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Wavelength scaling of strong-field Rydberg-state excitation: Toward an effective S-matrix theory
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S-matrix theory and the Born expansion, the lowest-order term of which is known as the “strong-field
approximation” (SFA), play an indispensable role in our understanding of atomic and molecular processes in
intense laser fields. Most phenomena in this field are reproduced by the first two terms of the Born series.
However, for a long-range potential such as the Coulomb potential, the second-order term may be larger than
the SFA term, raising the problem of the convergence of the Born series. By simultaneously measuring and
simulating ionization and Rydberg-state excitation of an argon atom subject to a strong laser field for various
wavelengths, we demonstrate that the wavelength scaling law of the measured ratio of Ar∗ over Ar+ and the
period of its oscillation with respect to the laser intensity can be well reproduced by the second-order term of the
S-matrix expansion in terms of the Coulomb potential, but not by the lowest-order (SFA) term. We conjecture
that the second-order term of the S-matrix expansion may provide an effective theory for the intense-laser–atom
interaction.

DOI: 10.1103/PhysRevA.106.063106

I. INTRODUCTION

S-matrix theory provides an efficient and physically ap-
pealing theoretical tool for the study of the atomic and
molecular dynamics in intense laser fields [1–4]. For a given
process, its S-matrix amplitude is usually expanded into the
Born series in powers of the interaction between the active
electron and its binding or scattering potential. Its lowest-
order term, which incorporates no interaction between the
liberated electron and the potential, is referred to as the
strong-field approximation (SFA) [1–3]. The next-order term
describes exactly one such interaction (see, e.g., Ref. [4]), and
each subsequent higher-order term allows for one additional
interaction. Each term exactly accounts for the laser field. Nat-
urally, the problem of the convergence of the Born expansion
has come up [3,5–7]. Here, we consider Rydberg-state exci-
tation (RSE) of ground-state argon by an intense laser field.
We confront measurements of the intensity and wavelength
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dependence of the RSE yield with the results of a Born series
expansion. We conjecture that, regardless of the convergence
of the series, the second-order term affords an effective theory.

For a short-range potential with an interaction range of
the order of atomic units, the Born expansion quickly con-
verges [3] (see, however, Ref. [5]). In fact, extensive S-matrix
calculations employing a short-range or even zero-range
potential qualitatively reproduce the main features of high-
order above-threshold ionization (ATI) of neutral atoms and
molecules [4]. For photodetachment of negative ions, even
quantitative agreement for the spectrum from low to high
energy has been achieved [8]. However, there are cases where
the long-range Coulomb potential, instead of a short-range
or zero-range model potential, has to be adopted to better
reproduce the experimental observations, e.g., the height of
the plateau of the photoelectron spectrum [9]. If so, the
higher-order term may be larger than the lowest-order term.
One prominent example is the theoretical explanation of the
low-energy structure (LES) [10,11] in the photoelectron spec-
trum at long wavelengths, which cannot be accounted for by
the lowest-order S-matrix theory (i.e., the SFA). The second
order reproduces the effect qualitatively and even semiquan-
titatively if an unscreened Coulomb potential is adopted. By
considering the depletion of the atomic ground state due to
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the applied laser field, technical problems related to the di-
vergence of the Coulomb forward-scattering amplitude are
remedied [7,12]. However, there are indications that the third-
order term, which includes one more interaction between the
electron and the long-range ionic potential, overwhelms the
second-order term so that the convergence of the expansion
becomes questionable. Hence, the validity of these calcula-
tions remains a problem. Nevertheless, it is conceivable that
the second-order term provides an effective theory for the
physical process.

Another example that inevitably incorporates the long-
range Coulomb potential is RSE in an intense laser
field [13–17], which is explained by a semiclassical recap-
ture [14] or “frustrated tunneling ionization” (FTI) mecha-
nism [15]. It is relevant to various significant issues, such
as coherent extreme-ultraviolet emission [18], acceleration of
neutral atoms [13], and many more. Recently, an S-matrix the-
ory for the field-induced dynamics of highly excited Rydberg
states has been formulated which proposed a coherent-capture
picture of RSE [19–21]. It illustrates the close connection
between RSE below and ATI, especially the LES, above the
continuum limit [19].

