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Quantifying coherence in terms of Fisher information
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In quantum metrology, the parameter estimation accuracy is bounded by quantum Fisher information. In
this paper we present coherence measures in terms of (quantum) Fisher information by directly considering the
postselective nonunitary parametrization process. This coherence measure demonstrates the apparent operational

meaning by the exact connection between coherence and parameter estimation accuracy. We also discuss the dis-
tinction between our coherence measure and the quantum Fisher information subject to unitary parametrization.

The analytic coherence measure is given for qubit states.
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I. INTRODUCTION

Quantum coherence, as a fundamental feature in quantum
physics, has attracted a great deal of attention in recent years.
Many works have investigated the role of coherence in quan-
tum optics [1-4], quantum thermodynamics [5-7], quantum
phase transitions [8], quantum biology [9,10], and quantum
information science [11-18]. These works have promoted not
only the development of related applications but also the
development of the resource theory of coherence [19,20],
where coherence is treated as a physical resource under some
limited conditions. Benefiting from an operational view and
axiomatic approach, one can quantify coherence in a rigorous
manner, study the transformation of coherence, and reveal the
connection between coherence with other fundamental quan-
tum features [21-32]. In particular, some coherence measures
contain obvious operational meanings, which provide us with
a way to understand (interpret) coherence from the viewpoint
of quantum information processes (QIPs) and find the poten-
tial relation between coherence with some characteristics in
QIPs [33-39].

It has been shown that the coherence of the probing state in
many quantum metrology processes is often a key ingredient
[11-13]. For instance, in the usual phase estimation for the pa-
rameter 6 with unitary parametrization Uy (-) = e~H (.)e!"H
[40—44], coherence with regard to the eigenvectors of the
Hermitian operator H is necessary. Furthermore, the optimal
estimation accuracy of an unknown parameter could be ob-
tained by the state with maximal coherence in the sequential
protocol [13]. The estimation accuracy is bounded by quan-
tum Fisher information (QFI), a crucial ingredient in quantum
metrology [45-48]. A simple calculation can show that QFI
subject to unitary parametrization Uy (-) in the qubit case [44]
is monotonic with some coherence measures (such as /;-norm
coherence). Many works have investigated the relation be-
tween quantum coherence with Fisher information (FI) and
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QFI [49-58]. Coherence within some particular settings could
be understood by QFI (or FI) [51,52,57]. Significantly, QFI
in unitary parametrization is closely connected with unspeak-
able coherence [52,59], a special case of resource theory of
asymmetry [60-62]. In addition, based on QFI concerning
the dephasing parameter, coherence measure has been given
in the sense of strictly incoherent operations as free opera-
tions [51]. However, up to now, the estimation accuracy and
FI (or QFI) has not been used to directly quantify quantum
coherence in general scenarios. An intuitive challenge is that
QFI with unitary parametrization Uy(-) in the usual sense
is not a coherence measure in the general resource theory
of coherence [20]. For example, two-dimensional maximally
coherent states (MCSs) could be obtained under incoherent
operations from three-dimensional MCSs [33,53,63], but the
QFI of the former is strictly larger than the latter, which di-
rectly violates the monotonicity of a good measure. Therefore,
it is significant to find an appropriate parametrization process
for establishing coherence measures and further investigating
the role of coherence in quantum metrology.

In this paper we successfully establish several equivalent
coherence measures in the general resource theory of coher-
ence by the FI (and QFI) subject to a type of nonunitary
parametrization. Since the optimal estimation accuracy is
bounded by FI which is asymptotically attained with max-
imum likelihood estimators [45—47], our measure naturally
inherits the operational meaning of FI through the optimal
estimation accuracy with non-unitary parametrization. We
also show that in the qubit case, our coherence measure can
be equivalently understood through unitary parametrization
and the analytic expression can be obtained. Our coherence
measure not only builds a direct relation between coherence
and parameter estimation accuracy (or FI) but also sheds new
light on the roles of the nonunitary parametrization process.
The remainder of this paper is organized as follows. In Sec. 11
we first introduce the fundamental concepts of resource theory
of coherence and our parametrization process and then present
several main theorems to build the coherence measure based
on FI. In Sec. III we give the analytic result of the coherence
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measure in the qubit case and discuss the difference from the
QFI with unitary parametrization. We summarize in Sec. IV.

II. COHERENCE IN TERMS OF QFI

In this section we first introduce the resource theory of
coherence established mainly based on the incoherent (free)
operations and incoherent (free) states [20]. Considering the
preferred basis {|n)}, the incoherent state is defined by o =
> . qnln)(n|, with Z denoting the set of incoherent states, and
the mcoherent operations (IOs) with the Kraus representation
{Kp:>, K K; =1} is a special type of completely positive
K;
(KQ 12 D)
In this sense, a good coherence measure C (,o) for any state p
should satisfy the following conditions.

(i) Non-negativity. C(p) > 0 is saturated if and only if p €

and trace-preserving map defined by

€Z forpel.

T

(ii) Monotonicity. C(E(p)) <
eration £(-).

(iii) Strong monotonicity. ), pnC(KnpKJ/p,,) <
any 10 {K,}, with p, = Tr(K,pK)).

(iv) Convexity. C(p) < Y_; piC(p;) forany p = ). pip;.

To present a valid coherence measure, we begin with the
following parametrization process. Considering a state p un-
dergoing quantum channel & depending on parameter 6, the
unknown parameter could be estimated from measurements
on &(p). Here we are interested in the free parametrization
processes & = {E.(0)},

E.(0) = Zb*(engx(n)

C(p) for any incoherent op-

C(p) for

ZE OE©0)=1, (1)

where {|n)} is the preferred incoherent basis and g, (-) is a map
from one integer to another.

