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Second-harmonic generation of a short XUV pulse interacting with an IR-laser-dressed atom
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The nonlinear response of an atomic system interacting with short extreme ultraviolet (XUV) and infrared
(IR) pulses is considered within the adiabatic approach (for an IR field) and the perturbation theory (for an XUV
pulse). The second-order perturbation theory in the XUV field is developed for the IR-dressed atom, and the
laser-induced generation of a pulse with a doubled carrier XUV frequency is analyzed. We study the yield of
harmonics in the frequency band of the generated doubled frequency XUV pulse as a function of the time delay
between initial XUV and IR pulses. Our analytical and numerical results show that this dependence carries the
time dependence of the intense IR pulse and can be utilized to retrieve the waveform of the IR pulse.
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I. INTRODUCTION

Second-harmonic generation (SHG) is the starting point for
the golden era of nonlinear optics beginning in the 1960 and
1970s [1]. This fundamental nonlinear effect was discovered
within the nonstationary perturbation theory and the formal-
ism of nonlinear susceptibilities [1,2]. The SHG process is
understood as doubling of the fundamental frequency of the
pump field and can be described in terms of second-order
nonlinear susceptibility. Mathematically, this susceptibility is
presented by a third-rank tensor, so that the nonlinear process
is forbidden in the dipole approximation for a system with
spatial inversion symmetry (e.g., it cannot be observed for
unpolarized free atoms) [3].

Initially, the harmonic generation process in nonlinear op-
tics was discovered using an intense laser in the visible light
range [1,4]; however, recent advances in the generation of
intense XUV pulses open up new frontiers for nonlinear optics
in the XUV range [5-7]. For example, SHG of the XUV field
was observed in Refs. [8,9], the two-photon absorption was
detected in Ref. [10], the four-wave mixing was experimen-
tally studied in Refs. [11-13], etc. Some nonlinear effects in
the XUV range are utilized for attosecond pulse metrology
[14], nonlinear polarization-resolved spectroscopy [15], and
nonlinear spectroscopy for solid-state purposes [16]. At the
microscopic level, the effects of nonlinear optics in the XUV
range can be described in terms of perturbation theory, which
would make it possible to take into account many-electron
effects. Indeed, for some frequencies of the XUV field, the
multielectron dynamics may be induced by the core excitation
dynamics, e.g., the excitation of an autoionizing state. More-
over, for the case of short few-cycle XUV pulses [17-20] (the
waveform of which may be crucial for XUV-induced nonlin-
ear processes), the photon concept in light-matter interaction
becomes inconsistent (due to the large frequency bandwidth
of the pulse), and the proper time-dependent formalism must
be used.
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A wide range of practical applications was proposed by
considering the combined interaction of XUV and IR fields
with atoms and solids. The idea of using XUV radiation (or x
rays) to probe the optical interaction of the IR field with atoms
[21,22] was proposed in the 1970s, while it was fully realized
in the 21st century by probing optically induced charges in
diamond [23]. High-order harmonic generation (HHG) opens
anew avenue in the XUV technology by producing bright, co-
herent, and extremely short attosecond pulses [18-20,24,25].
With these pulses, it becomes possible to probe, steer, and
control ultrafast phenomena in atoms, molecules, and solids
[26-31], leading to a new era of attosecond science. The
unique duration of an attosecond pulse makes its interaction
with matter specifically dependent on the waveform, therefore
determining the time dependence of such pulse (attosecond
pulse metrology) is the most important task of attosecond
science [32,33]. Most methods for attosecond pulse metrol-
ogy utilize specific features of the ionization of an atomic
system in XUV and IR fields with subsequent application
of mathematical methods to extract the relative phase and
magnitude of the Fourier components of an attosecond pulse
(see the overview of these methods in Refs. [32,33]). Re-
cently, HHG-based all-optical methods were also suggested
to retrieve the waveform of an attosecond pulse [34-37]. The
attosecond pulse can also be used as a tool for visualization of
a short IR pulse within the physically transparent concept of
the streak camera [38—42], which consists in the following: an
atomic electron is ejected into the continuum by XU V-pulse-
induced ionization in a much shorter time than the IR-field
duration, followed by scanning of the photoelectron dynamics
by changing the time delay between IR and XUV pulses.
The recorded dependence of photoelectrons on the time delay
carries information about the IR field and the XUV pulse itself
[32,33].

In this paper, we propose an alternative to the streak camera
for detecting an IR field based on the nonlinear properties of
media in the XUV range and the difference in time scales of

©2022 American Physical Society
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the interaction of an atomic target with IR and XUV pulses.
As we mentioned above, SHG is forbidden for a system with
central symmetry but becomes possible for a system with
axial symmetry [3], so, for instance, a centrally symmetric
system subjected to a static electric field can generate the
second harmonic. Since an attosecond pulse interacts with
an atomic system on a time scale much shorter than the
period of the IR field, the nonlinear response to the XUV
pulse at the second-harmonic frequency can be considered
for the instant magnitude of the IR field taken at the moment
corresponding to the interaction of the XUV pulse with the
atomic system. At this moment, the XUV-pulse envelope has
the maximum defining the time delay between XUV and IR
pulses. Assuming that even for an intense IR field the SHG
amplitude of the XUV field is a linear function of the IR-field
strength, the time-delay dependence of the second-harmonic
yield replicates the time dependence of the IR-field intensity,
providing a way to retrieve the waveform of an intense IR
pulse.

The purpose of this paper is twofold. First, to the best of
our knowledge, there is no self-consistent perturbation theory
taking into account high-order corrections for the interaction
of an IR-dressed atom with an XUV pulse. In this paper,
within the suggested adiabatic approach [43], we develop
the perturbation theory in XUV strength. Being interested
in the SHG process, we restrict ourselves to considering the
second-order corrections; however, our perturbation approach
for the IR-dressed atom can be straightforwardly extended to
higher orders of the perturbation theory. Second, within the
developed perturbation theory, we analyze SHG and show that
the described above scheme of retrieving the waveform of an
intense IR pulse (alternative to the streak camera method) is
robust and can be used.

