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Dicke-like superradiance of distant noninteracting atoms
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Fully excited two-level atoms separated by less than the transition wavelength cooperatively emit light in a
short burst, a phenomenon called superradiance by R. Dicke in 1954 [Phys. Rev. 93, 99 (1954)]. The burst is
characterized by a maximum intensity scaling with the square of the number of atoms N and a temporal width
reduced by N compared to the single atom spontaneous decay time. Both effects are usually attributed to a
synchronization of the electric dipole moments of the atoms occurring during the process of light emission.
Contrary to this explanation, it was recently shown by use of a quantum path description that the peak intensity
results from the quantum correlations among the atoms when occupying symmetric Dicke states. Here we
investigate from this perspective the temporal evolution of the ensemble, starting in the small sample limit, i.e.,
when the atoms have mutual separations much smaller than the transition wavelength A and pass down the ladder
of symmetric Dicke states. In addition, we explore the temporal evolution for the case of distant noninteracting
atoms with mutual separations much larger than A. We show that in this case a similar superradiant burst of
the emitted radiation is observed if the quantum correlations of the atoms are generated by conditional photon

measurements retaining the atomic ensemble within or close to the symmetric subspace.
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A single two-level atom prepared in the excited state will
exponentially decay towards the ground state and sponta-
neously emit a photon with a characteristic rate I'. Assuming
not only one atom but N noninteracting atoms with mutual
separation much larger than the transition wavelength, i.e.,
with all atoms radiating independently of each other, will lead
to the same exponential decay with identical decay rate as
in the single atom case. This behavior changes if the atoms
are placed in close proximity to each other, i.e., closer than
the transition wavelength, such that they are subject to the
dipole-dipole interaction. In this case, instead of an expo-
nential decay, the light is emitted in a short burst, with a
maximum intensity scaling with the square of the number
of atoms N and a duration decreasing linearly with N [1],
a phenomenon referred to as superradiance by R. Dicke in
1954 [2]. Since this seminal work, a plethora of theoretical
investigations of superradiance and the collective emission of
light of atomic ensembles have been published [3—16], some
of them confirmed also experimentally [17-25]. Commonly,
in the literature, the square law of the peak intensity as well
as the reduced decay time is explained by a phase locking of
the electric dipole moments of the individual atoms leading
to synchronization and a single macroscopic dipole building
up during light emission [1,4,9]. However, as already outlined
by Dicke in his original publication [2], the atomic ensemble
radiates light while passing down the ladder of symmetric
Dicke states, whereby none of the Dicke states possess an
electric dipole moment. These two contrasting interpretations
have been discussed in the literature. In particular, it has been
established that the physical origin of superradiance stem-
ming from symmetric Dicke states on the one hand and from
coherent product states displaying dipole moments on the
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other hand is different, leading Agarwal to coin the two types
as superradiance of the first and second kind and Mandel and
Wolf to speak of Dicke superradiance and (classical) superra-
diance [26-28].

In this paper, we recapitulate a quantum path interpretation
for the light burst associated with Dicke superradiance, valid
in the small volume limit [11]. We then show that a similar
Dicke-like superradiant light burst can be observed in the
case of distant noninteracting atoms, if appropriate correla-
tions among the atoms are generated by measuring photons
in the far field such that the detection is unable to distinguish
the individual photon source [12,29,30]. We investigate the
role of the measurement process and show that it projects
the atomic states towards the symmetric subspace each time
a photon is recorded. We will explain this behavior again
via a quantum path formalism of the contributing quantum
states. This approach is particularly apt to follow the dynam-
ical evolution of the atomic ensemble tailored by consecutive
photon measurements. We also derive the trace distance
to the symmetric subspace before and after the photon
measurement.

The paper is organized as follows. In Sec. I we review
Dicke superradiance in the small sample limit and apply a
quantum path formalism to interpret the corresponding re-
sults. In Sec. II we focus on the case of distant noninteracting
atoms and show that a similar Dicke-like superradiant light
burst as in the small sample limit can be observed if the
photons scattered by the ensemble are consecutively measured
in the far field. We also study how the photon measurements
project the atomic state towards the symmetric subspace and
in this way enhance the quantum correlations. In Sec. III we
finally conclude.
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I. SMALL SAMPLE DICKE SUPERRADIANCE

In this section we recount the phenomenon of Dicke su-
perradiance in the small sample limit as considered by Dicke
in his seminal paper in 1954 [2]. We start by introducing
the Hamiltonian of N independent noninteracting two-level
atoms,

N
Hs = hwy Y 8, )
n=1

where S‘;") = %(Sﬁf)ﬁ(f” — S‘(,M)S‘(f)) is the z component of the

pseudospin operator S‘(M) of the uth atom, u € {1, ..., N}, and

S‘i‘) are the corresponding pseudospin raising and lowering
operators, respectively. Motivated by the Hamiltonian H, we
define the collective pseudospin operators as

n=1 pu=l1
N N

$,=) 8P, 8. =>"38". 2)
n=1 n=1

The eigenstates of Hs are characterized by the three quantum
numbers J, M, and «. In this way, we can write the eigenstates
as |J, M, a), which are also eigenstates of S'z as well as 82,
obeying the eigenvalue equations

S, 1, M,a) = iM |J, M, ), 3)

821, M, @) = RPIJ + D) |J, M, a), 4

where o accounts for the degeneracy of a given value of J.

