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We report on the derivation of determinant representations for the Green’s functions and spectral function
of the trapped Tonks-Girardeau gas on the lattice and in the continuum. Our results are valid for any type of
statistics of the constituent particles, at zero and finite temperature and arbitrary confining potentials, including
nonequilibrium scenarios induced by sudden changes of the external potential. In addition, they are also
extremely efficient and easy to implement numerically with the main computational effort being represented
by the calculation of partial overlaps of the dynamically evolved single-particle wave functions. In the lattice
case we show that the spectral function of a system with a strong harmonic potential presents only two singular
lines compared with three singular lines in the case of a homogeneous system.
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I. INTRODUCTION

Due to the unprecedented degree of control over dimen-
sionality, purity, strength of the interaction, and statistics of
the constituent particles ultracold gases represent an versatile
platform which allows for the investigation of many-body
physics which would be very difficult to study in solid state
systems [1,2]. The experimental realization with ultracold
atomic gases of many physical systems which are well ap-
proximated by integrable or weakly broken integrable systems
paved the way for the exploration of fundamental theoretical
questions regarding the long time dynamics and lack of ther-
malization in such systems [3,4].

A paradigmatic model which is now routinely realized in
laboratories is the Lieb-Liniger (LL) model [5] which de-
scribes one-dimensional (1D) bosons with repulsive contact
interactions. In the limit of infinite repulsion the system is
in the so-called Tonks-Girardeau (TG) regime [6–10] which
allows for a comprehensive analytical investigation of the cor-
relation functions due to the knowledge of the wave functions
via the Bose-Fermi mapping [6]. The lattice counterpart of the
Tonks-Girardeau gas is represented by hard-core bosons on
the lattice (the Bose-Hubbard model with infinite repulsion)
or, equivalently, the isotropic XY spin chain [11] also known
as the XX spin chain. The generalizations of the Lieb-Liniger
and lattice Bose-Hubbard models to arbitrary statistics were
introduced in [12–16] and several proposals of experimen-
tal realizations of such interesting systems with ultracold
atoms were proposed using Raman assisted tunneling [15,17],
periodically driven lattices [18] or multicolor lattice-depth
modulation [19,20].

In the study of many-body systems the Green’s functions
and spectral function (the imaginary part of the retarded
Green’s function) are of primary importance [21]. In partic-
ular, the spectral function provides fundamental information
about the momentum distribution and elementary excitations
of the system. While in solid state systems the spectral func-

tion is usually accessed using angle-resolved photoemission
spectroscopy (ARPES) [22] in the case of ultracold gases it
has been measured by radio-frequency spectroscopy [23,24]
and its momentum-resolved extension [25,26], Bragg spec-
troscopy [27], lattice modulation spectroscopy [28,29], and,
recently, an ARPES analog has also been proposed [30].

In the case of systems of impenetrable particles in 1D
knowledge of the wave functions, which can be obtained using
the Bose-Fermi [6,31] or Anyon-Fermi [32,33] mappings,
opens the way for the derivation of determinant represen-
tations for the Green’s functions. These representations, as
Toeplitz [6,34–39] or Hankel [40–45] determinants for ho-
mogenous or harmonically trapped finite-size systems or as
Fredholm determinants [46–53] for systems in the thermo-
dynamic limit, are extremely easy to implement numerically
but they also represent the starting point for the derivation
of rigorous analytical results. In general the integral opera-
tors of the Fredholm determinants describing the correlators
of impenetrable particles are of a special type called inte-
grable integral operators, and due to their special structure
they allow for the derivation of classical integrable differen-
tial equations for the correlators and the investigation of the
asymptotics by solving an associated Riemann-Hilbert prob-
lem [54–59]. Other methods for deriving the asymptotics from
the determinant representations are the use of Szegö’s theorem
and Fisher-Hartwig conjecture [35–39,41,60,61], momentum
space approach [62], connections with Painlevé transcendents
[41,42,63], the replica method [43,64–66], form factor expan-
sions at zero [67–69] and finite temperature [70,71], or the
effective form factor approach [53,72,73].

In this article we derive determinant representations for
the space-, time-, and temperature-dependent Green’s func-
tions and spectral function for a 1D system of impenetrable
particles of arbitrary statistics in the presence of a confining
potential. These representations, for both lattice and contin-
uum systems, are also valid in nonequilibrium scenarios due
to rapid changes of the confining potential or in the case in
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which the initial state is not an eigenstate of the final Hamilto-
nian. Our results, obtained via summation of the form factors,
represent the generalization at finite temperature and arbitrary
statistics of the representations obtained by Settino et al. [74]
for bosonic systems at zero temperature and in nonequilib-
rium scenarios the equal-time correlators reduce to the results
derived in [75–77]. Using an elegant operatorial method [78]
Wang derived in [79] similar equivalent representations but
only in the case of time-independent external potentials. In
addition to being the starting point for the analytical analysis
of the asymptotic properties our determinant representations
have the advantage of being extremely easy and fast to imple-
ment numerically with the main quantities which need to be
computed being the partial overlaps of the dynamically evolv-
ing single-particle basis. This allows us to show numerically
that while in the case of a homogeneous system on the lattice
the spectral function of a system of hard-core bosons presents
three singular lines (the first two corresponding to the Type
I and Type II excitations in Lieb’s classification [80] and the
third one due to the presence of the lattice [74]) the addition
of a harmonic potential has a significant effect on the relative
weights and positions of each spectral line. As the curvature of
the potential increases the spectral weight of one of the lines
diminishes approaching zero, while a Mott insulator region
develops in the center of the trap.

The plan of the paper is as follows. In Sec. II we introduce
the anyonic TG gas in the continuum and present the eigen-
states and their dynamics. The determinant representation for
the correlators at finite temperature obtained via summation of
the form factors is presented in Sec. III. The lattice counterpart
of the continuum TG gas is introduced in Sec. IV and the
results for the lattice correlators can be found in Sec. V. In
Sec. VI we compare our results with previous representations
derived in the literature in certain limits and in Sec. VII we
present and discuss numerical results for the spectral function
of a lattice TG gas with harmonic trapping. We conclude in
Sec. VIII. Some technical details regarding the equal-time
limit of one correlation function can be found in the Appendix.

II. THE ANYONIC TONKS-GIRARDEAU GAS IN THE
CONTINUUM

In this paper we will derive determinant representations
for the correlators of 1D impenetrable particles with arbitrary
statistics in the continuum and on the lattice. We start with
the case of continuum systems. A system of N anyons in the
continuum with repulsive contact interactions in the presence
of an external confining potential V (x, t ) is described by the
Hamiltonian

H =
∫

dx
h̄2

2m
(∂x�

†)(∂x�) + g�†�†��

+ [V (x, t ) − μ] �†�, (1)

where the anyonic fields �†(x), �(x) satisfy the commutation
relations

�(x)�†(y) = −e−iπκ sgn(x−y)�†(y)�(x) + δ(x − y), (2a)

�(x)�(y) = −eiπκ sgn(x−y)�(y)�(x), (2b)

with κ ∈ [0, 1] the statistics parameter and sgn(x) =
|x|/x, sgn(0) = 0. In (1) h̄ is the reduced Planck constant, m
is the mass of the particles, μ the chemical potential and g
is the strength of the repulsive interaction. The commutation
relations (2) are fermionic at coinciding points, x = y, and, as
we vary the statistics parameter, they interpolate continuously
between the bosonic commutation relations for κ = 1 and
the fermionic anticommutation relations for κ = 0. We will
consider a particular type of time-dependent confining poten-
tials V (x, t ) which describe certain quantum quenches. More
precisely we will consider scenarios in which at t = 0 the
system is described by V (x, t = 0) = VI (x) and for t > 0 we
have V (x, t > 0) = VF (x). For example, the experimentally
relevant situation of a system released from an harmonic trap
is described by V (x, t = 0) = mω2

0x2/2 and V (x, t > 0) = 0.
We will denote the initial Hamiltonian by HI and the final
Hamiltonian which governs the subsequent dynamics after
the quench by HF . For time-independent Hamiltonians we
obviously have HI = HF .

In the absence of an external potential the Hamilto-
nian (1) describes the integrable anyonic Lieb-Liniger model
[12,13,16,81] which is the natural generalization to arbitrary
statistics of the bosonic Lieb-Liniger model [5] (see also
[54,82] and references therein). The realization that inte-
grable and near-integrable systems do not thermalize [83–85]
sparked renewed interest in the nonequilibrium dynamics of
such systems. The dynamics of the LL model in various
nonequilibrium scenarios has been studied intensely in the
last decade see [86–116]. When V (x, t ) �= 0 the Hamiltonian
(1) is no longer integrable except when g = 0 and in the
impenetrable limit g = ∞ also known as the Tonks-Girardeau
regime. This regime of very strong repulsive interaction will
be the main focus of this paper. At t = 0 the eigenstates of the
system described by HI are [54,77,81]

|ψN (k)〉 = 1√
N!