The paper is organized as follows: in Sec. II we provide
a brief overview of the adiabatic approach and derive the
second-order corrections of the perturbation theory in the
XUV field for the IR-dressed atom with further application
to SHG of the XUV field. In Sec. III we discuss our numerical
results obtained by solving the time-dependent Schrédinger
equation (TDSE). In Sec. IV we summarize our results. In
Appendices A and B we present mathematical details of our
derivations. Atomic units (a.u.) are used throughout this paper
unless specified otherwise.

II. THEORETICAL BACKGROUND

The interaction of IR and XUV pulses with an atomic
system is realized predominantly on the different time scales,
which are determined by the carrier frequencies of the cor-
responding pulses (wr and wxyy for IR and XUV pulses,
respectively): wr/|Eo| < 1 and wxyv/|Eo| > 1, where Ej is
the binding energy of an atomic level. For both pulses, the
peak field strengths (Fig and Fxyy) are considered to be lower
than the atomic field strength (F, = «3, where k = /2|Ey)),
that makes it possible to apply the adiabatic approach [44—46]
for the IR field and nonstationary perturbation theory for the
XUV pulse [47]. For synchronized IR and XUV pulses, the
adiabatic wave functions in the IR field can be used to develop
a formal perturbation theory in the interaction with the XUV
field [43].

In the adiabatic limit, the atomic state in the IR field can be
presented as the sum of two terms:

|WR) ~ |\I'I(§)> + |‘I’I(1§)), (1)

where |\IJI(}2)) = \Dl(lg)(r, t) and I\.IJI(IQ)) = \IJI({{) (r, 1) describe the
slow and rapidly varying parts of the time-dependent wave
function, respectively. The state |\III(§)) can be expressed in
terms of the quasistationary state, |®q.) = Pgyc(r, F), in the
dc field with strength F = |Fr(?)| [44—46]:

w0 = e O\ Gy ey = E(F) — %r(]:), )

where ¢(¢) is the complex energy of the quasistationary state
and Fr(¢) is the electric component of the IR field. The real
part of ¢ is the position of the decaying level, while I" gives its
dc-induced width. The rapidly varying part |lI/I(1£) ) describes
the effects of the electron rescattering on the atomic core and
can be presented as an electron wave packet composed from
the laser-field-free continuum states [43,45,46]. It is worth
noting that the magnitude of |W7) relative to |\IJI(§) ) is deter-
mined by the parameter fjr = )/13/ 2(Fr/Fy)e /G « 1,
where yx = wirk /Fr is the Keldysh parameter.

In contrast to the IR field, the interaction of an atom
with the XUV field is governed by the parameter Bxyy =
Kk Fxuv /wfwv « 1 [48]. The perturbation expansion of the
exact atomic state |W) = W(r,t) subjected to both IR and
XUV pulses in Bxyy was discussed in Ref. [43], where the
adiabatic wave functions (1) were utilized:

W) = [WRr) + [W1) + [W2), 3)

where |W;) and |\W,) are the first- and second-order cor-
rections in Bxyv. The functions |¥;) and |W¥;) can also be
partitioned into slow and rapid parts. The explicit form for
| W) has been discussed in Ref. [43], so we discuss this term
in the following subsection briefly. Moreover, in this paper,
we consider only the slow part of the term |\W;). Indeed, the
rapid part of |W,) either contributes quite far from the spectral
range of the generated doubled frequency XUV pulse or is
sufficiently suppressed since it is governed by the product
of the perturbation factors: BZyBir. We note that we use
the adiabatic approximation, the accuracy of which is limited
by terms o Bg, so that our theory is linear in Sig, while in
principle it may contain any terms o By, where n is an
integer (n > 0).

A. The perturbation theory in the XUYV field: Expressions
for |¥,) and | W)
The first-order correction in the XUV field (|¥;)) was
deduced and analyzed in Ref. [43]. It can be presented as a
sum of slow, |\111(”), and rapid, |\Ilf’) ), terms:

W) = [U) + [w)7), )

each term of which will be discussed in turn.
The slow part |\Ilfs)) can be expressed in terms of an atomic
Green’s function (see Appendix A for details):

90 = GV W)+ GV ). )

where G, = Ge()namgyy (- I') is the stationary Green’s func-

tion of an atom in the dc field with strength F, and V)%i,
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are “positive” and “negative” parts of the interaction operator

Vxuv(t):
Vxuv (1) = Vi (1) + VSR (0),  Viok = 2Bsou (1),

Fxuv

Fov () = == frov(t — 1)eToert=o),

where fxuv(t) is the envelope of the XUV pulse with maxi-
mum at = 0 and 7 is the time delay between IR and XUV
pulses.

The rapid part |\IJY)) represents the sum of two terms,
which are associated with two different physical channels
induced by the XUV field: the first one is led by the XUV-
induced ionization and may contribute in the range of the
IR-induced plateau of HHG spectra, while the second one
describes the XUV-assisted recombination and contributes
far beyond the cutoff of the IR-induced plateau (2 > |Ey| +
0.8F% /wiy, where Q is the harmonic frequency). The explicit
form of these terms can be found in Ref. [43] [see Eq. (57)
therein].

The slow part of the wave function |W;) is given by the
expression (see Appendix A for details)

1W2) = (G GiVity + G2V G- 1Yy
vy (+) (=) 1y (=) (+) 0)
+G VXUVG*IVXUV +G VXUVGIVXUVH\IJIR ) (6)

where G' = G’E(t)(r, r’) is the reduced stationary Green’s func-
tion of an atom in the dc field with strength F [see the
definition in Eq. (AS5) of Appendix A]. It is worth noting that
the slow parts of |W) [see Egs. (5) and (6)] coincide with the
formal perturbation expansion of the wave function in a weak
laser field [49,50].