The degeneracy can be shown to be [2]
NI2J+1)

¥ +7+1)1(5 —J)!

witha € {1, 2, ..., B}, whereas the different values of J and M

are given by

B = . ®)

J € [0, 1, ..., %v} for N even, (6)

J e {l, i, . ZX} for N uneven, @)
2°2 2

Me{-J,—J+1,..,J} (8)

The states |J, M, o) are the so-called Dicke states. In the
following we restrict ourselves to the symmetric subspace
characterized by J = N/2. Here, we find 8 = 1, so that we
can omit the third index and simply write |J, M) (J = N/2).
In his seminal paper Dicke considered N interacting atoms
confined to a volume smaller than the transition wavelength
cubed. As a consequence, one can neglect the phase factors
of the electromagnetic field in the interaction Hamiltonian
[2,27]. However, we note that this symmetry property only
holds for specific configurations of the atomic ensemble [1].
Assuming the corresponding symmetry to be fulfilled, the
total Hamiltonian including the light-matter interaction in the
dipole approximation commutes with $2 and S.. As a conse-
quence, the time evolution does not mix different J subspaces.

vt

FIG. 1. Intensity /(¢) against y¢ for an initially fully excited
system |[N/2, N/2) in the case of a small sample dynamics for three
different total numbers of atoms N. Due to the collective emission
behavior, one obtains a short burst instead of an exponential decay.

Correspondingly, starting with a state in the symmetric sub-
space, the time evolution will retain the state in the symmetric
subspace at any later times. The corresponding master equa-
tion in the interaction picture reads [27]

hp=—y@SL8_p+pS8_ —28_p8,), 9)

where y = I'/2 is the half decay rate. By projecting Eq. (9)
onto the basis |J, M), we obtain the following rate equa-
tions for the diagonal elements of the density matrix [1,27]:

dhomm = =2y +M)J =M + Dpyum
+2y(J+M+ D —M)pyiimy1, (10)

where py = (J, M|p|J, M). Note that 2y (J + M)(J — M +
1) is the rate with which the state |J, M) (J, M| decays
to the state |J,M —1)(J,M — 1| and 2y(J+ M + 1)(J —
M) is the rate with which it gets populated by the state
I/, M+ 1) (J,M + 1]

Assuming the system to be initially in the fully excited state
|N/2, N/2), the rate equations can be solved analytically. One
finds that the system descends the ladder of symmetric Dicke
states |[N/2, M), with N/2 > M > —N/2, with a radiated in-
tensity not following the usual exponential decay as in the
case of a single atom but displaying a short burst with a peak
intensity proportional to N> and a width inversely proportional
to N (see Fig. 1). Irrespective of the underlying system,
the usual explanation for this behavior is the buildup of a
macroscopic dipole moment emitting the light coherently with
increasing amplitude. However, as can be seen from Eq. (10),
the time evolution of the atomic ensemble involves only the
population of symmetric Dicke states. Since each Dicke state
|/, M) does not carry any dipole moment, i.e., (S’i) = 0, this
explanation is not applicable [26,27]. In what follows, we
will show that the outlined evolution of the radiated intensity
can be attributed to the buildup of dipole-dipole correlations
among the atoms resulting from the entanglement of the atoms
in the symmetric Dicke states |J, M) [28]. To this aim, we give
a short explanation of the connection between the existence of
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FIG. 2. Quantum paths that lead to a detection event. Filled-in
dots correspond to atoms being in the excited state, and empty dots
correspond to atoms being in the ground state.

dipole-dipole correlations and the resulting intensity evolution
in terms of a quantum path interpretation [11].

Neglecting proportionality constants, the radiated intensity
is given by [11]

I'=(8,8)=> (318"

Ry

= (818 + 3 (89 (3
" M,V
WFY

+ D (B8 — (81 (3, (11)
kv
where the first part describes the incoherent contribution of
each atom to the intensity, the second part the coherent contri-
bution from the nonvanishing dipole moments, and the third
part characterizes the quantum correlations. In the case of
Dicke states, Eq. (11) reduces to [11]

I="Y (81989 + 3 (398™) (12)

" M,V
HFY
since (S’(i")) = 0. This shows that there is no coherent con-
tribution to the radiated intensity which can be assigned to a
dipole moment of the atoms, but only an incoherent contribu-
tion stemming from the dipole-dipole correlations.

As an illustration of the quantum path formalism, we start
by looking at the symmetric Dicke state |1,0) for N =2
atoms, i.e., |1,0) = Lz(|e, g) +1g, e)), where |e) and |g) de-
note the excited and ground state of the individual atoms,

respectively. Plugging this state into Eq. (12), we find
I=1+1=2. (13)

Compared to the separable states |e, g) or |g, e) alone, i.e.,
states with the same number of atoms in the excited state but
no entanglement, the intensity of the symmetric Dicke state is
enhanced. This results from the quantum correlations among
the atoms due to the entanglement of the state |1,0) [28].
More physical insight into the contribution of the individual
terms is gained by a quantum path interpretation [11] (see
Fig. 2): In order to record a photon, the photon must be
emitted by either the first atom or the second atom, leading to
the two quantum paths illustrated in Fig. 2. After the detection
of the photon has taken place, the state of the atomic ensemble
is the total ground state |g, g). Since the two quantum paths
drawn in the figure lead to the same final state and are added
coherently in the initial state |1, 0), the two quantum paths
interfere with each other. Setting the electric field amplitudes
to 1 [see Eq. (11)], we can now find the radiated intensity: The
state |1, 0) is the sum of the two product states |e, g) and |g, e),

each having a single excitation; a detection event leads to only
one final state |g, g); therefore, the number of quantum paths
per final state is
# product states x # quantum paths per product state
# different final states

2 x1 (14)
= =2.
1

When calculating the total intensity, i.e., taking the mod-
ulus square of the sum of the transition amplitudes, each
of the quantum paths is multiplied with itself (incoherent
contribution) and, in addition, interferes with the other path
(interference term), leading in total to 22 quantum path pairs.
Taking the normalization of the state |1, 0) into account, the
radiated intensity thus calculates to (1/ \/5)2 x22x1=2,
where 22 is the number of quantum path pairs and 1 is the
number of different final states. In this way, by just counting
the number of quantum path pairs, we obtain the same value
as by a straightforward mathematical calculation, leading to
Eq. (13).