In order to focus on the role of coherence, we desire
that within the parametrization process, the incoherent probe
cannot affect parameter estimation. That is, the measurement
outcomes & (o) and {oy, p,} obtained from an incoherent
probe (o0 € Z) do not depend on parameter 6, where p, =
tr[E(0)0E.(0)] and o, = E((6)0E«(6)"/py. Thus |b}(6)|
does not depend on the parameter 6 and E, (6) can be rewritten
as

E.(0) = Zc*e”%‘ewg (m)(nl, )

where ¢; is parameter independent and 7, is a real function. In
fact, it is very similar to the case of the usual phase estimation
Up(-) = e H ()¢ mentioned in the Introduction. One can
find that the measurement outcomes of an incoherent probe
in the phase estimation do not depend on the parameter 6
either. In addition, U4y can be expressed based on ¢~f? =

" e "%\ n)(n| (h, is eigenvalue of H), which is analogous
to Eq. (2). In this sense, the parametrization process & can be
understood as a generalization of unitary phase estimation to
the nonunitary case.

In addition, we could restrict dyh;,(0) € [0, 1] and the con-
clusion in a more general case could be derived from this
case (a detailed discussion is given in Appendix A). Based
on the Stinespring dilation theorem [64], the operations could
be implemented by a controlled unitary operator [65-67] and

an operation swapping specified states. The details are given
in Appendix B. All the operations of interest (operations in
Eq. (2) with 0yh,(0) € [0, 1]) comprise a set denoted by G.
We note that an IO satisfying rank[E,(0)'E.(6)] = 1 is of
particular interest in the paper, so we use G to represent the
10 set with this particular property.

If the postselection is allowed, the IO & performed on a
quantum state p will directly lead to the probability distribu-
tion

PE(x|0) = tr[E (0)pE«(0)']. 3)

If the postselection is not allowed, the state after the 10
will become & (p). We can operate a positive-operator-valued
measure (POVM) M = {M,} on the state & (p) and obtain
the probability distribution family as

P%,(x10) = M,y ()], 4)

where the subscript M denotes the general POVM.
The FI of the distribution P(x|6) is given by

d1ln P(x|0)
F(P,6)) = ZP( |90)[—9 ] 5)
6o
and the QFI of PfA (x]0) for any given 6y can be written as
Fo(p, €, 60) = mAa/lle(Pf,t, 8). (6)

Based on above the FI and QFI, we can establish two co-
herence measures, respectively, which will be given by the
following two theorems.

Theorem 1. The coherence of a state p can be quantified by
the maximal FI for a given parameter 6 as

C*(p) = max F (P%, 6), (7)
£eG
where F (P%, 6,) is the FI of the distribution in Eq. (3).
Proof. We need to prove C%(p) by satisfying conditions
(D)—~(v).
(i) Non-negativity. If p is incoherent, for any £ and x we
have

E(0)pE.(0)
= > BLO)gx(m)(nlp Y by (0)m){g.(m)]

=Y By (O (0)pumlge(m)) (85 (m)]

nm

= > (82O unl g () g2 ()], ®)

which does not depend on 6 due to b'(6) = cie®. Thus
P%(x|0) does not depend on 6 either, which means that

>
F(PE.00) = Z |: OP< (x|6)

a6 ©)

1
@0] PE(xlf0)

X

Equation (9) leads to C%(p) = 0.
Conversely, if a d-dimensional p has nonzero off-diagonal
entries, without loss of generality, we can set pjp = |p12|e’.
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There exists an 10 {E;} € G,

V2 i) V2

E\(0) =—-e YA+ =11 l,
Ex(0) = — %Ee“"*”uxu + %§|2><2|,

d
E3©) =Y n)(nl, (10)

with o 4 6y + y € [—7/2,0) |J(0, 7 /2], such that
PE(1160) = tr[E  (60)pE1 (60)1 # 0,
3 tr[E1(0)pE1(8) 11, # O, (11)

which obviously shows that C%(p) # 0 and C%(p) > 0.
(iii) Strong monotonicity. Suppose p undergoes an arbitrary
10

K =Y dllfim)nl. (12)

The postmeasurement ensemble {7, p;} reads

.

1([,01(1l
1 '
Let £D = {E!()}, be the optimal 1O for p; such that
C™(p1) = F (P1, 6y), (14)

= tr(K,,oK;f), o1 = (13)

where EL(6) = Y, b (6)]g1x(n)) (n| and

Pi(x|0) =tr [E;(0)p1E5(0)']
_w[ELOK PKEL6)]
- ;
_P(x,110)
=

5)

Here P(x,1]0) represents the probability distribution from
= {E},(8)} with

E.(0) = EO)K, = Zab(,,)(9)|81x[fz(n)] L (16)

which implies &’ € G. Therefore, we arrive at

D o uCh(p) = an’,, 6)
1

_ Z Z[aﬂme)

XES]

B Z 3 [ aP(l, x|0)

XES]

Yy [ aP(l, x|0)

) )CES[

= F(P, 0y)

1
gj Py(x160)

1
GJ P, xl60)

1
gj P(l, x160)

< C%(p), (17

where S; indicates the region of x in P; and the last inequality
is because £ may not be the optimal one for p.

(iv) Convexity. For any ensemble {¢;, 0;} with the corre-
sponding mixed state p =) ;t0;, let £ ={E.(9)} be the
optimal IO for p in the sense of C%(p) = F(P,6,), with
P(x|0) = tr[Ex(Q)pExT(O)]. For the state o;, we define

Pi(x|0) = tr[Ex(0)a:E] (O)]; (18)
then
Y 6P(x10) =Yt r[E(0)0iE] (9)]
=tr[Ec(0)pE] (6)]
=P(x|0). (19)
However, £ may not be optimal for o;, which implies that
C*(07) = F(P, 6p), (20)

so we can immediately get

Y tC™(01) = Y tF (P, o)

F(Z 4P, 90) = F(P,6p)

=C%(p), (21)

where the second inequality is due to the convexity of the FI.

