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Effects of ionization timing for off-resonant population transfer by postionization excitation in N2
+
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We investigate postionization population transfer processes among the three low-lying electronic states—
X 2�+

g , A 2�u, and B 2�+
u —of N2

+ created in an ultrashort-pulsed intense laser field using a sudden turn-on
model by explicitly including the ionization timing effect throughout the entire laser pulse. By adopting the
rovibronic model in which the electronic, vibrational, and rotational degrees of freedom of N2

+ are included,
we have revealed that the population inversion between the X 2�+

g (v = 0) state and B 2�+
u (v = 0) state can

be realized in the specific rotational quantum number ranges in the R- and P branches when ionization occurs
around the central peak of the temporal shape of the laser field intensity. Based on the quasistationary Floquet
theory, we have examined the laser field intensity dependence of the final population in the upper Floquet state,
corresponding to the B 2�+

u (v = 0) state of N2
+, and revealed that the population transfer can be interpreted by

the ionization at the ionization timing of t = 0 as long as the laser field intensity is less than 4 × 1014 W/cm2,
while the ionization processes occurring in the entire range of the laser pulse need to be taken into account when
the field intensity becomes larger.

DOI: 10.1103/PhysRevA.106.063109

I. INTRODUCTION

Air lasing is a phenomenon including a lasing signal as-
sociated with the creation of the population inversion of
molecular ions, which are generated when an intense laser
pulse is focused in air [1–5]. Because of a variety of possi-
ble applications in remote sensing and detection of pollutant
species in the atmosphere [6], air lasing has been an attractive
research target in the past decades. The mechanism of air
lasing at 391 nm [1,7–15] had been mysterious for a long
period until several years ago. The superradiance occurring
when a group of excited molecules interact with light col-
lectively and coherently has been suggested as a possible
mechanism [13,16–18]. On the other hand, it has been re-
ported that air lasing can be interpreted by the population
inversion achieved between the vibrational ground state of the
electronically excited B 2�+

u state and the vibrational ground
state of the electronic ground X 2�+

g state of N2
+, created

by the irradiation of an intense near-infrared (near-IR) laser
pulse [1,2,9,11]. In 2015, Xu et al. [9] interpreted the creation
of the population inversion by introducing a mechanism of a
sudden turn-on pulse, by which a nonresonant near-IR laser
field transfers a population efficiently to the B 2�+

u state of
N2

+ from the X 2�+
g state, assisted by the A 2�u–X 2�+

g

transitions, which depletes further the population in the X 2�+
g

state. The mechanism of the population transfer by the sud-
den turn-on pulse was theoretically confirmed for a two-level
system [19] using quasistationary Floquet theory [20], and
the population inversion between the B 2�+

u and X 2�+
g state

of N2
+ was also interpreted well by quasistationary Floquet

theory in terms of the time-dependent population transfer

*kaoru@chem.s.u-tokyo.ac.jp

between the vibrational levels in the B 2�+
u state and those

in the X 2�+
g state [21]. The involvement of the A 2�u–X 2�+

g
transition was confirmed by the Fourier transform of the lasing
signal at 391 nm [22], and the giant enhancement [23] of the
lasing at 391 nm confirmed the three-state A 2�u–X 2�+

g –
B 2�+

u coupling model [22,23] of the N2
+ lasing.

On the other hand, the role of rotational excitation in N2
+

has also been investigated to understand the N2
+ lasing at

391 nm by pump-probe measurements [22,24], and the coher-
ent couplings between the rotational levels of the B 2�+

u state
and those of the X 2�+

g state were identified by time-resolved
spectroscopy [25]. Rotational excitation was also proposed as
a possible mechanism for creating the population inversion
between the B 2�+

u state and the X 2�+
g state [26,27], and was

later interpreted theoretically [28]. A pump-probe experiment
was conducted later to record the temporal variation of the
lasing intensity at 391 nm, and the Fourier transform revealed
not only the X 2�+

g –B 2�+
u coupling and the X 2�+

g –A 2�u

coupling but also the rotational excitation in N2
+[22]. The

temporal evolution of the N2
+ lasing was reproduced well by

a complete theoretical model [29] in which both the A 2�u −
X 2�+

g − B 2�+
u vibronic coupling in N2

+ [11,21,30] and the
rotational excitations are incorporated.

In our previous theoretical simulations of the population in-
version between the B 2�+

u state and the X 2�+
g state of N2

+,
it was assumed that the ionization occurs at the maximum
amplitude of the electric field within an ultrashort laser pulse
at the ionization rate evaluated by the molecular Ammosov-
Delone-Krainov (MO-ADK) theory [31] and that the final
populations in the vibrational levels in the B 2�+

u state depend
on the laser field strength at the moment when N2

+ is created
by the ionization, as confirmed by quasistationary Floquet the-
ory [21]. However, considering that the ionization can proceed
not only at the maximum amplitude of the laser electric field
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but also at the vicinity of the local maximum of the electric
field amplitude, it becomes necessary for more quantitative
discussion to integrate the yield of the ionization occurring
during the entire duration of the laser pulse even though their
contributions are not dominant, as was examined by a density
matrix approach in recent publications [32–34].