We now apply the quantum path formalism to an arbitrary
symmetric Dicke state |J, M) and use the results obtained
above to explain the phenomenon of superradiance in the
small sample limit. We start by noting that M =J — n, =
N/2 — ng, where ng denotes the number of atoms in the ground
state of the state |J, M). The intensity radiated by an atomic
ensemble in the state |J, M) can then be calculated to [11]

I =[NP £ ] (15)

/.M’

where A denotes the squared normalization of the state
|[J, M), P is the number of quantum path pairs leading
to the same final state, and f,, is the number of different
final states. In the case of a symmetric Dicke state |J, M),

we find that N = (2)71 and fyo = (ngji 1). The number of

quantum path pairs Plfé,i_ir needs more explanation. The state
|J, M) contains (f:;) product states, where for each of these
product states one has N — ny different quantum paths leading
to a detection event. Thus, one finds for Eq. (14) [11]

N N (N N N = 1
<ng>( = 1)/ fro. = ("g>( — "/ (”e + 1> =M

(16)

single quantum paths per final state. Each of these paths is
multiplied with itself and, in addition, interferes with all the
other quantum paths, leading in total to Phy = (1, + 1)
quantum path pairs. We thus find for the intensity [11]

[ = NY 1) N
_<”g) (1 + )<”g+1)

— (N —n)(ng+ D= +M)J =M +1). (17)

Note that this expression, found by counting the differ-
ent interfering quantum paths leading to a detection event,
gives the same result as derived from the quantum mechan-
ical calculation ($,8_) = (J, M|S,S_|J,M) = (J + M)(J —
M + 1), presented by Dicke in his seminal paper [2]. How-
ever, the quantum path interference interpretation provides a
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more transparent explanation apt to display the physical origin
of the observed superradiant intensity.

The quantum path interpretation can also be applied to
compute the time evolution of the intensity in the small sample
limit. Since the master equation Eq. (9) causes the atomic
ensemble to descend the ladder of symmetric Dicke states, the
time-evolved state can be written as

J
P =" pum®)|J, M) (J, M]|. (18)

M=—J

The temporal evolution of the intensity can thus be expressed
in mathematical terms as

J

1) = T[S 8pO1 = Y pww(®) (. MISS_1J. M)
M=-J

19)

Applying the quantum path interpretation to each state in
the sum of Eq. (19), the intensity /() at any time ¢ can
be computed. Thus, the quantum path formalism is able to
explain the entire superradiant emission dynamics caused by
the symmetric Dicke states in the small sample limit. In the
next section we show that one can get a similar behavior in
the case of distant noninteracting atoms, where the buildup of
quantum correlations is not caused by the time evolution of the
atomic ensemble, but by consecutive photon measurements.

II. DICKE-LIKE SUPERRADIANCE OF DISTANT
NONINTERACTING ATOMS

In this section we investigate the radiated intensity in the
case of N two-level atoms with mutual separations much
larger than the transition wavelength, such that dipole-dipole
interactions can be neglected. In this limit, the atomic ensem-
ble, e.g., starting from the fully excited state, does not stay in
the subspace of symmetric Dicke states. Rather, in the course
of photon emissions, the system will leave the symmetric sub-
space, also populating nonsymmetric Dicke states. However,
by performing photon measurements at particular positions,
the atomic system can be forced back towards the symmetric
subspace [12,28,31]. Measuring the photons consecutively in
time, the temporal evolution of the photon emission again
displays a similar peaked intensity profile as in the case of
Dicke superradiance in the small atomic sample. The physical
explanation for this behavior can once again be obtained by
employing the quantum path formalism.

Note that a measurement of a photon does not create a
dipole moment in the atomic ensemble. Neither does a macro-
scopic dipole moment build up in the course of the temporal
evolution of the system due to atom-atom interactions, since
the atoms are far distant from each other. Thus, the observed
superradiant emission behavior again results only from the
quantum correlations and the entanglement of the atomic
ensemble, in this case generated by photon detection. This
occurs even for atoms with separations much larger than the
transition wavelength, known as entanglement at a distance
[32-40].

A. Master equation and differential equations for the density
matrix elements

Since we consider atoms with mutual separations much
larger than the transition wavelength, any interactions be-
tween the particles can be neglected. The master equation
in the interaction picture then contains only the spontaneous
decay term of the individual atoms. For N atoms it reads [27]

N
ap=—y Yy 818"p + p8II8H — 28981 (20)

n=1

Next, we project the master equation onto an orthonormal
basis, in this case the bare basis given by the tensor prod-
ucts of the single atom states. Let |«) and |B8) denote two
states of this orthonormal basis. The projection then reads (see
Appendix A)

N
0 Pa,p(t) = 2y Z ,Onw),g(m(t)

n=1
N N
—¥ D Pswe s =¥ Y Py g (1), 2D
u=1 pu=l1

where the indices of the density matrix elements on the right-
hand side of Eq. (21) indicate the following conditions:

Lterm: S p) =), 8%18)=18),
2.term: §[£) = |a),
3.term: S |¢) = |8). (22)

Note that only if the conditions of Eq. (22) are fulfilled is a
nonzero contribution from the individual terms of the right-
hand side of Eq. (21) obtained.

In what follows, we denote the states of the bare basis of
the atoms with respect to the number of atoms being in the
ground state. That is, we define the fully excited state by |e) :=
le, e, ..., e), whereas the state where atom j is in the ground
state and all the other atoms are in the excited state is denoted
by | g(jl) )y = W |e). States with an arbitrary number of atoms
in the ground state are defined and denoted analogously.

