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A model-operator approach to fully relativistic calculations of the nuclear recoil effect on energy levels in
many-electron atomic systems is worked out. The one-electron part of the model operator for treating the normal
mass shift beyond the Breit approximation is represented by a sum of semilocal and nonlocal potentials. The
latter ones are constructed by employing the diagonal and off-diagonal matrix elements rigorously evaluated for
hydrogenlike ions to first order in the electron-to-nucleus mass ratio. The specific mass shift beyond the lowest-
order relativistic approximation has a form which can be directly employed in calculations. The capabilities
of the method are probed by comparison of its predictions with the results of ab initio QED calculations. The
proposed operator can be easily incorporated into any relativistic calculation based on the Dirac-Coulomb-Breit
Hamiltonian.
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I. INTRODUCTION

An accurate description of the nuclear recoil effect is
substantial for the proper analysis of a large number of
spectroscopic experiments aimed to measure various atomic
properties such as, e.g., binding and transition energies
or bound-electron g factors. Obviously, this effect is most
pronounced in isotope differences of the corresponding prop-
erties, see, e.g., Refs. [1–11]. The nuclear recoil leads to the
so-called mass shift. Along with the field shift caused by the
finite-nuclear size, these effects constitute the dominant con-
tribution to the isotope shifts. Joint high-precision theoretical
and experimental studies of the isotope differences not only
allow one to determine nuclear parameters, e.g., changes in
the mean-square charge radii, but also pave the way in the
search of new physics [12–22].

Within the (m/M )(αZ )4mc2 approximation, where m and
M are the masses of the electron and nucleus, respectively,
α is the fine-structure constant, and Z is the nuclear charge
number, the nuclear recoil effect on binding energies can be
described by the relativistic mass-shift operator [23–26]. The
fully relativistic theory of the nuclear recoil effect to first order
in m/M, to all orders in αZ , and to zeroth order in α can
be formulated only within the framework of quantum electro-
dynamics (QED) [23,24,26], see also Refs. [27–29]. Despite
the smallness of the nuclear-strength parameter αZ for light
atoms, the contribution of the higher orders may nevertheless
be significant even in the case of hydrogen [30,31]. Therefore,
an accurate treatment of the nuclear recoil effect demands
a nonperturbative (in αZ) consideration. To date, the corre-
sponding ab initio QED calculations have been performed
only for few-electron systems, see, e.g., Refs. [4,29,32–34]
and references therein. The computational difficulty of the

rigorous methods rapidly increases with the number of elec-
trons, which makes them practically infeasible at larger scales.
A similar problem exists for evaluation of the radiative QED
corrections associated with the electron self-energy and vac-
uum polarization. For this reason, approximate and efficient
approaches for including both the QED and recoil effects
within the methods based on the Dirac-Coulomb-Breit Hamil-
tonian [35–45] are urgent.

For the case of the radiative QED corrections, our group
suggested the model-QED-operator approach [46] which re-
cently has been extended to the region of superheavy elements
[47]. The QEDMOD Fortran package to generate the operator
was presented in Ref. [48]. This operator was successfully
applied to the approximate description of the QED effects
on binding and transition energies in various many-electron
systems [49–60]. The main goal of the present work is to
design a similar approach for the QED calculations of the
nuclear recoil effect on energy levels beyond the approxima-
tion corresponding to the mass-shift operator. The application
of the proposed approach in combination with the standard
electron-correlation methods should make possible the ap-
proximate QED treatment of this effect in systems where
rigorous calculations are rather problematic at the moment.

In view of the significant progress achieved over the past
decades in the accuracy of g-factor measurements in Penning
traps [6,9,61–67], high-precision evaluation of the nuclear
recoil effect in the presence of an external magnetic field
becomes essential as well. The QED theory of the nuclear
recoil effect on the atomic g factor valid to all orders in
αZ was elaborated in Ref. [68]. The corresponding ab initio
calculations have been performed for few-electron ions in
Refs. [6,69–75]. In the case of more complicated systems,
the nuclear recoil effect on the bound-electron g factor can
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be treated nowadays only within the lowest-order relativistic
approximation by means of the effective four-component ap-
proach derived from the QED formalism in Ref. [70]. In this
context, the model-operator approach developed in the present
work for the nuclear recoil effect on binding energies can be
considered as a first step towards the construction of a more
general operator suitable for studying the bound-electron g
factors as well.

The paper is organized as follows: In Sec. II, we give a brief
description of the relativistic theory of the nuclear recoil effect
on energy levels in atoms and ions. Section III is devoted to
the construction of the model operator for QED calculations of
the nuclear recoil effect. In Sec. IV, the numerical results are
presented in a wide range of Z = 5–100, and the performance
of the suggested approach is demonstrated by comparing its
predictions with the results of ab initio calculations. The
nonperturbative (in αZ) expressions for the one- and two-
electron matrix elements, which describe the nuclear recoil
effect on the binding energies, are derived in Appendix A. In
Appendix B, these expressions are additionally transformed
to make them convenient for practical calculations. Finally,
Appendix C summarizes formulas necessary for the construc-
tion of the local effective potentials employed in the tests of
the model-QED operator in Sec. IV.

Relativistic units (h̄ = 1 and c = 1) and the Heaviside
charge units (e2 = 4πα, where e < 0 is the electron charge)
are used throughout the paper.

II. QED THEORY OF THE NUCLEAR RECOIL EFFECT

As is well known, within the nonrelativistic approximation
the nuclear recoil contribution to the binding energy of a hy-
drogenlike atom can be found by replacing the electron mass
m with the reduced mass, mr = mM/(m + M ). For atoms
with more than one electron, this recipe is insufficient, and
the two-electron part of the nuclear recoil effect has to be
taken into account [76]. The lowest-order relativistic (Breit)
correction of first order in m/M can be obtained by employing
the mass-shift Hamiltonian [23–25]. For N-electron systems,
this operator reads

HMS = 1

2M

N∑
i, j=1

[
pi · p j − αZ

ri

(
αi + (αi · ri )

r2
i

ri

)
· p j

]
, (1)

where the indices i and j enumerate the electrons, p = −i∇ is
the momentum operator, r is the position vector, r = |r|, and
α are the Dirac matrices. The first term in the square brackets
in Eq. (1) corresponds to the nonrelativistic nuclear recoil
operator, whereas the second term determines the leading
relativistic correction.

Following Hughes and Eckart [76], the nuclear recoil con-
tribution to atomic spectra is usually divided into the normal
(NMS) and specific (SMS) mass shifts. Accordingly, the
Hamiltonian (1) can be represented as a sum

HMS = HNMS + HSMS, (2)

where the first operator corresponds to the terms i = j in
Eq. (1) and the second one corresponds to i �= j. For further

(b) (c) (d)(a)

FIG. 1. One-electron nuclear recoil diagrams: the (a) Coulomb;
(b), (c) one-transverse; and (d) two-transverse contributions. See the
text and Ref. [26] for the description of the Feynman rules.

discussion, it is useful to rewrite Eq. (1) in the form

HMS = 1

2M

N∑
i, j=1

[pi · p j − 2Di(0) · p j] (3)

by introducing the vector operator

D(0) = αZ

2r

(
α + (α · r)

r2
r
)

. (4)

The mass-shift operator HMS yields the nuclear recoil correc-
tions up to the order (m/M )(αZ )4mc2. This operator is widely
used in relativistic calculations of atomic spectra and isotope
shifts, where the nuclear recoil effect is particularly significant
[4,15,41,54,77–94].

The fully relativistic theory of the nuclear recoil effect on
binding energies can be formulated only within the rigorous
QED approach (beyond the Breit approximation). To first
order in m/M, to all orders in αZ , and to zeroth order in α

the corresponding theory was developed in Refs. [23,24,26].
The formalism worked out in Ref. [26] is the most suitable
for the goals of the present study. Within this formalism, the
pure nuclear recoil effect is taken into account by modifying
the standard QED Hamiltonian of the electron-positron field
interacting with the quantized electromagnetic field and the
classical Coulomb potential of the nucleus V . Namely, an
extra term is added to the interaction part of the QED Hamil-
tonian, see Ref. [26] for details. As a result, the pure nuclear
recoil effect on energy levels can be obtained on equal footing
with the nonrecoil QED effects, e.g., the electron self-energy
and vacuum polarization, by means of the perturbation theory
in the interaction representation of the Furry picture [95]. A
convenient approach to construct the QED perturbation series
both for single and quasidegenerate levels is provided by the
two-time Green’s function (TTGF) method [96]. This method
is employed in Appendix A to derive the formal expressions
for the matrix elements describing the nuclear recoil effect
on binding energies. Within this approach, the zeroth-order
one-electron wave functions |ψn〉 and energies εn are assumed
to be the solutions of the Dirac equation

hD|ψn〉 ≡ [α · p + βm + V ]|ψn〉 = εn|ψn〉. (5)

The all-order (in αZ) expressions describing the nuclear
recoil effect can be divided into the NMS and SMS parts
as well. The one-electron (NMS) and two-electron (SMS)
contributions are given by the Feynman diagrams shown in
Figs. 1 and 2, respectively. The exhaustive description of the
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(a) (b) (c) (d)

FIG. 2. Two-electron nuclear recoil diagrams: the (a) Coulomb;
(b), (c) one-transverse; and (d) two-transverse contributions.

additional diagram-technique rules, which arise in connection
with the treatment of the nuclear recoil effect, can be found
in Ref. [26], see also Ref. [96]. To explain the terminology
employed throughout the paper, we briefly comment on these
rules using Fig. 1 as an example. First of all, the double line
and the vertex with a small dot in the figure correspond to
the conventional diagram technique of the bound-state QED
[96]. Namely, the line denotes the electron propagator in the
potential V , and the vertex arises from the standard interac-
tion of the electron-positron and electromagnetic fields. All
the other diagram elements originate due to the presence of
the aforementioned extra term in the QED Hamiltonian. The
Coulomb gauge established itself as the most appropriate one
for the nuclear-recoil-effect studies [23,24,26,28], and it leads
to the natural terminology. In this gauge, the photon propaga-
tor Dμν (ω, r) is divided into the Coulomb,

D00(ω, r) = 1

4πr
, (6)

and transverse,

Dlk (ω, r) = − 1

4π

[
exp(i

√
ω2 + i0r)

r
δlk

+ ∇l∇k
exp(i

√
ω2 + i0r) − 1

ω2r

]
, (7)

parts, while the remaining components of the photon prop-
agator are equal to zero, Dl0 = D0l = 0 (l, k = 1, 2, 3). All
the recoil contributions in Fig. 1 can be classified with re-
spect to the number of the propagators (7) involved. There
are three possibilities [26]: (i) the dotted line connecting two
bold dots in Fig. 1(a) depicts the so-called “Coulomb recoil”
interaction, which does not contain the transverse part of
the photon propagator at all. (ii) The dashed line with the
bold dot at one of the ends in Figs. 1(b) and 1(c) stands for
the “one-transverse-photon recoil” interaction, which includes
Dlk once. (iii) Finally, the dashed line with the bold dot in
the middle in Fig. 1(d) designates the “two-transverse-photon
recoil” interaction, which involves the product of two photon
propagators. We note that the approach initially developed in
Ref. [23] leads to the same result as the formalism of Ref. [26]
but it implies the summation of the infinite sequences of
Feynman diagrams describing the electron-nucleus interaction
via photon exchange. In this case, the three discussed possibil-
ities correspond to the summation of the diagrams with zero,
one, and two transverse photons and an arbitrary number of
the Coulomb photons.

To all orders in αZ , the NMS contribution for the state |ψa〉
can be expressed as follows [23,26]:

ENMS = 〈ψa|P(εa)|ψa〉, (8)

where we have introduced the operator P(E ) by

〈ψi|P(E )|ψk〉 = i

2π

∫ ∞

−∞
dω

∑
n

〈ψiψn|R(ω)|ψnψk〉
E − ω − εn(1 − i0)

, (9)

with

R(ω) = 1

M
[p1 − D1(ω)] · [p2 − D2(ω)]. (10)

In Eq. (9), |ψiψn〉 = |ψi〉|ψn〉 is the direct product of the
one-electron wave functions. The operator D(ω) in Eq. (10)
is related to the transverse part of the photon propagator (7),
and its kth Cartesian component, Dk (ω), is equal to

Dk (ω) = −4παZαl Dlk (ω). (11)

The ω → 0 limit of the operator D(ω) coincides with formula
(4). The indices 1 and 2 in Eq. (10) designate the electron, on
which the corresponding operators act. Let us rewrite R(ω) in
the form

R(ω) = Rc + Rtr1(ω) + Rtr2(ω), (12)

Rc = 1

M
p1 · p2, (13)

Rtr1(ω) = − 1

M
[p1 · D2(ω) + D1(ω) · p2], (14)

Rtr2(ω) = 1

M
D1(ω) · D2(ω). (15)

Substituting Eq. (12) into Eq. (8), one arrives at the Coulomb,
one-transverse-photon, and two-transverse-photon contribu-
tions to the NMS.

Let us turn to the discussion of the SMS contribution which
corresponds to the Feynman diagrams in Fig. 2. For simplicity,
we consider the case of a one-determinant unperturbed wave
function,


ab(r1, r2) = 1√
2

∑
P

(−1)PψPa(r1)ψPb(r2), (16)

where P is the permutation operator. The generalization to the
case of a many-determinant wave function is straightforward.
The nonperturbative (in αZ) expression for the SMS contribu-
tion reads [24,26]

ESMS = −〈ψbψa|R(�)|ψaψb〉, (17)

where � = εa − εb. The formula (17) gives the “exchange”
term for the two-electron operator R. The “direct” one is equal
to zero, since the matrix elements of the operators p and D
are zeros for states of the same parity. Substituting (12) into
Eq. (17), one obtains the expansion of the SMS contribution
into the Coulomb, one-transverse-photon, and two-transverse-
photon parts.