Since (iii) and (iv) hold, it is natural that (ii) is satisfied.
The proof is completed. |

From Theorem 1, coherence could be quantified by the
FI of the probability distribution in Eq. (3). In some sense,
this implies the connection between coherence and estimation
accuracy for incoherent nonunitary parametrization. In fact, G
in the definition (7) could be replaced by its subset G| from
the following lemma.

Lemma 1. For any € = {E,(0)} € G there always exists
another £& = {E,(0)} € G, such that

F(P%,6y) < F(PE, 6), (22)

where F(P%,6y) and F(P®',6,) are the FI of P®(x|#) and
P€ (x]6), respectively.
Proof. Letting £ =

E.(0) =Zc*‘e"”5“’>|g () (n|

—Zc |8:(n) n|2e”’m“’>|m

=AU (0), (23)

where. i A=), clgx(n))(n| and U, (0) =
>, €@ |m)(m|. Thus we have

E(0)' E(0) = U, (0)'ATAU.(0)

vy (S i oo

=Y U@ [y v |U.0)

{E((0)} € G, we can rewrite {E,(0)} as

=D |orO)dr )] =Y Eri(0) Ei(0).
l l (24)
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where 3 [¥7) (Y]]

denotes the eigendecomposition of
AIAX (the eigenvalue is absorbed in [y)), |¢7(0)) =
Ux(O)Thﬁf), and E, () = |i) (@7 (9)]. It is obvious that
& ={E,i(0)}, € G;. From the Cauchy-Schwarz inequality
[{v]w)]? < (v]v)(w|w)] [68], we can obtain

g P (x|0 2
(PO < 3 P(())Cc|| ) SR, @)

where P(x|0) = tr(pExTEx) and Pi(x|0) = tr(pE;.iEx,i), and
thus '

(80P (x10)1a, > _ Z [36 P;(x10)16, 17
P(x|6)) Pi(x]60p)

(26)

The inequality holds for every x, which implies that
F(P%,60) < F(PZ, 8. [ ]

From the lemma, maximizing the FI over the set G can be
realized by the optimization over the set G, which effectively
reduces the range of the optimized IO.

Theorem 1 mainly focuses on the FI with the related proba-
bility distribution generated via the postselective IO on a state.
Next we would build another coherence measure defined by
the QFI with respect to parametrization in G,

Cg (p) = max Fo(p, €. o). 27

To do this, we first give another lemma.
Lemma 2. The maximal QFI subject to parametrization in

G is upper bounded by the FI directly induced by the optimal
postselective IO parametrization process, namely,

Fo(p, €, 6p) < max F(P°, 6)), 28
max Fo(p, £, 60) < max F (P, to) (28)

where P is the distribution in Eq. (3).

Proof. Suppose & and M are the optimal parametriza-
tion and measurement for the optimal Fp, respectively.
From Eq. (4) we have Pf/l(x|9) =tr[); [ (Y€ ()] =
> i Pi(x]0), where Y, [ ) (]| represents the eigendecompo-
sition of M,. In particular, P;(x|0) = (1/ff|5~9(p)|1pf), which
can be rewritten as

Pi(x10) = tr [|i)(y" | € (o) |w )il

= >t [1{y[B0)lg,(m) (nl pln')

ynn'

X (g,(n")Iby (O) [y )il]
= >t [BO)i) (nlpln) ({165 (0)]

ynn'

= Z tr[Eisy(0)pEixy (0)']

= ZP(zxyIQ) (29)
where b (0) = (Y10 (0)1gy(n)) and Eiy(9) =
>, b (O)]i)(n]. Tt is obvious that &) = {Eyy(0)) € G.

Then

max Fo(p, €, 60) = F (P, 60)
(x|9)|90]

B Z £ (x]6))
¥ [> 39Pi(x|9)|00]2
B > P(x16o)

Z [95 P (x16)16, 1
- Py(x|6o)

(32, 80P(ixy|0)ls, ]’
3", P(ixyl6o)

BGP(zxy|9)|90]
< Z
P(ixy|6o)
= F(P,6) < mgaxF(P ,60), (30)
where P is the distribution from &, the first two inequalities
could be derived based on the Cauchy-Schwarz inequality, and

the derivation process is similar to that in Egs. (25) and (26),
namely, from

2
[0 P;(x|6
(Zaea(xwmo) <y GP((’;'W)')"“

we could obtain the first inequality and from

dg P (% 2
(ZS@P(ixy|9)|00) \Z“ P((’;‘;“ 9;')901 3 Pixyl)
- -

we could reach the second inequality. Thus we complete the
proof. |
Next we show that CZU(,O) in Eq. (27) is equivalent to

ZP( 160)

C%(p) and can also quantify the quantum coherence of p.
Theorem 2. For a given density matrix p,

Cg (p) = C(p). 31
Proof. From Lemma 1, C%(p) could be written as
C%(p) = max F(P%, 6). (32)
Suppose £ = {E,(0)} is the optimal operation in G; such that
C*(p) = F(P*, by). (33)
where
P%(z]0) = t[E.(0)pE.(0)"] (34)

and rank[E,(9)TE,(0)] = 1. Without loss of generality, E,(0)
could be written as

E.(0) = z)(¢.(0)]. (35
Define
P5(210) = tr[|z) (zl € (p)2) (21, (36)
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where P indicates the projective measurements on the
parametrized state. Note that

P?(210) = w(E.pE])

=t [|z><z| (Z Ez/pE}) |z><z|}

= tr[|2) (z|€a(p)2) (z]] = P5(z10)  (37)
and thus

C™(p) = F(P%, 6y) = F(PS, 6) < maxF(PM,Go)

= Fo(p. £.60) < max Fo(p. €.60) = CF(p). (38)