B. The HHG amplitude in the synchronized IR and XUV pulses

The amplitude of photon emission by an atomic system
subjected to the intense IR and XUV pulses may be ex-
pressed in terms of the dual dipole moment, D(¢) (see e.g.,
Refs. [51,52]):

A(Q):/D(t)em’dt, D(t) = (U|z| W), (7

where |¥) = U(r, 1) is the dual wave function, which is found
from |W) by the complex conjugation and time reversing of all
time-odd quantities. The harmonic yield is given by the square
of the amplitude A(2):

Y = QYA @An3ed), ®)

where c is the speed of light. Within expression (3) the calcu-
lation of D(¢) leads to the result

D(t) = Dir(t) + Di(t) + Da(2), 9

where Dir(¢) is the dual dipole moment induced by the IR
field in the absence of the XUV pulse [43], and D;(¢) and
D, (t) are the first- and second-order terms of the perturbation
theory in the interaction with the XUV field:

Dr(t) = (Ur|z| V), (10a)
Di(t) = (Urlz|W1) + (P |z| W), (10b)
Dy (1) = (URlz|¥) + (Uaz| W) + (P4 z|¥y),  (10c)

where |UpR), |¥), and |¥,) are the dual counterparts of |Wg),
W), and |\W,), respectively. The partition of components
|WR), |¥1), and |W;) into slow and rapid parts [see, e.g.,
Egs. (1) and (4)] results in the corresponding separation of
Dir(t), Di(t), and D,(¢) into slow and rapid components.
Indeed, the slow part of Dir (), obtained from (10a) by replac-
ing Vg — \IJI(RO), describes the laser-induced generation of the
secondary radiation with Q < |Ey|, while the rapid part of
Dir(t) describes the high-energy IR-induced plateau with the
cutoff position at | Eg| + 0.8F% /w? (see details in Sec. IV.A.1
in Ref. [43]).

The slow part of Dj(t) [D(]S)(t)] was recently discussed
in Ref. [53]. It can be expressed in terms of the dynamic
polarizability of an atom in the dc field:

D (1) = P(O)FSR (1) + Fyoy (O1xi (@xuv, F),
x1(@xuv, F) = (Pae]2G17 | @ae) + (Puc|zG_17'|Pye), (11)

where |®g.) = [|Dyc)]* (see details in Refs. [51,54]) and the
factor P(t) = e~ /= T ig introduced to describe depletion
effects. Note that in the limit /7 — 0 the susceptibility y;
tends to the dynamic polarizability of a free atom.

The rapid part of D(¢) describes the generation of the
high-energy photon through the XUV-ionization channel
[55-60] and XU V-assisted recombination channel [36,61-63]
(see also discussion of these channels in Ref. [43]). We should
note that the rapid parts of Dir(¢) and D, (¢) can be calculated
with good accuracy by applying an additional approximation
consisting in replacin(g the Green’s functions G, and G’ and
the wave function \IJI(R) by their atomic counterparts, i.e., the
field-free atomic Green’s functions and the unperturbed initial
wave function.

The rapid part of the second-order term D,(¢) describes
additional channels for the high-energy photon generation and
requires special consideration. In this paper, we consider only
the slow part of D,(¢), which will be sufficient for further
applications. Substituting in Eq. (10c) the explicit expressions
for |W;) from Eq. (6) and |¥;) from Eq. (5) we obtain D, ()
as a sum of three terms:

DRy (1) = PO{FG (O xa(@xuv. F)
+ Ay (OF x2(—oxuy, F)
+ B (OF v (D72 (@xuv. F)), (12)
where

x2(wxuy, F) = (PaclzlG-17 G2 + G_17 Gy

+ G27 G117 | Pye) (13a)
Ho(wxuv, F) = (Paclz[G12'G_1 + G1Z'Gy

+GZG_1 +GZG + GiZG

+G_17G 1| Pge). (13b)

The first term in Eq. (12) is responsible for the generation
of the XUV pulse with the doubled carrier frequency 2wxyyv,
while the third term describes the rectification process of the
XUV pulse in the presence of the IR field. For further analysis,
we focus our paper on the generation of the XUV pulse with
the doubled carrier frequency.
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The nonlinear susceptibility x; is a component of the third-
rank tensor, so that it vanishes for an isotropic system in the
absence of an IR pulse. For the weak IR pulse, the first term of
the perturbative expansion of y, in series over Fig(?) is linear
in Fr (1), so that it is more convenient to present y, in the form

x2(wxuv, F) = Fir(@)y (wxuv; F), (14)

where the complex coefficient y slowly varies in time and can
be approximated by a constant. Note, in the limit 7 — 0, the
atomic parameter y can be expressed in terms of the third-
order susceptibility of a free atom.

Within expansion (9), we obtain the amplitude (7):

A(Q) = Ar(2) + A1 (2) + A(), (15)

where Ar(2) is the HHG amplitude in the IR pulse, and
A1 () and A, (2) are the amplitudes of the first and second
perturbation order in Fxyy. The quasiclassical expressions
for the amplitudes AR(2) and A;(R2) can be found in
Refs. [43,53], while the amplitude 4,(2) is obtained using
Egs. (12) and (14) and assuming that the XUV pulse is much
shorter than the period of Fir(¢), so that the IR-field contribu-
tion can be taken at the instant z = t:

A (Q) = 7 DP (1) Fo (R — 20xuv)
x Fr(t)y (wxuv; [Fr (D)),

Fuov)® [® 2 ot
]:2(0))2( 2 ) f fxuv(t)e""dt, (16)

where ¢,(7) = Q1 + 2¢xyv. Equation (16) explicitly shows
that the amplitude of generated radiation at Q = 2wxyy car-
ries information about the waveform of the IR pulse. For a
low-frequency IR pulse with moderate intensity, the depletion
factor P(t) and the susceptibility y (wxuv; |Fir(7)]) are fairly
smooth over the interval of the IR-pulse duration and can be
considered as constants. Depending on the laser parameters
of the IR pulse, two amplitudes AR(L2) and A;(2) may
interfere with amplitude A,($2) (caused by  overlapping of
these amplitudes) by leading a specific interference pattern
in the frequency range of the generated doubled frequency
XUV short pulse. In the absence of such €2 overlapping of the
corresponding amplitudes, the harmonic yield in the vicinity
of @ = 2wxyv is given by the square of the amplitude 4, (2):

_ P20)| By
 4m2a3
where y = y(wxuv; [Fr(T)]) and Fr = F2(Q — 2wxuv).
The explicit dependence of Y in Eq. (17) on the FIZR(I) allows
us to utilize the time-delay measurements of harmonics with
frequencies near 2 = 2wxyy for retrieving the waveform of
the IR pulse. Indeed, according to Eq. (17) the time-delay
dependence of the harmonic yield replicates the temporal
evolution of the IR-pulse intensity.