Over the past three decades, numerous QED calculations
of the nuclear recoil effect on binding energies were car-
ried out [4,29,31–34,84,88,97,98]. We should note that the
expressions (8) and (17) with the operator D defined by
Eq. (11) are derived for the point-nucleus case. In Ref. [33],
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it was argued that the dominant part of the finite nuclear
size (FNS) correction to the nuclear recoil effect can be
accounted for by employing the potential of the extended
nucleus in Eq. (5), and since that paper this prescription is
usually used in the QED calculations of the mass shift. It
was also found there that the treatment of the FNS correction
to the nuclear recoil effect within the Breit approximation
defined by the operator (1) leads to an artificial contribution
of order (m/M )(αZ )5(Rnucl/λ̄)mc2 which even exceeds the
main contribution of order (m/M )(αZ )4(Rnucl/λ̄)2mc2 [here
λ̄ = h̄/(mc) is the Compton wavelength]. This artificial con-
tribution arises from the first (Coulomb) term in Eq. (1).
However, it is completely canceled by the corresponding
FNS correction to the Coulomb part of the QED nuclear
recoil effect, which means that the rigorous theory for the
FNS contribution beyond the main (m/M )(αZ )4(Rnucl/λ̄)2mc2

term can be formulated only within the framework of QED.
In Ref. [99], an additional FNS correction, which results
from modifying the Breit-approximation mass-shift opera-
tor (1) by inserting the form factor into the nuclear vertex
[100,101], was evaluated. This operator differs from the one
obtained by considering the zero-frequency limit of the pho-
ton propagator in the modified Coulomb gauge [102,103].
The main difference between the results obtained using these
two operators is due to a spurious contribution of the order
(m/M )(αZ )5(Rnucl/λ̄)mc2 in the one-transverse-photon part,
which occurs only in the calculation with the operator from
Refs. [102,103]. Like to the case of the Coulomb contribution,
this spurious term is canceled by the related FNS contribution
to the one-transverse-photon QED correction, provided it is
also calculated with the photon propagator in the modified
Coulomb gauge [102,103]. In Refs. [34,71,104], the addi-
tional FNS correction from Ref. [99], which is free from the
spurious term, was used to estimate the uncertainty of the
calculations based on the prescription of Ref. [33]. To date,
the most elaborated evaluation of the FNS correction to the
nuclear recoil effect was performed within the QED approach
in Ref. [102]. This calculation accomplished for the 1s state
has confirmed that the dominant part of the FNS correction
to the nuclear recoil effect is indeed covered by the recipe
of Ref. [33], which we also follow here. The rigorous QED
treatment of the total FNS correction to the nuclear recoil
effect lies beyond the scope of the present work.

Restricting Eqs. (8) and (17) by the lowest-order relativistic
approximation leads to the NMS and SMS parts of the MS
operator (1), respectively. Until recently, all nonperturbative
(in αZ) calculations were limited by the zeroth order in 1/Z ,
i.e., the electron-electron interaction corrections to the nuclear
recoil effect were considered at best only within the Breit
approximation. In our recent works, we have advanced the
QED theory of the nuclear recoil effect. Specifically, we have
considered to all orders in αZ the electron-electron interaction
correction of first order in 1/Z to the one-electron [105] and
two-electron [106] parts of the nuclear recoil effect on binding
energies in atoms and ions. These higher-order QED contribu-
tions being also beyond the scope of the present work can be
calculated additionally if needed.

Finally, the radiative (∼α) as well as the second-order
(in m/M) recoil corrections are accessible nowadays only
within the αZ-expansion approaches, see Refs. [107–109] and

FIG. 3. Self-energy diagram.

references therein. These contributions are also not considered
in this paper.

III. MODEL-QED OPERATOR FOR THE NUCLEAR
RECOIL EFFECT

The QED calculations for many-electron systems, becom-
ing increasingly relevant in view of the considerable progress
of the experiment, are complicated and in many cases cur-
rently inaccessible. This is true for the radiative corrections
as well as for the QED treatment of the nuclear recoil effect.
For this reason, there is a vital need for a simple approxi-
mate approach for taking into account the QED corrections in
various relativistic calculations. The conventional first-order
QED corrections correspond to the self-energy (SE), vacuum-
polarization (VP), and one-photon-exchange diagrams shown
in Figs. 3–5, respectively. The approximate model-QED-
operator approach to evaluate these effects has been suggested
recently by our group in Refs. [46–48]. In this section, the
analogy will be traced that allows us to construct a simi-
lar approach for the nuclear recoil contributions beyond the
lowest-order relativistic approximation.

The model-QED-operator approach [46] is worked out
within the TTGF method. It is based on the fact that the QED
effects to first order in α can be described by an effective
Hamiltonian acting in the subspace which is spanned by all
Slater determinants made up of the positive-energy solutions
of the Dirac equation (5), see Ref. [110] for details. This
effective Hamiltonian has the form

H = (+)

⎡
⎣ N∑

i

(
hD

i + hSE
i + hVP

i

)+
N∑

i< j

h1ph
i j

⎤
⎦(+), (18)

where (+) is the product of the one-electron projectors on the
positive-energy eigenfunctions of the Dirac Hamiltonian hD,
and the operators hSE, hVP, and h1ph arise from the diagrams
in Figs. 3–5, respectively. According to the QED theory of the
nuclear recoil effect, described briefly in Sec. II, to first order

FIG. 4. Vacuum-polarization diagram.
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FIG. 5. One-photon exchange diagram.

in m/M and to all orders in αZ , the Hamiltonian H has to be
supplemented by the term

δH = (+)

⎡
⎣ N∑

i

hNMS
i +

N∑
i< j

hSMS
i j

⎤
⎦(+), (19)

where the operators hNMS and hSMS are associated with the
diagrams in Figs. 1 and 2, respectively. Below we discuss
how the part of the operator δH which is beyond the Breit
approximation can be adapted for the practical relativistic
electronic-structure calculations. We note that the entire for-
malism can be generalized to the case where the potential V
in Eq. (5) along with the nuclear potential includes also some
local screening potential Vscr modeling the interelectronic-
interaction effects within the initial approximation, i.e., to the
extended version of the Furry picture.

Let us start with the analogy between the one-photon-
exchange diagram in Fig. 5 and the two-electron nuclear recoil
diagrams in Fig. 2. For the one-photon-exchange diagram, the
TTGF method leads to the following symmetric expression
[96,110]:

h1ph =
εi1 ,εi2 ,εk1 ,εk2 >0∑

i1 �=i2,k1 �=k2

∣∣ψi1ψi2

〉〈
ψi1ψi2

∣∣1
2

[
I
(
εi1 − εk1

)
+ I

(
εi2 − εk2

)]∣∣ψk1ψk2

〉〈
ψk1ψk2

∣∣, (20)

where the indices i1, i2, k1, and k2 enumerate the positive-
energy one-electron Dirac eigenfunctions,

I (ω) = e2α
μ
1 αν

2 Dμν (ω, r12), (21)

where αμ ≡ γ 0γ μ = (1,α) are the Dirac matrices, and the
photon propagator in the Coulomb gauge is given by Eqs. (6)
and (7). The matrix elements for the two-electron nuclear
recoil diagrams are derived within the TTGF method in
Appendix A, see Eq. (A21) for the final formula. As a result,
the operator hSMS can be represented as

hSMS =
εi1 ,εi2 ,εk1 ,εk2 >0∑

i1 �=i2,k1 �=k2

∣∣ψi1ψi2

〉〈
ψi1ψi2

∣∣1
2

[
R
(
εi1 − εk1

)
+ R

(
εi2 − εk2

)]∣∣ψk1ψk2

〉〈
ψk1ψk2

∣∣, (22)

where the operator R(ω) is defined by Eq. (10). Therefore,
the expressions (20) and (22) differ only by the replace-
ment of I with R. Taking the photon propagator Dμν (ω, r12)
in the Coulomb gauge at the zero-energy transfer (ω =
0), one obtains from Eq. (20) the interaction part of the
Dirac-Coulomb-Breit Hamiltonian. In the Coulomb gauge,

the formula (20) considered beyond the lowest-order relativis-
tic approximation leads to the so-called frequency-dependent
Breit interaction. The corresponding correction is readily
taken into account within the electronic-structure calculations,
see, e.g., Refs. [57,60,111–114], and does not require the
construction of the model operator. When omitting the two-
transverse-photon contribution and taking the ω → 0 limit in
R(ω), the expression (22) boils down to the SMS part of the
mass-shift operator (1). The remaining part of the contribution
given by Eq. (22) can be treated on equal footing with the
frequency-dependent Breit-interaction correction.

Now we turn to the discussion of the one-electron contri-
butions. The VP diagram in Fig. 4 does not have a counterpart
in the QED theory of the nuclear recoil effect. Therefore,
we focus on the SE diagram in Fig. 3 and the one-electron
nuclear recoil diagrams in Fig. 1. First, let us introduce the SE
operator �(E ),

〈ψi|�(E )|ψk〉 = i

2π

∫ ∞

−∞
dω

∑
n

〈ψiψn|I (ω)|ψnψk〉
E − ω − εn(1 − i0)

.

(23)

This formal expression suffers from ultraviolet divergences
and has to be renormalized together with the mass countert-
erm, see, e.g., Refs. [115–118]. Within the TTGF method,
one can obtain the following symmetric expression for the
operator hSE [46,110]:

hSE =
εi,εk>0∑

i,k

|ψi〉〈ψi|1

2
[�R(εi ) + �R(εk )]|ψk〉〈ψk|, (24)

where �R(ε) is the renormalized SE operator. The cor-
responding diagonal and off-diagonal matrix elements are
tabulated, e.g., in Refs. [46,47]. The matrix elements for the
one-electron nuclear recoil diagrams are considered in the
framework of the TTGF method in Appendix A, see Eq. (A14)
for the final expression. In contrast to the SE diagram, this
contribution is ultraviolet finite and does not require any
regularization. Nevertheless, its evaluation is a complex task
compared with the calculations with the mass-shift Hamilto-
nian (1). The operator hNMS valid to all orders in αZ can be
written in the form

hNMS =
εi,εk>0∑

i,k

|ψi〉〈ψi|1

2
[P(εi ) + P(εk )]|ψk〉〈ψk|. (25)

The analogy between Eqs. (24) and (25) is evident and
is employed in the present work to develop the model-
QED-operator approach for the one-electron nuclear recoil
contribution. Since within the Breit approximation this con-
tribution can be treated by means of the operator

hNMS
Breit = 1

2M
[p2 − 2D(0) · p], (26)

we construct the model operator for the remaining (QED) part
of hNMS, namely, for

hNMS
h.o. ≡

εi,εk>0∑
i,k

|ψi〉〈ψi|
{

1

2
[P(εi ) + P(εk )] − hNMS

Breit

}
|ψk〉〈ψk|.

(27)
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The model-operator approach should simultaneously solve
two issues. First, since there is no simple-enough procedure
for the ab initio evaluation of the P-operator matrix elements
for arbitrary levels (including the continuum-spectrum levels),
one has to terminate the summation in Eq. (27). Second,
the short interaction range should be kept. To address these
problems, similarly to Ref. [46], we approximate the QED
recoil operator hNMS

h.o. by a sum of semilocal (with respect to
r) and nonlocal potentials

h̃NMS
h.o. = Vs.l. + Vn.l.. (28)

The operator P, like the operator �R, conserves the relativistic
angular quantum number κ = (−1) j+l+1/2( j + 1/2), where j
and l are the total and orbital angular momenta, respectively.
For this reason, the semilocal potential can be written as

Vs.l. =
∑

κ

V κ
s.l.Pκ , (29)

where the projector Pκ acts only on the angular variables, and
its kernel is

Pκ (n, n′) =
⎛
⎝
∑
m

�κm(n)�†
κm(n′) 0

0
∑
m

�−κm(n)�†
−κm(n′)

⎞
⎠,

(30)
with �κm(n) being the spherical spinor and n = r/r. In
Eq. (29), we take

V κ
s.l.(r) = Aκ exp (−r/λ̄), (31)

where the parameters Aκ are chosen to reproduce the ab initio
values of the diagonal matrix elements of the operator hNMS

h.o.

for the state with the lowest principal quantum number n for a
given κ . The nonlocal potential can be written in the form

Vn.l. =
n∑

j,l=1

|φ j〉Bjl〈φl |, (32)

where the functions {φi}n
i=1, as in Ref. [46], are chosen to be

φi(r) = 1
2 [I − (−1)siβ]ρli (r)ψi(r). (33)

Here the index si = ni − li enumerates the positive-energy
states for the given angular symmetry, I and β are the identity
and the standard Dirac matrices, respectively, and the fac-
tors ρli (r) = exp[−2αZ (r/λ̄)/(1 + li )] provide the stronger
localization of the functions {φi}n

i=1 as compared with the
eigenfunctions {ψi}n

i=1 of the Dirac equation (5). Finally, the
coefficients Bjl in Eq. (32) are determined from the condition
that the matrix elements of the model-QED operator h̃NMS

h.o.

evaluated in the space spanned by the functions {ψi}n
i=1 coin-

cide with the exact ones. This leads to the following equations:

n∑
j,l

〈ψi|φ j〉Bjl〈φl |ψk〉

= 〈ψi|
{

1

2
[P(εi ) + P(εk )] − hNMS

Breit − Vs.l.

}
|ψk〉 (34)

for i, k = 1, . . . , n, see Ref. [46] for details. We note that the
model-QED operator for the nuclear recoil effect is worked
out in such a way that the QEDMOD Fortran package [48] can

be readily adapted to incorporate it. We propose to refer to the
resulting package as the RECMOD one.