Conversely, from Lemma 2 we can immediately arrive at
C*(p) = CP(p), (39)

and thus we can get Cg“(p) = C%(p), which finishes the
proof. ]
We have shown that the coherence measures based on the
QFI and FI subject to the postselective parametrization are
equivalent to each other. The most distinct advantage of this
type of coherence measure is that it can be straightforwardly
connected with the parameter estimation process in terms of
the Cramér-Rao bound [46—48,69].
Let us consider an incoherent nonunitary parametrization
= {E,(0)} € G on p as introduced previously. Then we will
obtaln a probability distribution P‘S (x|0) through a POVM
on py or obtain P (x|@) directly through postselection of
£. With maximum likelihood estimators 6, with respect to
P%, or O with respect to P®, the Cramér-Rao bound can
be asymptotically attained. That is, the mean square error
(80r1)* = E[(Op — 0)?] and (80)* = E[(0 — 6)?] approach
# in the asymptotic sense, where E indicates the expec-
tation value, 0 is the true value, and n denotes the runs
of detection. Thus, in the asymptotic limit, the estimation
accuracy approaches F (Pf/l, 6), which is naturally

(59 )2
bounded by C? (,0) based on Eq. (26). In particular, the
bound C(’Q(p) can be asymptotically achieved with the opti-
mal parametrization process and optimal POVM. Similarly,
m approaches F(Pf,0) in the asymptotic scenario and
simultaneously reaches C?(p) in an asymptotic sense with
an optimal parametrization process. Note that the two mea-
sures are equivalent; therefore, our coherence measure can
be understood as the optimal accuracy through two different
estimation processes as well as the corresponding incoherent
nonunitary parametrization.

In fact, the optimized M in CSJ [Eq. (27)] can be replaced
by P, the projective measurement on the preferred basis.
In this sense, the above two coherence measures have an
equivalent expression C79,0 (p) = maxgeg F (P, 0p). This can
be understood as follows. We first have C%(p) < C;);‘ (p) from
the second equality in Eq. (38). Note that M in Cg" (p) con-
tains a projective measurement, which implies that CSO(,O) >
C;);’ (p). Combining the above two inequalities with Theorem
2, we obtain C;’;’(p) =Ch(p)= Cg“(p). Although they are
identical in value, they imply different details of operational
meanings and give us different ways to understand coherence.

III. CONNECTION WITH QFI BASED ON UNITARY
PARAMETRIZATION

Although the coherence measure has obvious operational
meaning based on quantum metrology, an analytically com-
putable expression seems not to be easy. Next we will show
that for a two-dimensional quantum state, the analytic result
could be obtained and the coherence measure can be realized
by FI with unitary parametrization. However, our measure
is not equivalent to that based on unitary parametrization in
high-dimensional cases, which is proved later.

Theorem 3. For a two-dimensional state p, the coherence
based on Theorem 1 can be given as

C*(p) = Fo(p, Us, 60), (40)

where Fy is the QFI of p subject to unitary parametrization
Up = €”|1)(1] 4 12)(2].
Proof. For qubit states p, let the IO {E,} € G read

E () = df ™ | f(O)(1] + dFe™ D £,2)) (2, (41)

where a}" or a5 may be zero. The Kraus operator could be

written as
E(0) = ale" D £ (D) (1] + ase™ P f.2) 2], (42)

where @ = a/fe’hf @) and 1(0) = ¥ (6) — K (6o) for j =
1, 2. According to Lemma 1 and its proof, the optimal 10 can
be rank-1 with the form {|i)(y(6)|}, which means f,(1) =
fx(2) for any x. Then we have

P(x10) = tr [|af]’ o | A OV (D] + |a3] poal £ (£ (2]
+ praajayt MO £ (1) (f(2)]

+ parajtaze” OO £ 2) (£.(D)]

|a1| P11+ |“2| P2+ prajaye OOl

+ priaage” OO (43)
and thus
2 2
[21m(piaaias”) ] [36110)], — d6h3(0)], ]
F(P.6p) =) . 5 . .
X |aX|"p11 + |a5| p22 + 2Re(proatas”)
2
oy [21m(ppaia)]
X
|al| P+ |a2| P22 +2Re('012a)1(‘1)26*)
where the inequality could be saturated by the function taken
as hj(0) =6 and h3(0) = 0 and the corresponding IO reads
E.(0) = KUy, with
K =ajl fr(D) (1] + a3 | £ (2))(2],
Us =€”1)(1] + 12)(2], (45)

where f,(1) = f;(2) and {K,} € G;. In this sense, the proba-
bility distribution can be rewritten as

PE(x|0) = t[E(0)pE(0)'] = tr(K.Uy pU; K)
= P (xl6), (46)

. (44)

= tr(Us pU, K[ K,)

where Py can be understood as a distribution generated by a
unitary parametrization Uy followed by a rank-1 POVM M =
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{KK,}. Considering the above optimal IO, we arrive at

CQO(,O) maxF(P 6o)
= max (P, 00) = Fo(p. Up. 60).  (47)
which finishes the proof. ]

In fact, in the general high-dimensional case, C % is distinct
from the FI with unitary parametrization. To demonstrate the
difference, we will give a concrete example. Consider a state
with maximal coherence

o-(hng) e

and the parametrization £ =
E((0) = aje™ | £ (D) (1] + a3e™ | (1)) (2|
+aze™| £.(1) 3], (49)

with @} and i; (x =1, ...,9) to be given at the end. Define
0 = |@)(¢|. The probability distribution is

P(x]0) = tr[E(0)|¢) (p|E(0)']
X 2 X 2 X 2
= /011}611| + P22|az| + ,033|613|
+ 2Re (prajas* + pnayay’ + padiay”)  (50)

{E(0)} expressed as

and
dP(x|)lo = 21Im [praaiay” (h — h3) + pasasay (s — hy)
+ puiaiay* (hy — ht)]. 51

Therefore, the corresponding FI reads

[35P(x]6)]o]?
F(PE,0)=) ———— "= =0.9410. 52
PE.0)=>" PGI0) (52)
From the definition, we have Co(p) > F (Pg ,0).

