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Shot-noise-suppressing quantum nonlinearity in the vacuum-field-induced
photon-photon interaction
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The shot noise in coherent control of a quantum system sets an ultimate precision limit in measurement
and information processing. It is caused by the fundamental quantum fluctuation of the photon number of a
coherent control field and thus is inevitable. By strongly coupling a two-level system to a quantum vacuum
field, we propose an effective N-type four-level system. In such a configuration, the coupling of a conventional
N-type system to a coherent control field is replaced by the quantum vacuum field. As a result, we can achieve a
shot-noise-suppressing quantum nonlinearity, due to the vanishing fluctuation of photon number of the quantum
vacuum field. The resulting photon blockade effect is only subject to the contribution from the probe field.
Thus, it becomes shot-noise suppressing. Our work shows an advantage of a quantum vacuum protocol over a
coherent-field protocol in manipulation of quantum systems and presents an opportunity to exploit the quantum
vacuum field as a powerful tool in quantum information processing.
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I. INTRODUCTION

The laser plays a key role in regulating quantum sys-
tems for quantum information processing [1]. However, the
photon-number fluctuation is inevitable in a coherent light
field. This shot-noise fluctuation typically has a Poisson dis-
tribution [2,3], leading to the so-called standard quantum limit
in quantum simulation [4], quantum measurement [5,6], and
imaging [7]. Although many schemes have been proposed to
control quantum fluctuations [8,9], it is still very challenging
to eliminate this intrinsic noise and then beat the standard
quantum limit. In this work we exploit the quantum vacuum
field to induce a shot-noise-suppressing quantum nonlinearity
and to circumvent the limitation of photon-number fluctuation
related to the coherent control field in quantum information
processing.

The quantum vacuum field is a fundamental concept in
quantum physics. To explain the spontaneous photon emis-
sion, Dirac proposed that an excited quantum emitter (QE) can
transfer energy by emitting a photon into a quantum vacuum
field unoccupied electromagnetic mode [10], breaking the
common perception of a quantum vacuum as the absence of
everything [11]. Due to such a counterintuitive picture, the
nature of quantum vacuum fields quickly draws intensive at-
tention [12—14]. The interest ranges from the basic science to
potential applications of technology [11] such as vacuum-field
detection [15,16], Casimir effect [17], Lamb spectral shifts
[2], and vacuum-induced phonon heat transfer [18].
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The interaction of a continuum-mode light field with a QE
is usually weak in free space, resulting in imperceptible effects
of the vacuum-field coupling. In space confined by an optical
cavity, the intracavity matter strongly couples to the discrete
optical modes of the cavity, even in the quantum vacuum
state without any photons [11]. Thus, the quantum proper-
ties of a QE can be greatly modified with an optical cavity
[19,20]. This cavity-enhanced light-QE interaction gives birth
to cavity quantum electrodynamics (QED) [2,21]. The quan-
tum vacuum-induced coupling (VIC) of QEs and an optical
cavity can generate a photon-photon interaction without the
use of an external light field. It also leads to many exotic
physical phenomena, including vacuum Rabi splitting in a
two-level QE [12,22-25] and vacuum-induced transparency
in a three-level quantum system [13].

Conventionally, the nonlinear interaction between photons
is very weak. A cavity QED system with an N-type four-level
QE controlled by a coherent field can be used to achieve
a strong photon-photon interaction [26,27]. Compared to a
cavity QED system with a two-level QE, this N-type cavity
QED system has the merits of a giant quantum nonlinearity
of photons. Therefore, it promises many important applica-
tions in quantum information technologies such as quantum
phase gates [28-30] and the single-photon extraction via the
photon blockade effect [31]. The concept of photon blockade
has been extended to the phonon domain recently by creat-
ing a phononic N-type quantum system with the VIC [32].
Nonetheless, the advantage of the quantum vacuum field as a
resource for quantum information processing has barely been
addressed.

Here we propose a vacuum-induced N-type system supe-
rior to a coherent-field-controlled N-type system in generating
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FIG. 1. Schematic diagram of the N-type VIC and CFC con-
figurations. (a) Schematic of the VIC configuration consisting of
a two-level QE, an auxiliary cavity composed of upper and lower
cavity mirrors (yellow), and a probe cavity composed of left and
right cavity mirrors (blue). (b) Level diagram of the vacuum-induced
N-type system. (c¢) Schematic of the CFC configuration, containing
an N-type QE and a probe cavity. (d) Level diagram of the coherent-
field-controlled N-type system.

quantum nonlinearity for photon blockade. By modeling the
classical coherent field as a coherently driven cavity, we show
a considerably large shot noise in the coherent-field-coupling
(CFC) protocol. In contrast, the shot noise caused by the co-
herent control field disappears in the VIC protocol, achieving
a shot-noise-suppressing Kerr photonic nonlinearity.

II. SYSTEM AND MODEL

The VIC configuration, as shown in Fig. 1(a), consists of
a two-level QE with a resonance frequency w,, an auxiliary
cavity, and a probe cavity. The auxiliary cavity d and the probe
cavity a couple to the two-level QE with strengths g. and g,
respectively. We consider that the auxiliary cavity is made
from two perfect mirrors such that only the intrinsic loss k4 ;
should be taken into account in the decay. A weak coherent
probe field with amplitude o, is incident to the probe cavity
from the left input port. We are interest in the transmitted field
to the right output port. The probe cavity has three main decay
channels [33]: «, . for the input port, «,; for the intrinsic
decay, and k., for the output port. The total decay rate is
Kp = Kpel + Kpi + Kp 2. In experiments, the intrinsic 10ss kg ;
can be far less than «, [21,34]. In the case of a weak probe
and g, < g., the quantum vacuum state with zero photons is
mostly populated in the auxiliary cavity. Thus, it is reasonable
to truncate the cavity mode d up to the first excited Fock state
11a).