Therefore, to determine the model-QED operator we need
to calculate the diagonal and off-diagonal matrix elements of
the QED recoil operator hNMS

h.o. with the Dirac-Coulomb wave
functions. So far, only calculations of the diagonal matrix
elements have been presented in the literature. In this work,
the expressions derived within the TTGF method are em-
ployed for the ab initio QED evaluation of the one-electron
nuclear recoil contributions. Concluding the description of the
model-QED operator, we note that in practical calculations
we construct the model operator employing the functions (33)
which correspond to the ns states with the principal quantum
number n � 3 and the np1/2, np3/2, nd3/2, and nd5/2 states
with n � 4.

IV. TEST OF THE MODEL-QED OPERATOR FOR THE
NUCLEAR RECOIL EFFECT

In the present work, to obtain the diagonal and off-diagonal
matrix elements of the higher-order operator hNMS

h.o. , we first
evaluate the corresponding values for the operator hNMS and
then numerically subtract the Breit contribution given by the
operator hNMS

Breit . For the Coulomb part of the nuclear recoil
effect, this subtraction is readily accomplished analytically by
omitting the summation over the positive-energy states and
doubling the contribution of the negative-energy continuum
in Eq. (B2). This can be useful to avoid large cancellations
for low values of Z . The calculations are performed for the
ns, np1/2, np3/2, nd3/2, and nd5/2 states with the principal
quantum number n � 5 in the wide range of Z = 5–100
using the Dirac-Coulomb wave functions. The evaluation
is carried out for the potential of the extended nucleus in
Eq. (5). The nuclear-charge distribution is described by the
homogeneously-charged-sphere model for Z � 14, and by the
Fermi model otherwise. The nuclear-charge radii are taken
from Refs. [104,119]. The one-electron basis set to represent
the electron Green’s function is constructed from B splines
[120] within the dual-kinetic-balance approach [121]. The ω

integration is performed in accordance with the equations pre-
sented in Appendix B.

The results of the ab initio calculations are conveniently
expressed in terms of the dimensionless function Fnink (αZ )
defined by

〈ψi|hNMS
h.o. |ψk〉 = m

M

(αZ )5

(nink )3/2 Fnink (αZ )mc2. (35)

Our data for the ns, np1/2, np3/2, nd3/2, and nd5/2 states
are presented in Tables I–V, respectively. The individual
Coulomb, one- and two-transverse-photon corrections as well
as the total QED recoil contributions are shown. The uncer-
tainties due to the approximate treatment of the nuclear-size
correction are omitted, and with this in mind the values are ac-
curate to all digits quoted. The function Fnink (αZ ) for values of
Z not listed in Tables I–V can be obtained using a polynomial
fitting,

Fnink (αZ ) =
N∑

n=1

Fnink (αZn)
∏
m �=n

Z − Zm

Zn − Zm
. (36)
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TABLE I. Matrix elements of the operator hNMS
h.o. for the ns states calculated with the Dirac-Coulomb wave functions for the extended nuclei.

Labels (ni, nk ) stand for the function Fnink defined by Eq. (35). Rows labeled “c,” “tr1,” “tr2,” and “tot” contain the Coulomb, one-transverse-
photon, two-transverse-photon, and total nuclear recoil contributions, respectively.

Z Term (1,1) (1,2) (1,3) (1,4) (1,5) (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

5 c −0.38522 −0.38532 −0.38531 −0.38530 −0.38528 −0.38542 −0.38540 −0.38539 −0.38538 −0.38539 −0.38538 −0.38537 −0.38537 −0.38536 −0.38535

tr1 2.73291 2.80247 2.80794 2.80923 2.80968 2.92571 2.94192 2.94448 2.94525 2.97187 2.97825 2.97968 2.98997 2.99314 2.99890

tr2 −0.97002 −0.93991 −0.93526 −0.93365 −0.93291 −0.93021 −0.92415 −0.92237 −0.92156 −0.92221 −0.92003 −0.91917 −0.91932 −0.91830 −0.91796

tot 1.37767 1.47725 1.48737 1.49028 1.49149 1.61008 1.63236 1.63672 1.63831 1.66426 1.67284 1.67514 1.68528 1.68949 1.69560

10 c −0.35934 −0.35973 −0.35970 −0.35965 −0.35961 −0.36014 −0.36010 −0.36006 −0.36002 −0.36007 −0.36002 −0.35999 −0.35998 −0.35994 −0.35990

tr1 2.22748 2.29820 2.30346 2.30451 2.30478 2.42164 2.43753 2.43983 2.44040 2.46708 2.47317 2.47439 2.48457 2.48752 2.49305

tr2 −0.65044 −0.61934 −0.61459 −0.61292 −0.61213 −0.60724 −0.60083 −0.59894 −0.59808 −0.59833 −0.59599 −0.59506 −0.59505 −0.59393 −0.59347

tot 1.21770 1.31912 1.32916 1.33194 1.33304 1.45427 1.47660 1.48083 1.48230 1.50867 1.51716 1.51935 1.52954 1.53365 1.53968

15 c −0.34002 −0.34093 −0.34087 −0.34078 −0.34070 −0.34186 −0.34180 −0.34171 −0.34163 −0.34175 −0.34165 −0.34157 −0.34155 −0.34147 −0.34139

tr1 1.95262 2.02557 2.03060 2.03134 2.03137 2.15064 2.16624 2.16819 2.16849 2.19543 2.20116 2.20211 2.21217 2.21484 2.22007

tr2 −0.48917 −0.45702 −0.45212 −0.45037 −0.44953 −0.44251 −0.43573 −0.43374 −0.43281 −0.43267 −0.43016 −0.42916 −0.42898 −0.42777 −0.42718

tot 1.12343 1.22761 1.23760 1.24019 1.24115 1.36627 1.38870 1.39275 1.39405 1.42101 1.42936 1.43139 1.44163 1.44560 1.45149

20 c −0.32433 −0.32595 −0.32587 −0.32570 −0.32557 −0.32763 −0.32754 −0.32738 −0.32725 −0.32746 −0.32730 −0.32717 −0.32714 −0.32701 −0.32687

tr1 1.77226 1.84842 1.85320 1.85357 1.85329 1.97645 1.99178 1.99333 1.99329 2.02067 2.02599 2.02661 2.03655 2.03887 2.04373

tr2 −0.38809 −0.35477 −0.34970 −0.34785 −0.34695 −0.33781 −0.33063 −0.32852 −0.32752 −0.32701 −0.32432 −0.32324 −0.32291 −0.32160 −0.32089

tot 1.05985 1.16769 1.17764 1.18001 1.18077 1.31101 1.33361 1.33743 1.33852 1.36621 1.37437 1.37620 1.38649 1.39027 1.39597

25 c −0.31216 −0.31472 −0.31460 −0.31436 −0.31416 −0.31736 −0.31725 −0.31702 −0.31681 −0.31715 −0.31691 −0.31671 −0.31668 −0.31647 −0.31627

tr1 1.64447 1.72480 1.72933 1.72925 1.72860 1.85711 1.87222 1.87330 1.87286 1.90087 1.90570 1.90593 1.91576 1.91768 1.92211

tr2 −0.31779 −0.28313 −0.27786 −0.27591 −0.27495 −0.26362 −0.25602 −0.25379 −0.25273 −0.25183 −0.24896 −0.24782 −0.24733 −0.24593 −0.24511

tot 1.01453 1.12695 1.13687 1.13898 1.13950 1.27614 1.29894 1.30249 1.30332 1.33189 1.33983 1.34140 1.35175 1.35528 1.36073

30 c −0.30286 −0.30657 −0.30642 −0.30609 −0.30581 −0.31043 −0.31030 −0.30997 −0.30969 −0.31018 −0.30985 −0.30957 −0.30952 −0.30924 −0.30896

tr1 1.55087 1.63638 1.64065 1.64006 1.63898 1.77439 1.78929 1.78984 1.78894 1.81776 1.82205 1.82183 1.83153 1.83299 1.83691

tr2 −0.26564 −0.22946 −0.22396 −0.22191 −0.22089 −0.20725 −0.19921 −0.19685 −0.19573 −0.19443 −0.19139 −0.19019 −0.18955 −0.18806 −0.18713

tot 0.98237 1.10035 1.11027 1.11205 1.11229 1.25671 1.27978 1.28301 1.28352 1.31315 1.32081 1.32207 1.33246 1.33569 1.34083

35 c −0.29603 −0.30113 −0.30096 −0.30052 −0.30014 −0.30648 −0.30633 −0.30589 −0.30551 −0.30619 −0.30575 −0.30537 −0.30531 −0.30494 −0.30456

tr1 1.48188 1.57368 1.57768 1.57649 1.57493 1.71892 1.73366 1.73359 1.73216 1.76199 1.76567 1.76492 1.77449 1.77541 1.77876

tr2 −0.22514 −0.18723 −0.18146 −0.17931 −0.17823 −0.16210 −0.15359 −0.15112 −0.14994 −0.14822 −0.14501 −0.14375 −0.14296 −0.14139 −0.14036

tot 0.96071 1.08532 1.09526 1.09667 1.09656 1.25033 1.27373 1.27658 1.27670 1.30758 1.31490 1.31579 1.32622 1.32908 1.33384

40 c −0.29195 −0.29873 −0.29852 −0.29796 −0.29747 −0.30590 −0.30573 −0.30516 −0.30466 −0.30556 −0.30500 −0.30451 −0.30443 −0.30394 −0.30345

tr1 1.43210 1.53146 1.53516 1.53330 1.53116 1.68567 1.70027 1.69950 1.69744 1.72853 1.73149 1.73014 1.73958 1.73987 1.74255

tr2 −0.19255 −0.15264 −0.14657 −0.14432 −0.14318 −0.12434 −0.11533 −0.11273 −0.11151 −0.10934 −0.10597 −0.10466 −0.10371 −0.10208 −0.10096

tot 0.94760 1.08009 1.09006 1.09102 1.09051 1.25543 1.27922 1.28160 1.28127 1.31363 1.32053 1.32097 1.33144 1.33385 1.33813

45 c −0.28962 −0.29837 −0.29813 −0.29741 −0.29680 −0.30771 −0.30752 −0.30680 −0.30617 −0.30734 −0.30662 −0.30599 −0.30590 −0.30528 −0.30465

tr1 1.39815 1.50651 1.50991 1.50726 1.50446 1.67173 1.68623 1.68463 1.68185 1.71446 1.71660 1.71453 1.72383 1.72338 1.72528

tr2 −0.16544 −0.12323 −0.11683 −0.11447 −0.11329 −0.09142 −0.08185 −0.07915 −0.07789 −0.07522 −0.07169 −0.07034 −0.06924 −0.06755 −0.06636

tot 0.94309 1.08491 1.09494 1.09538 1.09438 1.27260 1.29685 1.29868 1.29779 1.33189 1.33829 1.33820 1.34868 1.35055 1.35427

50 c −0.28966 −0.30076 −0.30049 −0.29960 −0.29882 −0.31274 −0.31253 −0.31162 −0.31083 −0.31233 −0.31143 −0.31063 −0.31053 −0.30974 −0.30895

tr1 1.37825 1.49734 1.50041 1.49685 1.49328 1.67601 1.69042 1.68786 1.68422 1.71867 1.71985 1.71694 1.72607 1.72476 1.72574

tr2 −0.14225 −0.09735 −0.09058 −0.08811 −0.08689 −0.06159 −0.05143 −0.04862 −0.04734 −0.04412 −0.04043 −0.03906 −0.03780 −0.03607 −0.03483

tot 0.94635 1.09923 1.10934 1.10915 1.10757 1.30167 1.32646 1.32762 1.32606 1.36223 1.36799 1.36725 1.37774 1.37895 1.38197

55 c −0.29187 −0.30578 −0.30546 −0.30435 −0.30339 −0.32095 −0.32071 −0.31957 −0.31858 −0.32048 −0.31936 −0.31836 −0.31823 −0.31725 −0.31626

tr1 1.37139 1.50332 1.50602 1.50138 1.49690 1.69837 1.71273 1.70902 1.70435 1.74104 1.74107 1.73716 1.74609 1.74376 1.74364

tr2 −0.12177 −0.07373 −0.06655 −0.06397 −0.06272 −0.03346 −0.02265 −0.01974 −0.01845 −0.01461 −0.01078 −0.00940 −0.00798 −0.00623 −0.00495

tot 0.95775 1.12381 1.13401 1.13306 1.13080 1.34396 1.36937 1.36970 1.36732 1.40595 1.41094 1.40939 1.41988 1.42028 1.42243

60 c −0.29655 −0.31383 −0.31346 −0.31209 −0.31091 −0.33290 −0.33262 −0.33121 −0.32997 −0.33237 −0.33097 −0.32973 −0.32957 −0.32834 −0.32711

tr1 1.37742 1.52478 1.52707 1.52116 1.51560 1.73991 1.75421 1.74912 1.74320 1.78262 1.78127 1.77613 1.78485 1.78126 1.77983

tr2 −0.10311 −0.05136 −0.04371 −0.04103 −0.03976 −0.00586 0.00568 0.00866 0.00994 0.01451 0.01846 0.01982 0.02140 0.02316 0.02445

tot 0.97776 1.15959 1.16991 1.16804 1.16493 1.40115 1.42726 1.42657 1.42317 1.46476 1.46877 1.46623 1.47668 1.47608 1.47717

65 c −0.30346 −0.32477 −0.32433 −0.32264 −0.32118 −0.34859 −0.34827 −0.34650 −0.34496 −0.34797 −0.34622 −0.34468 −0.34448 −0.34295 −0.34142

tr1 1.39653 1.56256 1.56438 1.55692 1.55005 1.80235 1.81660 1.80981 1.80238 1.84514 1.84208 1.83546 1.84389 1.83879 1.83575

tr2 −0.08548 −0.02930 −0.02110 −0.01834 −0.01707 0.02239 0.03473 0.03778 0.03900 0.04443 0.04849 0.04979 0.05155 0.05327 0.05453

tot 1.00759 1.20849 1.21894 1.21594 1.21181 1.47615 1.50307 1.50108 1.49641 1.54161 1.54436 1.54057 1.55096 1.54911 1.54886

70 c −0.31232 −0.33841 −0.33787 −0.33579 −0.33399 −0.36799 −0.36759 −0.36540 −0.36347 −0.36723 −0.36505 −0.36313 −0.36288 −0.36097 −0.35908

tr1 1.42920 1.61795 1.61919 1.60986 1.60140 1.88822 1.90239 1.89347 1.88416 1.93107 1.92588 1.91740 1.92549 1.91850 1.91349

tr2 −0.06814 −0.00659 0.00221 0.00504 0.00629 0.05251 0.06578 0.06883 0.06996 0.07644 0.08057 0.08176 0.08370 0.08534 0.08652

tot 1.04875 1.27294 1.28353 1.27911 1.27370 1.57274 1.60058 1.59691 1.59065 1.64028 1.64140 1.63604 1.64632 1.64287 1.64094
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TABLE I. (Continued.)