As an example for the application of Egs. (21) and (22),
we calculate the rate equation for the matrix element p, ().
Since it is a diagonal element, the two conditions for the
first term reduce to one condition, % |n) = 8% |8) = |e);
however, since the state |e) is the fully excited state, there
exist no states |n),|6) which fulfill this condition, so this
term vanishes. The second and third condition merge to the
same condition, S’Sf‘) &) = S‘ﬁf) |¢) = |e). Here, it is obvious
that there exists only one state which fulfills this condition,
namely, | gﬂ)). Moreover, the summation over all atoms gives
a factor of N for each of the two terms. Alternatively, to
follow more closely the physical process, one can interpret the
equation 84" &) = 8% |¢) = |e) with € {1,2, ..., N} as a
dynamical variable. In this case, one finds immediately the N
states which fulfill this condition, namely, |g(ﬂl)>. In both cases,

053712-4



DICKE-LIKE SUPERRADIANCE OF DISTANT ...

PHYSICAL REVIEW A 106, 053712 (2022)

the rate equation for the matrix element p, .(¢) reads

azpe,e(t) = _Zpre,e(t)v (23)

which, since every atom decays independently, just leads to
the well-known exponential decay from the state p, () with
arate 2y N.

Applying this formalism to all the other states charac-
terized by the number of ground state atoms, one finds a
set of first-order differential equations for the density matrix
elements. Assuming a number of reasonable restrictions on
the initial conditions (see Appendix A), one can reduce the
number of differential equations, which can then be solved
analytically to get the full consecutive time evolution of the
density matrix upon conditional measurements of photons in
a particular direction intersecting the free time evolutions.

B. Photon correlation functions

Instead of solving the time evolution of the density matrix,
let us first investigate multiphoton measurements at partic-
ular locations and at consecutive times as outlined in the
introduction of Sec. II above. Such conditional multimodal
photon measurements are described by higher-order photon

J

ng)(rl, f, ...

where [12,29,42]

1 -1
7rmatm) = G;)m),](rm’t’")ng )(r15t|’ e

correlation functions, where the mth-order photon correlation
function is defined as [41]

G;Jm)(rls Iy oo Ty tm) = (E(i)(rlvtl)"'E(i)(rm’ tm)

X E @, b)) D, 1) 5. (24)

Here, (-), denotes the expectation value with respect to the
quantum state p and
N
ED(ry, 1) =) e Rug ) (25)
n=1

is the positive frequency part of the electric field operator
evaluated at position r; and time #,;. Note that in Eq. (25), we
set the electric field amplitude to unity and used the scalar
notation since we assume that the transition dipole matrix
elements of the atoms are perpendicular to the detection plane.
Further, ky is the wave number, 7, is the unit vector in the
direction of observation, and R,, and S )(ts) are the position
and the pseudospin lowering operator of the uth atom in the
Heisenberg picture, respectively. Since Eq. (24) represents a
conditional multimodal measurement, it can also be written
in the form

Tty 1) (26)

ED @1, tn1) EDO @1, t)OPE 1, 11). EO Wiy tt)

Pm—1 =

is the state after m — 1 photon measurements at positions
ry,...,r,—1 and times t, ..., t,_1, with pp = p. Note that
ng)q depends on all former m — 1 photon detection positions
and detection times, since p,,—; depends on all former m — 1
photon detection events.

In what follows, we assume for simplicity that the atoms
are arranged along the x axis and that all detectors are located
in the far field at the same position on the y axis, which we call
the forward direction in the following. In addition, we suppose
the atomic transition dipole matrix elements to be pointing
towards the z axis, i.e., perpendicular to the detection plane (xy
plane). In this case, the positive electric field operator in the
far field is simply given by £ (ry, 1,) = S_(t,) [see Eq. (25)],
such that we can write the correlation functions as a function
of the different detection times 71, ..., t,,—; only. In this way,
neither geometric phases nor atomic dipole patterns need to
be accounted for in the calculation of G (ry, 11, ..., iy tm)-
As a consequence, we can calculate simply the multitime
correlations of the collective pseudospin raising and lowering
operators. This allows in particular to compare the result with
the small sample case discussed in Sec. I.

Rewriting Eq. (26) as

Gy (11, oo tm)
—1 ’
Gg,m )(tls ~~’tm—l)

Gy, (tn) = 28)

where we have already neglected the position dependency,
and applying Eq. (B11) of Appendix B involving the quantum

TrED Pty b)) EO 1, tDPEO (1, 1) EO Wy )]

27
[
regression theorem [27,42], leads to
m times m times
GO (1) = H:"le*”“ (81(0)...8,(0) §-(0)...8.,.(0))
o [T e (8,4(0)...8,(0) 8_(0)...8,.(0))
m—1 times m—1 times
=" (8,(0)8_(0)),, , = e "G (0).
(29)

Therefore, to compute G')) (#,,), we only have to calculate the

correlation function G(l) l(O) at timer = 0.

Assuming an 1n1t1ally fully excited system, the correlation
function at time ¢ = 0 is simple to derive. This is due to the
fact that for p = |e) (e| the state after m photon detections
att = 0 is given by p,, = |J, M) (J, M|, where J = N/2 and
M = N/2 — m, i.e., the measurement causes the system to
descend down the ladder of symmetric Dicke states. In this
way, we obtain for G(l) [(0)

(84(0)8_(0)),, ,
=, MSS8_|I,M)y=(J+M)(J—-M+1)
=mN —m+1). (30)

In Fig. 3, the conditional intensities G() (tm) are plotted
against yt for the initially fully excited system The different
intersections of the conditional intensity correspond to the
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FIG. 3. Conditional intensities G;Im)fl(tm) against y¢ for an ini-
tially fully excited system |e) with m = 1 to m = N in consecutive
steps for three different V.

consecutive times at which a spontaneously emitted photon
is detected. We see that the measurement process leads to
steps in the conditional intensity, resulting from the quantum
correlations among the atoms produced each time a photon
is recorded. For instance, for N = 5, the five consecutive
conditional intensities ng)_l (t,,) are given by [see Eq. (30)]

G(1) =5e7",  G(1) =8e ™,
G (13) = 97", GY(t3) = 8e 7",
G (ts) = 5e77". (3D

From Eq. (31), we see that after every intersection the inten-
sity follows the usual single-atom decay at a rate 2y resulting
from the fact that the atoms are noninteracting (see Fig. 3).
However, due to the increase of the corresponding coeffi-
cients, as calculated in Eq. (30), a Dicke-like superradiant
burst similar to the one in the small sample limit is observed,
even for distant noninteracting atoms, if conditional photon
measurements are considered. In the next section we show
that this superradiant behavior can be explained again by the
quantum path formalism.