To compare our measure with the QFI subject to
the optimal unitary parametrization in G, we calculate
maxy,ec Fo(l¢), Ug, 0), where Uy is the unitary operator ex-
pressed as

Uy = ")l (53)

with dgh,(6) € [0, 1] [based on Appendix A, other cases with
different range of dyh,,(0) lead to the same conclusion]. When
eigenvalues of the parametrized state Uy ,OUJ are parameter
independent, the QFI could be calculated from the equa-
tion [44,70]

2P — P’

1000} |2, 54
Pt P {@ildgp;)] (54)

Fo(p.Up.00) =)
ij
where {P;} and {|¢;)} denote the eigenvalues and eigenvec-

tors of UgpU,, respectively, and we use |dge;) to briefly
‘(ﬂj

express the partial derivative lg,- In addition, the terms
with P, = P; = 0 are not included in the summation. Further,
for a pure state p = |V) (Y|, let {|¥;)} be the basis vectors
satisfying |) = |¢1); then the corresponding P, = 1 and the
residual eigenvalues P; (i # 1) are zero. Then the eigenvectors

of Uy pU, are {Uy|;)}. Defining

Hy =) 9ha(0)In) (nl, (55)
we have
Fo(lyr), Us, 60)
2(1 — .
= Z i — 21U Un o 2 G iy U, U )
2(P; .
30 2 g U ) 0 U U

= 4(yHa, W) (il Hay [¥r) — 4(ys | Hoy [v) (| Ha, 19

= 4V [Hg |¥) — 4y |Hg, [¥)°. (56)

This result does not depend on the choice of |y;) as long as
[¥) = |yr1), and the optimal QFI maxy,ec Fo(l¢), Ug, 0) can
be calculated as

max Fo(|9), Us, 0) — 4(¢|H|¢)?

=, (57)
where |¢) is the three-dimensional MCS in Eq. (48) and S is
the set of operators H = hy|1)(1]| + h2|2) (2| + h3|3) (3| (h; €
[0, 1]). Thus C°(p) > maxy,ec F(1¢), Uy, 0), which indicates
that C% is different from the FI with unitary parametrization.

Finally, we present all the coefficients of E, in the above
calculation by defining A* = [ay, a3, a3], where

=max 4(¢|H’|¢)

PRy V0.4, /0.6]
5
o [0, me—iZnﬂ’meiZnﬁ]
7 ,
A3 _ [(), ME_M’T/S,MeMﬂﬁ]
7 ,
4t — W04,50.6,0]
— 5
45 - 04, V06e27, o 58)
V3
46— [m, mei4n/3’0]
7 ,
47— 1¥/06,0,/04]
7 ,
L [m’ 0, meiZn/S]
7 ,
4o — V0.6,0, /04477
NG .
In addition,
=0 mn=1 hK=0 x=12.3
=1 h=0h=0x=4,..,9. (59)
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IV. CONCLUSION

In this paper we have established coherence measures
based on FI subject to the incoherent nonunitary parametriza-
tion process. The coherence measure could be defined by
two forms based on FI or QFI, which both imply the direct
operational meaning by the connection with the parameter
estimation accuracy. In addition, we compared our measure
with QFI in unitary parametrization and found that in the qubit
case, our coherence measure can be equivalently understood
through unitary parametrization and can be analytically calcu-
lated. Our coherence also sheds new light on the roles of the
nonunitary parametrization process.
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APPENDIX A: REGION OF 3,h()

In the main text C9° and C% were defined under a certain
ah (9)

condition € [0, 1]. In fact, measures defined under other
conditions can be transformed to the original C%.
ah (9) .

is finite and suppose
< k (k is finite). Deﬁne C,f” as the function
defined in a similar way to C% (in Theorem 1) but with the

different condition max,, |ah (9)| < k and G® as the set of
the corresponding channels, namely,

We first consider the case that
ah: (e)l

maXp, x |

C(p) = max F(PF,6p), (A1)
£eGh
where
PE(x]0) = tr[Ex(0)pE.(6)'],
E(0) =) aye" | f(m)(nl, (A2)
and max | h’l(9)| < k. We find that C % has a connection with

the prev10us coherence measure.
Lemma 3. The function C,f" satisfies that

cr —c9° : A3
(P =12 (0) (A3)
where Yy = 2k6.

In this sense, investigation under the condition w €

[0, 1] could cover all other situations where k is finite. Next
we give a brief proof.

Proof. Suppose {E,} are Kraus operators of the channel in
G/, namely,

Ey)=)Y_aie"?|fu(m)(n (A4)
where |0, 17| < % Define
Ey) = e"PE(y) =) ae | f(n)(n (A5)

n

where v, (y) = u,(y) + y /2 and thus 9, v; € [0, 1]. The two
channels lead to identical effects, that is,
E(y)pE(y)' =" PE(y)pe " PE(y)
=E.(y)PE(y)', (A6)
from which we have
C"(p) = 1oy (p). (A7)

Consider E, in Eq. (A2). Defining S} as the set satisfying
fi(n) =1 when n € S, then

Pal) =" D" pwaaye™ O OT (a8
I nneSf
and
00P(x10)ay = Y {pwaiay @)
I nneSt
x i[8ahy(0)],, — el (0)], ]} (A9)

Defining y = 2k6, then

pei0 =5 5 i () - (L))

I nn'eSf

(A10)

and thus P(x|0) could be rewritten as P(x|y). Defining

g (y) = (L), then 8,84 (y) = 2@ and thus 19,8 (y)] <
1. In addition,

3y P(x[y)ly,

=3 3 (owaareso fii(23)

I nn'eSy
<i{p(F)] - (R)] )

1
— E E i[h, (60)—h, (60)]
— AL pnn’axax*el

k

) n,n’eS*

x i[as15(©)],, = 3k @), ]}

GOl

|
= 57 00Px10)lay, (A11)
where yy = 2k6y. Thus
[8, P(x|y)] )
FPy=) —F———
70 Z P(xly0)
P (x|0)lg, 1> F(P,6
:Z[e ()f| e, I” _ F( 0)' (A12)
4k2P(x100) 4k?
Combining this with Eq. (A7), we have
1 =g
C"(p) = 2 —C"(p). (A13)
|

The above proof shows that if dyh;(6) is finite, the inves-
tigation under the condition d/;(0) € [0, 1] could cover all
other general cases. However, if dyh;,(0) is infinite, the FI and
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C%(p) will be infinite. In addition, physical models gener-
ally lead to a finite dg/,(0); for example, the parametrization
Ramsey interferometer could be written as Uy = exp(—ifJ,)
[42-44] and the corresponding dy/,(0) is finite (J; is the z
component of the total angular momentum). Thus we could
focus on the finite case.