Z Term (1,1) (1,2) (1,3) (1,4) (1,5) (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

75 c −0.32549 −0.35759 −0.35691 −0.35433 −0.35211 −0.39453 −0.39402 −0.39126 −0.38884 −0.39356 −0.39082 −0.38841 −0.38809 −0.38571 −0.38333

tr1 1.47873 1.69560 1.69615 1.68447 1.67403 2.00416 2.01820 2.00658 1.99487 2.04699 2.03909 2.02826 2.03592 2.02654 2.01905

tr2 −0.05043 0.01769 0.02718 0.03006 0.03124 0.08588 0.10018 0.10320 0.10416 0.11193 0.11607 0.11710 0.11923 0.12071 0.12176

tot 1.10281 1.35569 1.36642 1.36020 1.35316 1.69551 1.72436 1.71852 1.71020 1.76536 1.76435 1.75695 1.76706 1.76155 1.75747

80 c −0.34201 −0.38148 −0.38061 −0.37740 −0.37464 −0.42763 −0.42697 −0.42346 −0.42041 −0.42636 −0.42288 −0.41984 −0.41944 −0.41643 −0.41344

tr1 1.54661 1.79852 1.79817 1.78353 1.77061 2.15549 2.16928 2.15416 2.13939 2.19812 2.18670 2.17284 2.17994 2.16751 2.15685

tr2 −0.03149 0.04481 0.05512 0.05799 0.05904 0.12435 0.13985 0.14275 0.14345 0.15285 0.15692 0.15767 0.16002 0.16125 0.16205

tot 1.17310 1.46185 1.47268 1.46412 1.45501 1.85221 1.88217 1.87344 1.86242 1.92461 1.92074 1.91067 1.92053 1.91233 1.90546

85 c −0.36306 −0.41174 −0.41059 −0.40655 −0.40311 −0.46965 −0.46873 −0.46425 −0.46037 −0.46790 −0.46345 −0.45959 −0.45905 −0.45523 −0.45144

tr1 1.63702 1.93323 1.93169 1.91323 1.89711 2.35228 2.36560 2.34585 2.32707 2.39433 2.37827 2.36044 2.36680 2.35036 2.33560

tr2 −0.01033 0.07635 0.08759 0.09038 0.09122 0.17037 0.18726 0.18989 0.19019 0.20169 0.20557 0.20590 0.20847 0.20930 0.20972

tot 1.26363 1.59784 1.60868 1.59705 1.58523 2.05300 2.08413 2.07149 2.05688 2.12813 2.12039 2.10675 2.11622 2.10444 2.09389

90 c −0.38702 −0.44677 −0.44520 −0.44010 −0.43578 −0.51919 −0.51786 −0.51209 −0.50714 −0.51663 −0.51091 −0.50598 −0.50525 −0.50038 −0.49556

tr1 1.75133 2.10335 2.10012 2.07668 2.05645 2.60204 2.61445 2.58850 2.56441 2.64273 2.62044 2.59735 2.60271 2.58100 2.56088

tr2 0.01421 0.11420 0.12652 0.12910 0.12960 0.22699 0.24550 0.24765 0.24734 0.26162 0.26508 0.26477 0.26758 0.26781 0.26763

tot 1.37852 1.77078 1.78144 1.76568 1.75027 2.30984 2.34209 2.32407 2.30461 2.38771 2.37461 2.35614 2.36504 2.34843 2.33295

95 c −0.41854 −0.49261 −0.49042 −0.48389 −0.47841 −0.58420 −0.58224 −0.57469 −0.56827 −0.58041 −0.57292 −0.56654 −0.56554 −0.55925 −0.55303

tr1 1.90110 2.32575 2.32009 2.28996 2.26423 2.92969 2.94048 2.90596 2.87462 2.96770 2.93682 2.90655 2.91052 2.88165 2.85430

tr2 0.04388 0.16136 0.17494 0.17710 0.17706 0.29916 0.31958 0.32091 0.31964 0.33768 0.34040 0.33910 0.34216 0.34144 0.34034

tot 1.52644 1.99450 2.00461 1.98317 1.96288 2.64465 2.67782 2.65218 2.62599 2.72497 2.70430 2.67911 2.68714 2.66385 2.64162

100 c −0.46128 −0.55459 −0.55147 −0.54294 −0.53585 −0.67246 −0.66950 −0.65939 −0.65090 −0.66671 −0.65670 −0.64826 −0.64685 −0.63855 −0.63036

tr1 2.10097 2.62283 2.61355 2.57412 2.54084 3.36987 3.37777 3.33100 3.28946 3.40283 3.35972 3.31931 3.32130 3.28239 3.24499

tr2 0.08150 0.22261 0.23765 0.23905 0.23814 0.39473 0.41740 0.41733 0.41457 0.43786 0.43926 0.43643 0.43973 0.43754 0.43500

tot 1.72118 2.29085 2.29973 2.27024 2.24312 3.09214 3.12568 3.08893 3.05313 3.17398 3.14228 3.10748 3.11418 3.08138 3.04962

The model-QED operator for the nuclear recoil effect is
constructed using the matrix elements for the ns states with
n � 3 and the np and nd states with n � 4. By definition,
the operator exactly reproduces the QED recoil contributions
for these states. For this reason, the “predictive power” of
the operator can be tested by applying it to evaluation of the
corresponding corrections for the states with higher values of
the principal quantum number. In Table VI, the nuclear recoil
contributions beyond the Breit approximation are given for the
4s, 5s, 5p1/2, 5p3/2, 5d3/2, and 5d5/2 states in hydrogenlike
ions. The columns labeled 〈ψv|Vs.l.|ψv〉 and 〈ψv|h̃NMS

h.o. |ψv〉
contain the predictions obtained using the semilocal part (29)
of the model-QED operator and the total model-QED operator
(28), respectively. These values are compared with the ab
initio results taken from Tables I–V and shown in the last
column. As one can see, there is generally good agreement
between the data, especially for the s states. We stress the
importance of the nonlocal part of the model-QED operator.
For the np and nd states the functions Fnink change the sign for
the middle values of Z and, accordingly, have small absolute
values there. As a result, the relative accuracy of the model-
QED-operator predictions slightly decreases in these regions.

To date, the QED contribution to the NMS in
many-electron systems was usually evaluated within the
independent-electron approximation by performing the
calculations in the extended Furry picture, see, e.g.,
Refs. [4,10,84]. To demonstrate the performance of the
developed model-QED-operator approach, we apply it to
evaluation of the nuclear recoil effect on valence-electron

energies in neutral alkali metals. First, we perform ab initio
calculations of the one-electron contribution for the ns
states by using a local effective potential as V in Eq. (5).
We use the core-Hartree (CH) and xα potentials, which are
discussed in Appendix C. The results of ab initio calculations
of the QED contribution to the NMS are presented in
Table VII in rows labeled “Exact.” The model-QED-operator
values are obtained by averaging the operator (28) with
the valence-electron wave functions determined from the
Dirac equation (5), in which the potential V is given by
Eq. (C3). Along with the total model-operator predictions,
〈ψv|h̃NMS

h.o. |ψv〉, the results 〈ψv|Vs.l.|ψv〉 for the semilocal part
(29) only are shown as well. As it is seen from Table VII,
for all the alkali metals there is good agreement between the
approximate and exact values. Therefore, the model-QED
operator based on the calculations for hydrogenlike ions
works also reasonably well in the nonhydrogenic cases.

To conclude the discussion of alkali metals, let us note that,
as in Ref. [122], the strong dependence of the final results on
the choice of the potential for the initial approximation takes
place. The scatter of the results is related obviously with the
approximate treatment of the interelectronic-interaction ef-
fects. We believe that the developed model-QED operator for
the nuclear recoil effect merged with the standard methods to
treat the electron correlations will make it possible to perform
much more accurate evaluation. However, such calculations
are out of the scope of the present work. We reserve systematic
calculations with the model-QED operator for the nuclear
recoil effect for future research.
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TABLE II. Matrix elements of the operator hNMS
h.o. for the np1/2 states calculated with the Dirac-Coulomb wave functions for the extended

nuclei. The notations are the same as in Table I.

Z Term (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

5 c −0.00021 −0.00022 −0.00023 −0.00023 −0.00024 −0.00025 −0.00025 −0.00026 −0.00026 −0.00026
tr1 −0.04748 −0.04734 −0.04921 −0.05021 −0.04134 −0.04170 −0.04296 −0.03843 −0.03863 −0.03679
tr2 −0.03802 −0.03395 −0.03302 −0.03264 −0.03570 −0.03442 −0.03400 −0.03489 −0.03432 −0.03451
tot −0.08570 −0.08151 −0.08246 −0.08308 −0.07729 −0.07637 −0.07720 −0.07357 −0.07320 −0.07156

10 c −0.00076 −0.00083 −0.00085 −0.00086 −0.00090 −0.00092 −0.00093 −0.00095 −0.00096 −0.00097
tr1 −0.04858 −0.04867 −0.05059 −0.05162 −0.04294 −0.04337 −0.04465 −0.04019 −0.04042 −0.03863
tr2 −0.02313 −0.01817 −0.01702 −0.01654 −0.01855 −0.01693 −0.01639 −0.01695 −0.01622 −0.01620
tot −0.07247 −0.06767 −0.06847 −0.06902 −0.06239 −0.06122 −0.06197 −0.05808 −0.05759 −0.05580

15 c −0.00161 −0.00175 −0.00180 −0.00182 −0.00191 −0.00196 −0.00198 −0.00201 −0.00203 −0.00205
tr1 −0.04887 −0.04908 −0.05102 −0.05204 −0.04348 −0.04394 −0.04522 −0.04081 −0.04105 −0.03928
tr2 −0.00821 −0.00237 −0.00100 −0.00043 −0.00138 0.00058 0.00124 0.00101 0.00190 0.00211
tot −0.05869 −0.05320 −0.05382 −0.05429 −0.04676 −0.04532 −0.04596 −0.04181 −0.04118 −0.03922

20 c −0.00274 −0.00298 −0.00306 −0.00309 −0.00324 −0.00332 −0.00336 −0.00341 −0.00345 −0.00349
tr1 −0.04849 −0.04873 −0.05064 −0.05165 −0.04315 −0.04360 −0.04486 −0.04048 −0.04071 −0.03895
tr2 0.00694 0.01366 0.01524 0.01589 0.01604 0.01832 0.01910 0.01920 0.02024 0.02065
tot −0.04430 −0.03804 −0.03846 −0.03885 −0.03036 −0.02860 −0.02912 −0.02469 −0.02392 −0.02178

25 c −0.00416 −0.00451 −0.00463 −0.00468 −0.00490 −0.00502 −0.00508 −0.00515 −0.00521 −0.00526
tr1 −0.04752 −0.04768 −0.04954 −0.05052 −0.04203 −0.04243 −0.04365 −0.03928 −0.03948 −0.03771
tr2 0.02247 0.03010 0.03187 0.03260 0.03388 0.03649 0.03737 0.03781 0.03899 0.03959
tot −0.02921 −0.02209 −0.02230 −0.02260 −0.01305 −0.01096 −0.01135 −0.00662 −0.00569 −0.00338

30 c −0.00587 −0.00636 −0.00652 −0.00659 −0.00690 −0.00707 −0.00715 −0.00725 −0.00733 −0.00740
tr1 −0.04596 −0.04595 −0.04772 −0.04866 −0.04012 −0.04044 −0.04160 −0.03723 −0.03739 −0.03560
tr2 0.03857 0.04713 0.04909 0.04989 0.05236 0.05530 0.05627 0.05705 0.05838 0.05916
tot −0.01326 −0.00518 −0.00515 −0.00536 0.00534 0.00778 0.00752 0.01257 0.01367 0.01616

35 c −0.00791 −0.00857 −0.00878 −0.00887 −0.00929 −0.00952 −0.00961 −0.00975 −0.00985 −0.00994
tr1 −0.04378 −0.04350 −0.04515 −0.04603 −0.03739 −0.03759 −0.03867 −0.03430 −0.03439 −0.03257
tr2 0.05545 0.06497 0.06711 0.06796 0.07172 0.07497 0.07603 0.07717 0.07862 0.07957
tot 0.00377 0.01290 0.01318 0.01306 0.02504 0.02786 0.02774 0.03312 0.03439 0.03706

40 c −0.01035 −0.01121 −0.01147 −0.01158 −0.01214 −0.01242 −0.01254 −0.01271 −0.01283 −0.01296
tr1 −0.04088 −0.04023 −0.04172 −0.04252 −0.03373 −0.03378 −0.03476 −0.03036 −0.03037 −0.02851
tr2 0.07335 0.08387 0.08617 0.08705 0.09221 0.09578 0.09690 0.09841 0.09998 0.10109
tot 0.02211 0.03243 0.03298 0.03295 0.04634 0.04957 0.04960 0.05533 0.05677 0.05963