In the present study, in order to incorporate the effect of
the ionization occurring within the entire pulse duration in
our sudden turn-on model for N2

+ lasing, we investigate the
ionization timing dependence of the postionization population
transfer among the three electronic states, X 2�+

g , A 2�u, and
B 2�+

u , of N2
+ in an ultrashort near-IR laser field by including

both the vibrational and rotational degrees of freedom.

II. ROVIBRONIC MODEL OF ROTATING N2
+

AND VIBRONIC MODEL OF ALIGNED N2
+

A. Rovibronic model of rotating N2
+

Using the model developed in Ref. [28], we can calculate
the time-dependent population transfer processes in N2

+ by
including all the electronic, vibrational, and rotational de-
grees of freedom. Within this model, which we hereafter call
the rovibronic model, the time-dependent Schrödinger equa-
tion for a diatomic molecular ion is given by

ih̄
∂

∂t
�(r, t ) = H (t )�(r, t ), (1)

using the Hamiltonian operator H and the time-dependent
wave function �(r, t ), represented under Born-Oppenheimer
approximation as

�(r, t ) =
∑

α

∑
v

∑
K

K∑
m=−K

cαvKm(t )ψαvKm(r), (2)

where r is a vector whose magnitude and direction represent
the internuclear distance of a diatomic molecule and the di-
rection of the internuclear axis in the space-fixed Cartesian
coordinate system. The squared modulus of an expansion
coefficient cαvKm(t ), given by

PαvKm = |cαvKm(t )|2, (3)

represents the probability of finding the system in the rota-
tional state specified by a set of quantum numbers (K , m) in
the vth vibrational state in the electronic state α, where K is
a quantum number of the total angular momentum excluding
the spin angular momentum and m is the projection of the total
angular momentum on the space-fixed z axis.

A field-free eigenfunction is obtained by solving the
stationary Schrödinger equation using the finite difference
method,

H0ψαvKm(r) = εαvKmψαvKm(r), (4)

where H0 is given using the reduced mass mμ by

H0 = − h̄2

2mμ

∂2

∂r2
+ Vα (r), (5)

and the eigenfunction ψαvKm(r) is given by

ψαvKm(r) = 	(K )
αv (r)	α

Km(θ, φ), (6)

where 	(K )
αv (r) represents the vibronic (vibrational and elec-

tronic) basis function and 	α
Km(θ, φ) represents the rotational

basis function.
To obtain the vibronic basis functions, we need to solve the

radial part of the stationary Schrödinger equation given by[
− h̄2

2mμ

∂2

∂r2
+ Vα (r) + K (K + 1) − k2

2mμr2

]
	(K )

αv (r)

= ε(K )
αv 	(K )

αv (r), (7)

where k is the projection of the electronic orbital angular
momentum on the molecular axis.

For Vα (r), the potential curves of either the X 2�+
g , A 2�u,

or B 2�+
u state of N2

+ having a form of a Morse potential
given by

Vα′ (r) = Teα′ + Deα′ (e−αα′ (r−reα′ ) − 1)2, (8)

with the parameters given by the NIST Chemistry Webbook
[35] are adopted. Using the finite difference method, we ob-
tain the vibronic basis {	(K )

αv (r)} and the eigenenergy {ε(K )
αv } of

the rovibrational level specified by a set of quantum numbers,
(K , v).

On the other hand, the rotational wave basis functions
	α

Km(θ, φ), hereafter denoted as |K, m, k〉, are defined as [36]

|K, m, k〉 = 1√
2

√
(K + m)!(K − m)!(K + k)!(K − k)!(2K + 1) ×

∑
σ

(−1)σ
[cos(θ/2)]2K+k−m−2σ [− sin(θ/2)]m−k+2σ

σ !(K − m − σ )!(m − k + σ )!(K + k − σ )!
eimφ,

(9)

where θ is the polar angle and φ is the azimuth angle in the space-fixed coordinate system, and k is the projection of electronic
orbital angular momentum on the molecular axis connecting two nitrogen nuclei. These wave functions can also be expressed
in terms of the Wigner D functions [37]. For the X 2�+

g and B 2�+
u states, the projection k is k = 0 and |K, m, 0〉 becomes a

spherical harmonic function.
For N2

+, the rotational basis function |K, m〉α is defined as

|K, m〉α =
⎧⎨
⎩

|K, m, 0〉 when α = X or B,

(|K, m, 1〉 + |K, m,−1〉)/
√

2 when α = A+,

(|K, m, 1〉 − |K, m,−1〉)/
√

2 when α = A−.