The subsystem of the two-level QE and the auxiliary cavity
can be modeled as a four-level system with |1)y = |g, 04) for
the vacuum state, [2)y = |e, 0g), [3)v = |g, 14), and [4)y =
le, 15) [32], as shown in Fig. 1(b). Taking the ground state
|1)y as a reference, the energies of the remaining three states
are w,, w., and w, + w,. In this case, we create an N-type
four-level quantum system with the VIC. In such an equivalent
configuration, the quantum vacuum field drives the transi-
tion |2)y <> |3)y and the probe cavity mode couples to the
transitions |1)y <> |2)y and |3)y <> |4)y. It is worth noting

that this VIC configuration allows an on-chip platform of
a two-level superconducting qubit coupling to a microwave
resonator [35].

The loss of the auxiliary cavity mode d causes the state
|3)v (14)y) to decay to the state |1)y (]2)y) with a rate y3; =
2k4.; (Va2 = 2k4,;). The two-level QE has a relaxation rate y.
Because of this relaxation, the state |2)y (|4)y) decays to the
state |1)y (|]3)y) with a rate 21 = ¥ (Y43 = y). We find that
there is no decay channel between states |2)y and |3)y (see
Appendix A), that is, y»3 = 0. The transition between |2)y and
|3}y results from the interaction of the two-level QE with the
quantum vacuum field mode in the auxiliary cavity and thus
replacing the conventional decoherence mechanism.

In the basis of {|1)y, |2)v,|3)v, |4)v} and the frame ro-
tating at frequency w,, the system Hamiltonian of the VIC
configuration is given by (i = 1)

Hyic = Hyye + Hyyc. (1)
Hyie = AaiSon + (Mg — A23)833 + (Ags + Agg — An3)Sag
+[8p(@ 812 + a'834) + gc$o3 + Hee ], (1b)

Hie = i/ 26, coin(@’e ™™ — ae'™), (1c)
where Ay = Ay3 = w, — wy (A3 = w, — w,) is the detun-
ing between the two-level QE and the probe cavity mode
(the auxiliary cavity mode) and A, = w, — w, is the probe-
field detuning. The operator 3,,,, = |m)(nly (n,m = 1,2, 3,4)
stands for the transition of the N-type system. The interaction
Hamiltonian is described by Eq. (1b) and the last term A,
represents the driving Hamiltonian related to the probe field.

We now describe the CFC configuration shown in Fig. 1(c).
Unlike the VIC-based N-type system, a natural N-type atom,
such as a rubidium atom, can be placed in a Fabry-Pérot
optical cavity to achieve a strong photon-photon interaction
[36-39]. A coherent control field directly drives the transition
[2)c <> |3)¢ with a Rabi frequency 2. [see Fig. 1(d)]. We
use the same probe setup as the VIC protocol. The system
Hamiltonian of this CFC configuration reads

Algc = Hpe + Hge. (2a)
A = A2iba + (A1 — A23)633 + (Ags + Agy — An3)bu
+[g,(@ 612 + a'634) + Qe623 + Hee ], (2b)

Al = i/ 26 i@ e — ae'™), (2¢)
where 6,,, = |m)(n|c (m,n =1, 2, 3, 4) defines the transition
operator for the four-level atom. Notably, due to the decoher-
ence mechanism of natural N-type atomic energy levels, we
retain the decay from |2)¢ to |3)¢. In addition, to compare
with the VIC protocol, we consider the same decay rates for
the N-type quantum system and the probe cavity.

Comparing Eqs. (1) and (2) and two-level diagrams, we
can see that the two configurations are different only in the
coupling to the transition |2) <> |3). In the VIC configura-
tion, this coupling is caused by the quantum vacuum field
of the auxiliary cavity driving the two-level QE. The cou-
pling strength is a pure number g, in a practical experimental
implementation of this VIC configuration [35]. In contrast,
the coupling 2. is the coherent control field driving the real
transition |2) <> |3) of a natural N-type atom. In conventional
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treatment, the coupling strength Q2. in the CFC configuration
is treated as a number without fluctuation [2]. This treatment
causes the Hamiltonian (2) to fail to reflect the photon-number
fluctuation of the coherent control field. Indeed, it is valid
when the coherent field is strong enough.

In a theoretical model of the coherent-field driving of the
atom, the coherent control field €2, can be replaced by an
open-environment pseudocavity mode ¢ with a total decay rate
k.. A new coherent field £ resonantly excites the pseudocavity
mode to a coherent state |«), which generates an equivalent
driving as €. to the atom. In this case, we have Q, = ag.,
where g, is the mean single-photon coupling strength. In
doing so, the quantum fluctuation of the coherent control field
in experiment, corresponding to the shot noise, can be taken
into account in the model. The Hamiltonian describing this
equivalent pseudocavity QED system can be written as

Acec = Hepe + Hlge (3a)
Here = D162 + (A1 — A23)633 + (Ass + Aoy — An3)

X 644 + [gp(&Tc?u + CAIT534) + g’L.6236 + h.c.]

+ig (" — o), (3b)
ﬁch = i,/ZKp,elain(&Te_iA"t — ae'®rh, (3c)

where ¢ is the annihilation operator of the pseudocavity mode.
The quantum-averaged photon number N, of the pseudocavity
field is proportional to the square of driving amplitude &, given
by N. = (é'¢) = £ /k?. The relation between Q. and g, is
Q. = g.+/N.. We take Q. = g. to keep the coupling rates
consistent in the two configurations.

Hereafter, we study the photon-number fluctuation of the
CFC configuration based on this pseudocavity QED model.
The VIC protocol, which makes full use of the quantum vac-
uum field in an auxiliary cavity interacting with a two-level
QE, provides an effective approach to suppress the shot noise
of the control field, while it is inevitable in the CFC protocol.

The dynamics of the quantum system with an observable
operator O is govern by the quantum master equation

O@t) = —i[O®), H] + LIT, A10(), (4)

where the superoperator £[I", A]O(t) describes the system
dissipation and has the same form in the Heisenberg picture
for both the VIC and CFC configurations as [33,40,41]

LIT,A10(t) =TQRATOMA — ATAO() — O(HATA), (5)

with I' = {kp, k¢, ¥21/2, v23/2, v31/2, v13/2, ya2/2} and A =
{a, ¢, 312, S32, S13, §34, 324} (S =8, 6). The motion of the sys-
tems can be accessed directly by numerically solving the
quantum master equation [42].