45 c −0.01324 −0.01433 −0.01465 −0.01478 −0.01551 −0.01586 −0.01600 −0.01622 −0.01636 −0.01651
tr1 −0.03714 −0.03600 −0.03728 −0.03799 −0.02897 −0.02883 −0.02970 −0.02526 −0.02517 −0.02326
tr2 0.09253 0.10412 0.10655 0.10745 0.11416 0.11803 0.11920 0.12110 0.12276 0.12402
tot 0.04214 0.05379 0.05462 0.05468 0.06967 0.07333 0.07350 0.07962 0.08123 0.08426

50 c −0.01671 −0.01807 −0.01845 −0.01860 −0.01954 −0.01996 −0.02012 −0.02039 −0.02056 −0.02073
tr1 −0.03234 −0.03056 −0.03159 −0.03219 −0.02286 −0.02249 −0.02322 −0.01872 −0.01853 −0.01655
tr2 0.11334 0.12607 0.12861 0.12949 0.13794 0.14210 0.14329 0.14561 0.14735 0.14873
tot 0.06429 0.07745 0.07857 0.07870 0.09554 0.09965 0.09995 0.10649 0.10826 0.11145

55 c −0.02089 −0.02256 −0.02302 −0.02319 −0.02437 −0.02487 −0.02505 −0.02538 −0.02557 −0.02576
tr1 −0.02618 −0.02357 −0.02430 −0.02476 −0.01503 −0.01438 −0.01494 −0.01038 −0.01005 −0.00801
tr2 0.13621 0.15016 0.15278 0.15361 0.16402 0.16846 0.16964 0.17240 0.17418 0.17566
tot 0.08914 0.10403 0.10547 0.10566 0.12462 0.12921 0.12964 0.13664 0.13856 0.14189

60 c −0.02597 −0.02801 −0.02855 −0.02874 −0.03023 −0.03082 −0.03102 −0.03142 −0.03163 −0.03184
tr1 −0.01821 −0.01456 −0.01491 −0.01523 −0.00495 −0.00396 −0.00434 0.00032 0.00078 0.00290
tr2 0.16166 0.17694 0.17960 0.18033 0.19301 0.19771 0.19882 0.20207 0.20386 0.20540
tot 0.11748 0.13437 0.13614 0.13636 0.15782 0.16293 0.16346 0.17097 0.17301 0.17646

65 c −0.03220 −0.03468 −0.03531 −0.03550 −0.03739 −0.03807 −0.03828 −0.03876 −0.03898 −0.03920
tr1 −0.00782 −0.00283 −0.00273 −0.00287 0.00812 0.00952 0.00935 0.01412 0.01474 0.01693
tr2 0.19040 0.20715 0.20979 0.21035 0.22567 0.23060 0.23159 0.23537 0.23711 0.23867
tot 0.15039 0.16964 0.17175 0.17197 0.19640 0.20205 0.20266 0.21073 0.21287 0.21639

70 c −0.03986 −0.04288 −0.04359 −0.04379 −0.04617 −0.04694 −0.04716 −0.04773 −0.04795 −0.04817
tr1 0.00589 0.01257 0.01322 0.01327 0.02524 0.02710 0.02717 0.03209 0.03286 0.03512
tr2 0.22332 0.24172 0.24425 0.24457 0.26302 0.26813 0.26892 0.27329 0.27492 0.27642
tot 0.18935 0.21141 0.21388 0.21405 0.24209 0.24829 0.24893 0.25764 0.25983 0.26337
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TABLE II. (Continued.)

Z Term (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

75 c −0.04960 −0.05328 −0.05408 −0.05426 −0.05729 −0.05816 −0.05836 −0.05905 −0.05925 −0.05946
tr1 0.02429 0.03318 0.03449 0.03474 0.04806 0.05047 0.05078 0.05590 0.05683 0.05912
tr2 0.26168 0.28194 0.28426 0.28422 0.30642 0.31165 0.31214 0.31716 0.31858 0.31995
tot 0.23637 0.26184 0.26467 0.26470 0.29720 0.30396 0.30456 0.31401 0.31616 0.31962

80 c −0.06200 −0.06650 −0.06738 −0.06751 −0.07139 −0.07235 −0.07250 −0.07333 −0.07349 −0.07365
tr1 0.04934 0.06111 0.06319 0.06366 0.07885 0.08190 0.08245 0.08782 0.08888 0.09118
tr2 0.30716 0.32955 0.33151 0.33095 0.35775 0.36299 0.36302 0.36879 0.36987 0.37098
tot 0.29449 0.32416 0.32732 0.32710 0.36521 0.37254 0.37297 0.38328 0.38526 0.38851

85 c −0.07811 −0.08362 −0.08456 −0.08461 −0.08962 −0.09065 −0.09071 −0.09170 −0.09176 −0.09183
tr1 0.08405 0.09964 0.10265 0.10331 0.12115 0.12492 0.12568 0.13139 0.13252 0.13474
tr2 0.36214 0.38702 0.38839 0.38712 0.41960 0.42471 0.42408 0.43070 0.43124 0.43193
tot 0.36807 0.40304 0.40648 0.40582 0.45113 0.45897 0.45905 0.47040 0.47200 0.47483

90 c −0.09898 −0.10573 −0.10668 −0.10656 −0.11308 −0.11412 −0.11401 −0.11519 −0.11508 −0.11498
tr1 0.13264 0.15330 0.15737 0.15815 0.17978 0.18433 0.18522 0.19138 0.19244 0.19441
tr2 0.42994 0.45776 0.45822 0.45591 0.49559 0.50032 0.49872 0.50633 0.50606 0.50605
tot 0.46360 0.50533 0.50891 0.50750 0.56230 0.57053 0.56992 0.58251 0.58341 0.58549

95 c −0.12726 −0.13559 −0.13645 −0.13605 −0.14466 −0.14563 −0.14522 −0.14662 −0.14622 −0.14581
tr1 0.20282 0.23040 0.23564 0.23635 0.26361 0.26894 0.26973 0.27649 0.27722 0.27867
tr2 0.51574 0.54705 0.54610 0.54232 0.59128 0.59525 0.59223 0.60099 0.59948 0.59841
tot 0.59130 0.64186 0.64529 0.64263 0.71023 0.71856 0.71674 0.73085 0.73049 0.73126

100 c −0.16693 −0.17734 −0.17794 −0.17703 −0.18867 −0.18938 −0.18844 −0.19012 −0.18919 −0.18827
tr1 0.30752 0.34473 0.35115 0.35141 0.38725 0.39320 0.39345 0.40103 0.40091 0.40129
tr2 0.62754 0.66310 0.65998 0.65401 0.71527 0.71785 0.71270 0.72281 0.71943 0.71667
tot 0.76812 0.83049 0.83319 0.82839 0.91385 0.92167 0.91770 0.93372 0.93115 0.92969

V. CONCLUSION

In the present paper, we have worked out the model-QED-
operator approach to treat the nuclear recoil effect on binding
energies in many-electron atomic systems beyond the Breit
approximation. The approach is similar to the one proposed
earlier for approximate calculations of the radiative correc-
tions to energy levels [46]. The developed operator can be
readily included into any relativistic calculations based on the
Dirac-Coulomb-Breit Hamiltonian. The performance of the
approach was demonstrated by comparing the model-QED-
operator predictions with the results of the rigorous QED
calculations.
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APPENDIX A: ONE- AND TWO-ELECTRON
CONTRIBUTIONS TO THE NUCLEAR RECOIL EFFECT

ON BINDING ENERGIES OF QUASI-DEGENERATE
LEVELS

In the present Appendix we derive the fully relativistic
expressions for the contributions of the nuclear recoil effect
on binding energies within the two-time Green’s function

(TTGF) method [96]. Let us denote the unperturbed wave
functions of the two states under consideration as |ui〉 and |uk〉.
During the derivation, we assume that the unperturbed ener-
gies E (0)

i and E (0)
k , which corresponds to these states, differ

and, therefore, |ui〉 �= |uk〉. However, all the obtained expres-
sions are valid for the coinciding energies and, of course, boil
down to the expressions (8) and (17) in the case of diagonal
matrix elements. To derive the formulas, we introduce a model
subspace �, which is spanned by the states |ui〉 and |uk〉, and
construct for these states the QED perturbation theory as for
quasidegenerate levels. The projector on � reads

P(0) = |ui〉〈ui| + |uk〉〈uk|. (A1)

The derivation procedure can be readily generalized for an
arbitrary number of quasidegenerate levels.

First, let us recall the basic ideas of the TTGF meth-
ods in the application to quasidegenerate levels. The de-
tailed description of the method can be found, e.g., in
Refs. [96,110,123]. The N-electron TTGF is defined as

G(t ′, t ; r′
1, . . . , r′

N ; r1, . . . , rN )

= 〈0|T ψ (x′
1) · · · ψ (x′

N )ψ̄ (xN ) · · · ψ̄ (x1)|0〉
∣∣∣∣∣t ′0

1 =···=t ′0
N ≡t ′

t0
1 =···=t0

N ≡t

,

(A2)

where ψ is the electron-positron field operator in the Heisen-
berg representation, ψ̄ = ψ†γ 0, x = (t0, r), and T is the
time-ordering operator. Turning to the mixed representation,
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TABLE III. Matrix elements of the operator hNMS
h.o. for the np3/2 states calculated with the Dirac-Coulomb wave functions for the extended

nuclei. The notations are the same as in Table I.

Z Term (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

5 c −0.00004 −0.00004 −0.00005 −0.00005 −0.00005 −0.00005 −0.00005 −0.00005 −0.00005 −0.00005
tr1 −0.03916 −0.03865 −0.04038 −0.04132 −0.03221 −0.03243 −0.03362 −0.02901 −0.02915 −0.02724
tr2 −0.04751 −0.04389 −0.04311 −0.04279 −0.04628 −0.04517 −0.04483 −0.04585 −0.04536 −0.04565
tot −0.08671 −0.08259 −0.08354 −0.08416 −0.07854 −0.07765 −0.07850 −0.07491 −0.07456 −0.07294

10 c −0.00013 −0.00015 −0.00015 −0.00015 −0.00016 −0.00016 −0.00016 −0.00017 −0.00017 −0.00017
tr1 −0.03300 −0.03250 −0.03421 −0.03513 −0.02601 −0.02622 −0.02740 −0.02279 −0.02292 −0.02101
tr2 −0.04260 −0.03859 −0.03774 −0.03740 −0.04029 −0.03904 −0.03865 −0.03947 −0.03892 −0.03909
tot −0.07573 −0.07123 −0.07210 −0.07269 −0.06646 −0.06542 −0.06622 −0.06243 −0.06201 −0.06027

15 c −0.00025 −0.00028 −0.00028 −0.00029 −0.00030 −0.00031 −0.00031 −0.00031 −0.00032 −0.00032
tr1 −0.02678 −0.02630 −0.02799 −0.02890 −0.01973 −0.01993 −0.02111 −0.01648 −0.01660 −0.01468
tr2 −0.03814 −0.03377 −0.03288 −0.03251 −0.03483 −0.03344 −0.03303 −0.03366 −0.03304 −0.03311
tot −0.06517 −0.06034 −0.06115 −0.06170 −0.05485 −0.05368 −0.05444 −0.05045 −0.04996 −0.04811

20 c −0.00039 −0.00042 −0.00043 −0.00044 −0.00046 −0.00047 −0.00047 −0.00048 −0.00048 −0.00049
tr1 −0.02051 −0.02004 −0.02173 −0.02264 −0.01337 −0.01357 −0.01474 −0.01008 −0.01020 −0.00826
tr2 −0.03403 −0.02934 −0.02841 −0.02803 −0.02979 −0.02828 −0.02784 −0.02828 −0.02760 −0.02758
tot −0.05493 −0.04980 −0.05057 −0.05110 −0.04361 −0.04231 −0.04305 −0.03884 −0.03829 −0.03633

25 c −0.00053 −0.00058 −0.00059 −0.00059 −0.00062 −0.00064 −0.00064 −0.00065 −0.00066 −0.00067
tr1 −0.01418 −0.01374 −0.01542 −0.01633 −0.00693 −0.00712 −0.00829 −0.00359 −0.00370 −0.00174
tr2 −0.03025 −0.02526 −0.02429 −0.02390 −0.02511 −0.02348 −0.02302 −0.02328 −0.02255 −0.02243
tot −0.04497 −0.03957 −0.04030 −0.04083 −0.03266 −0.03124 −0.03195 −0.02752 −0.02691 −0.02484

30 c −0.00068 −0.00073 −0.00075 −0.00076 −0.00079 −0.00081 −0.00082 −0.00083 −0.00084 −0.00084
tr1 −0.00780 −0.00737 −0.00906 −0.00998 −0.00039 −0.00057 −0.00175 0.00302 0.00291 0.00490
tr2 −0.02677 −0.02149 −0.02049 −0.02010 −0.02077 −0.01903 −0.01854 −0.01863 −0.01784 −0.01763
tot −0.03525 −0.02959 −0.03031 −0.03083 −0.02195 −0.02041 −0.02111 −0.01644 −0.01577 −0.01358

35 c −0.00083 −0.00089 −0.00091 −0.00092 −0.00096 −0.00098 −0.00099 −0.00101 −0.00102 −0.00103
tr1 −0.00134 −0.00092 −0.00263 −0.00356 0.00627 0.00610 0.00492 0.00977 0.00966 0.01168
tr2 −0.02358 −0.01802 −0.01700 −0.01660 −0.01674 −0.01489 −0.01439 −0.01430 −0.01345 −0.01316
tot −0.02575 −0.01984 −0.02055 −0.02108 −0.01143 −0.00977 −0.01046 −0.00554 −0.00481 −0.00250