(10)

063109-2



EFFECTS OF IONIZATION TIMING FOR OFF-RESONANT … PHYSICAL REVIEW A 106, 063109 (2022)

It should be noted that for the doubly degenerate A 2�u

state, having k = ±1, the two basis functions, |K, m〉A+ and
|K, m〉A− , are symmetric with respect to the transformation of
θ → π − θ , while the rotational basis functions, |K, m,+1〉
and |K, m,−1〉, are not symmetric with respect to the trans-
formation of θ → π − θ .

B. Solving time-dependent Schrödinger Equation
for a diatomic molecular ion in rovibronic model

Inserting the complete rovibronic basis of Eq. (6) into
the time-dependent Schrödinger equation, Eq. (1), and mul-
tiplying ψ∗

βv′K ′m′ (r), representing the basis function of the
electronic state β, from left and integrating over r, we obtain

ih̄
d

dt
cβv′K ′m′ (t ) =

∑
α=X,A+,A−,B

vmax∑
v=0

Kmax∑
K=0

×
K∑

m=−K

cαvKm(t )Hβv′K ′m′αvKm(t ), (11)

where

Hβv′K ′m′αvKm(t ) =
∫ ∞

0

∫ π

0

∫ 2π

0
ψ∗

βv′K ′m′ (r)H (t )

×ψαvKm(r)dr sin θdθdφ. (12)

In an intense laser field, the total Hamiltonian H of the
system interacting with the laser field is written as

H (t ) = − h̄2

2mμ

∇2 + Vα + H1(t ) = H0 + H1(t ), (13)

where mμ is the reduced mass of N+
2 , Vα is the interatomic

potential energy of the electronic state α, and H1 stands for the
interaction with the laser field. Consequently, Hβv′K ′m′αvKm(t )
becomes

Hβv′K ′m′αvKm(t ) = (H0)βv′K ′m′αvKm + (H1)βv′K ′m′αvKm(t ),
(14)

where

(H0)βv′K ′m′αvKm = 〈ψβv′K ′m′ |H0|ψαvKm〉
= εαvKmδαβδv′vδK ′Kδm′m, (15)

and

(H1)βv′K ′m′αvKm(t )

= 〈ψβv′K ′m′ |H1(t )|ψαvKm〉
= 〈

ψβv′K ′m′
∣∣Dαβ (r)Fαβ

θ E (t )
∣∣ψαvKm

〉
= 〈

	
(K ′ )
βv′

∣∣Dαβ (r)
∣∣	(K )

αv (r)
〉〈
	

β

K ′,m

∣∣Fαβ

θ

∣∣	α
Km

〉
E (t )

= p(K ′K )
αvβv′ p

(m)
αKβK ′E (t ). (16)

In Eq. (15), εαvKm stands for the eigenenergy of the rotational
state in the vth vibrational state of the electronic state α

represented as ψαvKm, E (t ) in Eq. (16) stands for the amplitude

of the linearly polarized laser field at time t , and Fαβ

θ stands
for the angular factor defined as

Fαβ

θ = cos(θ )(δBαδXβ + δXαδBβ ) + sin(θ )√
2

(δA±αδXβ

+ δXαδA±β ), (17)

which does not depend on the azimuth angle φ if the laser
field is linearly polarized, so that the quantum number m is
conserved during the interaction with the linearly polarized
laser field. Therefore, DαβFαβ

θ E (t ) in Eq. (16) represents the
coupling between rovibronic states via the transition dipole
moment Dαβ between the two electronic states, α and β. As
shown in the third line of Eq. (16), the coupling can be further
decomposed into the vibrational coupling term,

p(K ′K )
αvβv′ = 〈

	
(K ′ )
βv′

∣∣Dαβ (r)
∣∣	(K )

αv

〉
, (18)

and the rotational coupling term,

p(m)
αKβK ′ = 〈

	
β

K ′,m

∣∣Fαβ

θ

∣∣	α
Km

〉
. (19)

The average probability of finding the system in the rota-
tional state having the rotational quantum number K ′ in the
vth vibrational state of the electronic state α is given by

P̄αvK ′ (t ) = 1

ζ

Kmax∑
K ′′=0

K ′′∑
m=−K ′′

∣∣cX0K ′′m
αvK ′m (t )

∣∣2
gK ′′e

−BX K ′′ (K ′′+1)
kBTabs , (20)

where cX0K ′′m
αvK ′m (t ) are the coefficients determined as the solution

of Eq. (1) under the initial conditions of cX0K ′′m
αvK ′m (t = 0) =

δXαδ0vδK ′K ′′ , BX is the rotational constant of the X 2�+
g (v =

0) state, kB is the Boltzmann constant, Tabs is the absolute
temperature, gK ′′ is the nuclear spin statistical weight, which
takes the values of gK ′′ = 2 for even K ′′ and gK ′′ = 1 for odd
K ′′, and ζ is a normalization factor given by