III. SHOT-NOISE-SUPPRESSING
QUANTUM NONLINEARITY

We can also obtain the effective Hamiltonian by adi-
abatically eliminating the atomic operators in Egs. (1).
Using a perturbation approach to solve the master equa-
tion [2,31,32,43—45] (see Appendix A) and then applying an
unitary transformation, defined by U = exp(iA ya'ar), to the
system with the probe in the VIC configuration, we obtain the

effective Hamiltonian
yeff At A A At an
Hile = (A, + Swvic)a'a + nvica’a’aa

+ i\/ 2Kp,elain(&T - &)7 (6)

where Swyc is the linear frequency shift, which can be ne-
glected in the case of two-photon resonance [37] in which
Ay = Ayz. The second term related to nyic describes the
vacuum-induced quantum nonlinearity. Note that the nonlin-
earity strength nvyic is a number in the VIC configuration. It is
evaluated as

)

g 2ys1 + v23) (1 1 )Im(F)
nic= 5 <

Sysiya +y3)\F  F*) |F|?°

where F = 72/g2 + 1/ (73 + g3Na/74). 72 = (v21 + y2)/2 +
iAy; (y23 =0 in the VIC protocol), 73 = y31/2 +i(Ay —
A23), P4 = (ya3 + va2)/2 + i(Asz + Ay — Agz), and N, is
the quantum-averaged photon number of the probe field. To a
good approximation, we have N, = |, |? /K; for kpe > Kp,i.
In the CFC configuration, the coherent control field has
a photon-number fluctuation, i.e., subject to the shot noise.
Such shot noise is difficult to assess using the conventional
treatment of taking the coupling strength 2. as a number.
Thus, we use the pseudocavity QED model to analyze the
effect of this quantum fluctuation of the coherent control field.
We are interested in the pseudocavity mode ¢. By adiabati-
cally eliminating the atomic operators in Eq. (3), we get the
effective Hamiltonian in the CFC configuration as
i ot

yeff N N
Hpe = (A, + 8wcere)a'a + ficpca’a

+iy/2Kp 10 (@ — @) )]

and the corresponding quantum nonlinear coefficient

gh2ya1 + v23) ( L1 >Im(F) ©
e ePysi(yn +y)\F  F*) |[FI2
where the linear frequency shift wcgc is also negligible under
the condition of two-photon resonance. The quantum nonlin-
ear coefficient 7jcgc is no longer a pure number but an operator
related to the photon-number operator ¢'¢. Below we also
refer to the photon-photon interaction coefficients nyic and
ficrc as Kerr-type photonic nonlinearities.

We find that the nonlinearity fjcpc depends on the photon
number of the pseudocavity field [see the factor g*(¢'¢)?
in Eq. (9)]. The pseudocavity mode ¢ satisfies the relation
Q. = g.+/(€é7¢), which leads to the fact that the mode ¢ cannot
be in a vacuum state, thus avoiding the mathematical diver-
gence of Eq. (9). In addition, from Eq. (9) it can be seen that
the nonlinearity fjcgc is inversely proportional to the photon
number N,. Under the condition that €2, is strong enough to
ensure the realization of electromagnetically induced trans-
parency and an atomic coherent process, the smaller the
photon number of the control field, the larger the nonlinearity.
This point is confirmed both theoretically and experimentally
[26,32,37,44,45].

In experimental measurement, the nonlinearity #jcpc we
actually get is a number varying detection by detection, due
to the random collapse of the quantum state. However, the
photon-number fluctuation of the coherent control field intro-
duces the shot noise to each measurement related to #jcgc.

aa

ficrc =
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FIG. 2. Shot-noise-suppressing Kerr photonic nonlinearity. The
red curve represents the nonlinear coefficient ncgc of the CFC config-
uration, as a function of the average photon number N.. The blue line
is for the VIC configuration. The decay from |2) to |3) is y»3 = 0 and
¥23 = 0.1k, in the VIC and CFC configurations, respectively. The
other parameters are k,; = 0.2, Ky = kper =04, Kk, =1, Y21 =
Va3 = O.IKp, Va2 = V31 = O.OOIKP, Ay = A23 = A43 = O.SKP, 8p =
15k, g = 60k, and Q2. = 135«),.

In stark contrast, nyic in the VIC configuration is a pure
number because the quantum vacuum field has zero fluctu-
ation in the photon number. This means the uncertainty of
the nyic measurement disappears, resulting in a shot-noise-
suppressing Kerr nonlinearity.

The quantum-averaged Kerr nonlinearity of the CFC con-
figuration, ncrc = (fjcre), reflects the result of the average of
multiple measurements of the system nonlinearity. As is well
known, the photon-number fluctuation of a coherent field is
proportional to the square root of the number of photons, that
is, AN, = /N.. Also, we have the relation ((¢7¢)?) = N? +
ANC2 [2]. Therefore, we can rewrite the quantum-averaged
nonlinear coefficient for the CFC configuration

_ ficre _ THcre (102)
T T TR ANZNE T T N
4
_ g, 2ya+yas) (1 1\ Im(F)
ere = f—(— —*)—2. (10b)
Qiysi(yar +yv)\F F* ) |F]

In what follows, to compare the two configurations, we take
Ncre = nvic by adjusting the parameters g, and €2.. Ac-
cording to Eq. (10a), the photon-number fluctuation of the
coherent field can cause reduction of the Kerr nonlinearity.
This effect is remarkable when N, is small, as shown in
Fig. 2. When N, increases to a large number, the contribution
of the relative fluctuation AN?/N? becomes small and the
nonlinear coefficient ncpc rapidly approaches that of the VIC
configuration. In stark contrast, the Kerr photonic nonlinearity
in the VIC configuration nyjc is free of the fluctuation of
the coherent control field. Then we call this nonlinearity the
shot-noise-suppressing Kerr nonlinearity, meaning it excludes
the noise from the photon-number fluctuation of a control
field. This property suppressing the control-field noise reveals
great advantages in quantum information technologies relying
on the Kerr nonlinearity, such as photon blockade.