40 c −0.00097 −0.00105 −0.00107 −0.00108 −0.00113 −0.00116 −0.00117 −0.00118 −0.00119 −0.00120
tr1 0.00520 0.00562 0.00389 0.00295 0.01308 0.01293 0.01173 0.01668 0.01658 0.01865
tr2 −0.02067 −0.01485 −0.01381 −0.01341 −0.01302 −0.01106 −0.01054 −0.01027 −0.00938 −0.00899
tot −0.01645 −0.01028 −0.01100 −0.01154 −0.00107 0.00071 0.00002 0.00522 0.00601 0.00845

45 c −0.00112 −0.00121 −0.00123 −0.00124 −0.00130 −0.00133 −0.00134 −0.00136 −0.00137 −0.00138
tr1 0.01184 0.01228 0.01052 0.00956 0.02007 0.01994 0.01872 0.02380 0.02371 0.02582
tr2 −0.01806 −0.01198 −0.01092 −0.01051 −0.00960 −0.00754 −0.00700 −0.00656 −0.00561 −0.00514
tot −0.00734 −0.00090 −0.00164 −0.00219 0.00917 0.01107 0.01038 0.01588 0.01673 0.01930

50 c −0.00127 −0.00136 −0.00139 −0.00140 −0.00147 −0.00150 −0.00151 −0.00153 −0.00155 −0.00156
tr1 0.01861 0.01910 0.01729 0.01631 0.02727 0.02717 0.02593 0.03116 0.03108 0.03326
tr2 −0.01574 −0.00941 −0.00834 −0.00793 −0.00648 −0.00432 −0.00377 −0.00315 −0.00216 −0.00160
tot 0.00160 0.00833 0.00757 0.00698 0.01932 0.02135 0.02064 0.02648 0.02738 0.03010

55 c −0.00141 −0.00152 −0.00155 −0.00156 −0.00163 −0.00167 −0.00168 −0.00171 −0.00172 −0.00174
tr1 0.02552 0.02608 0.02424 0.02322 0.03473 0.03466 0.03340 0.03881 0.03875 0.04100
tr2 −0.01374 −0.00715 −0.00606 −0.00565 −0.00369 −0.00142 −0.00086 −0.00006 0.00098 0.00163
tot 0.01037 0.01742 0.01663 0.01601 0.02940 0.03157 0.03086 0.03705 0.03801 0.04089

60 c −0.00156 −0.00167 −0.00171 −0.00172 −0.00180 −0.00184 −0.00186 −0.00188 −0.00190 −0.00192
tr1 0.03261 0.03328 0.03139 0.03034 0.04248 0.04247 0.04118 0.04681 0.04677 0.04909
tr2 −0.01207 −0.00521 −0.00412 −0.00370 −0.00122 0.00115 0.00172 0.00270 0.00379 0.00452
tot 0.01899 0.02640 0.02557 0.02491 0.03946 0.04178 0.04104 0.04763 0.04866 0.05170

65 c −0.00170 −0.00183 −0.00187 −0.00188 −0.00197 −0.00202 −0.00203 −0.00206 −0.00208 −0.00210
tr1 0.03990 0.04073 0.03879 0.03769 0.05059 0.05065 0.04933 0.05521 0.05520 0.05762
tr2 −0.01074 −0.00362 −0.00251 −0.00210 0.00089 0.00336 0.00395 0.00511 0.00624 0.00706
tot 0.02746 0.03528 0.03441 0.03371 0.04951 0.05200 0.05125 0.05826 0.05936 0.06258

70 c −0.00185 −0.00199 −0.00203 −0.00204 −0.00215 −0.00219 −0.00221 −0.00224 −0.00226 −0.00228
tr1 0.04742 0.04847 0.04647 0.04533 0.05910 0.05926 0.05791 0.06408 0.06410 0.06663
tr2 −0.00978 −0.00240 −0.00127 −0.00086 0.00262 0.00520 0.00580 0.00714 0.00832 0.00922
tot 0.03580 0.04409 0.04317 0.04243 0.05958 0.06227 0.06150 0.06897 0.07016 0.07357
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TABLE III. (Continued.)

Z Term (2,2) (2,3) (2,4) (2,5) (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

75 c −0.00200 −0.00215 −0.00219 −0.00221 −0.00232 −0.00237 −0.00239 −0.00243 −0.00245 −0.00247
tr1 0.05520 0.05654 0.05449 0.05329 0.06809 0.06837 0.06699 0.07349 0.07356 0.07621
tr2 −0.00921 −0.00156 −0.00042 −0.00000 0.00395 0.00664 0.00725 0.00876 0.01000 0.01098
tot 0.04400 0.05283 0.05188 0.05108 0.06972 0.07264 0.07184 0.07982 0.08111 0.08472

80 c −0.00215 −0.00231 −0.00236 −0.00237 −0.00251 −0.00256 −0.00258 −0.00262 −0.00264 −0.00266
tr1 0.06329 0.06500 0.06290 0.06164 0.07762 0.07805 0.07664 0.08352 0.08365 0.08645
tr2 −0.00905 −0.00115 0.00001 0.00044 0.00484 0.00763 0.00825 0.00994 0.01122 0.01229
tot 0.05209 0.06154 0.06056 0.05970 0.07995 0.08312 0.08231 0.09084 0.09223 0.09607

85 c −0.00230 −0.00248 −0.00253 −0.00255 −0.00270 −0.00276 −0.00278 −0.00282 −0.00284 −0.00287
tr1 0.07171 0.07390 0.07175 0.07043 0.08776 0.08839 0.08695 0.09427 0.09448 0.09744
tr2 −0.00936 −0.00119 0.00000 0.00043 0.00524 0.00814 0.00877 0.01063 0.01196 0.01310
tot 0.06005 0.07023 0.06922 0.06831 0.09030 0.09377 0.09294 0.10208 0.10359 0.10768

90 c −0.00246 −0.00266 −0.00271 −0.00273 −0.00290 −0.00296 −0.00299 −0.00303 −0.00306 −0.00308
tr1 0.08050 0.08329 0.08111 0.07972 0.09859 0.09947 0.09801 0.10582 0.10612 0.10928
tr2 −0.01014 −0.00173 −0.00051 −0.00006 0.00510 0.00810 0.00875 0.01076 0.01214 0.01336
tot 0.06789 0.07890 0.07789 0.07692 0.10079 0.10461 0.10377 0.11355 0.11521 0.11956

95 c −0.00263 −0.00285 −0.00291 −0.00293 −0.00311 −0.00318 −0.00321 −0.00326 −0.00328 −0.00331
tr1 0.08969 0.09324 0.09104 0.08958 0.11020 0.11139 0.10992 0.11828 0.11871 0.12208
tr2 −0.01146 −0.00280 −0.00155 −0.00109 0.00436 0.00746 0.00812 0.01029 0.01171 0.01301
tot 0.07561 0.08759 0.08659 0.08556 0.11145 0.11567 0.11483 0.12531 0.12714 0.13177

100 c −0.00281 −0.00305 −0.00311 −0.00313 −0.00334 −0.00342 −0.00344 −0.00350 −0.00353 −0.00356
tr1 0.09935 0.10382 0.10163 0.10010 0.12268 0.12427 0.12280 0.13178 0.13236 0.13597
tr2 −0.01334 −0.00448 −0.00318 −0.00270 0.00295 0.00614 0.00682 0.00911 0.01058 0.01194
tot 0.08320 0.09629 0.09534 0.09426 0.12230 0.12700 0.12617 0.13739 0.13941 0.14435

one obtains

G(E ; r′
1, . . . , r′

N ; r1, . . . , rN )δ(E − E ′)

= 1

2π i

1

N!

∫ ∞

−∞
dtdt ′eiE ′t ′−iEt G(t ′, t ; r′

1, . . . , r′
N ; r1, . . . , rN ).

(A3)

Employing P(0), we can introduce the projection of the
Green’s function (A3) on the subspace �,

g(E ) = P(0)G(E )γ 0
1 · · · γ 0

N P(0), (A4)

and then determine the K̂ and P̂ operators:

K̂ ≡ 1

2π i

∮
�

dEEg(E ), (A5)

P̂ ≡ 1

2π i

∮
�

dEg(E ). (A6)

The anticlockwise oriented contour � in the complex E plane
surrounds the poles corresponding to the quasidegenerate lev-
els and keeps outside all other singularities of g(E ). The
investigated system is fully described by the effective operator
Ĥ defined as

Ĥ = P̂−1/2K̂P̂−1/2. (A7)

The perturbation theory for the Green’s function (A2) leads to
the perturbation series for the operator Ĥ .

To first order in m/M, the nuclear recoil effect is described
by the one- and two-electron Feynman diagrams depicted in
Figs. 1 and 2. The Feynman rules for these diagrams are for-

mulated, e.g., in Ref. [26], see also Ref. [96]. The first-order
contribution to the operator Ĥ can be expressed as

Ĥ (1) = K̂ (1) − 1

2
P̂(1)K̂ (0) − 1

2
K̂ (0)P̂(1), (A8)

where the superscripts denote the orders in the expansion
parameter. The contributions of the nuclear recoil effect are
determined by the matrix elements of the operator (A8) in the
basis of the unperturbed functions |ui〉 and |uk〉:

H (1)
ik ≡ 〈ui|Ĥ (1)|uk〉. (A9)

To zeroth order, the matrix of the operator K̂ is diagonal,
K (0)

ik = E (0)
i δik . Therefore, one can obtain

H (1)
ik = K (1)

ik − E (0)
i + E (0)

k

2
P(1)

ik . (A10)

Let us now directly turn to the derivation of the desired
nonperturbative (in αZ) formulas for the nuclear recoil effect
on binding energies. We start from the one-electron (NMS)
contribution corresponding to the diagrams in Fig. 1. In this
case, N = 1 and the unperturbed wave functions |ui〉, |uk〉 and
energies E (0)

i , E (0)
k are given by the Dirac eigenfunctions and

eigenvalues, respectively, see Eq. (5). The present derivation
is similar to the one for the self-energy diagram shown in
Fig. 3. Employing the Feynman rules [26], one can obtain the
following expression for the matrix element of the Green’s
function �g(1)

NMS(E ) projected on the subspace � [96]:

�g(1)
NMS,ik (E ) = 〈ψi|P(E )|ψk〉

(E − εi )(E − εk )
, (A11)
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TABLE IV. Matrix elements of the operator hNMS
h.o. for the nd3/2 states calculated with the Dirac-Coulomb wave functions for the extended

nuclei. The notations are the same as in Table I.

Z Term (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

5 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00932 −0.00918 −0.00969 −0.00814 −0.00840 −0.00746
tr2 −0.00938 −0.00796 −0.00756 −0.00908 −0.00853 −0.00894
tot −0.01870 −0.01713 −0.01726 −0.01722 −0.01693 −0.01639

10 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00896 −0.00889 −0.00944 −0.00789 −0.00817 −0.00725
tr2 −0.00814 −0.00664 −0.00624 −0.00753 −0.00694 −0.00724
tot −0.01710 −0.01553 −0.01568 −0.01541 −0.01511 −0.01450

15 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00862 −0.00864 −0.00921 −0.00766 −0.00798 −0.00707
tr2 −0.00688 −0.00531 −0.00491 −0.00596 −0.00533 −0.00554
tot −0.01550 −0.01395 −0.01412 −0.01362 −0.01331 −0.01261

20 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00001
tr1 −0.00830 −0.00840 −0.00900 −0.00745 −0.00780 −0.00691
tr2 −0.00561 −0.00397 −0.00357 −0.00438 −0.00371 −0.00382
tot −0.01392 −0.01238 −0.01258 −0.01184 −0.01151 −0.01073

25 c −0.00001 −0.00001 −0.00001 −0.00001 −0.00001 −0.00001
tr1 −0.00799 −0.00818 −0.00881 −0.00724 −0.00763 −0.00676
tr2 −0.00433 −0.00262 −0.00222 −0.00279 −0.00208 −0.00208
tot −0.01233 −0.01081 −0.01104 −0.01005 −0.00972 −0.00885

30 c −0.00001 −0.00001 −0.00001 −0.00001 −0.00002 −0.00002
tr1 −0.00769 −0.00797 −0.00864 −0.00705 −0.00747 −0.00661
tr2 −0.00304 −0.00125 −0.00085 −0.00118 −0.00042 −0.00032
tot −0.01074 −0.00923 −0.00951 −0.00825 −0.00791 −0.00695

35 c −0.00002 −0.00002 −0.00002 −0.00002 −0.00002 −0.00003
tr1 −0.00739 −0.00776 −0.00848 −0.00685 −0.00732 −0.00646
tr2 −0.00173 0.00013 0.00053 0.00045 0.00125 0.00145
tot −0.00913 −0.00765 −0.00797 −0.00643 −0.00609 −0.00503

40 c −0.00002 −0.00003 −0.00003 −0.00003 −0.00004 −0.00004
tr1 −0.00708 −0.00756 −0.00831 −0.00665 −0.00715 −0.00630
tr2 −0.00041 0.00153 0.00193 0.00210 0.00295 0.00326
tot −0.00751 −0.00605 −0.00641 −0.00459 −0.00424 −0.00308

45 c −0.00003 −0.00004 −0.00004 −0.00005 −0.00005 −0.00005
tr1 −0.00677 −0.00734 −0.00815 −0.00643 −0.00698 −0.00612
tr2 0.00094 0.00296 0.00335 0.00378 0.00468 0.00509
tot −0.00587 −0.00442 −0.00483 −0.00270 −0.00235 −0.00108

50 c −0.00005 −0.00005 −0.00006 −0.00006 −0.00007 −0.00007
tr1 −0.00644 −0.00711 −0.00797 −0.00619 −0.00678 −0.00591
tr2 0.00230 0.00440 0.00480 0.00549 0.00643 0.00696
tot −0.00418 −0.00276 −0.00323 −0.00077 −0.00041 0.00098

55 c −0.00006 −0.00007 −0.00008 −0.00008 −0.00009 −0.00009
tr1 −0.00609 −0.00686 −0.00777 −0.00592 −0.00654 −0.00566
tr2 0.00369 0.00588 0.00627 0.00723 0.00823 0.00886
tot −0.00246 −0.00105 −0.00158 0.00124 0.00160 0.00311

60 c −0.00008 −0.00009 −0.00010 −0.00011 −0.00011 −0.00012
tr1 −0.00570 −0.00657 −0.00755 −0.00559 −0.00626 −0.00536
tr2 0.00511 0.00738 0.00777 0.00902 0.01006 0.01081
tot −0.00068 0.00072 0.00013 0.00332 0.00369 0.00533

65 c −0.00010 −0.00012 −0.00012 −0.00013 −0.00014 −0.00015
tr1 −0.00528 −0.00624 −0.00728 −0.00521 −0.00592 −0.00499
tr2 0.00655 0.00892 0.00931 0.01084 0.01194 0.01281
tot 0.00117 0.00256 0.00190 0.00550 0.00588 0.00767

70 c −0.00012 −0.00014 −0.00015 −0.00017 −0.00018 −0.00019
tr1 −0.00480 −0.00585 −0.00696 −0.00475 −0.00549 −0.00452
tr2 0.00802 0.01049 0.01087 0.01272 0.01386 0.01486
tot 0.00310 0.00450 0.00376 0.00779 0.00820 0.01015
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TABLE IV. (Continued.)