C. Quantum path interference interpretation

Starting from the differential equations for the density ma-
trix elements in the case of distant atoms [see Eq. (21) and
Appendix A], we can analytically solve the time evolution of
the density operator and in this way compute the temporal
evolution of the intensity in the forward direction as con-
sidered in Sec. II B. Alternatively, the latter can be derived
employing the quantum path formalism. This allows to give a
transparent physical explanation of the time-dependent inten-
sity, in particular if conditional measurements are involved.

We assume again that the initial state is the fully excited
state |e). For this state we obviously have A" =1, Ph" =1,
and f,,, = N, so that the initial coefficient equals N [see
Eq. (15)]. Further, from the differential equations for the den-
sity matrix elements we obtain for the density operator Py (¢)

at time #

Potn) = pe(t) e} (el + (@) Y |8) (g
J

+ pgo(t1) Z ‘g(jzk)) (g(]zk)‘ +..., (32)
j<k

where the probabilities, obtained by solving the differential
equations in Appendix A, are given by

pe(ty) = e
peo (1) = e (e — 1)

Py (1) = 2 (e — 1)

peor () = e NV — 1Y, (33)

with |g®) = |e). We note that due to the particular initial
conditions (see Appendix A) and the photon measurement
in the forward direction, all states with the same number of
ground state atoms evolve with the same time behavior; in this
case, we can write the probabilities listed in Eq. (33) simply
in front of the individual sums appearing in Eq. (32).

Next, we derive the intensity radiated in the forward direc-
tion at time #1, using in Eq. (32) the quantum path interference
interpretation for each term with the same number of ground
state atoms. For each of these terms we have A/ = 1. Thus,
we only need to compute for each of these terms the number
of interfering quantum path pairs and the number of final
states. For a single product state with n, atoms in the ground
state we have N — n, excitations, i.e., N — n, possible single
quantum paths. Further, for each product state we have exactly

(N | ”g) different final states, so that P22" = 12. Consequently,

the coefficient in front of each block of the density matrix with
the same number of ground state atoms becomes, according to
Eq. (15),

<N>N PR fro, = (N)l x 12 (N B ”g>, (34)
ng : ng 1

where (’11\/) is the number of terms in each block with the same
8

number of ground state atoms. The correlation function for the
first measurement thus reads

N—1
N N —s
(1) _ —2Nyt; ¢ 2yt s 2
Gpo(tl)_ge v (e —1)<S>1x1 ( | )
= 1N — 14 1)e™ 2"t = Ne~ 2111, (35)

where we wrote the second-last expression in Eq. (35) as in
Eq. (30).

To find the state after the first measurement, we have to ap-
ply the collective spin lowering and raising operators onto the
time-evolved state Eq. (32). The individual states in Eq. (32)
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then transform to

(0)

g ’g(o)) (0) ZS(J) le) = Z ‘g(l)
|g(l)) |g(l) > =S (1) Zs(k) |g(l) Z|g(2)
k#/
N N
) o)== s ) = 2 1

=1 =1
1)1k

(36)

Solving the corresponding differential equations, we can write
the time-evolved state after the first photon measurement as

1
pi(t2) = N{Pgw) () [8§) (85 + Py (22)

Sl |+

DA AENN

where the probabihtles are independent of the index and given
by
(3) (tZ) = —2(N— l)ytz( 2ty 1)? (38)

Using Eq. (37), we can again apply the quantum path interfer-
ence formalism to calculate the intensity after measurement of
the first photon. The normalization is N' = 1/N. Furthermore,
a state originating from a previous state with N — n, + 1 ex-
citations is the sum of N — n, + 1 different states, giving rise
to interference. Note that here ng denotes the number of atoms
being in the ground state after the first measurement, not the
initial number of ground state atoms, i.e., 1 <n, <N — 1.
Since we consider the first-order photon correlation function
after the measurement of the first photon, i.e., the conditional
second-order correlation function [see Eq. (28)], we have to
distribute two ground states among all initially excited atoms,

leading to (N Tt ]) different final states. Again, we have
N — n, quantum paths for each different product state with ng

atoms in the ground state (see above). Thus, we find Ppmr =
22 = 4 interfering quantum path pairs, so that the coefficient
of each block reads

N \1_,(N—n+1
(o)) e

Finally, to calculate the conditional second-order photon
correlation function, i.e., the first-order photon correlation
function after the measurement of the first photon, we have to
sum over all contributions in Eq. (37). Shifting the summation
index down by one, we find

N-2
N\1 ,/N—s
(1) _ —2(N—1)yt. 2yt s 2
Gy, W‘Zﬂ)e ”(eyz_l)(s)Nz( 2 )

=2(N =24 1De 22 =2(N — 1)e™ 2", (40)

where again we wrote the second-last expression in Eq. (40)
as in Eq. (30). The presented method to find the conditional
photon correlation function after measurement of the first
photon can be applied to an arbitrary order m. In this case
the general probabilities are found to be

Py(t) = e 2NV In(2rin 1y, (41)

where we characterize the probability by the initial number
of ground state atoms s of the time-evolved state Eq. (32) be-
fore the first measurement. The normalization for an arbitrary
correlation order m is given by

1 N \!
N=Tm=Dr (m— 1) ' 2

Considering subsequent measurement processes, we find for
states with N — n, excitations (ang“m* 1)) different final

m
states, where the number of ground state atoms n, refers to the
number of ground state atoms before the last measurement.
The number of interfering terms can then be counted to