IV. ADVANTAGES IN PHOTON BLOCKADE

The strength of available Kerr nonlinearity in a quantum
optical system directly determines the performance of photon

blockade, which is usually used to extract a single photon
from a weak coherent probe field [26]. According to the
input-output relation [46], we have doy = /2, 24 in both
configurations. The statistical properties of the output photon
mode is the same as that in the probe cavity. Its average is eval-
uated with the steady-state second-order correlation function
at zero delay:

(5 (D (D ou (1)atou (1) ss

(2) _
0) =
§ (@ (D atow (1)) 2

(1)

It is difficult to solve the exact analytical solution of the
second-order correlation function. In a weak-driving regime
(ain < kp), we truncate the Hilbert space to n = 2 for ana-
lytically solving the Schrédinger equation of the system. We
obtain the approximate function [47] (see Appendix B)

2

K
(2) ~ p
g0 —— (12)
n%’IC + ";%

at resonance A, = 0 for the VIC configuration. The Kerr non-
linearity is shot-noise suppressing so that the photon-number
fluctuation-induced noise is excluded in g (0). However, in
the CFC configuration, by substituting Eq. (10a) into Eq. (12)

we have
K> AN\?
(2) ~ P c
g90) ~ - <1 + ) . (13)
fNcre + K;% N?

It can be seen that the fluctuation AN, of the coherent control
field causes g(z)(O) to increase and thus weaken the photon
blockade effect.

To further evaluate the effect of the coherent control field
on the statical properties of the outgoing photon mode, we
consider the second-order intensity-correlation operator for
the output field [3,41]

A

G = al,a! L doubou- (14)

In experiments, the field outgoing from the system is split
into two paths and measured at the same time or zero delay
to obtain the single-shot intensity correlation. Each measure-
ment generates a value of the intensity correlation distributed
randomly around its mean value due to the shot noise. The
average of a great number of measurement yields the value
(G). Normalization by the squared mean intensity of the out-
put field gives the function g (0).

Note that the fluctuation of G gives rise to the uncertainty
of g®(0) in measurement. In the VIC configuration, G has no
contribution from the photon-number fluctuation of the con-
trol field but is affected by the probe-field fluctuation. In this
sense, the g?)(0) is shot-noise suppressing. In the CFC con-
figuration, except for the probe field contribution, the coherent
control field also causes extra shot noise to the measurement
of G, leading to an additional quantum uncertainty to g (0).

The fluctuation of G can be derived approximately as (see
Appendix B)

2 2
~ 8\/§KP,€1 Kp,e2ain

nvickp

15)
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FIG. 3. (a) Transmission and (b) fluctuation AN, as a function
of the probe-field detuning. (c) Second-order function g (0) and
(d) fluctuation AG versus the probe-field detuning. The blue and
red curves represent the VIC and CFC configurations, respectively.
We take k. = k,, g. = 67.5k,, and & = 2k, yielding N, =4 and
Q. = 135k,. The decay from |2) to |3) is y»3 =0 and y»3 = 0.1«,
in the VIC and CFC configurations, respectively. The other param-
eters are K,; = 0.2, kpe1 = Kpe2 =04, K, =1, y21 = yu3 = 0.1k,
Va2 = Y31 = 0.00IK!,, Az] = A23 = A43 = O.SK!,, 8p = 15/{1,, Olizn =
0.04«, g. = 60k, and Q. = 135«,,.

for the VIC configuration and

N.

for the CFC configuration. The first term of Eq. (16) is derived
from the photon-number fluctuation of the probe field itself,
which we denote by AG,,. The second term originates from
the coherent control field, denoted by AG,. Therefore, the
use of a coherent control field introduces an additional fluc-
tuation to the second-order correlation function. We go next
to the disqussion of the transmission of the system, defined
as T = (& ,@ouw)/|ain|?. It is proportional to (a'a). Therefore,
its fluctuation is only dependent on the photon-number fluctu-
ation of the probe field given by (see Appendix B)

832k o1k a2 842Ky o1k a2 / AN\ 2
G~ p.elfp ep%in + p.elfp en m( c) (16)

Ncrckp Ncrckp

AN, ~ \/ZK[,’elOtizn/[(Ap + 5(1))5)2 + K[%} a7

with x = VIC, CFC. Note that AN, is unaffected by the
photon-number fluctuation of the control field. Hence, the
transmissions and their fluctuation in both the VIC and CFC
configurations are almost identical [see Figs. 3(a) and 3(b)].
To confirm our analytical results, now we numerically
study the full quantum dynamics of both the VIC and CFC
configurations by solving the quantum master equation (4)
based on Egs. (1) and (3) with the same parameters for
comparison. Figures 3(a) and 3(b) show the same trans-
missions and corresponding fluctuations for both cases as
a function of A,. The statistical properties of the output
photons, however, are quite different. As expected from the
analysis above, the fluctuation AN, weakens the photon
blockade effect and gives rise to a larger g (0) in the CFC

0.6 *|‘-__(a) —VIC(nvic = 5kp) 6 (b) —VIC(nvic = 5kyp)
i = -CFC(fjcre = 5ky)| & .~ -CFC(icrc = 5ky)
= 1y ==-VIC(nvic = &) S i —VIC(pvic = kp)
=03 | i CFC(ioro = ky) b 3V, CFC(nere = ky)
- by o S ———
———————— i
0 (e ——
0 4 8 0 4 8
N, N,

FIG. 4. (a) Second-order function g®(0) and (b) fluctuation AG
versus the quantum-averaged photon number N, of the coherent
control field. Red solid (blue dashed) solid curves indicate the case
of a strong nonlinearity nyic = 5k, (ficec = 5k),) in the VIC (CFC)
configuration with the parameters g, = 15k,, y»3 =0, and g. =
60k, (gp = 15kp, y23 = 0.1k, and Q. = 135k,). Green dash-dotted
(purple dotted) curves represent the case of a weak nonlinearity
nvic = K, (ficre = &) in the VIC (CFC) configuration with the
parameters g, = 10«,, y»3 =0, and g. =40k, (g, = 10k, y23 =
0.1k,, and . = 90«,,). The other parameters are k,; = 0.2, K, .1 =
Kpe2 = 04, Kp = 1, Y21 = Va3 = O.IKP, Yar = Y31 = O.OOIKP, Ap =
0, Ay; = Ayz = Ay3 = 0.5k, and otizn = 0.04«,,.