The second-order amplitude A, in the vicinity of Q =
2wxyv may interfere with two other amplitudes from Eq. (15);
however, interference with Ar is more unlikely because of
the large difference in magnitudes of .4, and Ajr. The magni-
tude of A is given by the parameter Sir, while the amplitude
A, has a smallness of B2,y . For actual laser parameters of the
IR and XUV pulses, ,B)Z(UV is much smaller than Bir, so that

Y=Y Fi (1), (17)

the interference between A and A, is suppressed. The inter-
ference between the amplitudes .A; and A, may be realized
through the XUV-assisted recombination channel [36,61-63],
the contribution of which is of the order of Bir Bxuv and can be
commensurable with the contribution of A, « B%;y. The con-
tribution of other channels determining A; o Bxyv and A is
negligible since they do not energetically (spectrally) overlap
with A, near Q ~ 2wxyy. In accordance with the notes above,
we approximate the expression for HHG amplitude (15) near
Q = 2wxyy by the expression

A(Q) ~ A1(Q) + A(RQ), (18)

where A;() is the HHG amplitude corresponding to the
XUV-assisted recombination channel [36,63]. The amplitude
A(Q) in Eq. (18) can be parametrized in terms of partial
amplitudes AW associated with closed classical trajectories
of a free electron in the IR field (see Appendix B for details):

A(Q) = Fav Y fruv(t; — DAY, (19)

J

where ¢; is the time of recombination instant correspond-
ing to the jth trajectory [cf. Eq. (B1)]. As it follows from
Refs. [36,37,43] (see also Appendix B) the partial amplitude
/T(I.l) can be expressed in terms of two factors, which are (i) the

laser-induced parameter aﬁIR) determining the HHG amplitude
in the IR field and (ii) the XU V-assisted recombination ampli-
tude, fl(rec):

ft;l) = aEIR)(Q — oxuv) . (20)

The HHG yield near Q2 = 2wxyy is given by the square of
the absolute value of the amplitude (18):

Y =Y, 4 Vi + 1),
7 = QYA /(dr*ct),
Yin = 2Re(A; (2).A}). 1)

Using parametrizations for A, [see Eq. (16)] and A, [see
Eq. (19)] we present the interference term Yi, in the form

Yine = Fr(7)Fxuv ZfXUV(fj —1)C),
J

cj = 2P(1)F2(Q — 2wxuv)Re(AV ey (22)

Since in our analysis we assume that the duration of the XUV
pulse is shorter than the period of the IR field 27 /w),
different j terms in Eq. (22) do not interfere with each other
so that for given t only a single term with corresponding
recombination time contributes. '

At the end of this section, let us emphasize the significance
of the developed general theory of SHG for the IR-dressed
atom. We expressed the SHG amplitude in terms of three-
photon matrix elements, the key ingredients of which are
the wave function and Green’s function of an atom in the
dc field. For real atoms, these quantities are unknown in

"We assume wxyy to be sufficiently less than the cutoff energy of
the IR-induced plateau, which makes it possible to consider different
recombination times well separated.
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analytical forms, and their numerical calculations (as well as
calculations of matrix elements themselves) are complicated
problems comparable with the direct numerical integration
of the TDSE. For this reason, we use our theory to provide
the physical explanation and interpretation of the numeri-
cal TDSE results (see the next section) obtained for fixed
laser parameters. Moreover, our general theory clarifies the
fundamental structure of the SHG amplitude in terms of
laser-induced and atomic parameters and gives a transparent
physical picture of the different channels’ interference for the
considered nonlinear process.

III. NUMERICAL RESULTS AND DISCUSSION

We check the validity of our theoretical results for HHG
yield in the region of the second XUV harmonic, Q2 ~ 2wxyy,
by numerical integration of the TDSE in a single-active
electron approximation for the argon atom. The effective
one-electron potential is found by solving the stationary
Kohn-Sham equations [64]. For numerical analysis, we use
the sin? and the Gaussian shape for the envelopes of the IR
and XUV pulses, respectively:

Fy(t) = Fy fo(t)cos(wet), o = {XUV, IR}, (23a)

sinz(m/rm), 0<t < 1R,
Jw(t) = {0, otherwise, (23b)
fxuv(t) = exp[—2(In 2)% /13y ], (23¢)

where F,, w,, and f,(¢) are the peak strength, carrier fre-
quency, and envelope of the corresponding pulse. The peak
intensities for IR and XUV pulses are chosen to be the
same: 10'* W/cm? (the corresponding peak strength is Fig =
Fxyv = 0.0534 a.u.); the carrier frequencies of the IR pulse
wr = 0.038 and 0.057 a.u. correspond to the wavelengths
Ar = 1.2 and 0.8 um, the carrier frequency of the XUV
pulse is 40 eV (wxyv = 1.47 a.u.), the duration of the IR
pulse is g = 12 fs (the three-cycle pulse), and the duration
of the XUV pulse at half maximum of the intensity varies in
the range txyv = 0.4-1.6 fs. We solve the TDSE within the
method described in Ref. [64] by expanding the wave func-
tion in spherical harmonics with maximum orbital momentum
Imax = 256. We use a nonuniform radial grid, which becomes
denser towards the nucleus with the radial step smoothly
varied in the range [1073,0.1] a.u. The spatial grid has the
$12€ Rimax = Fmax + Rabs, Where rpa = 100 a.u. is the size of
the simulation region and R,,s = 50 a.u. is the width of the
absorbing layer. The time step is Ar = 0.02 a.u. The HHG
spectrum is calculated as the squared Fourier spectrum of the
dipole acceleration (see details in Ref. [64]). In Fig. 1(a) we
present HHG spectra for argon, calculated for three time de-
lays, for Ajg = 1.2 um, and txyy = 400 as. The shape of the
HHG spectra represents well-pronounced wide peaks, which
are associated with the Rayleigh (elastic) scattering of the
XUV pulse [53] (2 & wxyv) and the second and third XUV
harmonics generation (2 = 2wxyy and 3wxyv, respectively).
The peaks at Q2 ~ wxyv and 3wxyy are insensitive to the time

£3 —— T=0721y
é g 10—1 T = TIR —_
£ 310 R—
= 1\ @
0.8 -
g N N B 0.72
=06 >/N‘f1 -
P o5
= 04 I
o)
0.2 5 10!
0.8 !
& i .
5 ; 10-
< 0.6 :
) !
'é 0.4 1077
©|r =10.727,
H -10
O'20 100 15010
Photon energy (eV)