N—ng—i—(m—l))

m—1

(m — 1)! (43)

multiple counting

interfering quantum states

where we split up the expression into a factor that accounts
for the multiple counting of the same quantum state and the
number of different interfering quantum states. Note that the
multiple counting factor squared cancels exactly with a factor
coming from the normalization. The number of single quan-
tum paths per final state thus calculates to

(N—ng-‘r(m—l)) (N _ ng)

11(11\7’ing+(mfl)) =m, (44)

so that the number of interfering quantum path pairs is given
by m?. The mth-order photon correlation function can thus
finally be written as

N—m
R
5s=0
N\( N \' ,(N—s
X m
s)\m—1 m
=mWN —m+ 1)e 2™, (45)

which is the same result as the one calculated by use of the
quantum regression theorem [see Egs. (29) and (30) above].
However, in the derivation of Eq. (45), we explicitly solved
the first-order differential equations for the density matrix
elements and then applied the quantum path formalism, what
allows for a transparent physical interpretation. In this way,
we are able to explain the occurring Dicke-like superradi-
ant behavior of distant noninteracting atoms if consecutive
measurements of the radiated photons are considered. In the
next section we analyze the role of the measurement process
more quantitatively and show that it projects the time-evolved
states towards the symmetric superradiant subspace. The latter
implies the appearance of quantum correlations, leading to the
observed collective emission of spontaneous radiation.
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FIG. 4. Conditional intensities Gglm)i] (t,,) against yt for an ini-
tially fully excited system |e) for N=5and m=1to m =35 in
consecutive steps (left axis) together with the trace distance Eq. (48)
(right axis). The measurement projects the state closer to the symmet-
ric subspace leading to a similar course of the conditional intensities
as in the small sample case.

D. Role of measurement process—Distance
to symmetric subspace

In this subsection we investigate the distance of the
time-evolved conditioned states obtained after consecutive
measurement of m photons to the symmetric subspace
spanned by the symmetric Dicke states |J, M), with J = N/2
and M = N/2 — n,. To that aim, let us calculate the trace
distance,

TP D) = STe[ /o = D) (B = Pugres) |+ 46)

between the time-evolved state p,, obtained after the mea-
surement of m photons and its projection onto the symmetric
subspace,

Pmproj = D 1, M) (J, MIpuld, M) (1, M| (47)
MM

In this way we obtain the final result for the trace distance (see
Appendix C),

N

1 N\ .
T (Pms Pm.proj) = 3 Z <n >T1me(m, ng)
2

ng=0

x [Diag(m, ng) — Diagproj (m, ng)], (48)

where the different functions are defined in Appendix C. In
Fig. 4 we show for N =5 the trace distance between the
time-evolved states after the measurement of m photons, m €
{1, ..., N}, and the corresponding states projected onto the
symmetric subspace, together with the conditional intensities
Eq. (45). We see that each photon measurement projects the
state closer to the symmetric subspace resulting in a tempo-
ral behavior of the conditional intensities similar to the one
observed in the small sample case.

III. CONCLUSION

In conclusion, we have shown that Dicke superradiance
consists of two different aspects. One is the magnitude of
the radiated intensity, and the other is the duration of the
radiated pulse. Starting from the small sample limit, we ex-
plicitly showed that, in the case of Dicke superradiance, the
magnitude of the radiated intensity does not arise from a syn-
chronization of the individual dipole moments of the atoms,
as the expectation value of the dipole moment is zero for all
Dicke states. It rather stems from the quantum correlations of
the atoms which build up in the course of the dynamic evo-
lution of the system. The superradiant behavior, i.e., the light
burst and its peaked intensity, can eventually be attributed to
the interference of the indistinguishable quantum paths result-
ing from the entanglement of the symmetric Dicke states. The
shortened time period of the light burst can be explained by
the altered transition rates [see Eqs. (10) and (18)].

In the next step, we applied the quantum path interference
explanation to the case of far distant noninteracting atoms.
While quantum correlations naturally arise via the coupled
dynamics of the atoms in the small sample case, in the config-
uration of distant atoms they can be generated by consecutive
conditional photon measurements. The latter lead again to en-
tanglement between the individual atoms and thus to quantum
coherences. These coherences then give rise to interference
effects which can again be explained using the quantum path
interference formalism. The Dicke-like superradiant burst of
radiated intensity can thus also be adequately described in
the case of distant noninteracting atoms by the interference
of indistinguishable quantum paths. However, in contrast to
the small sample case, the period of the superradiant burst
obtained via conditional measurements depends uniquely on
the respective measurement times.

ACKNOWLEDGMENTS

M.B. and J.v.Z. gratefully acknowledge funding and sup-
port by the International Max Planck Research School
Physics of Light. This work was funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Founda-
tion), Project-ID 429529648, TRR 306 QuCoLiMa (Quantum
Cooperativity of Light and Matter).

APPENDIX A: DIFFERENTIAL EQUATIONS
FOR THE DENSITY MATRIX ELEMENTS

If we project the master equation Eq. (20) onto the or-
thonormal basis given by the tensor product states, we find

N
o (x|plB) = — ¥ Z((a|§$‘)§8‘>p|5> + <“|ﬁ7§$)§(_“)|,3)

u=1

— 28" p89"18))

N
-ry. (Z (|30 1£) (£18“7p1B)
u=1 3

+ ) (@lp8P1g) (1 8918)
¢
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a different number of ground state atoms, i.e., we restrict
-2 Z (@l8% 1n) (nl p 18) (8181”1 )) ourselves to block-diagonal density matrices with respect to
the number of atoms being in the ground state. Moreover, we
only consider initial density matrices, which provide for den-