In this paper, we use this theory to address a particularly
conspicuous phenomenon, the oscillation [22–24] as a func-
tion of the laser intensity of the ratio of Rydberg excitation
over ionization and the pertinent scaling of the oscillation
period and the intensity-averaged ratio as a function of the
laser wavelength. We take the argon atom as an example. The
experimental data that we report and present exhibit excellent
agreement with the results of our theory. While the question of
the convergence of the Born-series expansion of the S-matrix
amplitude remains open, our results allow us to state that for
RSE (equally well as for ATI) the first two terms of the Born
series provide an effective theory that describes the observa-
tions very well.

II. EXPERIMENTAL METHOD

In our experiments, wavelength-tunable femtosecond laser
pulses are generated by an optical parametric amplifier
(TOPAS-C, Light Conversion, Inc.) pumped by a commer-
cial Ti:sapphire laser system (Legend, Coherent, Inc.), which
produces 30 fs laser pulses at 800 nm. The duration of the
laser pulse from TOPAS-C is ∼35 fs for the signal pulse
(for 1300 and 1500 nm) and ∼55 fs for the idler pulse (for
1800 nm). Before being focused into the vacuum chamber,
the pulse energy from the optical parametric amplifier can be
varied by means of an achromatic half-wave plate followed
by a polarizer. As shown in Fig. 1, a collimated supersonic
atomic beam of Ar intersects the laser beam at the focal spot.
The ion and neutral-atom signals produced at the interaction
point are registered by a homemade spectrometer dedicated to
investigate the RSE process [19,21]. At the interaction spot, a
pulsed and a constant electric field [see Fig. 1(a)] are applied
to the first two electrodes and the third electrode is grounded.
With careful choice of the duration (9.0 µs) of the pulsed
fields and the delay time (1.2 µs) with respect to the laser
pulse, the singly charged ions Ar+ and the neutral atoms Ar∗

with n � 75 can be measured simultaneously. During the data
acquisition, the laser pulse energy is recorded shot by shot by

FIG. 1. Sketch of the experimental setup. A focused linearly
polarized laser beam intersects a collimated supersonic beam of Ar
in between electrode plates 1 and 2. The electric voltages which are
applied to plates 1 and 2 are shown in (a), where t1 = 1.2 μs and
t2 = 9.0 μs. Plate 3 is grounded. Panel (b) shows the image of singly
charged ions Ar+ and excited atoms Ar∗ spatial distributions on the
detector.

a photodiode equipped with a homemade integration circuit.
In the off-line analysis, only the data with pulse energies in a
small range are chosen to obtain the yields at each intensity. In
this way, the laser intensity fluctuations can be well reduced
for the experimental data (see Refs. [19,21] for details). The
laser intensity has been calibrated with the 10-Up cutoff (Up

is the ponderomotive energy of the laser field) of the above-
threshold ionization spectra of Ar [25].

III. S-MATRIX THEORY

In S-matrix theory, the RSE probability with the electron in
the initial state |�i〉 is given by P = ∑

nlm |Mnlm|2, with Mnlm

the exact RSE amplitude. To first order in the Born expansion,
it is [20]

M (1)
nlm = (−i)2

∫ ∞

−∞
dtc

∫ tc

−∞
dti

∫
d3k

〈
�d

nlm(tc)
∣∣V ∣∣� (V )

k (tc)
〉

× 〈
�

(V )
k (ti )

∣∣HI (ti )|�i(ti )〉. (1)

We approximate the final field-dressed Rydberg state by

�d
nlm(r, t ) = ψnlm(r)e−iEnt eiA(t )·re−i

∫ t
−∞ dt ′A2(t ′ )/2, (2)

which approximately satisfies the time-dependent
Schrödinger equation [20]. Here, the state ψnlm(r) is a
field-free Rydberg state corresponding to the energy level
En = −1/(2n2), and the principal, angular-momentum, and
magnetic quantum numbers are n, l , and m, respectively.
The kets |� (V )

k (t )〉 denote the intermediate Volkov states. In
length gauge, HI (t ) = r · E(t ), with the linearly polarized
electric field E(t ) = E0 sin ωt êz and the vector potential
A(t ) = − ∫ t