ζ =
Kmax∑

K ′′=0

g′′
K (2K ′′ + 1)e

−BX K ′′ (K ′′+1)
kBTabs . (21)

C. Vibronic model of aligned N2
+

If we assume that N2
+ is aligned in space and consider

the population transfer dynamics in the linearly polarized
laser field, the rotational motion can be neglected, so that the
solution for Eq. (2) can be expressed as a linear combination
of the electronic and vibrational states as

�(r, t ) =
∑

α=X,A,B

N∑
v=0

cα,v (t )ψα,v (r), (22)

where the direction of r here is fixed at the alignment angle θ ,
defined as the angle between the molecular axis and the laser
polarization direction.

The field-free basis set {ψα,v} is orthonormal and the wave
function is normalized so that∫ ∞

0
|�(r, t )|2dr =

∑
α=X,A,B

N∑
v=0

|cα,v (t )|2 = 1, (23)

where |cα,v (t )|2 represents the population of the vth vi-
brational state in the electronic state α, representing the
probability of finding the system in the (α, v) state.
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By adopting the same method introduced in Sec. II A,
the vibrational basis can be calculated using the Schrödinger
equation with a modified Hamiltonian given by[

− h̄2

2mμ

∂2

∂r2
+ Vα (r)

]
	(K )

αv (r) = ε(K )
αv 	(K )

αv (r). (24)

To perform simulations for N2
+with different orientation,

the final populations calculated at all the possible alignment
angles are summed up as an integral form of

Pfinal = 1

2

∫ π

0
P(θ )sin(θ )dθ, (25)

where P(θ ) stands for the final population obtained at the
alignment angle θ .

III. IONIZATION TIMING WITHIN A LASER PULSE

In our previous studies [9,19,21,28], we assumed that the
ionization of N2 proceeds at the maximum amplitude of the
linearly polarized laser electric field within an ultrafast short
laser pulse given by

E (t ) = Epeak f (t ) cos(ωt ), (26)

where ω is the frequency of the laser pulse and f (t ) represents
a half-Gaussian envelope function, representing the sudden
turn-on pulse, defined as

f (t ) =
{

e−t2/2σ 2
0 (t � 0),

0 (t < 0).
(27)

To simulate the population transfer process induced by the
ionization occurring at arbitrary time tion within the laser pulse
duration, we modify the envelope function as

f (t ) =
{

e−t2/2σ 2
0 (t � tion ),

0 (t < tion ),
(28)

where tion stands for the ionization timing within the laser
pulse.

The ionization rate at the ionization timing t during an
ultrashort laser pulse can be calculated by the molecular
Ammosov-Delone-Krainov (MO-ADK) theory [31]. Because
the laser field intensity (∼1014 W/cm2) reaches the barrier-
suppression regime beyond the assumption required by the
ADK theory, we employ the empirical equation [38] given by

Wemp(E ) = WADK(E )e−α(Z2
c /Ip)(E/κ3 ), (29)

where E is the field strength proportional to
√

I0 (E ∝ √
I0),

WADK(E ) is the MO-ADK ionization rate, Zc (= 1) is an effec-
tive charge for an active electron located at the asymptotically
long distance from the ion core, Ip = 0.573 a.u. (15.6 eV)
is the ionization potential of N2, and α = 9.0 is an empiri-
cal parameter introduced by the single-active electron (SAE)
approximation taken from Ar atom as a substitute of N2, and
κ = √

2Ip.
The time-dependent Schrödinger equation is solved with

a sufficiently small time step to derive the time-dependent
population dynamics. In the calculation, the wavelength of the
sudden turn-on laser field given by Eq. (27) and Eq. (28) is
set to be 800 nm and its duration is set to be 7 fs [full width
at half maximum (FWHM)]. As the potential energy curves

of the three lowest-energy electronic states of N2
+, that is,

the X 2�+
g state, the doubly degenerate A 2�u state (called

the A+ state and the A− state), and the B 2�+
u state [28],

the Morse potentials given in Ref. [35] are adopted and the
coupling strengths among the rovibronic states are calculated
using the transition dipole moments for the B 2�+

u − X 2�+
g

and A 2�u − X 2�+
g transitions of N2

+ given by Refs. [39,40].
The initial state at t = 0 is assumed to be the ground vibra-
tional state in the X 2�+

g state of N2
+ in a similar manner as

in Ref. [29].
The following three different models for quantum levels

involved in the population transfer are adopted. In all three
models, the ionization timing dependence is investigated with
sudden turn-on laser pulses whose initial ionization timing tion

is in the range of −2T � tion � 2T , where T = 2π/ω is the
period of the laser oscillation.