∫
dx1 · · · dxN ψN (x1, . . . , xN |k)�†(xN )

· · ·�†(x1)|0〉, (3)

where |0〉 is the Fock vacuum satisfying �(x)|0〉 =
〈0|�†(x) = 0 for all x and 〈0|0〉 = 1. Each eigenstate is in-
dexed by a set of integers k = (k1, . . . , kN ) and the many-body
anyonic wave function is determined using the Anyon-Fermi
mapping [32,33], which allows us to write it in terms of the
wave function of noninteracting fermions subjected to the
same external potential

ψN (x1, . . . , xN |k) = iN (N−1)/2

√
N!

∏
1�a<b�N

ei πκ
2 sgn(xa−xb)

× det [φka (xb)]a,b=1,...,N , (4)

with φk (x) the eigenfunctions of the initial single-particle
Hamiltonian HSP

I (x) = −(h̄2/2m)(∂2/∂x2) + V (x, t = 0),
i.e., HSP

I (x)φk (x) = ε(k)φk (x) and ε(k) the single-particle
dispersion relation. Using ei πκ

2 sgn(xa−xb) = cos(πκ/2) +
i sgn(xa − xb) sin(πκ/2) it is easy to see that (4) reproduces
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the bosonic result [6,47] when κ = 1 and satisfies

ψN (. . . , xi, xi+1, . . . |k)

= −eiπκ sgn(xi−xi+1 )ψN (. . . , xi+1, xi, . . . |k) (5)

being symmetric(antisymmetric) under the permutation of
two particles when the system is bosonic (κ = 1) [fermionic
(κ = 0)]. For an anyonic system, κ ∈ (0, 1), Eq. (5) indicates
that the space-reversal symmetry is broken resulting in a non-
symmetric momentum distribution. The eigenstates (3) form
a complete set, are normalized 〈ψN (k)|ψN (k′)〉 = δk,k′ , and
satisfy

HI |ψN (k)〉 = EN (k)|ψN (k)〉 with EN (k) =
N∑

i=1

[ε(ki ) − μ].

(6)

In order to compute the form factors and, subsequently, the
correlators we will also need |ψN (k, t )〉 = e−itHF |ψN (k)〉. In
the case of a time-independent external potential (HI = HF )
the time-evolved eigenstate |ψN (k, t )〉 is defined by a similar
expression with (3) with the time-dependent many-body wave

function given by [77,86]

ψN (x1, . . . , xN |k, t )

= iN (N−1)/2

√
N!

∏
1�a<b�N

ei πκ
2 sgn(xa−xb) det [φka (xb, t )]a,b=1,...,N ,

(7)

where φk (x, t ) = e−iε(k)tφk (x). In the case of a quantum
quench (HI �= HF ) the many-body wave function is also
given by (7) with φk (x, t ) being the unique time-dependent
solution of the Schrödinger equation ih̄∂φ j (x, t )/∂t =
HSP

F (x)φ j (x, t ) with HSP
F (x) = −(h̄2/2m)(∂2/∂x2) +

V (x, t > 0) and initial condition φk (x, 0) = φk (x) [remember
that φk (x) are eigenfunctions of the initial single-particle
Hamiltonian HSP

I (x) = −(h̄2/2m)(∂2/∂x2) + V (x, t = 0)].
Finally, let us give some concrete examples of systems

which can be considered.
Harmonic trapping: VI (x) = mω2x2/2. In this case the

single-particle functions are the Hermite functions

φk (x) = e−mω2x2/2 1√
2kk!

(mω

π

)1/4
Hk (

√
mω x), k = 0, 1, 2, . . . (8)

with ε(k) = h̄ω(k + 1/2).
Triangular potential: VI (x) = |x| (Chap. 8.1.2 of [117]). In this case for k even (2, 4, . . . ) the single-particle functions are

φk (x) =
(

2m

h̄2

)1/6 1√−a′
kAi(a′

k )
Ai

[(
2m

h̄2

)1/3

[|x| − ε(k)]

]
, ε(k) = −a′

k+1

(
h̄2

2m

)1/3

, (9)

while for k odd (1, 3, . . . ) the functions are

φk (x) = sin(x)

(
2m

h̄2

)1/6 1

Ai′(ak )
Ai

[(
2m

h̄2

)1/3

[|x| − ε(k)]

]
, ε(k) = −ak+1

(
h̄2

2m

)1/3

, (10)

where Ai(x) = 1
2π

∫ +∞
−∞ ei(z3/3+xz) dz is the Airy function

and ak and a′
k are the kth zeros of Ai(x) and Ai′(x)

respectively.
Dirichlet boundary conditions: The single-particle func-

tions satisfy φk (0) = φk (L) = 0 (the system is defined on
[0, L]) and are given by

φk (x) =
√

2

L
sin

(
πkx

L

)
, k = 1, 2, . . . , ε(k) = h̄2

2m

π2k2

L2
.

(11)

Neumann boundary conditions: The single-particle func-
tions satisfy dφk

dx (0) = dφk

dx (L) = 0 (the system is defined on
[0, L]) and are given by

φk (x) =
{

1√
L

k = 0
2√
L

cos
(

πkx
L

)
k = 1, 2, . . . ,

ε(k) = h̄2

2m

π2k2

L2
.

(12)

We should point out that our formalism is not valid for systems
with no confining potential and periodic boundary conditions.
In this case determinant representations for the correlators can
be found in [34,38,39,47–49,54].

III. DETERMINANT REPRESENTATIONS FOR FINITE
TEMPERATURE CORRELATORS IN THE CONTINUUM

In this section we will derive determinant representations
for the space-, time-, and temperature-dependent field-field
correlators of impenetrable particles in the continuum which
can be investigated numerically or constitute the starting point
for the analytic investigation of their asymptotic behavior.
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More precisely, we are interested in

g(−)(x, t ; y, t ′) = 〈�†(x, t )�(y, t ′)〉μ,T

= Tr[e−HI /T �†(x, t )�(y, t ′)]/Tr[e−HI /T ]

=
∞∑

N=0

∑
k1<···<kN+1

e−EN+1(k)/T 〈ψN+1(k)|�†(x, t )�(y, t ′)|ψN+1(k)〉/
∞∑

N=0

∑
k1<···<kN

e−EN (k)/T (13)

and

g(+)(x, t ; y, t ′) = 〈�(x, t )�†(y, t ′)〉μ,T

= Tr[e−HI /T �(x, t )�†(y, t ′)]/Tr[e−HI /T ]

=
∞∑

N=0

∑
q1<···<qN

e−EN (k)/T 〈ψN (q)|�(x, t )�†(y, t ′)|ψN (q)〉/
∞∑

N=0

∑
q1<···<qN

e−EN (q)/T , (14)

where �†(x, t ) = eiHF t�†(x)e−iHF t and �(x, t ) =
eiHF t�(x)e−iHF t . These are the field-field correlators
evaluated in a thermal state of the initial Hamiltonian HI

described by the grand-canonical ensemble at temperature T
and chemical potential μ. In equilibrium we have HI = HF ,
while in a quench scenario the subsequent time evolution
of the fields is described by the final Hamiltonian HF . The
field correlators (13) and (14) allow us to describe the usual
six Green’s functions (advanced, retarded, time-ordered,
anti-time-ordered, greater, lesser) usually employed in the
study of many-body systems (see Chap. 2.9.1 of [21]). In
particular, the greater and lesser Green’s functions are given
by

G>(x, t ; y, t ′) = −i〈�(x, t )�†(y, t ′)〉μ,T = −ig(+)(x, t ; y, t ′),

(15)

G<(x, t ; y, t ′) = −i〈�†(y, t ′)�(x, t )〉μ,T = −ig(−)(y, t ′; x, t ),
(16)

and the retarded Green’s function is

GR(x, t ; y, t ′) = �(t − t ′)[G>(x, t ; y, t ′) + G<(x, t ; y, t ′)]
(17)

= − i �(t − t ′)[g(+)(x, t ; y, t ′) + g(−)(y, t ′; x, t )], (18)

where �(t ) is the Heaviside function. The spectral function
is the imaginary part of the Fourier transform of the retarded
Green’s function

A(k, ω) = − 1

π
Im GR(k, ω), (19)

with

GR(k, ω) =
∫ +∞

−∞
dt eiωt

∫ +∞

−∞

∫ +∞

−∞
dx dy e−ik(x−y)

× GR(x, t ; y, 0). (20)

The density and the momentum distribution of the sys-
tem are given by ρ(x, t ) = g(−)(x, t ; x, t ) and n(k, t ) =∫ +∞
−∞

∫ +∞
−∞ dx dy e−ik(x−y)g(−)(x, t ; y, t ), respectively.