−∞ E(τ )dτ , where E0 is the peak amplitude. The
Coulomb potential is denoted by V (r) = −1/|r|. The initial
state �i(r, ti ) is described by a 3pz Slater-type orbital of
the Ar atom. The structure of the core plays no role since
it has hardly any overlap with the region where the wave
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function of the Rydberg state is mainly located. Therefore, in
our calculation we use the wave functions of the hydrogen
atom to approximate the Rydberg states of Ar. Indeed, as
demonstrated earlier [19–21], the experimental data for Ar
and Xe can be well reproduced if the wave functions of
hydrogen are employed as the final state.

To second order, the excitation amplitude, which includes
rescattering, is [19]

M (2)
nlm = (−i)3

∫ ∞

−∞
dtr

∫ tr

−∞
dti

∫ ∞

tr

dtc

∫
d3p

∫
d3k

× 〈
�d

nlm(tc)
∣∣V ∣∣� (V )

p (tc)
〉〈
� (V )

p (tr )
∣∣V ∣∣� (V )

k (tr )
〉

× 〈
�

(V )
k (ti )

∣∣HI (ti )|�i(ti )〉, . (3)

where ti, tr , and tc denote the instants of ionization, rescat-
tering, and capture where tc > tr > ti. The momenta after and
before rescattering are p and k. The calculational details of
Eqs. (1) and (3) can be found in Refs. [20] and [19], respec-
tively.

For ionization, the corresponding terms of the S-matrix
expansion are

M (1)
p = −i

∫ ∞

−∞
dti

〈
� (V )

p (ti )
∣∣r · E(ti )|�i(ti)〉 (4)

and

M (2)
p = (−i)2

∫ ∞

−∞
dtr

∫ tr

−∞
dti

∫
d3k

〈
� (V )

p (tr )
∣∣V ∣∣� (V )

k (tr )
〉

× 〈
�

(V )
k (ti )

∣∣r · E(ti )|�i(ti )〉, (5)

which are often referred to as the SFA [1–3] and the
“improved SFA” (ISFA) [4], respectively. The second-order
amplitudes (3) and (5) suffer from convergence problems if
forward Coulomb scattering is taken into account. In this pa-
per, the depletion of the ground state is introduced to eliminate
the divergence that originates from forward scattering due to
the long range of the Coulomb potential [7]. It is important
to mention that the ionization yield has to be calculated by
the sum of the two terms considered in the expansion. In
contrast, for the RSE yield it is sufficient to consider only the
highest-order term (here the second order) because the contri-
butions of all lower-order terms vanish due to diffusion of the
continuum wave packet in the intermediate state [19,20].

IV. RESULTS AND DISCUSSION

In Figs. 2(a)–2(d), the measured intensity dependence of
the ratio of the yields of Ar∗ over Ar+ at 800, 1300, 1500,
and 1800 nm as well as the calculation via the second-order
term (3) of the S-matrix expansion are presented. The ratio
exhibits a pronounced oscillatory structure as a function of
the laser intensity. According to Ref. [19], for 800 nm the
oscillation can be attributed to channel closings [20,21], while
at the longer wavelengths the interference of the contributions
of different capture trajectories is responsible for the oscilla-
tory structure observed. The same trajectories also contribute
to the LES peaks of different orders. So, in Fig. 3(a) we
plot the wavelength dependence of the oscillation period from
1300 to 1800 nm. It shows a monotonically decreasing trend
with increasing laser wavelength. A curve of λ−1.2 can well

FIG. 2. The measured (circles) and calculated (lines) ratio of the
yields of Ar∗ over Ar+ as a function of intensity at (a) 800, (b) 1300,
(c) 1500, and (d) 1800 nm.

match the measured curve, in agreement with the calcula-
tion of Ref. [19]. Moreover, the ratio is highest at 800 nm
and decreases with increasing laser wavelength as shown
in Fig. 3(b). The wavelength dependence of the calculated
intensity-averaged ratio of Ar∗ over Ar+ based on the quan-
tum model is also presented in Fig. 3(b). We notice very good
agreement between the measurements and the second-order
calculation. On the other hand, the ratio calculated by only the
first-order term decreases much more slowly with wavelength
than the experimental result.