A. Rovibronic model

The time-dependent Schrödinger equation is solved with
time step δt = 1 a.u., which is chosen so that the conver-
gence of the populations in the respective vibrational states,
obtained as the sum of the populations in the rotational levels,
is reached below the level of 2.5 × 10−3 within a manageable
computational cost to derive the time-dependent population
dynamics in the three lowest-energy electronic states of N2

+.
In each electronic state, four vibrational states (v = 0, 1, 2,
and 3) are included, and in each vibrational state, the highest
rotational quantum number is set to be Kmax = 40. The initial
distribution in the rotational levels at t = 0 are given by the
Boltzmann distribution at room temperature (Tabs = 300 K).

We do not include the effect of the rotational excitation
of neutral N2 in the calculation because we have previously
shown [28] that rotational preexcitation before ionization
changes the final populations in N2

+ by an amount smaller
than 0.01 for 28-fs laser pulses having an intensity of up
to 6 × 1014 W/cm2. In the present investigation, where we
employ pulses having a duration of 7 fs, the effect of the
rotational preexcitation is expected to be even smaller and can
be neglected.

B. Vibronic model

The time step is set as δt = 0.25 a.u, which is taken so
that the convergence of the populations in the respective vi-
brational states, obtained as the sum of the populations in
the rotational levels, is reached below the level of 4.0 ×
10−3 within a manageable computational cost, and the three
lowest-energy electronic states of N2

+, i.e., the X 2�+
g , A 2�u,

and B 2�+
u states, with their four lowest-energy vibrational

states (v = 0, 1, 2, and 3) are included. The final popula-
tions transferred to the B 2�+

u (v = 0) state are obtained at
the different alignment angle (0 < θ < π ) with the interval
of δθ = 0.1 rad, and are integrated over the entire laser pulse
duration according to Eq. (25).

C. Two-level model

This simplest model can be regarded as a special case of the
vibronic model in which the alignment angle is fixed at θ = 0.
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FIG. 1. (a) Illustration of the laser field E (t ). (b) Final popu-
lations in the vibrational ground states of the X 2�+

g , A 2�u, and
B 2�+

u states of N2
+at different ionization timings with an interval

of T/20 (∼0.13 fs) calculated in the rovibronic model, including
the four lowest vibrational states in each electronic state. (c) Final
populations in the vibrational ground states of the X 2�+

g , A 2�u, and
B 2�+

u states of randomly aligned N2
+ integrated over the alignment

angle at the ionization timings. The four lowest vibrational states are
included in the respective electronic states. (d) Final populations in
the vibrational ground states of the X 2�+

g state and the vibrational
ground state of the B 2�+

u state of N2
+ aligned parallel to the laser

polarization direction (θ = 0) at the ionization timings. Only the
two vibrational ground states are included so that it becomes a
two-level system. In all panels, the laser field intensity is set to be
4 × 1014 W/cm2.

When N2
+ is aligned in space so that the N–N axis is parallel

to the polarization direction of the laser field (θ = 0), the
X 2�+

g state can be coupled with the B 2�+
u state via the par-

allel dipole transition, but cannot be coupled with the A 2�u

state because the A 2�u–X 2�+
g transition is a perpendicular

dipole transition. Therefore, in this aligned configuration, as
long as we consider only the vibrational ground state of the
X 2�+

g and the vibrational ground state of the B 2�+
u state, the

system can be treated as a simple two-level model.

IV. RESULTS AND DISCUSSION

A. Comparison of three models

As can be seen in Fig. 1, the final populations in the vi-
brational ground states of the three electronic states obtained
using the laser field intensity of 4 × 1014 W/cm2 depend
on the ionization timing within the laser pulse duration. In
addition, as we demonstrated in Ref. [21], the final population
in the B 2�+

u state depends sensitively on the field strength at
which N2 is ionized to N2

+.
The result obtained by the rovibronic model, shown as

Fig. 1(b), and that obtained by the vibronic model, shown in
Fig. 1(c), are almost the same and show that the rovibronic

FIG. 2. (a) Final population in the vibrational ground states of the
X 2�+

g , A 2�u, and B 2�+
u states of N2

+ obtained by the rovibronic
model at different ionization timings, including the four lowest
vibrational states in each electronic state. (b) Final population dif-
ference between the rovibronic levels for the R-branch transitions
of the B 2�+

u (v = 0)–X 2�+
g (v = 0) emission at different ionization

timings, including four vibrational levels in each electronic state.
(c) Final population difference between the rovibronic levels for the
P-branch transitions of the B 2�+

u (v = 0)–X 2�+
g (v = 0) emission at

different ionization timings. Black indicates that population inversion
is achieved, while white indicates that the population inversion is
not achieved. In all the panels, the laser field intensity is set to be
4 × 1014 W/cm2.

model and the vibronic model agree well with each other
as long as the final populations in the vibrational levels are
concerned. The rovibronic model needs to be adopted when
we discuss the rotationally resolved lasing signals as in the
case of the investigation of the P-branch and R-branch lasing
emission lines [29].