configuration [see Fig. 3(c)]. At A, =0, the second-order
correlation function g®(0) is 0.003 and 0.1 in the VIC and
CFC configurations, respectively. As shown in Fig. 3(d), the
fluctuation of the second-order intensity correlation AG in
the VIC configuration is considerably smaller than that in the
CFC configuration, because the additional quantum fluctua-
tion AN, in the latter case adds an extra contribution to AG..
This smaller AG implies an important advantage of the VIC
protocol in photon blockade. Figure 4 shows g»(0) and AG
versus N.. When N, varies, we keep g. and €2, unchanged,
resulting in the same Kerr-type photonic nonlinearity nyic =
ficre. In the VIC configuration, g (0) and AG are constant
since they are independent of N,. The performance of photon
blockade is thus stable in the VIC protocol. In stark con-
trast, due to the fluctuation AN,, g»(0) and AG are strongly
dependent on N, in the CFC configuration. It can be seen
from Fig. 4 that g (0) and AG have large values when N,
is small. With the increase of N,, they decrease and eventually
converge with that of the VIC configuration. It is worth noting
that the weaker the nonlinearity is, the slower g?(0) and AG
decrease with N, and the higher stable value g?(0) and AG
approach (see the blue dashed curve for a strong nonlinearity
nvic = ficrc = 5k, and the purple dotted curve for a weak
nonlinearity nvic = fjcekc = k). This implies that, under a
weak nonlinear condition, the VIC protocol shows a larger ad-
vantage than the CFC protocol in photon blockade for a small
N.. Due to the limitation of available computation resources,
we preform simulations to a small N,. In practice, to approach
the comparable performance as the VIC protocol, the coher-
ent control field needs to be very strong, corresponding to a
large N,, which goes beyond the computation capability of a
classical computer.

V. CONCLUSION

We have shown an essential advantage of the VIC protocol
over the CFC protocol in quantum manipulation. A shot-
noise-suppressing quantum nonlinearity is created by virtue
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of the VIC in a cavity QED. As a result, a more stable and
stronger photon blockade effect is obtained, in comparison
with the conventional CFC-based method. Our VIC-based
method using the quantum vacuum field will greatly en-
rich quantum information technologies. With the help of the
VIC, one can construct a three- or four-level superconducting
quantum system [32,34], thus boosting quantum information
technologies based on nonlinear quantum optics. Moreover,
the proposed VIC protocol for quantum manipulation pro-
vides a good platform for investigating the nature of the
quantum vacuum field.
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APPENDIX A: EFFECTIVE QUANTUM NONLINEARITY
COEFFICIENTS OF THE VIC AND CFC
CONFIGURATIONS

Using the perturbation approach [2,31,32,43-45], we can
obtain the effective quantum nonlinear coefficients of the VIC
and CFC configurations. We first derive the VIC configu-
ration. The system consists of a two-level QE, an auxiliary
cavity, and a probe cavity. The operators 61 = |e)(g| and
6~ = |g)(e| stand for the energy transition of the two-level
QE. The probe cavity mode a (the auxiliary cavity mode
d ) couples to the two-level QE with a strength g, (g.). The
auxiliary cavity is in the vacuum state and without any exter-
nal drive. In the case of a weak probe and g, < g., we can
truncate the cavity mode d up to the first excited Fock state
|1;) and thus obtain the state space of a subsystem consisting
of the two-level QE and the auxiliary cavity [32] |1)y =
8. 04), 12)v = le, 0q4), 13)v = g, 14), and [4)y = le, 1), re-
spectively. This subsystem can be modeled as an N-type
four-level system. We define §,,, = |m)(n|ly (n,m =1,2,3,4)
to describe the transition of the N-type four-level structure.
Therefore, in the basis of {|1)y, |2)v, |3)v, |4)v}, the Hamil-
tonian of the VIC configuration is given by

Avic = Hyic + Hyie, (Ala)
Hie = AiSn + (Aar — A23)833 + (Asz + Agy — An3)iuy
+[gp(@'312 + a'834) + gp (3210 + 34300)]

+ 8:(823 + 832), (Alb)
ﬁ\I;IC =iy 2Kp,elain(£ﬂe_mp[ - &eiApl)‘ (Alc)

The decay of the system can be described by the Lindblad
operator

L0 =x,2a'0a — a’ad — Oa'a)
+x42d70d —dTdO — Od'd)

+ %(26*00* —6T6-0-0676"). (A2

Here k), = kpe1 + Kpi + Kpeo is from the total decay of the
probe cavity, x; = k4,; accounts for the loss of the aux-
iliary cavity, and the relaxation rate y results from the
two-level QE. Expanding operators d' and 6 * under the basis
{Iv, 12)v, 3)v, |4)v}, we have

d" = (le)(el + 18) () ® [14)(0a] = 842 + 331,
6" =le){gl ® (Ia)(Lal +104)(0a]) = $21 + 345

Then substituting Eq. (A3) into Eq. (A2) and neglecting cross
terms, we get

L0 =x,2a"0a — a'ad — Oa'a)

(A3)

+ k(25420324 — 3240 — O344)
+ k4(28310831 — 3330 — O833)
YV An An A A An
+ E(2S210S12 — 5§20 — O3yp)

+ 225005 — 30 = Osi). (A4
where the second (third) term describes the decay from |4)y
(13)v) to |2)y (J1)y) by the loss of the auxiliary cavity mode
and the fourth (last) term describes the decay from |2)y (|4)v)
to |1)y (|3)y) by the relaxation of the two-level QE. We
take Y4 = y31 = 2kg = 2Kd,,' and y»1 = y43 = y. It is worth
noting that the state |2)y does not decay to the state |3)y, that
is, y23 = 0. This is because the coherent process between |2)y
and |3)y is induced by QE-cavity coupling, which is different
from the typical decoherence mechanism in the conventional
N-type four-level structure. Therefore, the Lindblad operator
can be rewritten as