FIG. 1. (a) HHG spectra for the argon atom in IR and XUV
pulses for Al = 1.2 um, 7r = 12 fs, wxyy = 40 eV, xyv = 400
as; IR and XUV intensities are 10 W/ cm?. Solid black line,
T = 0.57g; dashed red line, T = 0.72tr; dot-dashed blue line,
T = 1. Vertical dotted lines mark positions of Q = wxyy, Q2 =
2wxyy, and = 3wxyy. Solid red lines show the cutoff position of
the XU V-assisted recombination channel [~ |Ey| + wxyv + 3.17U,,
U, = F}/(4of)]. (b) Color-coded Gabor transform of the dipole ac-
celeration producing HHG spectra for the argon atom in the IR field
(Fxyv = 0). Countered areas show contribution of the XU V-assisted
recombination channel (see text for details). (c) Color-coded Gabor
transform of the dipole acceleration producing HHG spectra for the
argon atom in IR and XUV fields for time delay v = 0.727r. Solid
black lines show the time profile of FlzR (t); solid (dashed) orange lines
indicate the time dependence of classical gained electron energy in
the IR field (shifted by wxyv).

delay between the XUV and IR field since their appearance
does not depend on the presence of the IR field. The HHG
yield near the second XUV harmonic strongly depends on the
time delay showing the well-pronounced peak at 7 = 0.57R.
At t = 0.721R, this peak decreases, while at T = g any peak
structure disappears. All these features for the HHG spectra
in the vicinity of 2wxyy are described within our theoretical
analysis. For T = tg [as well as for 7 = 0, providing the same
results as for T = g in Fig. 1(a)], the IR field is zero, which
leads to zero yields Y| and Y,. Indeed, ¥; is zero due to the
absence of the recombination times ?; close to 7R, so that
the values of the XUV envelope fxyv(t; — t) [involved in
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Eq. (19) for ;] are close to zero, while the yield Y, vanishes
for Fir = 0 [see Eq. (17)]. For 7 = 0.57tr, the maximum of
the XUV pulse is tuned to the maximum of the IR pulse,
ensuring the largest contribution of Y, to the total HHG yield
in Eq. (21), while the contribution of ¥; for this time delay
is suppressed. In this case, the interference between two am-
plitudes A; and A, is negligible. The suppression of A; is
caused by two circumstances: (i) the recombination times ¢;
are placed near zeros of the IR field and (ii) the duration of
the XUV pulse is much less than the period of the IR field, so
that in Eq. (19) fxuyv(¢; — t) ~ 0 for any subscript j.

The interference between A; and A, can be explained
by considering the Gabor transform (which is a convenient
tool of the time-frequency analysis) of the dipole accelera-
tion determining the HHG amplitude in IR and XUV pulses
[see Figs. 1(b)-1(c)]. Indeed, the Gabor transform encloses
information about mostly contributed classical closed electron
trajectories, showing them as a distribution around the time
dependence of classical gained electron energy at the recom-
bination event [see solid orange lines in Figs. 1(b)-1(c)].
We note that these closed classical trajectories determine
laser-induced factors a'™ [see Eq. (B3) in Appendix B], so
that according to Egs. (19) and (20) the same trajectories
contribute to A;. Thus, the Gabor transform of the dipole
acceleration evaluated for A; is similar to one for A, but
shifted by wxyv and scaled by the factor Fxyy fxuv( — T)
[63]. In Fig. 1(b) we present the Gabor transform of the dipole
acceleration in the absence of the XUV pulse (see the region
Q2 <60 eV) and their properly shifted-scaled [i.e., shifted
by wxyv and scaled by Fxyy fxuv(t — t)] local distributions
for t = 0.57g and 0.72tr describing the amplitude A [see
contoured areas in Fig. 1(b)]. As it is seen from Fig. 1(b)
for t = 0.57r and 0.727R, there is energetic overlapping
between A; and A,, leading to the interference features in
the HHG yield. For t = 0.727r the interference effect is
more pronounced than for 7 = 0.57R (see discussion of Fig. 2
below), because of larger value of A, (for T = 0.721R, A
becomes comparable with A;). In Fig. 1(c) we present the
color-coded Gabor transform for the argon atom in both fields
with time delay 7 = 0.72tr, for which both channels con-
tribute.

In Fig. 2 we present the time-delay dependence of the
harmonic yield for different frequencies €2 detuned from the
peak of the second XUV harmonic (2 = 2wxyy). For time
delays T < 0.57g, the SHG yield perfectly replicates the time
profile of the IR field [see Figs. 2(a)-2(c)]. However, for
time delay larger than 0.57r, we observe deviations from the
actual dependence of Fi(t). These deviations are caused by
the contribution of the XU V-assisted recombination channel.
Indeed, according to Fig. 1(b), the electron driven by the IR
field gains energy sufficiently smaller than wxyy at the recom-
bination time, so that there are no terms in the sum in Eq. (19),
which can contribute in the spectral range of the second XUV
harmonic. In contrast, for T > 0.57g, the electron can gain
energy larger than wxyv, and the XU V-assisted recombination
channel can contribute. For those €2, which are out of the
SHG-peak bandwidth, the HHG mechanism certainly governs
by the XUV-assisted recombination channel, and the time-
delay dependence of the harmonic yield is determined by the
shape of the attosecond pulse [36] [see Fig. 2(d), where it is

Yield (arb. units)

0

0.00

025 050 0.75
Time delay, 7/1x

1.00

FIG. 2. The dependence of the harmonic yield on the time de-
lay for (a) Q2 = 2wxyv, (b) 2wxuv + 5 eV, (¢) 2oxyy — 5 eV, and
(d) 2wxyv + 20 eV. Black solid lines, the dependence of F () [see
Egs. (23a) and (23b)]; red points connected by dashed lines, the har-
monic yield; blue line [in panel (d)], the dependence of f)%uv @t —1)
[see Eq. (23¢)] for t; = 0.5671z (d). The laser parameters and atomic
target are the same as in Fig. 1(a).