As shown in Figs. 2(b) and 2(c), population inversion can
be achieved between the specific rotational levels in the B 2�+

u
and X 2�+

g states even when the total population in a vibra-
tional state in the B 2�+

u state integrated over the rotational
levels is not inverted with respect to the total population in a
vibrational state in the X 2�+

g state integrated over the rota-
tional levels, as was shown in our recent study [28]. As can
be seen in Fig. 2(b), the R-branch emission can be realized
between the low-lying rotational levels (K < 10) when the
ionization occurs at around tion = −2π/ω,−π/ω and 0, that
is, tion = −T,−T/2, and 0, which are the peak regions of the
optical cycles. On the other hand, as shown in Fig. 2(c), the
P-branch emission can be realized between the highly excited
rotational levels (10 < K < 25).

As shown in Fig. 2(a), the vibrational population difference
between the B 2�+

u (v = 0) and X 2�+
g (v = 0) state varies

depending on the ionization timing, but the inversion between
the net populations is not achieved under the current laser
field conditions. However, as shown in Fig. 2(b), the lasing
emission becomes possible between the low rotational levels
at the ionization timings of tion = −2π/ω,−π/ω, 0, that is,
tion = −T,−T/2, and 0.
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FIG. 3. (a) Final populations in the upper Floquet state of the two-level system as a function of the ionization timing. The downward
arrows represent the ionization timings at tion = Nionπ/10ω = Nion(T/20) = Nion × 5.54 a.u. (Nion = −4, −3, −2, −1, 0, 1, 2, 3, and 4). The
laser field intensity is 4 × 1014 W/cm2. (b) Time-dependent populations in the upper Floquet state obtained at different ionization timings
within the central optical cycle of the laser pulse.

According to the quasistationary Floquet theory employed
in Ref. [21], the populations in the B 2�+

u state obtained at
a particular ionization timing before the peak of the pulse
(tion = −t0 < 0) and an ionization timing after the pulse
(tion = t0 > 0) should be the same. However, as shown in
Fig. 1, the final population in the B 2�+

u (v = 0) state obtained
at tion = t0 is slightly larger than that obtained at tion = −t0 for
0 < t0 � 3T/4 in all three models. For example, �P defined
as PB0(tion = +T/20) − PB0(tion = −T/20) takes the values
of 0.0610 for the rovibronic model, 0.0549 for the vibronic
model, and 0.1303 for the two-level model. This slight asym-
metry appearing even when the system is reduced to the
simplest two-level system can be ascribed to the nonadiabatic
effect induced by the ultrashort pulse employed in the present
simulation as explained below for the two-level model using
the Floquet formalism.

B. Population in upper Floquet level

Using the quasistationary Floquet formalism developed in
Ref. [19], the two levels in the two-level model can be rep-
resented as two time-dependent Floquet states |	q(t )〉(q =
1, 2), which are time-dependent Floquet basis states
defined as

|	q(t )〉 =
∞∑

n=−∞

2∑
α=1

φ(n)
α,q|α〉e−inωt . (30)

Thus, the wave function of the system can be expressed as
the linear combination of these independent solutions,

|� (Floquet)(t )〉 =
2∑

q=1

kqe−iεqωt |	q(t )〉, (31)

where the coefficients kq are constants in the quasistationary
Floquet theory [19] as long as the temporal changes in the
envelope of the laser pulse can be treated adiabatically. The

coupled differential equations for {kq(t )} can be given by [41]

dkq(t )

dt
= −E0

df (t )

dt

2∑
r=1

〈
�E0 f (t )

q

∣∣∣∣ ∂

∂E0
�E0 f (t )

r

〉
kr (t ), (32)

where E0 represent the oscillation amplitude of the laser field.
In the adiabatic limit, df (t )/dt = 0, and consequently, the
coefficients {kq(t )} are constant in time.

However, in an intense and ultrashort laser field whose
FWHM is as short as 7 fs, the nonadiabatic transitions gov-
erned by the matrix elements, 〈�E0 f (t )

q |∂�
E0 f (t )
r /∂E0〉, as well

as by df (t )/dt cannot be neglected. This type of nonadiabatic
transition is not included in the quasistationary Floquet for-
malism adopted here or in Refs. [19,21], where the Floquet
states are obtained at t assuming a periodic field with the
amplitude E0 = Epeak f (t ). The nonadiabatic transitions can be
incorporated straightforwardly in the quasistationary Floquet
theory by propagating the Floquet states in time with the
time-dependent coupling in a manner described in Ref. [20].