LIT,A10 =TQATOA — ATAD — OATA),  (A5)
where ' = {kp, ¥21/2, v23/2, v31/2, va3/2, va2/2} represents
the decay rate of each state analyzed in the main text and A =
{a, 512, §32, 513, $34, $24}. Then the Heisenberg equations for
the system in the VIC configuration take the form (y»; = 0)

a= —KpQ — igp812 — igp83 + MQme_iAP’, (A6a)
$11 = 2182 + 31833 — igp(@'512 — $2100), (A6b)
§20 = —(y21 + 723082 + yarbas + igp(@'512 — 5212)
—ig:(823 — 832), (A60)
833 = — V31833 4 Y2382 + yasbus — igp(a'834 — S430)
+igc(823 — 832), (A6d)
Sas = —(yao + va3)8ma + igp(@' 534 — 54300), (A6e)
§03 = —Pm3803 + igc(333 — $22) + igpd’ (S13 — §24), (A61)
S14 = —7uS14 + ig,(3as — 813, (A6g)
S12 = =812 — iged13 — igp(311 — $22)a, (A6h)
$13 = =813 — igeSi + igp (330 — a314), (A6i)
S04 = —P2a80a + igcS3a +igp(@ 514 — 3230, (A6))
S34 = —Paad + igeS — igy(33 — Saa)a, (A6k)
where 7, = (ya1 +v23)/2 +ido1, 73 =y31/2 4+ i(A2 —
Ax), Ta= (v +vys)/2+i(As+ Ay —Axp), Pu=

(Y21 + v3 + v31)/2 — iAgs, Pa=Wu+yn+ye+
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V43)/2 + i(Agz — Ap3),
iAg3.

The transition operator can be expanded as §,, = ) +
§0 4+ 5@ 4 53) 4 ... In the case of a weak probe and g, <
g., the system is mostly populated in the ground state |1)y.
Hence, to a good approximation, all the populations can be
assumed in the ground state |1)y to zeroth order, i.e., fv(](:) =
1,30 =3 =350 = 0. The terms with 3,,,g, (m # n) can
be neglected when solving §,,,. Then we have the first-order
solutions for the operators

and P34 = (31 + a2 + va3)/2 +

~(1) igp .

§, = ———a, ATa
12 g%F ( )
(D i8c (D

83 = ————=581,, (A7b)
B 73+ &Na/Ps 12

with F = §,/¢2 + 1/(7 + giNa/fq), where N, is the average
photon number of the probe field. As for a closed system, the
total population is conserved, i.e., 8§11 + 822 + 833 + 844 = 1.
The second-order population operators satisfy the relationship

§7 455 355 +357 =o0. (A8)
Substituting Eqgs. (A7) and (AS8) into Egs. (A6b)—(Abe), we
obtain the second-order population operators

(s tysg, (1 1Y,
_M<_+_>a*&, (A9%)
]/31()/21 + )/23)gc

F  F*
1 1Y\,
55 = & > (— + —)a'a.
(Y21 +vs3)gz \F F*
Similarly, substituting Egs. (A9) into Eqgs. (A6f)—(A6k), we
get the operators 3532) and 35? to third order,

22) _
Sip =

(A9b)

@ = ig)(2y31 + 23) (l N L)&Taa’ (A102)
Syvsi(ya +y3)F \F  F*
55 =0. (A10b)
Therefore, we have
S12 = 80 +38), (Alla)
§34 = 0. (Allb)

For an observable O, related to the cavity mode a, we can
obtain the relation from the quantum master equation

0 =~ ig,(10. 1812 + §m[0, &)
— igp([0, a'1834 + 3430, a])
+k,(2a"0a — a'a0 — Oa' a)
+ 26 1[0, aT e A — aetr]. (A12)

Thus, substituting Egs. (A11) into Eq. (A12), we have

0 = — iSwvicl0, a'al — inviclO, a
+ k(20" 0a — a*ad — Oa'a)
+ iy a?0a* — a?a*0 — 0aa?)

+k,(2a"0a — a'a0 — Oa'a)

+ V26 1[0, a e B — aet],

(A13)

where
Im(F)g;
Sovic = ———", (Alda)
b ZIFP?
e = £, 2y31 + 23) (l L) Im(F) (AL4b)
vie gﬁVSI(JQl + y23) \ F F* |F|? ’
Re(F)g;
KNIC = et (Al4c)
VIC g%|F|2
e SQrn tyn) (l N L) Re(F) 4y
vie vty +y)\F  F*) |F|?

From Eq. (A13) we can see that wyc and nyic describe the
linear frequency shift and the quantum nonlinearity of the VIC
configuration, respectively. Here k¥ and ki are the linear
decay rate and the nonlinear dissipation, respectively. Under
the condition of two-photon resonance A,; = Aj3, the linear
frequency shift wyic =~ 0 and the linear decay rate K\L/IC ~
0 [37]. In the case of |A43] > 0, the nonlinear dissipation
|/<<,Vl%| < |nvicl; thus it can be neglected in our paper [37,44].
It is worth noting that when we take A43 = 0, the dispersion
of the system is negligible, meaning nyic =~ 0, while the non-
linear dissipation is large. This mechanism enables nonlinear
dissipation-induced photon blockade [48].

Now we consider the CFC configuration. The Hamiltonian
of the pseudocavity QED system reads

Acre = Adpe + Alge. (A152)
Here = D162 + (Aog — A23)633 + (Asz + Aot — A23)Gaa
+ [gp(aT6'12 + CAlT(’)\'34) + g/L.CA'T(’)\'j;z + H.C.]