A. Form factors

In order to derive determinant representations for the field
correlators (13) and (14) we are going to employ the summa-
tion of form factors [48,54]. We are going to compute first
the form factors for a finite-size system and express the mean
value of bilocal operators in an arbitrary state as a sum over
them. The summation can be performed using a well-known
technique known as the “insertion of summation under the
determinant”[48,54] (this can be understood as an application
of a slightly modified Cauchy-Binet formula [74]) which will
allow the derivation of a single determinant for the mean
value. The final result valid in the thermodynamic limit is
obtained using von Koch’s formula.

We start with the computation of the form factors for a
finite-size system. Inserting a resolution of the identity in each
mean value of bilocal operators appearing in (13) and (14) we
obtain (the bar denotes complex conjugation)

〈ψN+1(k)|�†(x, t )�(y, t ′)|ψN+1(k)〉 =
∑

q1<···<qN

〈ψN+1(k)|�†(x, t )|ψN (q)〉︸ ︷︷ ︸
F N (k,q|x,t )

〈ψN (q)|�(y, t ′)|ψN+1(k)〉︸ ︷︷ ︸
FN (k,q|y,t ′ )

, (21)

〈ψN (q)|�(x, t )�†(y, t ′)|ψN (q)〉 =
∑

k1<···<kN+1

〈ψN (q)|�(x, t )|ψN+1(k)〉︸ ︷︷ ︸
FN (k,q|x,t )

〈ψN+1(k)|�†(y, t ′)|ψN (q)〉︸ ︷︷ ︸
F N (k,q|y,t ′ )

, (22)

which shows that each of this quantities can be expressed as sums over form factors which are defined as

FN (k, q|x, t ) = 〈ψN (q)|�(x, t )|ψN+1(k)〉, (23)
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where k = (k1, . . . , kN+1) and q = (q1, . . . , qN ) describe arbitrary states with N + 1 and N particles, respectively. Note that we
need to define only the form factor of the �(x, t ) operator, the equivalent quantity for the creation operator �†(x, t ) is given by
the complex conjugate of FN (k, q|x, t ). Using the equal-time commutation relations (2) and the definition of the eigenstates (3)
we obtain

FN (k, q|x, t ) = eiμt
√

N + 1
∫ L+

L−
dx1 · · · dxNψN+1(x1, . . . , xN , x|k, t )ψN (x1, . . . , xN |q, t ), (24)

with

ψN+1(x1, . . . , xN , x|k, t ) = iN (N+1)/2

√
(N + 1)!

( ∏
1�a<b�N

ei πκ
2 sgn(xa−xb)

)(
N∏

j=1

ei πκ
2 sgn(x j−x)

) ∑
P∈SN+1

(−1)P
N∏

j=1

φkP ( j)(x j, t )φkP(N+1) (x, t ),

(25)

ψN (x1, . . . , xN , |q, t ) = (−i)N (N−1)/2

√
N!

( ∏
1�a<b�N

e−i πκ
2 sgn(xa−xb)

) ∑
Q∈SN

(−1)Q
N∏

j=1

φqQ ( j)(x j, t ), (26)

where SN+1 is the group of permutations of N + 1 elements, (−1)P the signature of the permutation and φk (x, t ) are the time-
evolved single-particle eigenfunctions [when we do not have a quench we have φk (x, t ) = e−iε(k)tφk (x)]. In (24) L± quantify the
size of the system which depends on the potential or boundary conditions. For example, in the case of a harmonic potential we
have L± = ±∞, while in the case of a system with Dirichlet boundary conditions at 0 and L we have L− = 0 and L+ = L. In all
cases due to the completeness and orthonormality of the single-particle eigenfunctions we have∫ L+

L−
φk (v, t )φq(v, t ) dv = δk,q. (27)

Using the explicit form of the wave functions (25) and (26) the analytic expression for the form factor (24) can be written as a
sum of factorized terms

FN (k, q|x, t ) = eiμt iN

N!

∫ L+

L−
dx1 · · · dxN

∑
P∈SN+1

∑
Q∈SN

(−1)P+Q

(
N∏

j=1

ei πκ
2 sgn(x j−x)φkP( j) (x j, t )φqQ( j)

(x j, t )

)
φkP(N+1) (x, t ), (28)

with ∫ L+

L−
ei πκ

2 sgn(v−x)φk (v, t )φq(v, t ) dv = e−i πκ
2

∫ x

L−
φk (v, t )φq(v, t ) dv + ei πκ

2

∫ L+

x
φk (v, t )φq(v, t ) dv

= e−i πκ
2

(
δk,q − (1 − eiπκ )

∫ L+

x
φk (v, t )φq(v, t ) dv

)
, (29)

where we have used the completeness relation (27). Introducing

f (k, q|κ, x, t ) = δk,q − (1 − eiπκ )
∫ L+

x
φk (v, t )φq(v, t ) dv, (30)

we find

FN (k, q|x, t ) = eiμt
(
ie−i πκ

2
)N

N!

∑
P∈SN+1

∑
Q∈SN

(−1)P+Q

(
N∏

j=1

f (kP( j), qQ( j)|κ, x, t )

)
φkP(N+1) (x, t )

= eiμt
(
ie−i πκ

2
)N

N!

∑
Q∈SN

(−1)Q

∣∣∣∣∣∣
f (k1, qQ(1)|κ ) · · · f (k1, qQ(N )|κ ) φk1

...
. . .

...
...

f (kN+1, qQ(1)|κ ) · · · f (kN+1, qQ(N )|κ ) φkN+1

∣∣∣∣∣∣(x, t ). (31)

For each permutation Q rearranging the columns of the matrix appearing in the last expression Q → (1, . . . , N ) gives a (−1)Q

factor, and for each of the N! permutations we obtain the same result. Therefore, the final result for the form factor is

FN (k, q|x, t ) = eiμt
(
ie−i πκ

2
)N

det
N+1

B(k, q|x, t ), (32)

where B is a square matrix of dimension N + 1 with elements

Bab(k, q|x, t ) =
{

f (ka, qb|κ, x, t ), a = 1, . . . , N + 1, b = 1, . . . , N,

φka (x, t ), a = 1, . . . , N + 1, b = N + 1.
(33)

053306-5
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B. Determinant representation for 〈ψN+1(k)|�†(x, t )�(y, t ′ )|ψN+1(k)〉
We can obtain a determinant representation for the mean values of bilocal operators appearing in the definition of the

correlation functions (13) and (14) by using the explicit formula for the form factors (32) and the “insertion of summation
under the determinant” [48,54]. From (21) we have

A(−) ≡ 〈ψN+1(k)|�†(x, t )�(y, t ′)|ψN+1(k)〉 =
∑

q1<···<qN

F N (k, q|x, t )FN (k, q|y, t ′)

= e−iμ(t−t ′ )
∑

q1<···<qN

det
N+1

B(k, q|x, t ) det
N+1

B(k, q|y, t ′). (34)

The product of the two determinants is symmetric in q’s and vanishes when two of them are equal; therefore we can write

A(−) = e−iμ(t−t ′ )

N!

∞∑
q1=1

· · ·
∞∑

qN =1

det
N+1

B(k, q|x, t ) det
N+1

B(k, q|y, t ′)

= e−iμ(t−t ′ )

N!

∞∑
q1=1

· · ·
∞∑

qN =1

∑
P∈SN+1

∑
Q∈SN+1

(−1)P+Q

(
N∏

j=1

f (kP( j), q j |κ, x, t ) f (kQ( j), q j |κ, y, t ′)

)
φkP(N+1)

(x, t )φkQ(N+1) (y, t ′)

= e−iμ(t−t ′ )

N!

∞∑
q1=1

· · ·
∞∑

qN =1

∑
R∈SN+1

∑
Q∈SN+1

(−1)R

(
N∏

j=1

f (kRQ( j), q j |κ, x, t ) f (kQ( j), q j |κ, y, t ′)

)
φkRQ(N+1)

(x, t )φkQ(N+1) (y, t ′). (35)

In the third line of (35) we have used the fact that for any two permutations P and Q we have P = RQ with R another permutation.
It is easy to see that the last line of (35) can be written as

A(−) = e−iμ(t−t ′ )

N!

∞∑
q1=1

· · ·
∞∑

qN =1

∑
Q∈SN+1

×

∣∣∣∣∣∣∣
f (kQ(1), q1|x, t ) f (kQ(1), q1|y, t ′) · · · f (kQ(1), qN |x, t ) f (kQ(1), qN |y, t ′) φkQ(1)

(x, t )φkQ(N+1) (y, t ′)
...

. . .
...

