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A family of skew information quantities is obtained, in which the well-known Wigner-Yanase skew informa-
tion and quantum Fisher information stand as special cases. A transparent proof of convexity of the generalized
skew information is given, implying a simple proof of the Wigner-Yanase-Dyson conjecture. We find in this work
an exact skew information inequality for a qubit system, which may be regarded as the information counterpart
of the uncertainty relation. A lower bound for the generalized skew information of a pair of incompatible
observables in arbitrary dimension and also the upper bound for a qubit system are achieved.
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I. INTRODUCTION

An uncertainty relation exhibits the intrinsic limit of the si-
multaneous measurement of incompatible observables, which
in fact captures the unpredictability of the quantum world. In
other words, one is hindered to gain enough information by
eliminating as much as possible uncertainties in the process
of quantum measurement. Based on the measures of variance,
entropy, etc., abundant uncertainty relations have been estab-
lished (see, e.g., Refs. [1-8]), which unveil the measurement
limit from various aspects. On the other hand, considering the
indeterminacy inhabited in a microworld, it is interesting to
know the quantum limit in information content. In order to
quantify the information content of a quantum state p with
respect to an observable X, Wigner and Yanase defined the
measure of “skew information” [9]. It is written as

I(p, X) = —1Tr[[/p. XT*1. (1)

Here, [A, B] = AB — BA denotes the commutator.

Equipped with the definition of I(p, X ) in (1), itis tempting
to formulate a certain constraint similar to the uncertainty
relation to determine the accessibility of information in the
measurement of incompatible observables. In Ref. [10], Luo
constructed an uncertainty relation based on Wigner-Yanase
skew information; see Theorem 2 therein. However, as pointed
out in Refs. [11-13], that theorem may have a problem and
a counterexample was indeed given [11]. Later on, an even
tighter inequality [14] was obtained, and again it was also
found to be beatable [15]. Up to now, unfortunately, these
problems still have no proper solutions. In addition, it is
notable that in regard to the information content, an upper
bound for the skew information product of two incompatible
observables is in some sense even meaningful, which tells us
maximally how much information one may obtain.

In this work, we introduce a family of measures about
the amount of information which satisfies the definition given
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by Wigner and Yanase [9]. Furthermore, the Wigner-Yanase
skew information and quantum Fisher information belong
to this family. It is worth noting that the Wigner-Yanase
skew information and quantum Fisher information have been
widely employed toward the research of quantum information,
such as uncertainty relation [16-22], entanglement detec-
tion [23-28], quantum coherence [29-31], and so forth. It is
highly expected that the generalized skew information may
have an impact on quantum information science. We prove
the convexity of the generalized skew information by means
of a plain technique, which implies the correctness of the
Wigner-Yanase-Dyson conjecture. It should be noted that the
conjecture has been proven by Lieb [32,33] and, later, Hansen
[12,34], but subject to a sophisticated proof of the theorem
therein. We obtain a lower bound for the generalized skew
information of a pair of incompatible observables in arbitrary
dimension, and, in the meantime, an upper bound for the qubit
system.

II. THE GENERALIZED WIGNER-YANASE
SKEW INFORMATION

We use M;(C) to denote the vector space constructed by
dxd complex matrices and define the following function
on My (C):

¢p,(X,Y) :=Tr[pX Y]
=) FOu ADWIX T WY ). (@)

ij

Here, p =YL MlY)(¥il. Ag1=---=2 =0 and
rank(p) =r. |¥y41),...,|¥y) are orthogonal bases of
the null space of p, which implies the completeness relation
Zle |[Y¥:) (il = 1. And the eigenvalues A; are arrayed
in descending order, i.e., A; = --- > A, > 0. Then, it is
straightforward to check that ¢,(X,Y) is a sesquilinear
function on the M;(C).