The dependence of the ionization timing on the population
in the upper Floquet basis state is plotted in Fig. 3(b), which
is obtained by the projection of the time-dependent wave
function of N2

+onto the corresponding upper Floquet state.
When the ionization occurs at the maximum amplitude of
the laser field at tion = 0, the population in the upper Flo-
quet state takes the largest value after the interaction with
the laser field among the nine different ionization timings of
tion = NionT/20, with Nion = −4,−3, . . . , 4. It is interesting
to note that the population obtained for tion = T/20 is larger
by 0.13 than that obtained for tion = −T/20, even though the
ion yields, that is, the populations at the ionization timings,
are the same. Similarly, the yield of the upper Floquet state for
tion = NionT/20 is larger than that for tion = −NionT/20 when
Nion = 2, 3, 4. The larger efficiency of the population transfer
to the upper Floquet state at the later ionization with respect to
the central peak of the laser field than at the earlier ionization
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FIG. 4. Final populations in the excited level of the two-level
system as a function of the ionization timing at the four different
peak laser field intensities.

can be interpreted by the difference in the nonadiabatic effect
in the course of the interaction with the laser field after the
ionization.

C. Dependence of final populations on laser field intensity

1. Ionization dependence at different field strengths

We examine the effect of the ionization timing on the
population transfer in the two-level model using the field-free
basis in the wide range of the peak intensity of the laser
field (I0 = 0–16 × 1014 W/cm2). The results of the simu-
lation are shown in Fig. 4. At I0 = 1 × 1014 W/cm2 and
I0 = 4 × 1014 W/cm2, the final population in the excited level
follows the oscillation of the laser pulse, that is, the larger the
light field intensity becomes at the moment of ionization, the
more the population is transferred to the excited level. How-
ever, at I0 = 9 × 1014 W/cm2 and I0 = 16 × 1014 W/cm2, the
population transfer tends to be more efficient in the earlier part
of the laser pulse.

At the weak field intensities of 1 × 1014 W/cm2, the final
population in the upper level is more or less symmetric with
respect to the central peak of the amplitude of the laser field,
which is in good agreement with the result shown in Fig. 3(a)
obtained by the quasistationary Floquet theory. However, as
the laser field intensity becomes larger, this symmetry in the
final population starts disappearing at I0 = 4 × 1014 W/cm2,
and the final population in the excited level becomes larger
at the later ionization timings (tion > 0) than at the earlier
ionization timings (tion < 0) in the close vicinity (−0.1 <

tion/T < 0.1) of the center of the laser pulse. This type of
behavior cannot be described by the quasistationary Floquet
theory adopted here as well as in Refs. [19,21], because
the nonadiabaticity represented by the matrix elements and
dkq(t )/dt appearing on the right hand side of Eq. (32) cannot
be neglected in the intense 7-fs laser field.

2. Final population given by three cases of ionization timing

In the simulation of the postionization population transfer
processes, we examine three cases of ionization timing within
the laser pulse. In all three cases, we adopt the two-level model
composed of the X 2�+

g (v = 0) state and the B 2�+
u (v = 0)

state of N2
+, whose molecular axis is aligned along the laser

polarization direction. In Case I, we assume that the ionization
proceeds only at t = 0, that is, at the maximum amplitude of

the laser electric field in the same manner as in our previous
studies [21,28,29]. The final population in the B 2�+

u (v = 0)
state is defined as

P(I)
B0 = PB0(tion = 0), (33)

where PB0(tion = 0) is the final population in the B 2�+
u (v =

0) state obtained assuming that the ionization occurs at
tion = 0.

In Case II, we assume that ionization proceeds at all the
local maxima of the amplitude of the laser electric field within
the laser pulse at tion = Nionπ/ω = NionT/2, and the final
populations are obtained as the sum of the respective contri-
butions from the different ionization timings with the weights
proportional to the ionization rates,

P(II)
B0 = B−1

II

5∑
Nion=−5

Wemp[E (NionT/2)]PB0(tion = NionT/2),

(34)
where Wemp is the MO-ADK ionization rate defined in
Eq. (29). In Eq. (34), a normalization factor, BII =∑5

Nion=−5 Wemp[E (NionT/2)], is introduced so that the total
ionization probability becomes normalized to be 1 regardless
of the laser intensity employed in the simulation.

When the ionization probability becomes large so that most
of the N2 molecules are ionized before the peak of the pulse,
we have to include the effect of the depletion of N2 molecules
when taking the sum over the ionization timings. The deple-
tion of N2 is accounted for by replacing Wemp(t ) in Eq. (34)
by a modified ionization rate W ′

emp(t ) defined as

W ′
emp(t ) = Wemp(t )e− ∫ t

−∞ Wemp(t ′ )dt ′
, (35)

where the factor e− ∫ t
−∞ Wemp(t ′ )dt ′

represents the time-dependent
population of neutral N2 molecules.