APPENDIX B: DILATION OF THE OPTIMAL
CHANNEL IN G

For the estimation process in Eq. (3), the optimal channel
in G; could be written as

E0) =) by O)1)nl. (BI)

We denote by H, (d dimension) the space for it. Assuming
|xp) are basis vectors in another space Hp (L dimension), we
construct the following states in Hp:

L
|1/,g)=2bfl(0)|x3), n=12....d. (B2)
x=1

From Y E'E. =1 we have (Y 5|yn) = 8. With states
in Eq. (B2), we can always find the other |[yz) (x =d +

1,..., L) to form a basis set together in Hp. Defining
UB = Z |1/f§)<)€3|,

clearly UTUB = UBUP" = I®. Then we can construct a con-
trolled unitary [65-67] in Ha ® Hp,

UM = 114l @ UP + 11 @ 17,

(B3)

(B4)

where 4 is the identity operator in the residual subspace of
H*". Obviously, UA? is a unitary operator in Hy ® Hp. Defin-
ing

V=" "(11a)(nal ® Ing){15] + |na) (14l ® [15) (ns])

— [14) (14l ® [15){15] (BS)

and
W=V+1,, (B6)

where [, is the identity operator from the residual subspace
which eliminates VV" in H* ® H® and W is a unitary operator
swapping specified states, it is easy to see that

E(0) = (xglUW |15). (B7)

Based on the Stinespring dilation theorem [64], {E,(6)} could
be implemented by a unitary U*W on p ® |15) (15| and pro-
jective measurement {|xg) (xg|}.

[1] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics
(Cambridge University Press, Cambridge, 1995).

[2] R. J. Glauber, Coherent and incoherent states of the radiation
field, Phys. Rev. 131, 2766 (1963).

[3] E. C. G. Sudarshan, Equivalence of Semiclassical and Quantum
Mechanical Descriptions of Statistical Light Beams, Phys. Rev.
Lett. 10, 277 (1963).

[4] M. O. Scully and M. S. Zubairy, Quantum optics, Am. J. Phys.
67, 648 (1999).

[5] M. T. Mitchison, M. P. Woods, J. Prior, and M. Huber,
Coherence-assisted single-shot cooling by quantum absorption
refrigerators, New J. Phys. 17, 115013 (2015).

[6] J. Aberg, Catalytic Coherence, Phys. Rev. Lett. 113, 150402
(2014).

[7] K. Korzekwa, M. Lostaglio, J. Oppenheim, and D. Jennings,
The extraction of work from quantum coherence, New J. Phys.
18, 023045 (2016).

[8] G. Karpat, B. Cakmak, and F. F. Fanchini, Quantum coherence
and uncertainty in the anisotropic XY chain, Phys. Rev. B 90,
104431 (2014).

[9] E. M. Gauger, E. Rieper, J. J. L. Morton, S. C. Benjamin,
and V. Vedral, Sustained Quantum Coherence and Entangle-
ment in the Avian Compass, Phys. Rev. Lett. 106, 040503
(2011).

[10] S. Lloyd, Quantum coherence in biological systems, J. Phys.:
Conf. Ser. 302, 012037 (2011).

[11] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum-enhanced
measurements: Beating the standard quantum limit, Science
306, 1330 (2004).

[12] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quan-
tum metrology, Nat. Photon. 5, 222 (2011).

[13] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum Metrology,
Phys. Rev. Lett. 96, 010401 (2006).

[14] H.-L. Shi, S.-Y. Liu, X.-H. Wang, W.-L. Yang, Z.-Y. Yang,
and H. Fan, Coherence depletion in the Grover quantum search
algorithm, Phys. Rev. A 95, 032307 (2017).

[15] I. L. Chuang and Y. Yamamoto, Simple quantum computer,
Phys. Rev. A 52, 3489 (1995).

[16] D. Deutsch and R. Jozsa, Rapid solution of problems by quan-
tum computation, Proc. R. Soc. London A 439, 553 (1992).

[17] M. Hillery, Coherence as a resource in decision problems:
The Deutsch-Jozsa algorithm and a variation, Phys. Rev. A 93,
012111 (2016).

[18] L. K. Grover, Quantum Mechanics Helps in Searching for a
Needle in a Haystack, Phys. Rev. Lett. 79, 325 (1997).

[19] A. Streltsov, G. Adesso, and M. B. Plenio, Colloguium: Quan-
tum coherence as a resource, Rev. Mod. Phys. 89, 041003
(2017).

[20] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantifying Co-
herence, Phys. Rev. Lett. 113, 140401 (2014).

[21] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[22] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, and G. Adesso,
Measuring Quantum Coherence with Entanglement, Phys. Rev.
Lett. 115, 020403 (2015).

[23] E. Chitambar and M.-H. Hsieh, Relating the Resource Theories
of Entanglement and Quantum Coherence, Phys. Rev. Lett. 117,
020402 (2016).