...

f (kQ(N+1), q1|x, t ) f (kQ(1), q1|y, t ′) · · · f (kQ(N+1), qN |x, t ) f (kQ(1), qN |y, t ′) φkQ(N+1)
(x, t )φkQ(N+1) (y, t ′)

∣∣∣∣∣∣∣.
Because qi appears only in the ith column we can sum inside the determinant. Introducing two matrices (depending on the
state k)

Ũ (−)
a,b (x, t ; y, t ′) =

∞∑
q=1

f (ka, q|κ, x, t ) f (kb, q|κ, y, t ′), a, b = 1, . . . , N + 1, (36)

R̃(−)
a,b (x, t ; y, t ′) = φka

(x, t )φkb (y, t ′), a, b = 1, . . . , N + 1, (37)

the last relation can be written as

A(−) = e−iμ(t−t ′ )

N!

∑
Q∈SN+1

∣∣∣∣∣∣∣
Ũ (−)

Q(1),Q(1) · · · Ũ (−)
Q(1),Q(N ) R̃(−)

Q(1),Q(N+1)
...

. . .
...

...

Ũ (−)
Q(N+1),Q(1) · · · Ũ (−)

Q(N+1),Q(N ) R̃(−)
Q(N+1),Q(N+1)

∣∣∣∣∣∣∣(x, t ; y, t ′)

= e−iμ(t−t ′ )
N+1∑
j=1

∣∣∣∣∣∣∣
Ũ (−)

1,1 · · · R̃(−)
1, j · · · Ũ (−)

1,N+1
...

. . .
...

. . .
...

Ũ (−)
N+1,1 · · · R̃(−)

N+1, j · · · Ũ (−)
N+1,N+1

∣∣∣∣∣∣∣(x, t ; y, t ′), (38)

where in the last line we have reorganized the columns and rows such that Q → (1, . . . , N + 1). Using the fact that R̃(−)
a,b is a

rank 1 matrix we can write the final result

〈ψN+1(k)|�†(x, t )�(y, t ′)|ψN+1(k)〉 = e−iμ(t−t ′ ) ∂

∂z
det
N+1

(Ũ (−) + zR̃(−) )
∣∣
z=0 (39)

= e−iμ(t−t ′ )
[

det
N+1

(Ũ (−) + R̃(−) ) − det
N+1

Ũ (−)
]
. (40)
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C. Determinant representation for 〈ψN (q)|�(x, t )�†(y, t ′ )|ψN (q)〉
Similar to the previous case we can obtain a determinant formula for the mean value of bilocal operators appearing in (14).

From (22) we have

A(+) ≡ 〈ψN (q)|�(x, t )�†(y, t ′)|ψN (q)〉 =
∑

k1<···<kN+1

FN (k, q|x, t )F N (k, q|y, t ′)

= eiμ(t−t ′ )
∑

k1<···<kN+1

det
N+1

B(k, q|x, t )det
N+1

B(k, q|y, t ′). (41)

The product of determinants is symmetric in k’s and vanishes when two of them are equal. Therefore the summation over all the
states with N + 1 particles can be written as

A(+) = eiμ(t−t ′ )

(N + 1)!

∞∑
k1=1

· · ·
∞∑

kN+1=1

∑
P∈SN+1

∑
Q∈SN+1

(−1)P+Q

(
N∏

j=1

f (kP( j), q j |κ, x, t ) f (kQ( j), q j |κ, y, t ′)

)
φkP(N+1) (x, t )φkQ(N+1)

(y, t ′)

= eiμ(t−t ′ )

(N + 1)!

∞∑
k1=1

· · ·
∞∑

kN+1=1

∑
R∈SN+1

∑
Q∈SN+1

(−1)R

(
N∏

j=1

f (kRQ( j), q j |κ, x, t ) f (kQ( j), q j |κ, y, t ′)

)
φkRQ(N+1) (x, t )φkQ(N+1)

(y, t ′)

= eiμ(t−t ′ )

(N + 1)!

∞∑
k1=1

· · ·
∞∑

kN+1=1

∑
Q∈SN+1

(
N∏

j=1

f (kQ( j), q j |κ, y, t ′)φkQ(N+1)
(y, t ′)

)

×
∣∣∣∣∣∣

f (kQ(1), q1|κ, x, t ) · · · f (kQ(1), qN |κ, x, t ) φkQ(1) (x, t )
...

. . .
...

...

f (kQ(N+1), q1|κ, x, t ) · · · f (kQ(N+1), qN |κ, x, t ) φkQ(N+1) (x, t )

∣∣∣∣∣∣. (42)

Like in the previous case in the second line we have expressed the permutations P as a product of R and Q. Now we multiply the
jth row of the determinant from the third line of (42) with f (kQ( j), q j |κ, y, t ′) and the N + 1-th row with φkQ(N+1)

(y, t ′) obtaining

A(+) = eiμ(t−t ′ )

(N + 1)!

∞∑
k1=1

· · ·
∞∑

kN+1=1

∑
Q∈SN+1

×

∣∣∣∣∣∣∣∣∣
f (kQ(1), q1|x, t ) f (kQ(1), q1|y, t ′) · · · f (kQ(1), qN |x, t ) f (kQ(1), q1|y, t ′) φkQ(1) (x, t ) f (kQ(1), q1|y, t ′)

...
. . .

...
...

f (kQ(N ), q1|x, t ) f (kQ(N ), qN |y, t ′) · · · f (kQ(N ), qN |x, t ) f (kQ(N ), qN |y, t ′) φkQ(N ) (x, t ) f (kQ(N ), qN |y, t ′)
f (kQ(N+1), q1|x, t )φkQ(N+1)

(y, t ′) · · · f (kQ(N+1), qN |x, t )φkQ(N+1)
(y, t ′) φkQ(N+1) (x, t )φkQ(N+1)

(y, t ′)

∣∣∣∣∣∣∣∣∣.
In the previous expression kQ( j) appears only in the jth row, and, therefore, we can sum inside the determinant. Introducing the
q = (q1, . . . , qn)-dependent matrix and functions

Ũ (+)
a,b (x, t ; y, t ′) =

∞∑
k=1

f (k, qb|κ, x, t ) f (k, qa|κ, y, t ′), a, b = 1, . . . , N, (43)

ẽa(x, t ; y, t ′) =
∞∑

k=1

f (k, qa|κ, x, t )φk (y, t ′), a = 1, . . . , N, (44)

ẽa(x, t ; y, t ′) =
∞∑

k=1

f (k, qa|κ, y, t ′)φk (x, t ), a = 1, . . . , N, (45)

together with

g(x, t ; y, t ′) =
∞∑

k=1

φk (x, t )φk (y, t ′), (46)

the last expression can be written as [the sum over the Q permutations produces (N + 1)! identical terms]

A(+) = eiμ(t−t ′ )

∣∣∣∣∣∣∣∣∣
Ũ (+)

1,1 · · · Ũ (+)
1,N ẽ1

...
. . .

...
...

Ũ (+)
N,1 · · · Ũ (+)

N,N ẽN

ẽ1 · · · ẽN g

∣∣∣∣∣∣∣∣∣(x, t ; y, t ′).
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Expanding this result on the last column we obtain our final result

〈ψN (q)|�(x, t )�†(y, t ′)|ψN (q)〉 = eiμ(t−t ′ )
[

g + ∂

∂z

]
det

N
(Ũ (+) − zR̃(+) )

∣∣
z=0, (47)

= eiμ(t−t ′ )
[
det

N
(Ũ (+) − R̃(+) ) + (g − 1) det

N
Ũ (+)

]
, (48)

with R̃(+) a q-dependent matrix with elements

R̃(+)
a,b (x, t ; y, t ′) = ẽa(x, t ; y, t ′ )̃eb(x, t ; y, t ′), a, b = 1, . . . , N. (49)

D. Thermodynamic limit

In order to compute the thermodynamic limit we are going to use von Koch’s determinant formula, which states that for any
square matrix of dimension M (which can also be infinite) denoted by A and z a bounded complex parameter we have [118]

det(1 + zA) = 1 + z
M∑

m=1

Am,m + z2

2!