Z Term (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

75 c −0.00015 −0.00018 −0.00019 −0.00020 −0.00022 −0.00023
tr1 −0.00426 −0.00538 −0.00657 −0.00420 −0.00496 −0.00394
tr2 0.00953 0.01210 0.01248 0.01463 0.01584 0.01696
tot 0.00512 0.00654 0.00573 0.01023 0.01066 0.01279

80 c −0.00018 −0.00021 −0.00023 −0.00025 −0.00026 −0.00028
tr1 −0.00363 −0.00482 −0.00608 −0.00352 −0.00430 −0.00322
tr2 0.01107 0.01374 0.01412 0.01660 0.01787 0.01912
tot 0.00726 0.00871 0.00781 0.01284 0.01330 0.01562

85 c −0.00022 −0.00026 −0.00027 −0.00030 −0.00032 −0.00033
tr1 −0.00289 −0.00413 −0.00548 −0.00268 −0.00347 −0.00231
tr2 0.01264 0.01542 0.01580 0.01862 0.01994 0.02133
tot 0.00952 0.01103 0.01005 0.01564 0.01616 0.01869

90 c −0.00026 −0.00031 −0.00032 −0.00036 −0.00038 −0.00040
tr1 −0.00202 −0.00329 −0.00472 −0.00165 −0.00244 −0.00117
tr2 0.01423 0.01714 0.01751 0.02068 0.02207 0.02359
tot 0.01195 0.01354 0.01247 0.01868 0.01926 0.02203

95 c −0.00031 −0.00036 −0.00038 −0.00042 −0.00045 −0.00047
tr1 −0.00100 −0.00226 −0.00377 −0.00038 −0.00114 0.00025
tr2 0.01585 0.01889 0.01925 0.02279 0.02424 0.02590
tot 0.01455 0.01626 0.01510 0.02199 0.02265 0.02568

100 c −0.00037 −0.00043 −0.00045 −0.00050 −0.00052 −0.00055
tr1 0.00023 −0.00098 −0.00257 0.00119 0.00048 0.00202
tr2 0.01749 0.02065 0.02101 0.02492 0.02644 0.02825
tot 0.01735 0.01924 0.01798 0.02562 0.02639 0.02972

where the operator P is defined in Eq. (9). The corresponding contributions to the K̂ and P̂ operators read

K (1)
NMS,ik = 1

2π i

∮
�

dEE�g(1)
NMS,ik (E ) = εi

εi − εk
〈ψi|P(εi )|ψk〉 + εk

εk − εi
〈ψi|P(εk )|ψk〉, (A12)

P(1)
NMS,ik = 1

2π i

∮
�

dE�g(1)
NMS,ik (E ) = 1

εi − εk
〈ψi|P(εi )|ψk〉 + 1

εk − εi
〈ψi|P(εk )|ψk〉. (A13)

Substituting Eqs. (A12) and (A13) into the formula (A10), one finally obtains the NMS contribution:

HNMS,ik = 1
2 [〈ψi|P(εi )|ψk〉 + 〈ψi|P(εk )|ψk〉]. (A14)

The derivation of the nonperturbative (in αZ) expression for the two-electron (SMS) contribution in Fig. 2 is also straightfor-
ward but more tedious. In this case, N = 2 and we, for simplicity, assume that the unperturbed wave functions |ui〉 and |uk〉 are
given by the one-determinant wave functions 
i1i2 and 
k1k2 , respectively, see Eq. (16). The corresponding unperturbed energies
are equal to E (0)

i = εi1 + εi2 and E (0)
k = εk1 + εk2 . The derivation repeats the one for the one-photon-exchange diagram in Fig. 5.

The Green’s function �g(1)
SMS(E ) projected on the subspace � can be written as [26,96]

�g(1)
SMS,ik (E ) =

(
i

2π

)2 ∫
d p1d p′

1

∑
P

(−1)P
〈
ψPi1ψPi2

∣∣R(p1 − p′
1)
∣∣ψk1ψk2

〉

× 1

(p′
1 − εPi1 + i0)(E − p′

1 − εPi2 + i0)

1

(p1 − εk1 + i0)(E − p1 − εk2 + i0)
, (A15)

where the operator R is defined by Eq. (10). Using the identity

1

(p′
1 − εPi1 + i0)(E − p′

1 − εPi2 + i0)
= 1

E − E (0)
i

(
1

p′
1 − εPi1 + i0

+ 1

E − p′
1 − εPi2 + i0

)
(A16)
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TABLE V. Matrix elements of the operator hNMS
h.o. for the nd5/2 states calculated with the Dirac-Coulomb wave functions for the extended

nuclei. The notations are the same as in Table I.

Z Term (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

5 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00863 −0.00846 −0.00896 −0.00737 −0.00761 −0.00665
tr2 −0.01006 −0.00865 −0.00826 −0.00984 −0.00931 −0.00974
tot −0.01869 −0.01711 −0.01722 −0.01721 −0.01692 −0.01639

10 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00756 −0.00744 −0.00794 −0.00632 −0.00656 −0.00560
tr2 −0.00951 −0.00804 −0.00766 −0.00907 −0.00851 −0.00887
tot −0.01707 −0.01548 −0.01560 −0.01539 −0.01508 −0.01448

15 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00650 −0.00642 −0.00693 −0.00527 −0.00552 −0.00456
tr2 −0.00896 −0.00743 −0.00705 −0.00831 −0.00772 −0.00801
tot −0.01545 −0.01385 −0.01398 −0.01358 −0.01325 −0.01257

20 c −0.00000 −0.00000 −0.00000 −0.00000 −0.00000 −0.00000
tr1 −0.00543 −0.00540 −0.00592 −0.00421 −0.00448 −0.00351
tr2 −0.00841 −0.00683 −0.00646 −0.00756 −0.00694 −0.00716
tot −0.01384 −0.01223 −0.01238 −0.01177 −0.01142 −0.01067

25 c −0.00000 −0.00000 −0.00000 −0.00001 −0.00001 −0.00001
tr1 −0.00436 −0.00438 −0.00491 −0.00316 −0.00344 −0.00246
tr2 −0.00787 −0.00624 −0.00588 −0.00681 −0.00617 −0.00632
tot −0.01224 −0.01063 −0.01079 −0.00998 −0.00961 −0.00879

30 c −0.00001 −0.00001 −0.00001 −0.00001 −0.00001 −0.00001
tr1 −0.00329 −0.00336 −0.00390 −0.00210 −0.00239 −0.00140
tr2 −0.00734 −0.00566 −0.00530 −0.00608 −0.00541 −0.00549
tot −0.01064 −0.00903 −0.00921 −0.00818 −0.00781 −0.00690

35 c −0.00001 −0.00001 −0.00001 −0.00001 −0.00001 −0.00001
tr1 −0.00222 −0.00234 −0.00289 −0.00103 −0.00133 −0.00034
tr2 −0.00682 −0.00510 −0.00474 −0.00536 −0.00467 −0.00468
tot −0.00905 −0.00744 −0.00764 −0.00640 −0.00601 −0.00503

40 c −0.00001 −0.00001 −0.00001 −0.00001 −0.00002 −0.00002
tr1 −0.00114 −0.00131 −0.00187 0.00005 −0.00026 0.00074
tr2 −0.00632 −0.00454 −0.00420 −0.00466 −0.00394 −0.00388
tot −0.00747 −0.00587 −0.00609 −0.00462 −0.00422 −0.00316

45 c −0.00001 −0.00002 −0.00002 −0.00002 −0.00002 −0.00002
tr1 −0.00006 −0.00028 −0.00085 0.00113 0.00081 0.00183
tr2 −0.00583 −0.00401 −0.00367 −0.00397 −0.00323 −0.00310
tot −0.00590 −0.00430 −0.00454 −0.00285 −0.00244 −0.00129

50 c −0.00002 −0.00002 −0.00002 −0.00002 −0.00003 −0.00003
tr1 0.00104 0.00076 0.00017 0.00223 0.00190 0.00293
tr2 −0.00535 −0.00349 −0.00316 −0.00330 −0.00254 −0.00234
tot −0.00433 −0.00274 −0.00301 −0.00109 −0.00066 0.00057

55 c −0.00002 −0.00003 −0.00003 −0.00003 −0.00003 −0.00003
tr1 0.00214 0.00181 0.00120 0.00335 0.00300 0.00405
tr2 −0.00489 −0.00298 −0.00267 −0.00265 −0.00186 −0.00159
tot −0.00278 −0.00120 −0.00150 0.00067 0.00111 0.00243

60 c −0.00003 −0.00003 −0.00003 −0.00003 −0.00004 −0.00004
tr1 0.00325 0.00287 0.00224 0.00448 0.00412 0.00519
tr2 −0.00445 −0.00250 −0.00220 −0.00201 −0.00120 −0.00087
tot −0.00123 0.00034 0.00001 0.00243 0.00288 0.00429

65 c −0.00003 −0.00004 −0.00004 −0.00004 −0.00004 −0.00004
tr1 0.00437 0.00394 0.00329 0.00562 0.00525 0.00635
tr2 −0.00403 −0.00203 −0.00174 −0.00140 −0.00057 −0.00016
tot 0.00031 0.00187 0.00151 0.00418 0.00464 0.00614

70 c −0.00004 −0.00004 −0.00004 −0.00005 −0.00005 −0.00005
tr1 0.00550 0.00502 0.00434 0.00679 0.00641 0.00753
tr2 −0.00363 −0.00159 −0.00131 −0.00080 0.00005 0.00053
tot 0.00183 0.00339 0.00299 0.00594 0.00641 0.00801

062823-15



I. S. ANISIMOVA et al. PHYSICAL REVIEW A 106, 062823 (2022)

TABLE V. (Continued.)

Z Term (3,3) (3,4) (3,5) (4,4) (4,5) (5,5)

75 c −0.00004 −0.00005 −0.00005 −0.00005 −0.00006 −0.00006
tr1 0.00665 0.00611 0.00541 0.00798 0.00758 0.00874
tr2 −0.00325 −0.00117 −0.00090 −0.00023 0.00065 0.00119
tot 0.00335 0.00490 0.00446 0.00769 0.00817 0.00987

80 c −0.00005 −0.00005 −0.00005 −0.00006 −0.00006 −0.00006
tr1 0.00781 0.00722 0.00650 0.00919 0.00878 0.00997
tr2 −0.00290 −0.00077 −0.00051 0.00032 0.00122 0.00183
tot 0.00486 0.00640 0.00593 0.00944 0.00994 0.01174

85 c −0.00005 −0.00006 −0.00006 −0.00007 −0.00007 −0.00007
tr1 0.00898 0.00835 0.00759 0.01042 0.01001 0.01124
tr2 −0.00257 −0.00039 −0.00015 0.00084 0.00176 0.00245
tot 0.00637 0.00790 0.00738 0.01120 0.01171 0.01362

90 c −0.00006 −0.00006 −0.00007 −0.00007 −0.00008 −0.00008
tr1 0.01018 0.00949 0.00871 0.01169 0.01127 0.01254
tr2 −0.00226 −0.00004 0.00019 0.00134 0.00229 0.00305
tot 0.00786 0.00939 0.00883 0.01296 0.01348 0.01551

95 c −0.00006 −0.00007 −0.00007 −0.00008 −0.00008 −0.00009
tr1 0.01139 0.01066 0.00984 0.01299 0.01256 0.01388
tr2 −0.00198 0.00029 0.00050 0.00181 0.00278 0.00362
tot 0.00935 0.01087 0.01026 0.01472 0.01526 0.01740

100 c −0.00007 −0.00008 −0.00008 −0.00009 −0.00009 −0.00010
tr1 0.01263 0.01185 0.01099 0.01432 0.01388 0.01525
tr2 −0.00173 0.00058 0.00078 0.00226 0.00325 0.00416
tot 0.01082 0.01235 0.01169 0.01649 0.01704 0.01931

and a similar one for the second pair of denominators in Eq. (A15), one can explicitly separate the poles of the Green’s function
located inside the contour �. Then, the contribution to the K̂ operator is