In this work, we will focus on a special representa-
tive case f(A;, A;) = my(X;, A;), with mg(ay, az) denoting the
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generalized mean of arbitrary positive real numbers a; and a;
of equal weighting [35,36],

K} s\ 1/s
M)ﬂ )

mg(ay, ax) = < 5

where —oo0 < s < 0. For cases s = 0 and —o0, m,(a;, ay) is
defined by limiting processes [35],

mo(ay, ay) := }i_l:l(l)ms(ah @) = Jaaz, 4
m-co(@r, az) := lim my(a;, ay) = minfar, ).~ (5)

To ensure that Eq. (3) is well defined, we require m;(a;, 0) =
ms(0, ap) = my(0,0) = 0. Then we can define the following
sesquilinear function on M, (C):

(X, Y) = Tr[pX Y]
- Z mg (i, M) (Wl XTI (0 1Y )

ij

= 3 D= m G ADUIX W) (W Y 1) (6)
i#j
Here, M;(C) represents the dimension-d 2 complex inner
product space [37]. Due to the Hermiticity, {;(X,X) =
{;‘(X, X)*, there are three possible cases, i.e., ;“Z(X, X) >0,
£ (X, X) < 0,0rg(X, X) = 0. Correspondingly, X is said to
be a positive, negative, or neutral vector. In quantum mechan-
ics, X denotes an observable.
In the following, we will prove that ; (X, X) is always non-
negative, and hence {; (X, X) can be treated as the generalized
Wigner-Yanase skew information,

I(p, X) :=¢3(X, X). )

Indeed, the Wigner-Yanase skew information is merely the
special case of s = 0,

I(p,X) =10, X)
=Te[pX X1 = mo(hi, 1))l X [Yr)) > (8)

iJ
= Tr[pX'X] — Tr[/pX ' /pX] ©)
= —1Tr[[/p, XT*1. (10)

Here, my(ay, ay) = \/aja; signifies the geometric mean.
Notice that if ms(A;, A;) is replaced by the generalized
mean with weight w € [0, 1], i.e., mg(X;, A ;) = [wA] + (1 —
w)A3]'/%, we obtain the Wigner-Yanase-Dyson skew informa-
tion 1,,(p, X) = Tr[pX X1 — Tr[p*X T p'=*X] due to the fact
that lim,_,¢ ms(A;, A ;) = k}”k;l_"’). It is easy to see that the
quantum Fisher information (QFI) [38,39] is the special case
of s = —1,

F(p,X)=1"(p,X) (11)

=Tr[pX X1 =Y m_y e ApIX 1Y) 7. (12)

i,j
Here, m_i(a;,a) = W signifies the harmonic
Given X X =X%, QFI can

mean. an observable,

be expressed in terms of a symmetric logarithmic
derivative [39-41], that is, F(p,X)= {Tr[pL?], with

Lo=2iy ) 255 Wl X 1Y) [9i) (Yl Tt is noted  that

1 . . . .
Hansen has proposed the metric adjusted skew information

as a generalized Wigner-Yanase skew information via the
Morozova-Chentsov function [12]. Because the generalized
mean mg(a;, ay) is an operator mean, that is, mg(1,a)
is an operator monotone function satisfying equation
ms(1,a) = amg(1,a™"), if and only if —1 <s <1 [42],
I*(p, X) reduces to the metric adjusted skew information if
-1 <s<0.

As a measure of information amount, /*(p, X) should be
non-negative and “skew” implies I*(p, X) = 0 if [p, X] = 0,
as argued by Wigner and Yanase [9]. In forthcoming contents,
we have detailed discussions and prove that the generalized
skew information I°(p, X) satisfies the same requirements
with the Wigner-Yanase skew information.

Theorem 1. I°(p, X) is independent of the trace of X and
satisfies I*(UpU", X) = I*(p, UTXU ) for some unitary ma-
trix U; if X is a conserved quantity of an isolated system, then
I’(p, X) is independent of time, I°(p, X) > 0, where equal
holds if and only if p and X are commutative, [p, X] = 0.

Proof. By definition, the generalized skew information can
be expressed as

Fp, X) =Y [hi = mGa, WIIX TP, (13)
i#]

which is not dependent on the diagonal entries of X in the
eigenspace of p. Considering that the trace of X is inde-
pendent of the basis, I°(p, X) is independent of the trace
of X. Via the above equation, obviously I°(p, X) satisfies
IPUpUT,X)=I(p,U'XU) for some unitary matrix U.
If X is a conserved quantity of an isolated system, then
we have [U,X] =0 and F(UpU", X) = I’(p, X), where U
is the time revolution operator. As a matter of fact, we
can prove that I°(p,X) > 0 is true even for normal ma-
trix X. If X is normal, i.e., XX" = XX, then Tr[pXX] =
> MIIX TP, TrlpX X1 =3 41wl X T1y)1?, and