M∑
m=1

M∑
n=1

∣∣∣∣Am,m Am,n

An,m An,n

∣∣∣∣ + · · · . (50)

We start with g(−)(x, t ; y, t ′) defined in (13). As a first step we need to compute the partition function Z = Tr[e−HI /T ]. It is
easy to se that [EN (k) = ∑N

i=1(ε(ki ) − μ)]

Z =
∞∑

N=0

∑
k1<···<kN

e−EN (k)/T =
∞∏

k=1

(
1 + e−(ε(k)−μ)/T

)
. (51)

Using the determinant representation for the mean value of the bilocal operator (39) the numerator of (13) can be written as

N (−) =
∞∑

N=0

∑
k1<···<kN+1

e−EN+1(k)/T 〈ψN+1(k)|�†(x, t )�(y, t ′)|ψN+1(k)〉

= e−iμ(t−t ′ )
∞∑

N=0

∑
k1<···<kN+1

e−EN+1(k)/T
[

det
N+1

(Ũ (−) + R̃(−) ) − det
N+1

Ũ (−)
]
. (52)

The energy term e−EN+1(k)/T = e− ∑N+1
i=1 (ε(ki )−μ)/T is distributed inside the determinants as follows: the ith row is multiplied by

e−(ε(ki )−μ)/2T , while the jth column is multiplied by e−(ε(k j )−μ)/2T . Using von Koch’s determinant formula (50) we obtain for the
numerator

N (−) = e−iμ(t−t ′ )[det
(
1 + U(−)

M + R(−)
M

) − det
(
1 + U(−)

M

)]
, (53)

with infinite dimensional determinants and matrices U(−)
M and R(−)

M defined by

[U(−)
M ]a,b(x, t ; y, t ′) = e−(ε(a)−μ)/2T U(−)

a,b (x, t ; y, t ′) e−(ε(b)−μ)/2T , a, b = 1, 2, . . . , (54)

[R(−)
M ]a,b(x, t ; y, t ′) = e−(ε(a)−μ)/2T R(−)

a,b (x, t ; y, t ′) e−(ε(b)−μ)/2T , a, b = 1, 2, . . . , (55)

and

U(−)
a,b (x, t ; y, t ′) =

∞∑
q=1

f (a, q|κ, x, t ) f (b, q|κ, y, t ′), a, b = 1, 2, . . . , (56)

R(−)
a,b (x, t ; y, t ′) = φa(x, t )φb(y, t ′), a, b = 1, 2, . . . . (57)

It is important to note that while Ũ (−)
a,b (x, t ; y, t ′), R̃(−)

a,b (x, t ; y, t ′) were finite-size matrices that were dependent on particular

eigenstates k = (k1, . . . , kN+1) the matrices U(−)
a,b (x, t ; y, t ′) and R(−)

a,b (x, t ; y, t ′) are infinite dimensional. From the numerator (53)
we can extract (1 + e−(ε(i)−μ)/T )1/2 from the ith row and (1 + e−(ε( j)−μ)/T )1/2 from the jth column obtaining an infinite product
equal to the partition function (51). In this way we obtain the final result for the g(−) correlator in the thermodynamic limit

g(−)(x, t ; y, t ′) = e−iμ(t−t ′ )[det(1 + V(T,−) + R(T,−) ) − det(1 + V(T,−) )], (58)

with

V(T,−)
a,b (x, t ; y, t ′) =

√
θ (a) (U(−)

a,b (x, t ; y, t ′) − δa,b)
√

θ (b), a, b = 1, 2, . . . , (59)

R(T,−)
a,b (x, t ; y, t ′) =

√
θ (a) R(−)

a,b (x, t ; y, t ′)
√

θ (b), a, b = 1, 2, . . . , (60)
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where θ (a) = 1/(1 + e(ε(a)−μ)/T ) is the Fermi function. In a similar fashion we can obtain the thermodynamic limit for the
second correlation function (14) obtaining

g(+)(x, t ; y, t ′) = eiμ(t−t ′ )[det(1 + V(T,+) − R(T,+) ) + (g − 1) det(1 + V(T,+) )], (61)

with g = g(x, t ; y, t ′) defined in (46) and

V(T,+)
a,b (x, t ; y, t ′) =

√
θ (a) (U(+)

a,b (x, t ; y, t ′) − δa,b)
√

θ (b), a, b = 1, 2, . . . , (62)

R(T,+)
a,b (x, t ; y, t ′) =

√
θ (a) R(+)

a,b (x, t ; y, t ′)
√

θ (b), a, b = 1, 2, . . . , (63)

where U(+)(x, t ; y, t ′) and R(+)(x, t ; y, t ′) are infinite matrices with elements

U(+)
a,b (x, t ; y, t ′) =

∞∑
k=1

f (k, b|κ, x, t ) f (k, b|κ, y, t ′), a, b = 1, 2, . . . , (64)

R(+)
a,b (x, t ; y, t ′) = ea(x, t ; y, t ′)eb(x, t ; y, t ′) a, b = 1, 2, . . . , (65)

and e(x, t ; y, t ′), e(x, t ; y, t ′) are infinite vectors with elements

ea(x, t ; y, t ′) =
∞∑

k=1

f (k, a|κ, x, t )φk (y, t ′), a = 1, 2, . . . , (66)

ea(x, t ; y, t ′) =
∞∑

k=1

f (k, a|κ, y, t ′)φk (x, t ), a = 1, 2, . . . . (67)

IV. HARD-CORE ANYONS ON THE LATTICE

All the results for the correlation functions of the TG gas in
the continuum can be easily extended in the case of lattice sys-
tems. The lattice analog of the anyonic TG gas is represented
by hard-core anyons in the presence of an external potential
with Hamiltonian [14,15]

H = −J
L−1∑
j=1

(a†
j a j+1 + a†

j+1a j ) +
L−1∑
j=1

[V ( j, t ) − μ]a†
j a j,

(68)

where J is the hopping parameter, L is the number of lattice
sites (we consider the lattice spacing a0 = 1), and V ( j, t ) is
the confining potential. As in the continuum case we will con-
sider both time-independent external potentials like V ( j) =
V0|[ j − (L + 1)/2]|α with α = 1, 2, . . . and time-dependent
potentials implementing quantum quenches with V ( j, t =
0) = VI ( j) and V ( j, t > 0) = VF ( j). An example would be
the sudden change of depth of a harmonic potential char-
acterized by VI ( j) = V0[ j − (L + 1)/2]2 and VF ( j) = V1[ j −
(L + 1)/2]2 with V0 �= V1. The initial and final Hamilto-
nian which governs the dynamics will be denoted by HI

and HF , respectively. The anyonic creation and annihilation
operators on different lattice sites satisfy the commutation
relations

aia
†
j = −e−iπκ sgn(i− j)a†

j ai + δi j, (69a)

aia j = −eiπκ sgn(i− j)a jai, (69b)

and the hard-core condition {a j, a†
j} = 1, (a†

j )
2 = (a j )2 = 0

at the same lattice site. The commutation relations (69) are

bosonic when κ = 1 and fermionic when κ = 0. In terms of
fermionic operators described by { fi, f †

j } = δi j, { f j, f j} = 0
the anyonic operators can be expressed via the generalized
Jordan-Wigner transformation [14,15] as

a†
j = f †

j

(
j−1∏
β=1

e−iπκ f †
β fβ

)
, a j =

(
j−1∏
β=1

eiπκ f †
β fβ

)
f j, (70)

which shows that the hard-core anyonic operators are products
of an odd number of fermionic operators. We consider open
boundary conditions for finite-size systems. In the bosonic
case the Hamiltonian (68) is equivalent with the Hamilto-
nian of the XX spin chain ([11], Chap. I of [82]) after the
identification aj = σ+

j , a†
j = σ−

j . We should point out certain
characteristics of impenetrable particles systems on the lattice
which makes their study extremely worthwhile. While at low
filling fractions the results for lattice systems reproduce the
ones for continuum systems at moderate and large fillings
the presence of the lattice introduces new physics like the
Mott insulator phase [119] and the emergence of quasicon-
densates at finite momentum after expansion [120,121]. From
the computational point of view finite-size systems on the
lattice have the advantage of being easier to access numer-
ically due to the finite size of the associated single-particle
Hilbert space. Determinant representations for some correla-
tors (static or equal time at nonequilibrium) and the dynamics
of hard-core particles on the lattice in various nonequilib-
rium scenarios have been previously investigated in [14,35–
37,44,85,120,122–137].

Introducing the Fock vacuum defined by a j |0〉 = 〈0|a†
j =

0 for all j the eigenstates of the system at t = 0 are k =
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(k1, . . . , kN ) [14,15,51]:

|ψN (k〉= 1√
N!

L−1∑
m1=1

· · ·
L−1∑

mN =1

ψN (m1, . . . , mN |k) a†
mN

· · · a†
m1

|0〉,

(71)

with the many-body anyonic wave function given by

ψN (m1, . . . , mN |k)

= iN (N−1)/2

√
N!