052432-8


https://doi.org/10.1103/PhysRev.131.2766
https://doi.org/10.1103/PhysRevLett.10.277
https://doi.org/10.1119/1.19344
https://doi.org/10.1088/1367-2630/17/11/115013
https://doi.org/10.1103/PhysRevLett.113.150402
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1103/PhysRevB.90.104431
https://doi.org/10.1103/PhysRevLett.106.040503
https://doi.org/10.1088/1742-6596/302/1/012037
https://doi.org/10.1126/science.1104149
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/PhysRevLett.96.010401
https://doi.org/10.1103/PhysRevA.95.032307
https://doi.org/10.1103/PhysRevA.52.3489
https://doi.org/10.1098/rspa.1992.0167
https://doi.org/10.1103/PhysRevA.93.012111
https://doi.org/10.1103/PhysRevLett.79.325
https://doi.org/10.1103/RevModPhys.89.041003
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevLett.115.020403
https://doi.org/10.1103/PhysRevLett.117.020402

QUANTIFYING COHERENCE IN TERMS OF FISHER ...

PHYSICAL REVIEW A 106, 052432 (2022)

[24] K. C. Tan and H. Jeong, Entanglement as the Symmetric Portion
of Correlated Coherence, Phys. Rev. Lett. 121, 220401 (2018).

[25] H. Zhu, Z. Ma, Z. Cao, S.-M. Fei, and V. Vedral, Operational
one-to-one mapping between coherence and entanglement mea-
sures, Phys. Rev. A 96, 032316 (2017).

[26] H. Ollivier and W. H. Zurek, Quantum Discord: A Measure of
the Quantumness of Correlations, Phys. Rev. Lett. 88, 017901
(2001).

[27] L. Henderson and V. Vedral, Classical, quantum and total cor-
relations, J. Phys. A: Math. Gen. 34, 6899 (2001).

[28] J. Ma, B. Yadin, D. Girolami, V. Vedral, and M. Gu, Convert-
ing Coherence to Quantum Correlations, Phys. Rev. Lett. 116,
160407 (2016).

[29] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.
Wehner, Bell nonlocality, Rev. Mod. Phys. 86, 419 (2014).

[30] Y. Xi, T. Zhang, Z.-J. Zheng, X. Li-Jost, and S.-M. Fei, Convert-
ing quantum coherence to genuine multipartite entanglement
and nonlocality, Phys. Rev. A 100, 022310 (2019).

[31] D. Mondal, T. Pramanik, and A. K. Pati, Nonlocal advantage of
quantum coherence, Phys. Rev. A 95, 010301(R) (2017).

[32] C.-S. Yu and H.-S. Song, Bipartite concurrence and localized
coherence, Phys. Rev. A 80, 022324 (2009).

[33] A. Winter and D. Yang, Operational Resource Theory of Coher-
ence, Phys. Rev. Lett. 116, 120404 (2016).

[34] X. Yuan, H. Zhou, Z. Cao, and X. Ma, Intrinsic randomness
as a measure of quantum coherence, Phys. Rev. A 92, 022124
(2015).

[35] B. Regula, K. Fang, X. Wang, and G. Adesso, One-Shot Coher-
ence Distillation, Phys. Rev. Lett. 121, 010401 (2018).

[36] Q. Zhao, Y. Liu, X. Yuan, E. Chitambar, and X. Ma, One-Shot
Coherence Dilution, Phys. Rev. Lett. 120, 070403 (2018).

[37] C. Napoli, T. R. Bromley, M. Cianciaruso, M. Piani, N.
Johnston, and G. Adesso, Robustness of Coherence: An Op-
erational and Observable Measure of Quantum Coherence,
Phys. Rev. Lett. 116, 150502 (2016).

[38] C.-S. Yu, Quantum coherence via skew information and its
polygamy, Phys. Rev. A 95, 042337 (2017).

[39] D.-H. Yu, L.-Q. Zhang, and C.-S. Yu, Quantifying coherence
in terms of the pure-state coherence, Phys. Rev. A 101, 062114
(2020).

[40] M. Jarzyna and R. Demkowicz-Dobrzanski, Quantum interfer-
ometry with and without an external phase reference, Phys. Rev.
A 85,011801(R) (2012).

[41] J. Joo, W. J. Munro, and T. P. Spiller, Quantum Metrology
with Entangled Coherent States, Phys. Rev. Lett. 107, 083601
(2011).

[42] J. Ma, X. Wang, C. Sun, and F. Nori, Quantum spin squeezing,
Phys. Rep. 509, 89 (2011).

[43] S. Boixo, A. Datta, M. J. Davis, A. Shaji, A. B. Tacla, and
C. M. Caves, Quantum-limited metrology and Bose-Einstein
condensates, Phys. Rev. A 80, 032103 (2009).

[44] W. Zhong, Z. Sun, J. Ma, X. Wang, and F. Nori, Fisher infor-
mation under decoherence in Bloch representation, Phys. Rev.
A 87, 022337 (2013).

[45] A. van der Vaart, Asymptotic Statistics (Cambridge University
Press, Cambridge, 1998).

[46] R. A. Fisher, Theory of statistical estimation, Math. Proc.
Camb. Philos. Soc. 22, 700 (1925).

[47] M. Hayashi, Quantum Information: An Introduction (Springer,
Berlin, 2006).

[48] S. L. Braunstein and C. M. Caves, Statistical Distance and
the Geometry of Quantum States, Phys. Rev. Lett. 72, 3439
(1994).

[49] S. Kim, L. Li, A. Kumar, and J. Wu, Interrelation between
partial coherence and quantum correlations, Phys. Rev. A 98,
022306 (2018).

[50] S. Luo and Y. Sun, Partial coherence with application to the
monotonicity problem of coherence involving skew informa-
tion, Phys. Rev. A 96, 022136 (2017).

[51] B. Yadin, P. Bogaert, C. E. Susa, and D. Girolami, Coher-
ence and quantum correlations measure sensitivity to dephasing
channels, Phys. Rev. A 99, 012329 (2019).

[52] B. Yadin and V. Vedral, General framework for quantum macro-
scopicity in terms of coherence, Phys. Rev. A 93, 022122
(2016).