FIG. 3. (a) The wavelength dependence of the period of oscil-
lations of the yield ratios in Figs. 2(b)–2(d). (b) The wavelength
dependence of the intensity-averaged ratio of the Ar∗ over Ar+ yield.
The blue dashed rectangles in Figs. 2(a)–2(d) indicate the intensity
ranges, which are employed to obtain the measured averaged ratios
of (b). The dashed lines in (b) represent the results of calculations
where only the typical trajectories shown in Fig. 5 are considered,
while the solid lines represent the calculations where all trajectories
are considered. See the text for more details.
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FIG. 4. The intensity dependence of (a) ionization and (b) exci-
tation yields for Ar calculated by the first (thick red) and the second
(thin blue) order terms at 800 nm (solid lines) and 1800 nm (dashed
lines).

In Fig. 4, the intensity dependence of the ionization
[Eqs. (4) and (5)] and excitation [Eqs. (1) and (3)] yields of Ar
calculated by the first- and second-order terms at 800 nm and
1800 nm is presented. One prominent feature is that, for both
ionization and RSE, the yields calculated by the second-order
terms exceed those of the first-order terms by more than one
order of magnitude throughout the intensity range considered.
This can be attributed to the large forward-scattering cross
section of the ion’s long-range Coulomb potential [7]. It can
be expected that the third-order term will again be larger than
the second-order term, so that the convergence of the expan-
sion is put into question. However, considering that we only
compare the wavelength dependence of the ratio between the
excitation and ionization yields with the experimental data,
the apparent divergence of the transition amplitude for higher
orders may not affect this ratio, since the divergence due to
the forward-scattering of the photoelectron off the long-range
Coulomb potential will cancel in the aforementioned ratio
provided the scattering is considered to the same order (in
the present calculation, it is taken into account once). Further-
more, according to Ref. [19], the oscillation in the intensity
dependence of the RSE yield in a long-wavelength laser field
is due to the interference between trajectories contributing
to different orders of the LES, which is solely dependent
on the relative phase between these trajectories and will not
be affected by the collision between the electron and ionic
potential, implying that the high-order terms have no effect
on the oscillations. Therefore, we propose that truncating the
Born series at the second-order term, which corresponds to the
first-order Rutherford term in the field-free Coulomb scatter-
ing, can provide an effective theory for the description of the
dynamics of atoms in an intense laser field. This hypothesis
can be checked by experiment and is solidly supported by
the results displayed in Figs. 2 and 3. The LES, which is
attributed to the interaction between the photoelectron and
ionic Coulomb potential [11,26], can also be well described
by the second-order term of the S-matrix expansion [7].

In addition, Fig. 4(a) shows that the ionization yields cal-
culated by both the first and second order drop by about 50%
when the wavelength increases from 800 nm to 1800 nm.
In contrast, according to Fig. 4(b) both the first- and the
second-order contributions to the RSE probability decrease
much faster with increasing wavelength, and the second-order

FIG. 5. Typical trajectories that are relevant for the coherent
capture process into the Rydberg states 650 (left column) and 980
(right column). The horizontal shaded regions indicate the spatial
regions where the photoelectron wave packets are captured into the
corresponding Rydberg state. The final energy of each trajectory in
units of the ponderomotive energy Up is indicated in each panel.
Panels (a) and (b) display simple-man trajectories that contribute
to the first-order term (without rescattering), while panels (c) and
(d) show those that contribute to the second order, having undergone
rescattering once. Short vertical arrows in the panels labeled by a
capital letter identify the energy ranges where capture happens in the
low-energy regime. The wavelength is 800 nm for the left column
and 1800 nm for the right column. See the text for details.

term drops even more quickly than the first-order term in
the low-intensity region (below 2 × 1014 W/cm2), in good
agreement with the experimental data [as shown in Fig. 3(b)].