∏
1�a<b�N

ei πκ
2 ε(ma−mb) det [φka (mb)]a,b=1,...,N ,

(72)

and ε(m) = 1 for m � 0 and ε(m) = −1 for m < 0. We
should point out that the value of ε(0) is not physically rel-
evant [the wave function (72) is zero when two coordinates
are equal; see also the discussion in [50]], but our previous
choice makes some numerical computations easier. In (72)
φk (m) are the single-particle fermionic wave functions satisfy-
ing HSP

I (m)φk (m) = ε(k)φk (m) with HSP
I = −J

∑L−1
m=1(|m +

1〉〈m| + |m〉〈m + 1|) + ∑L−1
m=1(V (m, t = 0) − μ)|m〉〈m| and

|m〉 = f †
m|0〉. The eigenstates (71) form a complete set,

are normalized, and satisfy HI |ψN (k)〉 = EN (k)|ψN 〉 with
EN (k) = ∑N

i=1[ε(ki ) − μ].
The dynamics of the eigenstates is given by |ψN (k, t )〉 =

e−itHF |ψN (k)〉 with the time-dependent many-body wave
function

ψN (m1, . . . , mN |k, t )

= iN (N−1)/2

√
N!

∏
1�a<b�N

ei πκ
2 ε(ma−mb) det [φka (mb, t )]a,b=1,...,N ,

(73)

where in the case of a time-independent external potential
(HI = HF ) we have φk (m, t ) = e−iε(k)tφk (m), while in
the case of a quantum quench (HI �= HF ) φk (m, t ) is
the unique time-dependent solution of the Schrödinger
equation ih̄∂φk (m, t )/∂t = HSP

F (m)φk (m, t ) with HSP
F (m) =

−J
∑L−1

m=1(|m + 1〉〈m| + |m〉〈m + 1|) + ∑L−1
m=1(V (m, t > 0) −

μ)|m〉〈m| and initial condition φk (m, 0) = φk (m). As in
the continuum case our formalism is not valid for systems
with V ( j, t ) = 0 and periodic boundary conditions. For this
situation the Fredholm determinant representations for the
correlators can be found in [50,51].

V. DETERMINANT REPRESENTATIONS FOR FINITE
TEMPERATURE CORRELATORS ON THE LATTICE

The determinant representations for the field correlators
can be derived in a similar fashion as in the continuum case.
The relevant correlation functions are now

g(−)(x, t ; y, t ′) = 〈a†
x (t )ay(t ′)〉μ,T

= Tr[e−HI /T a†
x (t )ay(t ′)]/Tr[e−HI /T ], (74)

g(+)(x, t ; y, t ′) = 〈ax(t )a†
y (t ′)〉μ,T

= Tr[e−HI /T ax(t )a†
y (t ′)]/Tr[e−HI /T ], (75)

where a†
x (t ) = eiHF t a†

xe−iHF t and ax(t ) = eiHF t axe−iHF t . The
spectral function is defined as

A(k, ω) = − 1

π
Im GR(k, ω),

GR(k, ω) =
∫ +∞

−∞
dt eiωt

∑
x,y

e−ik(x−y)GR(x, t ; y, 0), (76)

with the retarded Green’s function in real space and time
defined by

GR(x, t ; y, t ′)

= −i�(t − t ′)[〈ax(t )a†
y (t ′)〉μ,T + 〈a†

y (t ′)ax(t )〉μ,T ],

= −i�(t − t ′)[g(+)(x, t ; y, t ′) + g(−)(y, t ′; x, t )]. (77)

We need to clarify an important point. In general the retarded
Green’s function for bosonic operators is defined as the dif-
ference between the greater and lesser Green’s functions, and,
therefore, one might expect a minus sign on the right-hand
side of (17) and (77). However, as it can be seen from the
Jordan-Wigner transformation (70) the anyonic operators can
be expressed in terms of a product of an odd number of
fermionic operators, and in this case the spectral function is
defined as the sum of the greater and lesser Green’s functions
as is discussed in Chap. 3.3. of [21]. Using 〈ax(t )a†

y (0)〉μ,T =
〈ax(−t )a†

y (0)〉μ,T we obtain

A(k, ω) =
∫ +∞

−∞
dt eiωt

∑
x,y

e−ik(x−y)

× [g(+)(x, t ; y, 0) + g(−)(y, 0; x, t )]. (78)

The determinant representations for g(±)(x, t ; y, t ′) on the
lattice are given by the same expressions as in the continuum
case, (58) and (61), the only difference being that in the def-
initions of the V(T,±)(x, t ; y, t ′) and R(T,±)(x, t ; y, t ′) kernels
defined in (59), (62), (60), and (63) now the f (k, q|κ, x, t )
function is given by

f (k, q|κ, x, t ) = δk,q − (1 − eiπκ )
∞∑

x′=x

φk (x′, t )φq(x′, t ).

(79)

VI. COMPARISON WITH PREVIOUS RESULTS

For an easier numerical implementation, but also in or-
der to compare with previously derived similar results, it is
useful to express the representations derived in Sec. III D
in terms of products and determinants of simple matrices.
First, we introduce a column vector defined by φ(x, t ) =
(φ1(x, t ), . . . , φM (x, t ))T where M is the dimension of the
single-particle Hilbert space (or the truncated dimension). For
continuum models M is infinite, but in the case of finite-
size lattice systems M is finite. The adjoint of φ(x, t ) is

φ†(x, t ) = φ
T

(x, t ) = (φ1(x, t ), . . . , φM (x, t )). We also need
to introduce two additional matrices

Pa,b(x, t |κ ) = f (a, b|κ, x, t ),

Fa,b = δa,b

√
θ (a), a, b,= 1, 2, . . . , (80)

053306-10



EXACT SPECTRAL FUNCTION OF THE … PHYSICAL REVIEW A 106, 053306 (2022)

with f (a, b|κ, x, t ) defined in (30) for continuum systems and
in (79) for lattice systems and θ (a) = 1/(1 + e(ε(a)−μ)/T ) is
the Fermi function. Using f (a, b|κ, x, t ) = f (b, a| − κ, x, t )
it can be shown that V(T,±) and R(T,±) defined in (59), (62),
(60), and (63) can be expressed in terms of the previous
matrices as follows (1 is the identity matrix):

V(T,−)(x, t ; y, t ′) = F[(P(y, t ′|κ )P(x, t | − κ ))T − 1]F

= [F(P(y, t ′|κ )P(x, t | − κ ) − 1)F]T
,

(81a)

V(T,+)(x, t ; y, t ′) = F[P(y, t ′| − κ )P(x, t |κ ) − 1]F, (81b)

R(T,−)(x, t ; y, t ′) = F φ(x, t )φT (y, t ′)F, (81c)

R(T,+)(x, t ; y, t ′) = F [P(y, t ′| − κ )φ(x, t )]

×[φ†(y, t ′)P(x, t |κ )]F (81d)

and g(x, t ; y, t ′) = φ†(y, t ′)φ(x, t ). Our results for the corre-
lation functions (58), (61) can be rewritten using a simple
formula which states that for any square matrix of dimension
M and u and v two column vectors of the same dimension the
following relation is valid [138]:

det(A + uvT ) = det A + det A vT A−1u. (82)

Using this formula and (81) we find

g(−)(x, t ; y, t ′) = e−iμ(t−t ′ )(det W (−) )φ
T (y, t ′)F W −1

(−)

×Fφ(x, t ), (83a)

g(+)(x, t ; y, t ′) = eiμ(t−t ′ )(det W (+) )[φ
†(y, t ′)φ(x, t )

−φ†(y, t ′)P(x, t |κ )F W −1
(+) FP(y, t ′| − κ )

×φ(x, t )], (83b)

with W (−) = 1 + [F(P(y, t ′|κ )P(x, t | − κ ) − 1)F]T and
W (+) = 1 + F[P(y, t ′| − κ )P(x, t |κ ) − 1]F. In the case of
time-independent potentials similar results were derived by
Wang [79]. The final results (83) are expressed as sums,
products, and determinants of matrices with elements
given by partial overlaps of the single-particle wave
functions, (30) and (79). In many experimentally relevant

situations these overlaps can be calculated analytically
like in the case of continuum systems with harmonic
trapping [76], triangular potential [117], Dirichlet and
Neumann boundary conditions, or very easily numerically by
quadratures or simple summations (this of course requires
as a preliminary step the determination of the dynamically
evolved single-particle eigenfunctions which are obtained
by solving the appropriate time-dependent Schrödinger
equation). This makes our results (83) extremely easy and
efficient to implement numerically requiring three simple
steps: (1) computation of the time-evolved single-particle
eigenfunctions, (2) calculation of the P and F matrices
and φ(x, t ), φ(y, t ′) vectors, and (3) determination of the
g(±)(x, t ; y, t ′) correlators using (83). Let us look at some
particular cases where results for the correlators are known.