K (1)
SMS,ik =

∮
�

dEE�g(1)
SMS,ik (E ) =

(
i

2π

)2 ∫
d p1d p′

1

∑
P

(−1)P
〈
ψPi1ψPi2

∣∣R(p1 − p′
1)
∣∣ψk1ψk2

〉

×
{

E (0)
i

E (0)
i − E (0)

k

(
2π

i
δ
(
p′

1 − εPi1

))( 1

p1 − εk1 + i0
+ 1

E (0)
i − p1 − εk2 + i0

)

+ E (0)
k

E (0)
k − E (0)

i

(
1

p′
1 − εPi1 + i0

+ 1

E (0)
k − p′

1 − εPi2 + i0

)(
2π

i
δ(p1 − εk1 )

)}
, (A17)

where the identity

1

p − ε + i0
+ 1

−p + ε + i0
= 2π

i
δ(p − ε) (A18)

was employed. Defining the coefficients A and B so that K (1)
SMS,ik ≡ AE (0)

i + BE (0)
k , the contribution to the operator P̂ can be

expressed as P(1)
SMS,ik = A + B. Therefore, the formula (A10) results in

HSMS,ik = 1

2

i

2π

∫
dω

∑
P

(−1)P

{〈
ψPi1ψPi2

∣∣R(ω − εPi1

)∣∣ψk1ψk2

〉( 1

ω − εk1 + i0
+ 1

E (0)
i − ω − εk2 + i0

)

+〈ψPi1ψPi2 |R(εk1 − ω)|ψk1ψk2〉
(

1

ω − εPi1 + i0
+ 1

E (0)
k − ω − εPi2 + i0

)}
. (A19)
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TABLE VI. The higher-order nuclear recoil correction for the 4s, 5s, 5p, and 5d states in terms of the function F defined by Eq. (35).
The column labeled 〈ψv|h̃NMS

h.o. |ψv〉 denotes the results obtained by means of the model QED operator, 〈ψv|Vs.l.|ψv〉 is the contribution of the
semilocal part of the model operator, and “Exact” stands for the ab initio values. The ns states with n � 3 and the np and nd states with n � 4
are omitted since the operator h̃NMS

h.o. exactly reproduces the corresponding correction for them by construction.

Z State 〈ψv|Vs.l.|ψv〉 〈ψv|h̃NMS
h.o. |ψv〉 Exact Z State 〈ψv|Vs.l.|ψv〉 〈ψv|h̃NMS

h.o. |ψv〉 Exact

10 4s 1.2024 1.5325 1.5295 60 4s 0.8494 1.4804 1.4767
5s 1.2017 1.5445 1.5397 5s 0.8394 1.4833 1.4772
5p1/2 −0.0922 −0.0545 −0.0558 5p1/2 0.1282 0.1782 0.1765
5p3/2 −0.0965 −0.0590 −0.0603 5p3/2 0.0221 0.0540 0.0517
5d3/2 −0.0279 −0.0157 −0.0145 5d3/2 −0.0010 0.0058 0.0053
5d5/2 −0.0278 −0.0156 −0.0145 5d5/2 −0.0019 0.0044 0.0043

20 4s 1.0162 1.3896 1.3865 70 4s 0.9227 1.6503 1.6463
5s 1.0141 1.4010 1.3960 5s 0.9088 1.6475 1.6409
5p1/2 −0.0555 −0.0204 −0.0218 5p1/2 0.1963 0.2652 0.2634
5p3/2 −0.0692 −0.0349 −0.0363 5p3/2 0.0406 0.0762 0.0736
5d3/2 −0.0225 −0.0116 −0.0107 5d3/2 0.0047 0.0110 0.0101
5d5/2 −0.0224 −0.0116 −0.0107 5d5/2 0.0028 0.0084 0.0080

30 4s 0.9090 1.3357 1.3325 80 4s 1.0683 1.9249 1.9205
5s 0.9053 1.3460 1.3408 5s 1.0478 1.9125 1.9055
5p1/2 −0.0162 0.0177 0.0162 5p1/2 0.2880 0.3904 0.3885
5p3/2 −0.0437 −0.0119 −0.0136 5p3/2 0.0578 0.0990 0.0961
5d3/2 −0.0172 −0.0075 −0.0069 5d3/2 0.0108 0.0169 0.0156
5d5/2 −0.0171 −0.0076 −0.0069 5d5/2 0.0073 0.0124 0.0117

40 4s 0.8484 1.3348 1.3314 90 4s 1.3278 2.3698 2.3650
5s 0.8430 1.3436 1.3381 5s 1.2952 2.3406 2.3329
5p1/2 0.0262 0.0612 0.0596 5p1/2 0.4244 0.5875 0.5855
5p3/2 −0.0200 0.0103 0.0084 5p3/2 0.0739 0.1228 0.1195
5d3/2 −0.0119 −0.0033 −0.0031 5d3/2 0.0173 0.0236 0.0220
5d5/2 −0.0119 −0.0036 −0.0032 5d5/2 0.0117 0.0165 0.0155

50 4s 0.8280 1.3813 1.3777 100 4s 1.7885 3.1190 3.1142
5s 0.8206 1.3877 1.3820 5s 1.7322 3.0568 3.0496
5p1/2 0.0733 0.1131 0.1115 5p1/2 0.6515 0.9319 0.9297
5p3/2 0.0019 0.0322 0.0301 5p3/2 0.0889 0.1478 0.1444
5d3/2 −0.0065 0.0011 0.0010 5d3/2 0.0246 0.0317 0.0297
5d5/2 −0.0068 0.0004 0.0006 5d5/2 0.0158 0.0206 0.0193

TABLE VII. The one-electron nuclear recoil correction beyond the Breit approximation for the valence ns electron in neutral alkali metals
in terms of the function F defined by Eq. (35). The labels CH and xα = 0, 1/3, 2/3, and 1 correspond to the different effective potentials. See
the text for details.

Atom Approach CH xα = 0 xα = 1/3 xα = 2/3 xα = 1

Na 3s 〈ψv|Vs.l.|ψv〉 0.0502 0.0446 0.0437 0.0473 0.0575
〈ψv|h̃NMS

h.o. |ψv〉 0.0581 0.0516 0.0508 0.0553 0.0676
Exact 0.0561 0.0499 0.0496 0.0544 0.0671

K 4s 〈ψv|Vs.l.|ψv〉 0.0255 0.0214 0.0213 0.0243 0.0319
〈ψv|h̃NMS

h.o. |ψv〉 0.0313 0.0263 0.0264 0.0302 0.0400
Exact 0.0311 0.0261 0.0263 0.0302 0.0401

Rb 5s 〈ψv|Vs.l.|ψv〉 0.0100 0.0080 0.0082 0.0098 0.0136
〈ψv|h̃NMS

h.o. |ψv〉 0.0141 0.0112 0.0116 0.0140 0.0195
Exact 0.0142 0.0113 0.0117 0.0141 0.0197

Cs 6s 〈ψv|Vs.l.|ψv〉 0.00645 0.00504 0.00525 0.00642 0.00927
〈ψv|h̃NMS

h.o. |ψv〉 0.01019 0.00796 0.00835 0.01026 0.01490
Exact 0.01028 0.00803 0.00841 0.01034 0.01500

Fr 7s 〈ψv|Vs.l.|ψv〉 0.00586 0.00416 0.00457 0.00595 0.00906
〈ψv|h̃NMS

h.o. |ψv〉 0.00999 0.00708 0.00782 0.01022 0.01563
Exact 0.01004 0.00712 0.00786 0.01026 0.01568
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FIG. 6. The poles and the branch cuts of the integrand in the operator P(εx ) for the one- and two-transverse-photon contributions.
Integration contour: the original one oriented along the real axis (left panel); the rotated to the imaginary one (right panel).

The integration over ω can be performed using the standard
identity (ω1 < 0 < ω2)∫ ω2

ω1

dω
f (ω)

ω ± i0
= ∓iπ f (0) + P.V.

∫ ω2

ω1

dω
f (ω)

ω
, (A20)

where P.V. means the principal-value integral. Indeed, apply-
ing the formula (A20) to all four terms in Eq. (A19) and taking
into account that all the principal-value integrals vanish due to
the fact that R(ω) is the even function of ω, one finally obtains
the SMS contribution

HSMS,ik = 1

2

∑
P

(−1)P
[〈
ψPi1ψPi2

∣∣R(�1)
∣∣ψk1ψk2

〉
+ 〈

ψPi1ψPi2

∣∣R(�2)
∣∣ψk1ψk2

〉]
, (A21)

where �1 = εPi1 − εk1 and �2 = εPi2 − εk2 .

APPENDIX B: COMPUTATIONAL FORMULAS FOR THE
ONE-ELECTRON CONTRIBUTIONS

In view of the definition (9), the expression (A14) obtained
in Appendix A is given in a form that allows one to use
the finite-basis-set methods [120,121,124] for its calculations.
Therefore, the main difficulty is related with the evaluation of
the integral over ω. For large real values of ω, the photon prop-
agator (7) is a strongly oscillating function. It is convenient to
perform the Wick’s rotation to overcome this obstacle. In the
present Appendix, we discuss the related transformations for
the contribution HNMS,ik .

Employing Eq. (12), one can represent Eq. (A14) as
the sum of the Coulomb, one-transverse-photon, and two-
transverse-photon contributions:

HNMS,ik = H c
NMS,ik + H tr1

NMS,ik + H tr2
NMS,ik . (B1)

In the Coulomb contribution, the integration over ω can be
performed analytically by means of the identity (A20)

H c
NMS,ik = 1

2

[
εn>0∑

n

〈ψiψn|Rc|ψnψk〉 −
εn<0∑

n

〈ψiψn|Rc|ψnψk〉
]
.

(B2)

The one- and two-transverse-photon contributions are han-
dled identically. In what follows in this Appendix, we will
refer to them together as the “transverse-photon” (tr) ones.
In the left panel of Fig. 6, the original integration contour
oriented along the real axis is shown. The poles and the branch

cuts of the integrand are presented as well. Upon the Wick’s
rotation to the imaginary axis, the bound-state poles of the
electron Green’s function are picked up as the residues, see
the right panel in Fig. 6. The final formulas for the transverse-
photon contribution can be written as a sum of three terms:

H tr
NMS,ik = H tr(a)

NMS,ik + H tr(b)
NMS,ik + H tr(c)

NMS,ik . (B3)

The first term arises from the residues shown by the circles in
Fig. 6 and reads

H tr(a)
NMS,ik = 1

2

∑
x=i,k

−1<εn<εx∑
n

〈ψiψn|Rtr (εn − εx )|ψnψk〉, (B4)

where for brevity we have introduced the summation over
x in order to take into account the symmetric form of the
expression with respect to the argument of P(E ). The second
term corresponds to the case of degeneracy between the states
of the opposite parity. This term originates from the poles
located at ω = 0 and has the form

H tr(b)
NMS,ik = 1

4

∑
x=i,k

εn=εx∑
n

〈ψiψn|Rtr (0)|ψnψk〉. (B5)

Finally, the third term corresponds to the integration over the
imaginary axis

H tr(c)
NMS,ik = 1

2

∑
x=i,k

εn �=εx∑
n

1

π

∫ ∞

0
dy

εn − εx

y2 + (εn − εx )2

× 〈ψiψn|Rtr (iy)|ψnψk〉. (B6)

The expressions similar to (B2)–(B6) were derived,
e.g., in Ref. [32]. However, only the case of the di-
agonal matrix elements was considered. Moreover, in
Ref. [32] the formulas for the higher-order QED correc-
tions beyond the Breit approximation were given, while the
present ones include the lowest-relativistic contributions as
well.

As an additional cross-check of the ω-integration routine,
we perform it also by employing the contour schematically
shown in Fig. 7. This contour is chosen to bypass all the sin-
gularities in the complex plane. The matrix elements HNMS,ik

have been evaluated for both variants of the integration-
contour rotation. The results are found to be in excellent
agreement with each other.
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FIG. 7. The poles and the branch cuts of the integrand in the
operator P(εx ) for the one- and two-transverse-photon contributions.
The integration contour in the complex plane is chosen to avoid all
the singularities of the integrand.

APPENDIX C: LOCAL EFFECTIVE POTENTIALS

In Sec. IV, in order to test the performance of the model-
QED operator for the nuclear recoil effect, we need substitute
the core-Hartree (CH) and xα potentials (see, e.g., Ref. [122])
instead of V in Eq. (5). These potentials can be expressed via
the charge densities of the valence electron,

ρv (r) = g2
v (r) + f 2

v (r), (C1)

and the core,

ρcore(r) =
∑

c

(2 jc + 1)
[
g2

c(r) + f 2
c (r)

]
. (C2)

Here the large, g, and small, f , components of the Dirac
wave function in Eqs. (C1) and (C2) are determined self-
consistently in the local potential

V (r) = −αZeff (r)

r
, (C3)

where Zeff (r) is the effective charge. The CH potential is given
by

ZCH
eff (r) = Znucl(r) − r

∫ ∞

0
dr′ ρcore(r′)

max{r, r′} , (C4)

where Znucl(r) accounts for the finite size of the nucleus.
Defining the total charge density, ρtot = ρcore + ρv , the effec-
tive charge for the xα potentials can be written in the form

Zxα

eff (r)=Znucl(r) − r
∫ ∞

0
dr′ ρtot (r′)

max{r, r′}+xα

[
81

32π2
rρtot (r)

]1/3

.

(C5)

We use the values of xα equal to 0, 1/3, 2/3, and 1. The
choice xα = 0 leads to the Dirac-Hartree potential, xα = 2/3
corresponds to the Kohn-Sham potential [125], while xα =
1 is the Dirac-Slater potential [126]. To restore the proper
asymptotic behavior of the xα potentials, we introduce the
Latter correction [127].
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