In Case III, by assuming that the ionization followed by
the population transfer proceeds over the entire range of the
laser pulse duration, we calculate the extent of the population
transfer at equally spaced ionization timings with the spacing
of T/20, including the ionization timing at the maximum
amplitude in the center of the Gaussian pulse. The final pop-
ulation is obtained as the sum of the respective contributions
with the weights proportional to the ionization rate,

P(III)
B0 = B−1

III

50∑
Nion=−50

Wemp[E (NionT/20)]PB0(tion = NionT/20),

(36)
with BIII = ∑50

Nion=−50 Wemp[E (NionT/20)]. Similarly to Case
II, we consider the effect of the depletion of N2 by the re-
placement of Wemp in Eq. (36) by W ′

emp defined in Eq. (35).
In Cases II and III, similarly to previous investigations

[32–34,42], we assume that final populations created at dif-
ferent ionization timings can be added incoherently. This
assumption can be rationalized by the fact that no coherence
is generated in the N2

+ ion after the ionization because of
the different parities of the electronic states [43]. In addition,
within a short pulse, electrons emitted at different ionization
timings have different final momenta so that contributions
from different ionization timings are in principle distinguish-
able events.
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FIG. 5. Final populations in the excited level of the two-level
system as a function of the peak laser field intensity using three
different cases (Cases I–III) of the ionization timings within the
temporal duration of the laser pulse. The final populations obtained
with and without the depletion effect of N2 are shown with broken
lines and solid lines, respectively.

The final population in the upper level is calculated using
the three different cases (Cases I–III) of the ionization timings
within the temporal duration of the laser pulse in a wide range
of laser field intensities. The results of the simulations are
shown in Fig. 5.

When Case I is adopted for the choice of the ionization
timings, in which only the ionization at the central peak of the
temporal variation of the laser field intensity is considered,
the final population in the upper level is overestimated by
15%–20% in the lower laser field intensity region than about
8 × 1014 W/cm2 and is underestimated significantly in the
intensity range of 8−16 × 1014 W/cm2 compared with the
results obtained when Case III is adopted, which is considered
to give the most accurate estimate of the final populations
within the present ionization model.

When Case II is adopted for the choice of the ionization
timings, in which the ionization at the respective local max-
ima of the periodical variation of the laser field intensity is
considered, the extent of the overestimation of the final popu-
lation in the upper level in the lower-intensity range is slightly
smaller than Case I and the extent of the underestimation in
the high-intensity region is much smaller than Case I. When
the intensity exceeds 1015 W/cm2, the final population in the
upper level obtained with the N2 depletion effect exhibits
a significant difference from that obtained without the N2

depletion effect.
Therefore, it can be said that as long as the laser field

intensity range is lower than 4 × 1014 W/cm2, Cases I and
II are good choices of ionization timings for estimating quan-
titatively the final populations of the two levels even though
the estimate can be underestimated to a small extent. It can
also be said that when the laser field intensity exceeds 4 ×

1014 W/cm2, Case III, in which the ionization in the entire
range within the duration of the laser pulse is considered,
needs to be adopted for more reliable estimation of the final
populations in the two levels. When the intensity exceeds
6 × 1014 W/cm2, the depletion of neutral N2 has to be incor-
porated to discuss the final populations.

V. CONCLUSION

By adopting the rovibronic model in which the electronic,
vibrational, and rotational degrees of freedom of N2

+ are in-
cluded, we have investigated the dependence of the population
transfer among the three low-lying electronic states, X 2�+

g ,
A 2�u, and B 2�+

u , induced by the postionization excitation in
an ultrashort intense laser field. Based on the final population
distribution among the vibrational states in the three electronic
states and the population distribution among the rotational
levels, we have revealed that the population inversion between
the X 2�+

g (v = 0) state and B 2�+
u (v = 0) state can be real-

ized in the specific rotational quantum ranges in the R- and
P branches when ionization occurs around the central peak
of the temporal shape of the laser field intensity. We have
also simulated the dependence of the population transfer on
the ionization timing by adopting the vibronic model with the
parameter specifying the alignment angle of the N-N axis of
N2

+ and the laser polarization direction as well as the simplest
two-level model, and we have found that the final population
in the B 2�+

u of N2
+ obtained by the rovibronic model with

the alignment parameter as well as the final population in
the upper level in the two-level system exhibit a temporally
asymmetric pattern with respect to the central peak of the os-
cillating laser field intensity within the ultrashort laser pulse,
which comes from nonadiabaticity due to rapid variation of
the envelope function of the ultrashort intense laser pulse.

Using the two-level model based on the quasistationary
Floquet theory, we have further shown that the ionization can
be assumed to proceed only at t = 0 as long as the laser field
intensity is less than 4 × 1014 W/cm2 and that the ionizations
induced in the entire range within the laser pulse duration
should be calculated and integrated when the field intensity
becomes larger.

The theoretical models developed in the study, in which
the effect of the timing of the ionization of N2 within an ultra-
short intense laser pulse is incorporated in the postionization
excitation processes in N2

+, have a general applicability to
postionization excitation processes of atomic and molecular
ions created in an ultrashort intense laser field.
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