+ig@" — o), (A15b)

Hfee = iy/2kp crcim(@’e ™" — ae'™m), (Al15c¢)
The Lindblad operator is given by

LIT,A10 =T(QATOA — ATAD — OATA), (A16)

where U = {kp, ke, v21/2, v23/2, v31/2, va3/2, ya2/2}
represents the decay rate of each state and A =
{a,¢, 612, 632, 613, 634, 624}. The decay rate k. results from
the pseudocavity mode ¢. The Heisenberg equations for the
pseudocavity QED system take the form

A N . A . A —iAt
a = —Kpa — 18,0612 — 18,034 + /2K pc1ctine” =", (Al7a)

611 = Y2162 + y31633 — igp(d' 612 — 6212), (A17b)
62 = —(ya1 + ¥23)62 + Varbas + igp(a' 612 — 6210)

—ig (6:3¢ — &T632), (A17¢)
633 = — 31633 + ¥2362 + Vasbus — igp(a' 634 — 6430)

+ig.(623¢ — ¢'63), (A17d)
S4a = —(yar + va3)8u + igp(8' 63 — 6130, (Al7e)
623 = — P63 +ig.e" (633 — 622)

+igyd (613 — ), (A17f)

614 = —Pa61a + igp(62 — 613)a, (Al7g)
612 = — 612 — ig.615¢ — igy(611 — 62)a, (A17h)
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613 = — 13613 — i8¢ 612 + igp(623a — 4 614), (A171)
624 = — a6 + ig/ccA‘T&M + igp(&-’-a—l4 — 6230), (A17))
634 = — P03 + ig.624C — ig,(633 — Gus)a, (A17Kk)
where 7 = (Y21 +¥3)/2 +iA21, P3=y31/2 +i(Ax —
A23),  Pa= (a4 ya3)/2 +i(Asz + Ayp — Apz), o3 =

(Y21 +v3 + v31)/2 — i3, Pa=n+yn+yo+
Va3)/2 +i(Ag3 — Apz), and  Pag = (Y31 + a2 + va3)/2 +
iAgz.

From Eq. (A17) it can be found that the pseudocavity
QED model provides an opportunity to evaluate the influence
of photon-number fluctuations of the control field ¢ we are
interested in. By performing the same calculation steps to
adiabatically eliminate the atomic operators (6,,,) and retain
operators of the control field (¢ and &™), we have the first-order
solutions

() i8p .

6y, = ——g/czFa, (A18a)
ig et

6D = __ gl &) (A18b)

7+ ENa/ T
and the third-order solutions

LGy ig) (231 + v23)

1 1
T — 4+ — )a'aa
127 g4(et ey (yar + y3)F (F F*>

a'aa,

(A19a)

63 =o0. (A19b)
Finally, we obtain

61 =60 463, (A20a)

634 = 0. (A20b)

Then the quantum the nonlinear coefficient in the CFC con-
figuration is given

(A21)

R g2y + v3) (1 1 )Im(F)
Ncrc =

gHEeVysi(yu +y3)\F  F*) |F|>
From Eq. (A21) we find that the nonlinearity 7jcrc related to
the photon-number operator ¢'¢ of the coherent control field
is no longer a pure number but an operator.

Applying a unitary transformation of U = exp(iA yatar) o
the system, we can get the effective Hamiltonian

ﬁ\e]&fc = (Ap + 5CUVIC)&T& + nVlc&T&T&&
+i\/2kp 1in(@" — @)

for the VIC configuration and

(A22)

HELe = (A, + Swcre)a’a + ficrcd’ a' aa
+ i\/ 2’(1),610[in((le - a)

for the CFC configuration. As discussed in the main text,
the quantum-averaged nonlinear coefficient of the CFC

(A23)

configuration ncgc = (fjcrc) can be derived as
Jlege
= A24a
flcre 14+ AN2/N? ( )

g2y + v3) <1 I)Im(F)
Qysi(yar + ) \F  F*) |F|?

Nicre = (A24b)

APPENDIX B: SECOND-ORDER CORRELATION
FUNCTION AND FLUCTUATION OF THE
SECOND-ORDER CORRELATION OPERATOR

In this Appendix we derive the analytical solution of the
second-order correlation function and fluctuation in a weak-
driving regime [47]. We first consider the VIC configuration.
Taking into account the loss of the probe cavity, the effective
Hamiltonian (A22) can be expressed in a number state repre-
sentation as

B =Y (B, — inyln)(n])

+ i/ 26pe1invn + 1(In + 1) (n] — [n)(n + 1])],
(BI)

where E, = (A, + dwvic)n + n(n — 1)nyiec represents the
eigenvalues. We expand the Hamiltonian in the basis states
{10y, |1}, |2)} for a weak-driving case,

Hle = Epl0)(0] + (E; — ix,)| 1) (1] + (B2 — 2ix,)[2)(2|
+ iy/2kp e10tin(11)(0] — [0)(1])
+iy/Aip a1 (12) (1] = 1) 2)). (B2)
A general state in this subspace can be written as
¥ (@) = Co)|0) + Ci()[1) + Co(1)[2), (B3)

with |Cy|?> + |C1|? + |C>|> = 1. Substituting Eqs. (B2) and
(B3) into the Schrodinger equation

il (1)) = Ayielw @), (B4)
we obtain
il @) = i[Co()|0) + C1(H)I1) + Ca(1)]2)], (B5a)
HE |y (1)) = HELICo(1)[0) + Ci(1)[1) + Co(1)[2)],  (B5b)
where
HEE.Co(1)|0) = EoCo(t)[0) + iy/2kp aainCo()|1),  (B6a)
H-Cr(O(1) = (Ep — ix,)Cr()]1) + icinCy (8) (/4 112)
—V26p0110)), (B6b)

HCo(D)12) = (Ex — 2ik,)Ca(t)]2) — i/ p 1 dinCa(t)]1).
(B6ec)

By comparison with the coefficients of the same basis
states in Egs. (BS), we obtain

Co(t) = —iEqCo(t) — dtiny/2kp.e1C1 (1),
Ci(t) = —i(Ey — ikp)C1(t) + v/26p.c10Co(t)
Y/ 4Kp,elainc2(t)a
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Co(t) = —i(Ey — 2ikp)Ca(t) + y/4Kp c1inCi(1).  (BT)

As we analyze in the main text, in the case of a weak probe
o, < kpand g, K g, the ground state, i.e., the vacuum state,
is mostly populated. Thus, we can assume that Cy ~ 1. Also,
we can approximately solve Eq. (B7) using a perturbation
method by discarding higher-order terms [47] and have