shown that the shape of the observed peak is well fitted by the
envelope of the attosecond pulse (23c)]. To demonstrate the
robustness of the suggested IR-pulse retrieving method, we
present in Fig. 3 the time-delay dependence of the integrated
HHG yield:
Q+AQ
y= Y (QHd<Y, (24)
Q-AQ

where Q2 = 2wxyv and AQ = 2 eV, for three values of the
XUV-pulse duration 7xyy = 0.4, 0.8, and 1.6 fs, and two
wavelengths of the IR field Ajg = 1.2 and 0.8 um. These
results show that the important condition for a good re-
production of the temporal profile of IR-field intensity is a
sufficiently short duration of the XUV pulse compared to
the period of the IR field: Fig. 3 explicitly shows that the
resolution of the SHG-based retrieving method worsens with
increasing txyyv. Concerning the IR-pulse wavelength, we
have found that the resolution of the suggested retrieving
method is less sensitive to the variation of Ag for txuv <
Tir/4 (where Tir is the IR-field period). In general, the
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FIG. 3. The dependence of the integrated HHG harmonic yield
[see Eq. (24)] on the time delay t. The durations of the XUV pulse
Txyyv are indicated in panel legends. (a) The IR-field wavelengths are
Ar = 1.2 um (the corresponding period Tig = 4 fs) and (b) Ar =
0.8 um (Tir = 2.7 fs). Solid black lines show the dependences Flﬁ(r)
[see Egs. (23a) and (23b)]. The intensities of IR and XUV pulses and
the atomic target are the same as in Fig. 1(a).

applicability of the retrieving procedure is determined by
conditions of the adiabatic approach underlying our the-
ory, i.e., the smallness of the Keldysh parameter: yx < 1.
However, the numerical results show that the method works
even for the Keldysh parameter slightly larger than unity
[see Fig. 3(b), where IR-field parameters correspond to yx =
1.15].

In Fig. 4 we present the temporal profile of the generated
XUV pulse with carrier frequency near 2wxyy for the same
IR and XUV-pulse parameters as in Fig. 1(a). This temporal
profile is found by evaluating the inverse Fourier transform
of the numerically obtained dipole-acceleration Fourier com-
ponents (based on the TDSE calculations) in the frequency
range (Za)XUV — A, Za)XUv + A), where A = 15 eV (i.e., by
applying the spectral filter with corresponding edges). If the
contribution of the XUV-assisted recombination channel is
negligible, then in accordance with Eq. (16) the generated
pulse at the doubled frequency has the envelope given by
the square of fxyv(?), and the duration is /2 times shorter
than that of the initial XUV pulse (see Fig. 4 for t = 0.57r).
The shift in the peak position of the generated pulse for
T = 0.287 and 0.727 from the maximum of ngV(t —-17)
is caused by the IR field varying on the scale of XUV-pulse
duration: for the positive (negative) derivative of Fir(¢) at
t = t, the shift is positive (negative) [see line corresponding
to T = 0.287r (r = 0.727r) in Fig. 4 for positive (negative)
shift]. It is worth noting that despite the symmetry in po-
sitions of the generated pulses for T = 0.287g and 0.727
with respect to the pulse for T = 0.51R, the peak intensity of
the right-hand-side pulse is higher than for the left-hand-side

2 oaF ' B

‘g

> \

S ; .

< / A

N— 0:::::/ - — S—

é T/Tr

RS 0.28

v 0.5

c>c 0.72

= —1r | I | -
0.00 0.25 0.50 0.75

Time, t/ TR

FIG. 4. The temporal profile of the generated XUV pulse having
carrier frequency near 2wxyy for three time delays indicated in the
figure legend. Dashed lines show the scaled squared XUV envelope
SfEov(t — 1) [see Eq. (23c)] for T = 0.287r (blue line), T = 0.57r
(orange line), and T = 0.727r (red line). The laser parameters are
the same as in Fig. 1(a).

one. This difference is explained by the contribution of the
XUV-assisted recombination channel for 0.72tr [see, e.g.,
Fig. 2(a)].

IV. SUMMARY AND OUTLOOK

In this paper, we have developed the perturbation theory
up to the second order in the interaction Vxyy of the XUV
pulse with an IR-laser-dressed atom. Our theoretical approach
is based on two assumptions: (i) the interaction Vig of the
intense IR pulse with an atomic system is treated quasiclas-
sically within the recently developed adiabatic approximation
for the IR-laser-dressed atomic state [43], while the interac-
tion Vxyy is considered perturbatively; (ii) the XUV and IR
pulses interact predominantly on different time scales. These
two assumptions have allowed us to explicitly split up the
transition matrix elements into slow and rapidly varying parts
in time. The slow parts are expressed in terms of the Green’s
function of an atom in the dc field, the magnitude of which
is equal to the instant value Fr(t) of the IR-field strength
taken at the time delay v between the XUV and IR pulses.
The rapid parts are evaluated within the saddle-point method
and parametrized through the classical (real) ionization and
recombination times.

Within the developed second-order perturbation theory, we
have analyzed the SHG of the XUV pulse by an IR-dressed
atom. It has been shown that SHG amplitude is expressed
in terms of the generalized nonlinear susceptibility x, of the
second order (in Vxyy) of an atom in the dc field with the
strength Fir (7). For moderate IR-field intensities, the Fig de-
pendence of the susceptibility x, can be well approximated
by a linear function, ~Fr(7) [see Eq. (14)]. In the absence
of interference of the SHG channel with other XU V-induced
channels, the SHG spectrum represents a wide peak, the mag-
nitude of which depends on the time delay between IR and
XUV pulses and replicates the time profile of the IR-field
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intensity as a function of t. Thus, the measurement of the
time-delay dependence of the SHG yield makes it possible
to retrieve the temporal profile of Fi(¢). Moreover, one can
retrieve the waveform of the IR-field electric vector [i.e., de-
termine the sign of Fir(?)], e.g., by introducing an additional
slow varying bias field having constant time delay with respect
to the XUV pulse (similar to the gas-biased coherent detection
of the terahertz and mid-IR radiation based on the SHG of
a probe IR pulse [65,66]). However, this method required a
separate consideration since a bias field can modify the XUV-
assisted recombination channel and thereby affect the retrieval
procedure. The interference between the SHG channel and
XUV-induced channels (e.g., with the channel of IR-induced
HHG through the XUV-assisted recombination) may distort
the actual time profile of the IR pulse.