In what follows, we will discuss typical simple-man trajec-
tories of electrons that dominantly contribute in the parameter
regime we consider. The goal is to understand the different
wavelength dependence of the first- and the second-order
terms, and the relationship between RSE on the one hand and
ATI, especially the LES, on the other. Simple-man trajectories
have the electron starting after tunneling at the origin with
zero initial velocity and subsequently evolving in the external
field [12]. The typical trajectories that contribute significantly
to the excitation yields of the first-order term (1) are de-
picted in Figs. 5(a) (for 800 nm) and 5(b) (for 1800 nm).
The first-order amplitude contains the binding potential V (r)
only once, and this matrix element mediates the transition
into the final Rydberg state. In contrast, the second-order
term (3) contains the binding potential twice, which allows
the electron on the corresponding trajectory first to rescatter
before it recombines into the Rydberg state. Such trajectories
are depicted in Figs. 5(c) (for 800 nm) and 5(d) (for 1800 nm).
The shaded brown regions in Fig. 5 indicate the spatial regions
where the wave functions of the relevant Rydberg states have
their highest density so that the electrons have the highest
probability of being captured. These are n = 6, l = 5, m = 0
and n = 9, l = 8, m = 0, which will be referred to by (650)
and (980) in the figure and below. If an electron trajectory
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FIG. 6. Low-energy PES (black lines) calculated by the first-
order term [Eq. (4)] of S-matrix theory at (a) 800 nm, (b) 1300 nm,
(c) 1500 nm, and (d) 1800 nm. The stripes labeled by Ai and Bi

identify the energy regions for the first-order coherent recapture pro-
cess using the same letters as in Figs. 5(a) and 5(b). (e) Wavelength
dependence of the RSE yields calculated by integration over the
energy ranges in the PES specified in (a)–(d).

reaches a shaded brown region with small kinetic energy or,
in other words, if it turns around inside this region, then the
electron is considered to be captured by the corresponding
Rydberg state [19,20].

Capture may occur at z > 0 or z < 0. In Fig. 5, we label
the first case by Ai (A∗

i ) and the second by Bi (B∗
i ) for the

first-order (second-order) term. The subscript i enumerates
the capture events according to increasing capture time. For
example, the capture event indicated by A1 during the in-
terval (1.5, 2)T [see Fig. 5(a)] contributes to the first-order
term, while the one indicated by A∗

1 during the time inter-
val [2.5T, 3T ] contributes to the second-order term because
it includes low-energy rescattering during [1.5T, 2T ] [see
Fig. 5(c)]. Note that the same simple-man trajectory may
contribute to the first- and the second-order (and, possibly,
higher-order) terms, but with different capture times.

On the other hand, electrons following these trajectories
can also reach the continuum and contribute to the LES. In
Figs. 6 and 7, the low-energy photoelectron kinetic-energy
spectra (PES) calculated from the first-order term (4) and the
second-order term (5) for four different wavelengths (800,
1300, 1500, and 1800 nm) are presented together with the
final-energy ranges of the typical capture trajectories that are
shown in Fig. 5 for the wavelengths of 800 and 1800 nm.
For 1300 and 1500 nm, the main contributions to RSE come
from the states of (760) and (870), respectively. There is

FIG. 7. Low-energy photoelectron kinetic energy spectra calcu-
lated by the second-order term [Eq. (5)] (thick red line for μ = 1
and thin blue line for μ = 2) of S-matrix theory at (a) 800 nm,
(b) 1300 nm, (c) 1500 nm, and (d) 1800 nm. The stripes labeled
A∗

i and B∗
i identify the energy regions for the second-order coherent

recapture process using the same letters as in Figs. 5(c) and 5(d). (e)
Wavelength dependence of the RSE yields calculated by integration
over the energy ranges in the PES shown in (a)–(d) and those calcu-
lated by the second-order term of the S-matrix theory.