Free fermions: In the case of free fermions, κ = 0, we have
f (a, b|0, x, t ) = δa,b and, therefore, the matrix P reduces to
the identity matrix. We obtain

g(−)(x, t ; y, t ′) = e−iμ(t−t ′ )
∑

a

θ (a)φa(x, t )φa(y, t ′), (84)

g(+)(x, t ; y, t ′) = eiμ(t−t ′ )
∑

a

[1 − θ (a)]φa(y, t ′)φa(x, t ),

(85)

which in the equilibrium case, φa(x, t ) = e−iε(a)tφa(x), are the
well-known results for free fermions at finite temperature.

Zero temperature: At zero temperature the elements
of the F matrix become Fa,b = δa,b for a � N and
Fa,b = 0 for a > N where N is the number of par-
ticles in the ground state. The multiplication with F
acts as an projector on the first N states obtaining
φT (y, t ′)F = (φ1(y, t ′), . . . , φN (y, t ′), 0, 0, . . . )T , Fφ(x, t ) =
(φ1(x, t ), . . . , φN (x, t ), 0, 0, . . . ) and so on. For the rele-
vant matrices we find [W (−)]ab = [P(y, t ′|κ )P(x, t | − κ )]T

ab
for a, b � N and [W (−)]ab = δab for a > N or b > N
and [W (+)]ab = [P(y, t ′|κ )P(x, t | − κ )]ab for a, b � N and
[W (+)]ab = δab for a > N or b > N . Therefore, at zero tem-
perature we obtain

g(−)(x, t ; y, t ′) = e−iμ(t−t ′ ) det [P(y, t ′|κ )P(x, t | − κ )] × φT (y, t ′)[P(y, t ′|κ )P(x, t | − κ )]−1T
φ(x, t ), (86)

g(+)(x, t ; y, t ′) = eiμ(t−t ′ ) det [P(y, t ′| − κ )P(x, t |κ )][φ†(y, t ′)φ(x, t )

− φ†(y, t ′)P(x, t |κ ) [P(y, t ′| − κ )P(x, t |κ )]−1P(y, t ′| − κ )φ(x, t )], (87)

where in the above expressions with the exception of φ†(y, t ′)φ(x, t ) all the determinants and products of matrices need to be
understood as projections on the first N states. In the case of impenetrable bosons (κ = 1) this is the result obtained by Settino
et al. [74] (in our result we have extracted the dependence on the chemical potential in the first term).

Equal-time case of g(−)(x, t ; y, t ′): The simplifications that appear in the equal-time case of the g(−) correlator are investigated
in the Appendix. In this case the determinant representation in the continuum case is considerable simpler

g(−)(x, t ; y, t ) = det(1 + v(T,−) + r(T,−) ) − det(1 + v(T,−) ), (88)

with

v(T,−)
a,b (x, t ; y, t ) = −(1 − e−iπκsgn(y−x) )sgn(y − x)

√
θ (a)θ (b)

∫ y

x
φa(v, t )φb(v, t ) dv , a, b = 1, 2, . . . , (89)

r(T,−)
a,b (x, t ; y, t ) =

√
θ (a) φa(x, t )φb(y, t )

√
θ (b), a, b = 1, 2, . . . . (90)
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FIG. 1. Logarithm of the zero temperature spectral function ln A(k, ω) of a TG gas on the lattice for different values of the statistics
parameter. The relevant parameters are L = 300, N = 100, and V ( j, t � 0) = 0. In the second panel the continuous blue, red, and yellow lines
mark the εI (k), εII (k), and εIII (k) singular lines [see Eqs. (92a), (92b), (92c)], while the corresponding dashed lines describe −εI (k), −εII (k),
and −εIII (k).

In the lattice case (88) remains valid the only difference is that
the v(T,−)

a,b kernel is now

v(T,−)
a,b (x, t ; y, t ) = −(1 − e−iπκsgn(y−x) )sgn(y − x)

√
θ (a)θ (b)

×
y−1∑
m=x

φa(m, t )φb(m, t ) , a, b = 1, 2, . . . .

(91)

For the continuous bosonic system (κ = 1) the representa-
tions (88) at zero and finite temperature were derived in
[75] and [76], respectively, while the anyonic generaliza-
tion was obtained in [77] (please note that in [76,77] the
g(−)(x, t ; y, t ) correlator is related to the one presented in this
paper by complex conjugation). In the case of lattice systems
the representation (88) with (91), which represents the lattice
generalization of Lenard’s formula [47], to our knowledge has
not been reported previously in the literature except for the
particular case of bosons at zero temperature in equilibrium
[139].

VII. SPECTRAL FUNCTION FOR A TRAPPED
TONKS-GIRARDEAU LATTICE GAS

In this section we are going to investigate the influence of
a harmonic trapping potential on the spectral function of a TG
gas on the lattice. The spectral function A(k, ω) defined in (76)
quantifies the probability for exciting a particle(hole) with
energy ω(−ω) and momentum k. In general this probability
interpretation is not valid in the case of bosonic systems due
to the fact that for these systems A(k, ω) can be negative.
However, in the case of impenetrable systems of any statistics
it can be shown [79] that both contributions on the right-hand
side of (76) are positive, and therefore the probabilistic inter-
pretation is still valid. In Fig. 1 we present the logarithm of the
zero temperature spectral function ln A(k, ω) for a finite-size
system with L = 300 and N = 100 particles for different val-
ues of the statistics parameter and V ( j, t � 0) = 0. There are
three main singularity lines [74,79], and below we are going to
derive their explicit expressions. We will focus on the bosonic
case as the results for different statistics can be obtained by
a simple momentum shift with κ (kF − 1) (see Fig. 7 of [59]

and the mean field discussion in [79]). For a system of N
particles on a lattice with L sites with no external potential
and open boundary conditions the single-particle dispersion
is ε(k) = −2J cos(k) with the Fermi vector kF = πN/L and
the chemical potential given by −2J cos kF = μ. The first
singular line corresponds to the case when a particle is excited
from the Fermi level kF to kF + q. This particle-type excita-
tion is also present in continuous systems (Type I excitation
in Lieb’s classification [80]) and has energy −2J cos(kF +
q) + 2J cos kF and momentum k = kF + q − kF . Using the
definition of the chemical potential the first singularity line is
εI (k) = −2J cos(kF + k) − μ. The second line is due to hole-
type excitations (Type II excitations in Lieb’s classification)
in which a particle from the Fermi sea with quasimomentum
−kF � k � kF moves to the first unoccupied state above the
Fermi level, i.e., kF + π/L. Neglecting 1/L corrections, the
energy and momentum of these excitations are −2J cos kF +
2J cos q and k = kF − q respectively. Therefore, the singular-
ity line is give by εII (k) = 2J cos(kF − k) + μ. The third line
has no equivalent in continuous systems and is generated by
excitations from an occupied state inside the Fermi sea q to a
state with quasimomentum π − q. The energy and momenta
of these excitations are −2J cos(π − q) + 2J cos q and k =
π − 2q, and the line is described by εIII (k) = −2J cos[(π +
k)/2] + 2J cos[(π − k)/2] = 4J sin(k/2). The general result
valid for any value of the statistics parameter κ is obtained by
shifting k → k + kF (κ − 1). We find

εI (k) = −2J cos(k + kF κ ) − μ, (92a)

εII (k) = 2J cos(k + kF κ − 2kF ) + μ, (92b)

εIII (k) = 4J sin[(k + kF κ − kF )/2]. (92c)

In the case of homogeneous continuous systems the nonlin-
ear Luttinger theory [140] predicts that the spectral function
has a power-law behavior A(k, ω) ∼ |ω − ε j (k)|−μ j with j =
{I, II} near each singular line ε j (k). The spectral function of
a lattice system at small filling fractions presents power-law
behavior near the singular lines with power exponents which
are very close to the nonlinear Luttinger liquid predictions
[74,79]. From Fig. 1 we see that as the statistics parameter
decreases the spectral weight from εII (k) and εIII (k) also
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FIG. 2. First row: Logarithm of the spectral function ln A(k, ω) for a harmonically trapped (V ( j, t � 0) = V0[ j − (L + 1)/2]2) bosonic
TG gas on the lattice at temperature T = 0.05 and different values of the curvature V0. The other relevant parameters are L = 240 and N = 80.
The second row presents the logarithm of the momentum distribution ln n(k) and the third row the density of particles ρ( j) on the lattice.

decreases being transferred to εI (k) which becomes the only
singular line at κ = 0 as it is expected for a free fermionic
system.