For practical use of the suggested SHG-based retrieving
method of the IR pulse, we note that it may be applied
for a wide range of wavelengths and moderate intensities
(10'#-10" W/cm?), for which the Keldysh parameter is of
the order or less than unity and an atomic system is not
rapidly ionized (we consider targets for which k = /2|Ey| =
1 a.u.). Although the developed theory is ultimately based on
the assumption that the XUV-pulse duration must be much
smaller than the IR-pulse period, we have found that our
method works well even for the ratio txyy < Tir/4. We em-
phasize that the SHG process by the IR-dressed atom involves
many channels induced by both IR and XUV pulses; thus,
it requires keeping a balance between intensities of IR and
XUV pulses in order to make possible the observation of the
2wxyv peak in HHG spectra induced mainly by the SHG
channel.

In our analytical and numerical analyses, we used the sin-
gle active electron approximation, which is justified for those
XUV pulses that do not excite the inner atomic dynamics. For
long XUV pulses, this excitation can be realized for given
carrier frequencies corresponding to the atomic resonance
transition, while for short XUV pulses with wide frequency
bandwidth the inner many-electron dynamics may be pos-
sible even for off-resonance frequencies. In principle, the
many-electron dynamics can increase the SHG yield similarly

J

to the enhancement of XUV-assisted HHG spectra through
the elastic XUV-pulse scattering channel [53], as well as
induce new channels for HHG in the spectral region of the
second XUV harmonic, e.g., through the excitation of au-
toionizing states. The role of many-electron effects in the SHG
process is an intriguing problem and should be considered
separately.
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APPENDIX A: PERTURBATION THEORY IN THE
ADIABATIC LIMIT

In order to develop the perturbation theory in the XUV
field for an atomic system subjected to both an intense IR
and weak XUV pulses, it is convenient to use the integral
equation for the exact atomic state |W) = W(r, t) expressed
in terms of the total nonstationary retarded Green’s function
Giot = Gau(r, 37, 1)

V) = |[WR) + Giot VxuvIVIR)),

where |Wr) = Wir(r, t) is the atomic state in the intense IR
field, and Vxyy = Vxuv(r, t) is the interaction operator of an
atom with the XUV pulse. For shortness of notation, we intro-
duce double braces to mark spatial and temporal integration
for repeated variables:

GoVxuvl¥r))

(AL)

— / Gulr, 15, 1 W (YW )dFdE

where G, is the Green’s function [here @ = “tot” or &« = “IR,”
and the subscript “IR” is used for representing the nonstation-
ary retarded Green’s function for an atomic system in the IR
pulse: Gir = Gr(r, t;r',t')], and ¥ (r, t) is some appropriate
wave function. The Green’s function G, satisfies the Dayson
equation and can be presented as a formal perturbation series
in VXUV:

G, 137, 1") = Gr(r, t;1 1) + / GR(r, t;r1, 1)Vxuv(r1, 1) G (1, t13 7, t)drdt

oo
=Gr(r, ;1 1) + Z/QIR(", tiry, t)Vxuv (P, 1)GR (P 1572, 1) - Vo (P, 1)
n=1

o0
X Gy, tys ¥, )drydty ... dr,dt, = ZgIR(VXUVgIR)n-

Substituting Eq. (A2) into Eq. (A1) we obtain the formal
series of perturbation theory in Vxyy for the wave function W,
the three-term expansion of which is

W) = |WR) + [W)) + W), (A3a)
W) = GrVxuvIVR)), (A3b)
[Ws) = GrVxuv|¥1)). (A3c¢)

(A2)
n=0

Within the adiabatic (or low-frequency) approximation,
the wave function |Wr) can be presented as a sum of an
initial state |\III(12)) distorted by an instantaneous “static” IR
field Fr(t) [44-46] and rescattering part |\III(};)) representing
an electron wave packet composed from the laser-field-free
continuum states [43,45,46] [see Eq. (1) and its discussion in
the main text]. In order to keep the same level of accuracy in
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Egs. (A3b) and (A3c), we approximate the exact propagator
Gir by its adiabatic counterpart, i.e., by the Green’s function in
the dc field: Gilr — Gq.. We should emphasize that within the
adiabatic approximation all calculations of matrix elements
and wave functions are performed using the stationary Green’s
function and the quasistationary state with instantaneous com-
plex energy & corresponding to the instantaneous dc field with
strength F, which finally should be replaced by the IR-field
temporal waveform: F — |Fr(t)|. Moreover, in particular
calculations we can use the well-known relation between
the nonstationary [Guc(r,;r,t')] and stationary [Gg(r,r’)]
Green’s functions:

1 o
Gac(r, ;7,1 = > f Ge(r,r)e EU"GE.  (A4)

The Green’s function Gg(r, r’) has a pole at the energy ¢ of
the quasistationary state ®q.(r):

Dy (r) @i (1)

T (AY)

J

Ge(r,r') = Gp(r,r') +

where G/ (r, r’) is the reduced Green’s function and @4 (') is
the dual wave function [67,68].

For further calculations of the functions (A3b) and (A3c),
we specify the interaction operator Vxyy in the length
gauge:

Viov = Vv + Vv Yy = Fov(@), (A6a)

Fxyy

5 (A6b)

F)%{/(I) = fxuv(t — 7)eFexi=n)

where 7 is the time delay with respect to the IR field, and
Jxuv () is the XUV pulse envelope with a maximum at ¢ = 0.
Let us substitute Eq. (A6) into Eq. (A3b) and perform integra-
tion in ¢ approximately, taking into account only the vicinity
of the upper limit (¢’ ~ 1):?