N N
® ity matrix elements following the same kind of differential

3 Pap(t) =2y ) ppuwsw(®) =y ) pewy 5(t) sity g

treh Z e Z SyEp equation the same initial conditions. We note that by starting

M_]\II = with an initial state that fulfills these two conditions, the states

after time evolution and consecutive photon measurements in

R4 Z Po,50¢ (t) (AD) " the forward direction also fulfill these conditions. This allows

=l us to reduce the number of real first-order differential equa-

where |a) and | 8) are two tensor product states and the equal- tions from 22¥ — 1 to N2, i.e., we only need to find the time

ity () is restricted by the different conditions of Eq. (22) that  evolution of particular elements of the blocks of the density

have to be fulfilled to get a nonzero contribution from the matrix.

corresponding terms on the right-hand side of the last line of Using as a basis the tensor product basis, a straightforward

Eq. (Al). calculation of the differential equations of the density matrix
In the following, we restrict ourselves to initial density elements leads to the following first-order differential equa-

matrices which do not have coherences between states with  tion for the diagonal elements:

J

pe,e(t) —2yN 0 0 . loe,e(t)
al” @O 2y 2y 1) 0 Pep (1) A2
oo ao| = o 4y —2y(N —2) pen () | (A2)

In an analogous procedure one can find the differential equation for the off-diagonal elements, which is given by

Pt gm(l)
o “2y(N — 1) 0 0 0 0 0
Pei e 2y “2y(N —2) 0 0 0 0
Py, ‘,ﬁf(t ) 0 0 —2y(N —2) 0 0 0
ole (/3[()/ g(ﬁ()m ®) | = 0 4]/ 0 —2)/(N —3) 0 0
Pgd) o ) 0 0 2y 0 —2y(N —3) 0
0 0 0 0 0 —2y(N —3)
P & (1)
8 jk1»8mno
p (1) (1)([)
Pgm gm(t )
Py <2>(t)
8k *8im
x| g g ®1. (A3)
Pui a1
P gin, )

Solving this reduced number of first-order differential equations by taking either the matrix exponential or a successive
application of the Duhamel-principle allows us to fully determine the time evolution of an ensemble of independent atoms
for the above-described initial states analytically.

APPENDIX B: MULTITIME CORRELATIONS OF RAISING AND LOWERING PSEUDOSPIN OPERATORS

We first investigate the mth-order single-time correlation function (8.8,..8,8_..8) () In a state p(7) that is block-diagonal
with respect to the number of atoms in the ground state, i.e., each block has a well-defined number of ground state atoms. Writing
the expectation value explicitly as

N N N N
(848488 .8 ), =D D0 ) D (8. 8EEU Uy (B1)

=1 in=lj=1  ju=
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leads us to the evaluation of expectation values of the form (S(i‘) S (i”’)S'(j v S’(_j’”))ﬁ([)

and p, the expectation value vanishes, since ™12 = [S(")]2 =0Vu e {l, ..., N}. In addition, if any iy # j, Vp or j, # is Vs,
the expectation value also vanishes, since we assume a block-diagonal state with respect to the number of ground state atoms,
implying that there are no coherences between states with a different number of atoms in the ground state. Therefore, we can

restrict ourselves to expectation values of the form ([, S’ﬁf) H:f:] 3‘8”)) o) With ig # i, Vs # p. To calculate these mth-order

. If either iy = i, or j; = j, for some s

correlation functions, we first investigate the simple case of the first-order expectation value (S'SZ)S @)

1) We calculate the time

derivative
d o) el i i i) o) A
8080 50 = L 13059 p(0)) = TrISV$9 po)
=—vy Z{Tr[§$>38>§$‘>§<_“’/s<r)] + Tr (88D p ()18 ] — 2Tr[8Y8V 8™ p (18413, (B2)
n=1

where we used the master equation Eq. (20). To find the differential equation the expectation value fulfills, we can do the

following simplifications:

TF[S(i)S(i)S(H)S(H)p(I)] _ Tr[s(l)S(l) (t )S(H)S(H)]
Tr[8V8V8% p(1)811 = Tr[8P8 p ()81 8]
Tr[S(i)S(i)S(M)S(M)p(t )] = Tr[s(l)S(l)p(t)S(ﬂ)S(M)] _ Tr[s(’)s(l)p(t )]

TI'[S(i)S(Z)S(M)p(l )S(M)]

such that for i # p all terms in the sum cancel each other,
whereas for i = u we get 2 (ng)Sg)) Thus, we find the
differential equation

d

p@)”

Q@) () _ Q) (i)
7 (S8 ) 5y = —2¥ (87850 5y » (BS)
which is solved by (S’g)ﬁ(’)) o) = e 2t (S(’)S(’)) »0)- Now we

can generalize this result to get the higher-order equal-time
correlation functions. Therefore, we first consider the second-
order correlation function <§$l>§$2)§(_'2)§8'>)m. Since i} # iy,
we have the same situation as before, with the difference that
now we get two contributions from i; = u and i = u, such
that we immediately find

i <§$1)§$2)§(iz)s‘v(i1)> = —4y <S(11)S(12)S(12)S(11)>

dt ) — p) "
(B6)
In general, we get [43]
d [T &) - &p) = ats) - @ip)
Z<]_[s+ [13" > ——2my<]_[s+ I3 > :
s=b - p=l () s=l p=l ()
(B7)

for which the solution is
<]_[ 84 HS("’> = —2m7f<]_[ 8 HS(”’> . (B8)
s=1 p=1 p(1) s=t - p=l p(0)

With this result we can now calculate the multitime correlation
functions by use of the quantum regression theorem, which
relates the multitime expectation values to single-time expec-
tation values [27,42]. We find that

d .. s s s
— S8 + )8 (1 + )8 (1))
T

= =2y $O8P ¢ + 8Pt + 08T (1)),  (BY)

}for i# 0, (B3)

} ori=p, (B4)

[
such that

S NS (1)8® (1)8 (1))