Figure 2 presents results for the spectral function, momen-
tum distribution and density profile for a system of hard-core
bosons (κ = 1) at temperature T = 0.05 in the presence
of a harmonic trapping potential V ( j, t � 0) = V0[ j − (L +
1)/2]2 of different curvatures. The presence of the confining
potential has a dramatic effect on both static and dynamic
properties of the system. While in the case of open boundary
conditions the density is almost constant with small distor-
tions along the boundaries from the last row of Fig. 2 we see
that as we increase the strength of the harmonic potential the
density profile becomes nonuniform with a large number of
particles concentrated in the center of the trap and very few
particles at the edges. At a critical value of the curvature (the
number of particles is kept constant) the density of the parti-
cles in the center of the trap will become one and by further
increasing V0 this insulating region with zero compressibility
will further increase. What we have described is the well-
known superfluid to Mott insulator quantum phase transition
(QPT) [1] induced by the variation of the potential’s curvature.
The microscopic origin of this QPT has been investigated in

[141]. While in the case of trapped continuum system the
energy level spacing of the single-particle system is constant,
in the lattice case the level spacing decreases with increasing
level number until a degeneracy sets in and the level spacing
becomes monotonously increasing. The eigenfunctions of the
degenerate states have the interesting characteristic of having
zero weight in the middle of the trap, and as the level increases
this region in which the eigenfunctions have zero weight also
increases. The QPT occurs when the Fermi energy is close
to the level where this degeneracy sets in and the density in
the center of the trap approaches one. Further increasing the
curvature of the potential results in a similar increase of the
insulating region and due to the Pauli principle the eigenfunc-
tions should also have an increasing region with zero weight
in the center of the trap as the level increases, which is exactly
the phenomenon mentioned above.

Signatures of the QPT can also be seen in the momentum
distribution which due to the presence of the lattice is a
periodic function in the reciprocal lattice. While in the case
of bosons and fermions the momentum distribution n(k) is
symmetric with respect to k = 0 we should point out that for
anyonic systems this is no longer valid as a result of the broken
space reversal symmetry of the commutation relations (69).
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At zero temperature and small values of the curvature there
is always a region in which n(k) = 0, but as we increase V0

another way of identifying the presence of the insulating phase
is the fact that n(k = ±π ) becomes nonzero [141]. As the size
of the insulator region increases this is also accompanied by a
similar increase of n(k = ±π ). At finite but low temperature
we can see from the second row of Fig. 2 that we encounter
a similar phenomenon. When V0 = 0 the momentum distri-
bution is very close to the usual quasicondensate behavior at
T = 0 with n(k) ∼ k−1/2 at k = 0 and n(k = ±π ) ∼ 0 (this
is due to thermal fluctuations). As we increase the strength of
the confining potential n(k = ±π ) also increases, and as an
insulating plateau develops we see that n(k) becomes almost
flat with a smooth peak at k = 0.

As the spectral function quantifies the probability that a
particle (hole) to be excited (filled) at a given momentum
k and energy ω and the tails of the momentum distribution
become more populated with increasing curvature one would
expect that the spectral weight would get transferred to the
hole component (ω � μ) of A(k, ω) as V0 increases. This is
indeed the case, and it can be seen in the first row of Fig. 2.
An interesting peculiarity of one dimensional systems is that
at low energies the spectral function has a region in which
it is zero (or it is very small at finite temperatures). In our
case for the homogeneous system at T = 0 this region is
defined by |ω − μ| < εII (k) and is due to the fact that the
Fermi sphere in 1D comprises only two points ±kF . While
in higher dimensions the hole excitations lead to a continuum
extending to zero energy for all momenta q smaller than 2kF

in 1D the only place where the hole excitations can reach
zero are for q = 0 and q = 2kF . At moderate values of the
curvature, V0 = 0.0001, we see that the region in which the
spectral function vanishes for a homogeneous system de-
creases considerably but as we further increase the curvature
the opposite phenomenon occurs. An interesting feature is
revealed at V0 = 0.0004 where we can see that A(k, ω � μ) is
almost similar with A(k, ω � μ) for a homogeneous system
(V0 = 0). For V0 = 0.001 and zero temperature the system
would develop an insulator region in the middle of the trap. In
this case we see from Fig. 2 that the spectral function presents
only two singular lines compared with the three in the case
of the homogeneous system or for the trapped system before
the QPT. Therefore, the measurement of the spectral function

would provide an alternative way of identifying the presence
of the Mott insulator phase in a trapped 1D system.

VIII. CONCLUSIONS

We have derived determinant representations for the
Green’s functions and spectral function of impenetrable parti-
cles of arbitrary statistics on the lattice and in the continuum.
Our results are valid at zero and finite temperature and for
general confining potentials including nonequlibrium scenar-
ios due to the sudden changes of the external potential. The
main advantage of our approach is the numerical efficiency
with the main computational cost being the calculation of par-
tial overlaps of the dynamical evolving single-particle basis.
Our numerical analysis of the spectral function for a trapped
TG gas on the lattice showed that the presence of the ex-
ternal potential has a profound effect on the distribution of
the spectral weight culminating with the vanishing of one of
the spectral lines present in the homogeneous system as we
increase the curvature of the potential. In addition, our results
also constitute the starting point in the rigorous analysis of
the asymptotics of the correlation functions using powerful
techniques developed in the last decades [54,67,70,72] and
can be used for benchmarking numerical work in the finite
coupling case [142,143]. A natural generalization of our re-
sults would be the derivation of similar representations for the
correlators of impenetrable multicomponent systems like the
Gaudin-Yang and Hubbard models. This will be deferred to a
future publication.
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APPENDIX: THE EQUAL-TIME CASE
OF g(−)(x, t; y, t ′ )

In this Appendix we investigate how the g(−)(x, t ; y, t ′)
correlator simplifies when t = t ′. In the continuum case we
have U(−)

a,b (x, t ; y, t ) = ∑∞
q=1 f (a, q|κ, x, t ) f (b, q|κ, y, t ) with

f (a, q|κ, x, t ) defined in (30). We introduce ξ = (1 − eiπκ )
and consider first the case x � y. We have

U(−)
a,b (x, t ; y, t ) − δa,b = −ξ

∫ L+

x
φa(v, t )φb(v, t ) dv − ξ

∫ L+

y
φa(w, t )φb(w, t ) dw + ξ ξ

∞∑
q=1

(∫ L+

x
φa(v, t )φq(v, t ) dv

)

×
(∫ L+

y
φb(w, t )φq(w, t ) dw

)

= −ξ

∫ y

x
φa(v, t )φb(v, t ) dv − (ξ + ξ )

∫ L+

y
φa(w, t )φb(w, t ) dw + ξ ξ

∞∑
q=1

(∫ y

x
φa(v, t )φq(v, t ) dv

)

×
(∫ L+

y
φb(w, t )φq(w, t ) dw

)
+ ξ ξ

∞∑
q=1

(∫ L+

y
φa(v, t )φq(v, t ) dv

)(∫ L+

y
φb(w, t )φq(w, t ) dw

)
.

(A1)
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We will show first that the second term on the right hand sided of (A1) cancels the fourth using the completeness of the φk (v)
functions ∫ L+

L−
φa(v, t )φb(v, t ) = δa,b,

∞∑
a=1

φa(x, t )φa(y, t ) = δ(x − y). (A2)

We introduce φ̃a(v, t ) = 1[y,L+]φa(v, t ) and φ̃b(v, t ) = 1[y,L+]φb(v, t ) with 1[y,L+] the characteristic function of the interval [y, L+],
i.e., is 1 when v is inside the interval and 0 otherwise. We have∫ L+

y
φa(v, t )φb(v, t ) dv =

∫ L+

L−
φ̃a(v, t )φ̃b(v, t ) dv

=
∫ L+

L−

∫ L+

L−
φ̃a(v, t )δ(v − w)φ̃b(w, t ) dv dw

=
∞∑

q=1

(∫ L+

L−
φ̃a(v, t )φq(v, t ) dv

)(∫ L+

L−
φq(w, t )φ̃b(w, t ) dw

)

=
∞∑

q=1

(∫ L+

y
φa(v, t )φq(v, t ) dv

)(∫ L+

y
φq(w, t )φb(w, t ) dw

)
. (A3)

This relation together with ξ + ξ = ξξ = 2 − 2 cos πκ shows that the second and the fourth terms of (A1) cancel. In a similar

fashion it can be shown that the third term is zero. Considering φ̃a(v, t ) = 1[x,y]φa(v, t ) and φ̃b(v, t ) = 1[y,L+]φa(v, t ) we have∫ L+
L−

φ̃a(v, t )φ̃b(v, t ) dv = 0 and by inserting a resolution of the identity this is identical with the third term on the r.h.s. of (A1).
Therefore, for x < y we have

U(−)
a,b (x, t ; y, t ) − δa,b = −ξ

∫ y

x
φa(v, t )φb(v, t ) dv. (A4)

In the case x > y we obtain

U(−)
a,b (x, t ; y, t ) − δa,b = −ξ

∫ x

y
φa(v, t )φb(v, t ) dv. (A5)

From (A4) and (A5) we obtain (89). The result for the lattice case is given by (91).
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