W) = OrVxuv|VR)) ~ Z GacVxov [ Wik )

A==+

~ Z // gdc(r’ t;l‘/, t/)ei[s(t)+kwxuv](t—t’)V)g)ﬁ)v(r/’ t)cbdc(r/)e—if s(z”)dt”dr/dt/
A==%

=2 / Gty B WA DWR W, 0dr = 3 GV W),
A=+

where G;, = Ge)tamxyy 5 7)-

The correction |W;) in Eq. (A3c) is calculated similarly to
the case of |W;); however, some terms require special consid-
eration. Taking into account Eq. (A6a), we present |\W;) as the
sum of four terms:

[W7) = GrVxuvOrVxuvI¥r)) & Ti + T, (A8a)

B = Y GG A
A=t

T =) GacVyw Gac Vo | Wir ) (A8c)

A=%

Moreover, in accordance with Egs. (A4) and (AS5), we must
extract from the term 7, the slow-varying residue term Tz(s)
proportional to the quasistationary state | P4 ):

h=T"+T1", (A9a)
1 o
T = —— | ——dE |®y.), A9b
; o f = 4E P (A9b)
o= Y ((Bacle FVERD Gae iy R, (A%e)
A=+
r / — A 0
Tz( ' = Z gdcv)gUQ/)gde)gl;V|\pr)>)' (A9d)
A==+

The contribution from the vicinity of the maximum of the XUV
pulse envelope can be neglected due to the shortness of the XUV
pulse.

(A7)
=t

We estimate the terms 77 and Tz(’) by the same way as is
used for |W;) in Eq. (A7). As a result, we obtain

T= YO WAGWAE). a0
A=+
(r) vy (M) (IR
" = Z G VxovG-1Vxuv ‘\IIIR >’ (ATD)
py—

where the integration is performed for repeated spatial vari-
ables, while all temporal dependencies are taken at the time
t.

The calculation of Tz(s) requires a more refined consid-
eration. In the first step, we calculate the integral over the
energy E:

1 eiE (t—t")

E E —¢

dE = i6(t — t")e "), (A12)

where 6(t —t”) is the Heaviside step function. In the sec-
ond step, we evaluate the function Qch>§'[\J)V|\I/I(£))) within the
algorithm suggested for |¥;) in Eq. (A7), that leads to the
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expression

t
T = —ijw@) / dr"el ) 1@ el
pa——

X (@ae Vv ("G 3 Vi (1) @)

Assuming that Vxyy(t) = 0 for t < 1y (i.e., tp is the turn-on
time of the XUV pulse), we estimate the integral (A13) over
t” near the upper limit, t” = ¢:

(A13)

7Y = —il W) Axuvt, (Al4)

where Axyv is the instantaneous Stark shift in the XUV field:

AXUV = Z ((Ddc ‘VX_[?VG_lVX_[}V ’ CIDdc).
A==

(A15)

All quantities in Eq. (A15) are taken at the time 7. Combin-
ing the result (A14) for Tz(s) with the zeroth-order function
|\Ill(£) ), and taking into account the condition AxyyTxuv < 1
(where Txyv is the XUV pulse duration), we arrive at the
expression

[UR') + T~ [ e, (A16)
The phase factor e *4xvv! of the wave function in Eq. (A16)
can be eliminated by a unitary transformation, and the term
TZ(S) does not contribute to the second-order wave function
|W,). Thus, the function |\W;) is determined by the results
(A10) and (A11), which give the four-term expression:

Wo) =71 + T,

) ) ) (=2) (0)
= Z {GZ)»VXUVG)»VXUV + G/VXUVG*KVXUV H\IJIR >’
A==

that matches Eq. (6) in the main body of the text.

APPENDIX B: EQUATIONS FOR IONIZATION AND
RECOMBINATION TIMES: EXPLICIT FORM FOR a; IN
EQ. (19)

In the quasiclassical limit (i.e., for the conditions wr <K
|Eol, Eo = —«2/2, yx = kor/Fr < 1, and Fir < v/«3), the
ionization (t;) and recombination times (¢;), involved in the
parametrizations for the IR-induced HHG amplitude Ag, are
determined by a system of nonlinear equations [43]:

AR() +p; =0, (Bla)
A t: 12
BRI PL _ o 4k, (BIb)
L
Pj=- // Ar(§)d§,
=1 Jg

where Ej is the binding energy, wr and Fr are the carrier
frequency and peak strength of the IR field, yk is the Keldysh
parameter, €2 is the generated harmonic frequency, and Ajg (¢)
is the vector potential of the IR field: Fir(t) = —0AR(¢)/0z.
The index j enumerates roots {t},tj} of the system (B1).
The parametrization of Ajg can be presented as the prod-
uct of laser-induced factor a;IR)(Q) and photorecombination

amplitude £," [43]:
-AIR — Za?R)(Q)fo(rCC)’
J

k2
0 = ol @), T =Q+E, (B2

where vector kg is directed along the polarization vector of
the IR field and v (r) is the scattering state with out]%’oing
spherical-wave asymptotics. The laser-induced factor ai.l )
be parametrized as a product of two factors:
aEIR)(Q) — a;tun)aﬁprop)’ (B3)

the tunneling (a;“m)) and propagation (a;p "°P)) factors of which
we discuss in turn.

The tunneling factor aﬁ.nm) describes the IR-induced tunnel-
ing of an atomic electron in the continuum:

K
3|F]
IF71

(tun) 213 Zfx e
ai™ = CyV2A + 1| —- (B4)

|F}] [ |F/|

where F j’ = FIR(t]’.), Z is is the residual atomic charge, and
C, is the asymptotic coefficient of the bound state () with
bound energy Ej and orbital momentum /.

The factor a(].p "P) describes propagation of the liberated
electron in the IR-dressed continuum along a closed classical
trajectory from the ionization time 7} to the recombination
time ¢;:

Jorom _ €
J (tj _ tj/)3/2 ’

1 (U
Sj = Eo(tj — l‘;) + Qtj — E / [Ar() + kj]zdt. (BS)
f
The same set of times {t}, t;} is utilized for parametriza-

tion of the amplitude A; corresponding to the XU V-assisted
recombination channel in the HHG process in an intense IR
field and perturbative time-delayed XUV pulse [36,37,43]:

Ai(Q) = Fxuv Y frov(t; — DAY, (B6)

J
AV = a® (@ — oxuv) £, (B7)

where Fxyy is the peak strength of the XUV pulse, fxuv(?) is
the envelope of the XUV pulse, t is the time delay between IR
and XUV pulses, and £ is the amplitude of XU V-assisted
recombination. The XUV-assisted recombination amplitude
can be specified for an atomic system as follows:

1 = WG, ) W, ()
+ (oG, o) Y, ().
ki

5 = Q — wxyv + Eo, (B8)

where vector k| is directed along the polarization vector of the
IR field, and GfEO)(r, r’) is the atomic Green’s function.
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