= 2@ §W N8P (1NSP 1)W1y, (B10)

witht =t and T =, — 1, and we are left with a single-time
expectation value, which we solved beforehand. A successive
application of the quantum regression theorem to the mth-
order multitime correlation functions then gives [43]

(L (1)... 88 0n)S (). 88 (1))
672)/(!,,,7[,,,_1)674)/([,,1_]7tm_2).“672myt1 (S‘vi])(o)s"ﬁm)(o)

x §9(0)...8(0))

=[]e " 8{"(0)..8{" ()8 (0)...87(0)) .
=1
(B11)

APPENDIX C: TRACE DISTANCE
BETWEEN POSTMEASUREMENT STATES
AND SYMMETRIC SUBSPACE

In this Appendix, we explicitly calculate the trace distance
between the time-dependent postmeasurement states and
the symmetric subspace. Therefore, we note that due to the
restrictions on the initial state, the postmeasurement states oy,
are block-diagonal with respect to the number of ground state
atoms, i.e., we can write

,?)m = @ Ibm,ng- (Cl)

Since M, M’ correspond to a specific number of ground state
atoms via M = N/2 — n,, the states |/, M), |J, M’) only act
on the subspace spanned by the tensor product states with the
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same number of ground state atoms. Thus, Eq. (47) reduces to

Pomprei = Y A M| P, M) 1], M) (J, M|

g

= @<J7M|bm,ng|JvM) I\, M) (J. M|. (C2)

g

In addition, again due to the restrictions on the initial state,
the sum of the elements of a given row of ,Z)m,ng gives the same
value for each row. Therefore, the states |/, M) with a corre-
sponding number of ground state atoms n, are eigenstates of
the different block matrices Py, ,,. Thus, we can write

Png = (I M| ppn | M) |J, M) (J, M| ® P, (C3)
The postmeasurement states can then be written as
pm =P . M1pu|J. M) |J. M) (J, M| D frn,.  (C4)
and using Eq. (C2),
f’m = lam - ﬁm,proj = @ zm,ngo (C5)

n ¢

Since Py, and Dy, proj are Hermitian, f) is also Hermitian, and
we can rewrite Eq. (46) to

T(,am, [)m,proj) = %Tr[\/%]

Furthermore, / can be diagonalized via some unitary matrix
U, such that

(Co)

ﬁm,D = UTﬁmU (C7)
is diagonal. Then,
VAa=UppU" (C8)

and

Tr[\/%] = Tv[U,/2 U] = Z Aam.il.

(€9)

IOmD

where A, ; are the eigenvalues of Pim-

Since p,, is a density matrix, all eigenvalues of p,, are
greater than or equal to zero. Thus, all eigenvalues of the block
matrices Oy, ,, and f)m,ng are also greater than or equal to zero,

such that the same holds true for ,f’)m. Then, we find

1 /
T(pms Pm, pI'O_]) = Pm = Z |)\m l|
= = Z}‘-mz = Iom]

such that we only need to compute the trace of the differ-
ence matrix Eq. (C5). Therefore, we separately identify the
diagonal entries of p,, and P, proj combinatorially. Both have
the same time dependence coming from the evolution of the
density matrix via the master equation. We define this factor
as

(C10)

Time(m, ng) — 672(N7m)}/fm+1 (e2ytm+1 _ l)ng*m (Cl 1)

Note that the difference with respect to Eq. (41) is that
m = 1 corresponds already to the first postmeasurement state,
whereas in Eq. (41) m = 1 corresponds to the initial time-
evolved state without a measurement done. In addition, s in
Eq. (41) denotes the initial number of ground state atoms.
Here, ng denotes the current number of ground state atoms,
such that a subtraction of m is needed. Now we are left with
counting the occurrence of diagonal states. In Eq. (43) we
have already identified a multiple counting factor of quantum
states coming from the successive application of measure-
ments. Therefore, we find in

(= (2o
ng—m m

many occurrences of the same diagonal entry, where (nﬁ m)
accounts for the number of initial states leading to the con-
sidered final diagonal state and m! comes from the multiple
counting. Note that the square of m! enters, since one gets m!
from the “ket” vector and m! from the “bra” vector. Account-
ing for the postmeasurement normalization, we identify the
prefactor of the diagonal entries of p,, to be

(o _ )
Gem? ~ ()

diagonal

(C12)

Diag(m, ng) = (C13)

For  Duproj, the entries  are

-1
(J, M|pmn )], M)N, where N = (flv) is the squared
normalization of the state |J, M). For the scalar product we
find

(JaM|16mng|JsM> =

given by

(#inc. terms) pgingle (#coh. terms)2

1 (N\'
x Time(m, ng)( ')2< ) , (Cl4)

where Time(m, ng) denotes the time evolution factor

-1
Eq. (C11) and = ,)2( ) is the postmeasurement normaliza-
tion. In addition, the number of initial incoherent terms is

. N
(#inc. terms) = < )
ng —m

and the number of coherent terms is given by Eq. (43) as

(C15)

m

(#coh. terms) = H[N —(ny— )] = m!<N - Zj + m)

i=1

(C16)
Note that the square in Eq. (C14) accounts again for the “ket”
as well as the “bra” contribution. Last, pgnge denotes the
probability of finding a single tensor product state within the
state |/, M), which can easily be computed to

N -1
Psingle = N = < ) .
g

With the above considerations, we define

N N\ 2/N —n, + m\>
D. . y = g
lagpmJ (m ng) (I’lg - m) <n8> ( m )
()
X ’
m

(C17)

(C18)
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which gives the prefactor of the diagonal entries for the projected state oy, proj- Now, putting everything together, we arrive at the

final result for the trace distance:
N

A 1 N\ .. . .
T (Pm, /Om,proj) = 5 Z (l’l )Tlme(m’ ng)[Dlag(m, ng) - Dlagproj (m, ng)]
8

ng=0

(C19)
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