[53] K. C. Tan, V. Narasimhachar, and B. Regula, Fisher Informa-
tion Universally Identifies Quantum Resources, Phys. Rev. Lett.
127, 200402 (2021).

[54] L. Li, Q.-W. Wang, S.-Q. Shen, and M. Li, Quantum coher-
ence measures based on Fisher information with applications,
Phys. Rev. A 103, 012401 (2021).

[55] K. C. Tan, S. Choi, H. Kwon, and H. Jeong, Coherence,
quantum Fisher information, superradiance, and entangle-
ment as interconvertible resources, Phys. Rev. A 97, 052304
(2018).

[56] X. N. Feng and L. F. Wei, Quantifying quantum coherence with
quantum Fisher information, Sci. Rep. 7, 15492 (2017).

[57] T. Biswas, M. Garcia Diaz, and A. Winter, Interferometric visi-
bility and coherence, Proc. R. Soc. A 473, 20170170 (2017).

[58] H. Kwon, K. C. Tan, S. Choi, and H. Jeong, Quantum Fisher
information on its own is not a valid measure of the coherence,
Results Phys. 9, 1594 (2018).

[59] 1. Marvian and R. W. Spekkens, How to quantify coherence:
Distinguishing speakable and unspeakable notions, Phys. Rev.
A 94, 052324 (2016).

[60] S. D. Bartlett, T. Rudolph, and R. W. Spekkens, Refer-
ence frames, superselection rules, and quantum information,
Rev. Mod. Phys. 79, 555 (2007).

[61] G. Gour and R. W. Spekkens, The resource theory of quantum
reference frames: Manipulations and monotones, New J. Phys.
10, 033023 (2008).

[62] I. Marvian and R. W. Spekkens, Extending Noether’s theorem
by quantifying the asymmetry of quantum states, Nat. Commun.
5, 3821 (2014).

[63] S. Du, Z. Bai, and X. Qi, Coherence manipulation un-
der incoherent operations, Phys. Rev. A 100, 032313
(2019).

[64] W. Stinespring, Positive functions on C*-algebras, Proc. Am.
Math. Soc. 6, 211 (1955).

[65] L. Yu, R. B. Griffiths, and S. M. Cohen, Efficient implementa-
tion of bipartite nonlocal unitary gates using prior entanglement
and classical communication, Phys. Rev. A 81, 062315
(2010).

[66] J. Eisert, K. Jacobs, P. Papadopoulos, and M. B. Plenio, Optimal
local implementation of nonlocal quantum gates, Phys. Rev. A
62, 052317 (2000).

052432-9


https://doi.org/10.1103/PhysRevLett.121.220401
https://doi.org/10.1103/PhysRevA.96.032316
https://doi.org/10.1103/PhysRevLett.88.017901
https://doi.org/10.1088/0305-4470/34/35/315
https://doi.org/10.1103/PhysRevLett.116.160407
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.1103/PhysRevA.100.022310
https://doi.org/10.1103/PhysRevA.95.010301
https://doi.org/10.1103/PhysRevA.80.022324
https://doi.org/10.1103/PhysRevLett.116.120404
https://doi.org/10.1103/PhysRevA.92.022124
https://doi.org/10.1103/PhysRevLett.121.010401
https://doi.org/10.1103/PhysRevLett.120.070403
https://doi.org/10.1103/PhysRevLett.116.150502
https://doi.org/10.1103/PhysRevA.95.042337
https://doi.org/10.1103/PhysRevA.101.062114
https://doi.org/10.1103/PhysRevA.85.011801
https://doi.org/10.1103/PhysRevLett.107.083601
https://doi.org/10.1016/j.physrep.2011.08.003
https://doi.org/10.1103/PhysRevA.80.032103
https://doi.org/10.1103/PhysRevA.87.022337
https://doi.org/10.1017/S0305004100009580
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevA.98.022306
https://doi.org/10.1103/PhysRevA.96.022136
https://doi.org/10.1103/PhysRevA.99.012329
https://doi.org/10.1103/PhysRevA.93.022122
https://doi.org/10.1103/PhysRevLett.127.200402
https://doi.org/10.1103/PhysRevA.103.012401
https://doi.org/10.1103/PhysRevA.97.052304
https://doi.org/10.1038/s41598-017-15323-7
https://doi.org/10.1098/rspa.2017.0170
https://doi.org/10.1016/j.rinp.2018.04.072
https://doi.org/10.1103/PhysRevA.94.052324
https://doi.org/10.1103/RevModPhys.79.555
https://doi.org/10.1088/1367-2630/10/3/033023
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1103/PhysRevA.100.032313
https://doi.org/10.1090/S0002-9939-1955-0069403-4
https://doi.org/10.1103/PhysRevA.81.062315
https://doi.org/10.1103/PhysRevA.62.052317

DENG-HUI YU AND CHANG-SHUI YU

PHYSICAL REVIEW A 106, 052432 (2022)

[67] B. P. Lanyon, T. J. Weinhold, N. K. Langford, M. Barbieri,
D. FE. V. James, A. Gilchrist, and A. G. White, Experimental
Demonstration of a Compiled Version of Shor’s Algorithm with
Quantum Entanglement, Phys. Rev. Lett. 99, 250505 (2007).

[68] J. M. Steele, The Cauchy-Schwarz Master Class: An Intro-
duction to the Art of Mathematical Inequalities (Cambridge
University Press, Cambridge, 2004).

[69] C. Rao, Information and the accuracy attainable in the esti-
mation of statistical parameters, Bull. Calcutta Math. Soc., 37
(1945).

[70] Y. M. Zhang, X. W. Li, W. Yang, and G. R. Jin, Quan-
tum Fisher information of entangled coherent states in
the presence of photon loss, Phys. Rev. A 88, 043832
(2013).

052432-10


https://doi.org/10.1103/PhysRevLett.99.250505
https://doi.org/10.1007/978-1-4612-0919-5_16
https://doi.org/10.1103/PhysRevA.88.043832