Co(t) = —iEyCo(t),

Ci(t) = —i(E1 — ikp)Ci(t) + /2K e10inCo ),

Co(t) = —i(Ey — 2ik,)Ca(t) + /A e1cinCi (1) (B8)
The probe cavity is initially in a vacuum state, i.e., Cp(0) =

1 and C;(0) = C5(0) = 0. Hence, the solution of zero-photon
amplitude can be solved as

Co(t) = e Bt (B9)

The solution of the single-photon amplitude in Eq. (BS) be-
comes

Ci(t) = —i(Ey — ikp)Ci(t) + /2kp erctine” B (B10)

By introducing a slowly varying single-photon amplitude

Ci(t) = ¢y (t)e "B

C1(0) =¢((0) (B11)

to solve Eq. (B10), we obtain
Ci(t) = é1(t)e B0l —i(Ey — i,y )eq (e " Erik),

(B12)
Substituting Egs. (B12) and (B11) into Eq. (B10), we have

él (t) = ZKp,elainei(El 7E07[K'7)t. (B13)
Integrating both sides of Eq. (B13), the solution is
1
t)=c1(0 2K p o1 Olin
c1(®) =c1(0) + /2xp, 1Olnl.(E1 s
x [e'Er=Eomik)t ] (B14)
and Eq. (B11) becomes
Ci(t) =1 (0)e Eminl L oy S
PETNE, — Ey — ikp)
% [efiEot _ e*i(ElfiK],)t]. (BIS)

According to the initial condition C;(0) = 0 = ¢(0), we can
obtain

/2K p.e1in [emiEol _ gitEr—iry)]
i(Ey — Ep — ikp)

Cir) = (B16)

Now we derive the two-photon amplitude in Egs. (B8).
Substituting Eq. (B16) into Egs. (B8), we get

Got) = — i(Ey — 2ik,)Ca(t)

2
\/gKPwelain [e—Eot

+ _ o iEi—iky)y
I(E, — Ey — ixp) ]

(B17)

Similarly, we introduce slowly varying two-photon amplitude
Ca(t) = cp(r)e "2,

G2(0) = 2(0) (B18)

and obtain

2
\/gKP#?lain

oI (E2—Eo=2ikp)t
i(Ey — Eo — ikp)

Cz(t) — _ ei(Ez*E]*iKp)t].

(B19)
Integrating both sides of Eq. (B19), we have
VBicp 10y
i(E) — Eg — ikp)
Pl Er—Eo=2ic,)t _ | GiEa—Ei—ikcy)) _ |
x [i(Ez —Ey—2ik,)  i(Ey — By — iKp)i|’
(B20a)

e (t) = ¢2(0) +

Ca(t) = () B2
V8ip 102 e o
l(El - E() - iKp) l(E2 - E() - 2iKp)

«/glcp,elaizn
i(Ey — Ey — i/cp)

o—i(Ea=2ikp)t

e—iE1—iky)t _ o=i(Ex=2ik,)t

i(Ey — Ey — ikp)

(B20b)

According to the initial condition ¢,(0) = 0, we can obtain

2 —iEpt
VBip.aog, [e -

i(E, — Eo — ixy) | i(Es — Eo — 2ik,)

o—i(E2=2ik,)t

G@) =

]. (B21)

Therefore, for the infinite-time limit t — oo, we have
Co(c0) =G =1,

vV 2Kp,eloﬁn

Ci(o0) =Cp = - —,
i(A, + dwyic — ikp)
Kp,el@in
Cy(00) = Cy = Vel C. (B22)

(A, + Swvic + nvic — ikp)

From Egs. (B22) we can easily obtain the photon-number
fluctuation of the probe field

AN, = V/((@'a)*) — (a'a)?

~ (G = 2pey
(Ap +dwvic)* + k32

The statistical properties of the outgoing photon can be
evaluated with the steady-state second-order correlation func-
tion at zero delay

(B23)

(@ (a4 (D)o ()aou (t))ss

(2) _
©0) = 0
# (@ (o ()2

, (B24)
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where dou = /2kp 20 [46]. Therefore, we have

(@55 4 (0w )aou(1))ss
(@ (D aou (1)

_ @' oatmama))ss

- @wam)i

§2(0) =

(B25)

This means that the output photon mode has the same sta-
tistical properties as that in the probe cavity. When ¢ — oo,
substituting Eqgs. (B22) and (B3) into Eq. (B25), we obtain

2062 (Ap+dovic) +k,

(2) ~
g7~ = ;
ICi|* (A, +dwvic + nvic)* + k3

(B26)

where Swyic can be neglected in the case of two-photon
resonance in which A} = Aj3. When the probe frequency
resonates with the cavity, i.e., A, = 0, we get

20612 &,

4 T 2 2°
|C1| nv1c+’{p

g?0) ~ (B27)

The second-order correlation function g®’(0) measures the
statistical properties of the quantum average of the system.
Thus, for the CFC configuration, we can replace the quantum
nonlinear coefficient nyic by ncrc = (ficre) to obtain the ap-
proximate function

(A, + Swcre) + ;)
(A, + 8wcke + nere)? + k2

§2(0) ~ (B28)

Now we calculate the fluctuation AG of the second-order
correlation operator [3,41] G = a(;magmaoutaom in the case of
A, = 0. In the VIC configuration, we have

AGyic = /(G%1c) — (Gyic)?
= (2k,.0)%/ ((@Tataa)?) — (atataa)?
~ 2(26p.2) |G
N Sﬁxp,ell(;ezafn

[ 2 2
Kpy/Mvic T,

For a strong nonlinearity, i.e., nvic > «,, Eq. (B29) becomes

(B29)

82k k? o
AGyyc ~ —— 2 P20 —pein (B30)
Kphvic
Similarly, we can obtain the fluctuation
8/ 2k elxze o?
AGepe & — 2L pe2 (B31)

KpllCcFC
for the CFC configuration. Substituting Eqs. (A24) into
Eq. (B31), we get
Sﬁlcpyelfci’ezozizn Sﬁlcp_elfclz,’ezaﬁl <ANC>2
+ .
Ne
(B32)

AGcre ~

NCFCK p TIcrFcK p
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