coupling [21,23]. Neverthe-
less, we can see clearly that the spectrum becomes more and
more asymmetric with increasing 1/(kra). This is because the
coherent contribution from attractive polarons gets strongly

FIG. 5. The temperature dependence of the ejection Raman spec-
trum /(w) [in units of s;' ] at three temperatures: 7' /Tr = 0.2 (black
solid line), 0.5 (red dashed line), and 1.0 (blue dot-dashed line). Here,
we take a transferred momentum Q = kr and consider the unitary
limit. The impurity concentration is njy,/n = 0.15.
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FIG. 6. The ejection Raman spectrum /(w) [in units of 5;' ] be-
low the Feshbach resonance at three interaction strengths 1/(krpa) =
0.5 (black solid line), 1.0 (red dashed line), and 1.5 (blue dot-dashed
line). We take a temperature 7 = 0.275 and a transferred momentum
QO = kp. The impurity concentration is iy, /n = 0.15.

suppressed. The incoherent part from the molecule-hole con-
tinuum in the impurity spectral function gives the major
contribution to the Raman signal. It then features a highly
asymmetric energy tail in the spectrum above the threshold
Wihres 2 h2Q2 /(2m) 4 &g, where &g is the binding energy of a
molecule [13].

B. Injection Raman spectroscopy

We so far discussed the ejection Raman spectroscopy,
where the contribution from the high-energy part of the single-
particle spectral function is thermally suppressed due to the
Fermi distribution function in Eq. (6). As a result, the excited
state of Fermi polarons, such as the repulsive polaron branch,
can hardly be probed in the ejection scheme. This problem can
be solved if the impurity is initially prepared in a noninter-
acting state with the Fermi bath. The Raman beams can then
bring the impurity into the interacting state, with a transfer rate
as a function of the frequency recorded as the spectrum. In this
injection scheme, the excited state of Fermi polarons can be
directly observed [10]. By neglecting the initial-state effect,
the injection Raman spectrum at the transferred momentum Q
is given by [28,29]

1
lw)= ;A[k, aiqtolflalo—m). 10

where w; is the impurity chemical potential in the initial
noninteracting state to be determined by the number equation,
Rimp = (1/V) 3y (& = o).

In Fig. 7, we show the injection Raman spectrum at the
resonance [Fig. 7(a)] and at 1/(kra) = 0.5 [Fig. 7(b)]. Three
typical Raman momenta are considered. In the unitary limit
for O < kr we see clearly the bump structure at the energy
w ~ g, contributed to from the precursor of the repulsive po-
laron. At 1/(kpa) = 0.5, the bumps develop into well-defined
repulsive polaron peaks. In this case, at Q = 0.5kr the widths
of the low-energy attractive polaron peak and of the high-
energy repulsive polaron peak are similar. Their weights (i.e.,
the integrated area under each peak) are also similar. How-
ever, as we increase the transferred momentum Q, the weight
gradually transfers to the repulsive polaron peak. At large

063306-4



RAMAN SPECTROSCOPY OF FERMI POLARONS

PHYSICAL REVIEW A 106, 063306 (2022)

1 .0 T T T T T T T T T
i () (k,a)=0

—— 0=0.5k,

FIG. 7. The injection Raman spectrum /(w) (in units of 8;' )
at the unitary limit (a) 1/(kra) = 0.0 and (b) at 1/(kra) = 0.5. We
consider three different transferred momenta as indicated in the plots.
The temperature is 7 = 0.27r and the impurity concentration is
Nimp/n = 0.15. The spectra are normalized to unity.

transferred momentum Q = 1.5kx, the contributions from the
attractive and repulsive polarons basically merge into a very
broad peak and somehow become featureless. Therefore, we
suggest that an optimized transferred momentum Q ~ kp
might be considered in future experiments on the injection
Raman spectroscopy.

C. Comparison with the experiment

We are now in the position to compare our theory with
the recent experiment [13]. As shown in Fig. 8, we consid-
ered three different temperatures for the theoretical curves
(0.2TF, 0.4TF, and 0.6TF, from top to bottom), although ex-
perimentally the Fermi bath temperature is about 0.277. The
other parameters such as the average impurity concentration
Nimp = 0.237n and the interaction strength 1/(kra) follow the
experimental condition [13], so there are no free adjustable
parameters. The effect of spatial inhomogeneity caused by the
external harmonic traps is considered in the Appendix, which
does not lead to qualitatively different results.

On the weak coupling side of the resonance [i.e.,
1/(kpa) = —0.66 in Fig. 8(a)], we find a good agreement
between the theoretical prediction and experimental data, both
of which are given at the temperature 0.27. This agreement
is anticipated since our non-self-consistent 7-matrix theory
should work well with a weak impurity-bath interaction.