consensus [12,26] that the LES is the result of electron-energy
bunching in laser-driven elastic forward scattering. Hence, the
LES cutoff energies correspond to trajectories that turn around
at the position z = 0 of the ion, represented by the horizontal
dashed orange lines in Figs. 5(c) and 5(d) [12]. The relevant
trajectories can be classified by an index μ, which is closely
related to the travel time of the photoelectron between ioniza-
tion and the forward-scattering event (a detailed introduction
of the index can be found in Ref. [12]). The second-order PES
spectra in Figs. 7(a)–7(d) exhibit distinct peaks at the electron
energies of about 0.1Up (μ = 1) and 0.03Up (μ = 2), which
correspond to the energies of the lowest two orders of LES.
As expected, the first-order contribution to the photoelectron
yield (see Fig. 6, no rescattering) drops rather smoothly with
respect to the electron energy, while the second-order contri-
bution (Fig. 7, with rescattering) depends more strongly on
the energy and exhibits the LES peaks.

The low-energy PES and the energy regions corresponding
to the captured trajectories, as shown in Figs. 6 and 7, can help
in understanding the relation between the contributions of the
first-order and the second-order terms and, especially, their
wavelength scaling. Namely, as shown in Ref. [19], the yields
of the photoelectrons that correspond to the final energies
of the recapture trajectories are closely related to the RSE
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yields. This illustrates the strong influence of the LES and
the Coulomb potential on the RSE yields. The shaded stripes
that are labeled by Ai (A∗

i ) and Bi (B∗
i ) in Fig. 6 (Fig. 7)

denote the final-energy ranges for the recapture trajectories
calculated by the first-order term (1) [second-order term (3)]
of S-matrix theory. The ranges of trajectories corresponding
to these energy ranges are labeled by the same letters as in
Fig. 5. For each term, the RSE yield of the trajectories de-
noted by the letter A or B is proportional to the photoelectron
yield for the energy range denoted by the same letter. A very
important feature can be observed in Figs. 6 and 7: the ranges
Ai and A∗

i , which correspond to capture at z > 0, shift to lower
photoelectron energies with increasing wavelength, while the
ranges Bi and B∗

i , which correspond to capture at z < 0, shift
to higher energies.

The feature mentioned above can be comprehended by the
analysis below. In Fig. 5, the higher the final energy of a
trajectory, the later is its instant of ionization (this is hard
to see on the scale of the figure). When the final energy of
a trajectory decreases, which corresponds to earlier time of
ionization, the position along its trajectory where the elec-
tron turns around, to be referred to as a U-turn point in the
following, shifts downwards (in the negative direction of z).
Note that, with increasing wavelength, the quiver amplitude
of the electron, which is proportional to λ2, increases faster
than the spatial capture region, which increases linearly with
wavelength; e.g., the wave functions of the states (650), (760),
(870), and (980) are centered at 31, 51, 58, and 70 a.u., respec-
tively. Thus, the ranges of capture in the positive (negative)
direction of z move towards (away from) z = 0, giving rise to
an earlier (later) tunneling instant with increasing wavelength,
with the consequence of a shift of the energy intervals Ai

and A∗
i (Bi and B∗

i ) towards lower (higher) energies [as can
be seen in Figs. 6(a)–6(d) and 7(a)–7(d)]. In addition, the
widths of the capture regions (the shaded brown regions in
Fig. 5) increase almost linearly (with a wavelength scaling
of λ1.1) [19]. In contrast, the distance between the U-turn
points of two trajectories with specific tunneling phases is
proportional to dz/dφ0 ∝ λ2 sin φ0 [for the laser field E(t ) =
E0 cos ωt], where z is the position of the U-turn point and
φ0 the ionization phase of the electron. On the other hand,
we have dEk/dφ0 = 2Up sin 2φ0, where Ek is the final kinetic
energy. These two derivatives increase with φ0 for small φ0

as considered here. The combined effect of these factors will
make the widths of the capture ranges in the PES change
obviously in some cases when the ranges shift significantly.
As shown in Figs. 6 and 7, the regions A1 and A∗

2 shrink
noticeably with increasing wavelength, especially when the
wavelength increases from 800 nm to 1300 nm, while the re-
gion B1 expands significantly when the wavelength increases
from 800 nm to 1300 nm and only slightly thereafter.