However, near the Feshbach resonance [i.e., the middle
plot Fig. 8(b) for the case 1/(kpa) = —0.06], our low-
temperature prediction fails to explain the experimental data.
A reasonable agreement for the peak height might be reached
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FIG. 8. The comparison of the theory (lines) with the experi-
mental data from Ness ef al. (symbols) [13] for the ejection Raman
spectrum of a Fermi polaron across the Feshbach resonance. The
spectra are in units of &' and are normalized to unity f dol(w) = 1.
In the experiment, the temperature of the background Fermi gas
is T = 0.2Tr and the transferred momentum is Q = 1.9kr. In our
theoretical predictions, we consider three different temperatures 7 =
0.27F (black solid lines), 0.47r (red dashed lines), and 0.67y (blue
dash-dotted lines). The impurity density is taken as nim,/n = 0.23,
following the experimental condition after an average over the trap
configuration [13]. In the comparison, we do not include any ad-
justable free parameters.

if we increase the Fermi bath temperature to 0.67f in the
theoretical calculation (see the blue dot-dashed line). This
temperature is significantly higher than the experimental
Fermi bath temperature. Tentatively, we attribute the disagree-
ment between theory and experiment to the inefficiency of the
non-self-consistent 7-matrix theory for predicting the impu-
rity spectral function, although we do know that the theory
predicts very accurate polaron energy in the unitary limit at
zero temperature [1,17,23]. On the other hand, it is worth
mentioning that, in the phenomenological theory used in the
experiment [13], the temperature of the polaron 7p extracted
from fitting is also systematically larger than the Fermi bath
temperature (0.27F). Moreover, a large background temper-
ature Tyg = 2T is used for the incoherent contribution from
molecules. The larger polaron temperature 7p and background
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temperature T, seem to be consistent with our finding that
a larger Fermi bath temperature is theoretically needed to
account for the experimental data.

At the strong coupling with 1/(kpa) = 0.75 in Fig. 8(c),
our non-self-consistent 7 -matrix theory is completely unable
to understand the experimental data. The data are about two
times smaller than our theoretical result at 0.27r. The peak
position read from the data also seems to be larger than the
theoretical prediction [i.e., wpeak = Q% /(2m) — Ep], which
we believe is reasonably accurate since at zero temperature
the 7-matrix theory predicts a polaron energy &p that is in
good agreement with quantum Monte Carlo simulation [1].
We note that the disagreement between theory and experi-
ment at strong coupling can hardly be reconciled by simply
increasing the Fermi bath temperature in the theoretical cal-
culation. Our theoretical prediction at 7 = 0.67¢ shown in
the blue dot-dashed line is still far above the experimental
data.

IV. CONCLUSION AND OUTLOOKS

In summary, we presented a microscopic calculation of
Raman spectroscopy of Fermi polarons at finite temperature
based on a well-documented non-self-consistent many-body
T-matrix theory [1,21,23]. The dependencies of the ejec-
tion Raman spectrum on the transferred Raman momentum,
temperature, impurity concentration, and the impurity-bath in-
teraction are systematically investigated. We also considered
the injection Raman spectrum, which might be experimentally
measured in the near future.

We compared our theoretical result with the recent ejection
Raman spectroscopy measurement [13]. We found a good
agreement in the weak-coupling regime, which is encouraging
and anticipated. However, towards the Feshbach resonance
and the strong coupling regime, the non-self-consistent 7 -
matrix theory cannot provide a quantitative account of the
experimental data. On the theoretical side, more refined
treatments are therefore needed. By extending the existing
zero-temperature studies to the finite-temperature case, the
possible theoretical scenarios could include the functional
renormalization group [26] and the diagrammatic quantum
Monte Carlo simulation [17,27].
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APPENDIX: RAMAN SPECTRUM WITHIN THE LOCAL
DENSITY APPROXIMATION

In this Appendix, we consider the effect of spatial inho-
mogeneity on the Raman spectrum, caused by the external
harmonic traps. We assume that the local density approxi-
mation (LDA) is applicable for the dynamical quantities such
as the Raman spectroscopy. As the ejection Raman spectrum
measures the transfer rate per impurity, the trap-averaged
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FIG. 9. The comparison of the theory (lines) with the exper-
imental data from Ness ef al. (symbols) [13] at the temperature
T = 0.2TF and transferred momentum Q = 1.9k for the ejection
Raman spectrum of a Fermi polaron on (a) the BCS side and
(b) near the unitary limit. Here, T = er/kp and kr are the peak
Fermi temperature and Fermi wave vector of majority fermions at
the trap center, respectively. The spectra are in units of &;' and
are normalized to unity [dwl(w)= 1. We present two theoreti-
cal predictions for a uniform gas (black solid line) and a trapped
gas (orange dotted line), calculated without and with the local
density approximation, respectively. The local impurity density is
always njpp/n = 0.23.

Raman spectrum takes the form [13]

_ [ drl(w, r)n(r)
(l(w)) = —f drn(0)

where n;(r) is the impurity density distribution and /(w, r) is
the ejection spectrum calculated at the local position r with
local majority fermion density n(r).

In general, the impurity distribution n;(r) is difficult to
obtain due to the interaction with majority fermions that
leads to an (unknown) effective trapping potential. Here, since
we are only interested in a qualitative estimate of the trap-
ping effect, we may assume a fixed ratio between the local
impurity density to the local majority fermion density, i.e.,
ny(r)/n(r) = nimp/n = 0.23. This assumption is reasonable,
as the ejection Raman spectrum seems to depend weakly on
Nimp /7, as shown in Fig. 4. Therefore, in Eq. (A1) we replace
ny(r) by n(r).

The theoretical trap-averaged ejection Raman spectra at
1/(kpa) = —0.66 and 1/(kpa) = —0.06 are shown in Fig. 9,
in the form of the orange dotted lines. As expected, the trap-
average does not show a qualitative difference, in comparison
with the theoretical predictions for a uniform gas, which
were discussed in detail in the main text. However, for the

; (Al)
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interaction parameter 1/(kra) = —0.66 in Fig. 9(a), the trap
average does lead to a better agreement between theory and
experiment, particularly at large frequency (i.e., @ > Sep).

The disagreement between theory and experiment found near
the unitary limit or on the strong-coupling Bose-Einstein con-
densate side cannot be resolved by taking the trap average.
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