The RSE yields of the energy ranges labeled by Ai, Bi,
A∗

i , and B∗
i are plotted in Fig. 6(e) for the first-order term

and in Fig. 7(e) for the second-order term as functions of the
wavelength. For the first-order term, the yields of the ranges Bi

decrease with wavelength since they shift to higher energies
and the photoelectron yield drops with kinetic energy [see
Figs. 6(a)–6(d)]. It is worth noting that the range B2 drops
only slightly because it is very close to zero and the shift of its
position is small when the wavelength changes. The ranges Ai

shift to the lower energy region with increasing wavelength,
so their yields tend to increase with wavelength. However, the
yield of the range A1 remains almost unchanged because its
width strongly shrinks.

For the second-order term, the range A∗
1, which makes the

largest contribution to the RSE yield, shifts away from the
highest LES peak with increasing wavelength. Therefore, its
yield drops quickly. The range A∗

2 shifts to lower energy but
stays near the peak of the second-order LES. However, since
its width shrinks with increasing wavelength as mentioned
above, its yield first decreases quickly when the wavelength
increases from 800 nm to 1300 nm and slowly thereafter when
the wavelength further increases. The range B∗

1 keeps moving
towards the first-order LES peak. However, the correspond-
ing PES yield drops quickly with increasing wavelength,
especially when the wavelength increases from 800 nm to
1300 nm, so its yield follows a similar curve as the range
A∗

2. This fast drop of the PES in a regime far away from
the LES peak is due to the fact that the LES becomes more
pronounced with increasing wavelength. For the same reason,
the yield of the range B∗

2 also decreases with wavelength, but
its contribution is negligible since it is far away from the peak
of the second-order LES.

The combined contribution of all these ranges is also
shown in Fig. 3(b) and labeled by “1st order(typ.)” and
“2nd order(typ.).” Obviously, these trajectories make the most
significant contributions, and the calculations for only these
trajectories are almost coincident with the complete S-matrix
calculations, which consider all trajectories. According to the
above analysis, the faster decrease of the RSE yield of the
second-order term compared with the first-order term can be
attributed to the marked difference between the smooth and
monotonic PES from the SFA theory and the pronounced
peaks of the LES in the PES, which are due to the Coulomb
potential being included in the second-order term. The dif-
ference between the two spectra and the underlying capture
dynamics (in the second-order term, the main contribution
comes from capture events occurring after the electron expe-
rienced forward scattering upon the ionic potential ) not only
alters the relative contributions from different capture ranges
(the most important contribution comes from the range B1 for
the first-order term and A∗

1 for the second order), but, more
importantly, it also changes the wavelength dependence of
the yields of the individual capture ranges. For the first-order
term, the yields of the capture ranges in the positive direction
increase with wavelength, while, for the second-order term,
the yields in both directions decrease with wavelength, re-
sulting in the different scaling laws of the RSE wavelength
dependence in the two cases.

V. CONCLUSION

In conclusion, we have performed a joint experimental and
theoretical investigation of the wavelength dependence of the
processes of strong-field atomic ionization and Rydberg-state
excitation. We found that the wavelength scaling law of the
measured ratio of Ar∗ over Ar+ and the period of its oscilla-
tion with respect to the laser intensity can be well reproduced
by the second-order term of the Born series of the S matrix,
but not by the lowest-order term (SFA). Our work strongly
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supports the conjecture that the second-order term of the Born
series of the S matrix can be envisioned to provide an effec-
tive theory for the intense-laser–atom interaction. In analogy
to the Born expansion of the field-free Coulomb-scattering
amplitude, this may provide a pivotal milestone on the way
to a comprehensive quantum theory for the atomic dynamics
in strong laser fields.
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