TrlpX X1 = TrlpXX '] = Y, 252 (ylX ' |;) . Thus,

Fp, X) =Y, 252 — myGu )] |0l X [P > 0,

due to the monotonicity of the generalized mean, i.e.,
my(ay, ay) < mg(ay, ap) if r<s [35]. If [p,X]=0, X is
then diagonal in the eigenspace of p. Therefore, I°(p, X) =
Zi;&j[)‘i — mg(A;, Aj)]|<¢i|x1-|lﬂj>|2 =0, and vice versa. H

Theorem 2. For arbitrary observable X and quantum state
p, I*(p, X) is a monotonically decreasing function of s and
less than variance, say,

Pp,X) < <I%(p, X) <V(p, X), (14)

and I°(p,X)=V(p,X) when p is a pure state. Here,
V(p,X) = Tr[pX X1 — |Tr[pX ]|? stands for variance.
Proof. Since the generalized mean my(a;, a;) monoton-
ically increases with s [35], I°(p, X) is a monotonically
decreasing function. Hence, according to the definitions
of I°(p,X) and V(p,X), we only need to compare
Zi,jms()m)wj)|<¢fi|XTWj)|2 with |Tr[XT]|%. It is obvious

that g,(X,Y) =37, ;ms(hi, ;) (WilX 19 (W;1Y [y) s
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a sesquilinear function on the My(C) and g,(X,X)=
S imihi k) WX TP > 0,VX € My(C).  Thus,
8,(X,Y) is a semidefinite inner product on the M, (C), which
implies the Cauchy-Schwarz inequality, VX, Y € M, (C),

g, (X, X)g, (Y, Y) > |g,(X, V)% (15)

Taking X to be a Hermitian operator and Y = 1, we have

2
g(X.X) > (inmmw) =TrpXI>.  (16)

where gp(]l,]l)zziyl-ms()\i,)\j)&j = Zi)‘i =1 is
employed. Therefore, the conclusion I*(p,X) < V(p, X)
is obtained. If p=|y)(¥|, the pure state, then
Y mGi ANWIX (W) = (WIX[¥))°,  and  hence
F(p,X)=V(p,X). ]

Since the unification of ensembles will inevitably lead
to certain information loss of individual ensembles, the in-
formation content of a grand ensemble is less than that of
the average information content of component ensembles.
Therefore, the generalized skew information should satisfy the
following convexity.

Theorem 3. For arbitrary observable X, I°(p, X) is a convex
function of density matrices, i.e.,

F(p,X) < ) pil*(pi X). (17)

Here, p =), pipiwith ) ; p;=1and 0 < p; < 1.

Proof. Because the set of density matrices is a convex hull
of pure states, any density matrix can then be expressed as the
convex combination of pure states,

p=_ pile) il (18)

Considering this, without loss of generality, it is legitimate
for us to perform the proof with the convex combination
of pure states. Since Tr[pX?] is linear in the density ma-
trix, it is enough to only compare Z[’j my(hi, A NWIX ) 12
with 3", pil{(¢i|X |#:)|*. The decomposition of Eq. (18) is not
unique; there exists an infinite number of similar decomposi-
tions. This can be grasped in light of the well-known theorem
for the classification of quantum ensembles [33,43], which
states that ensembles {p;, |¢;)} and {q;, |¢;)} generate the
same density matrix if and only if ,/p;|¢;) = Zj UijJ/qjle))
holds for some unitary matrix U. Thus, the ensemble {p;, |¢;)}
is associated with eigenensemble {A;, |/;)} via unitary matrix

U,ie., /pili) = X ; Uij\/A;1¥)). Then,

)

i
_Z‘XU

=D AdlWlX [yl (19)

ij

Zp, (11X |5 |

JI Ji

|” < Tr[x?)

Here, XJ{/J-Z, / )»jf)»j<1/fjf |X|Iﬁj>, X//ZU*X/UT, and Tr[X/z]:
Tr[X"?] since U is unitary. Considering

)‘i)"j < min{)»,-, )\j} for 0 < )\,,’, )"j < 1, (20)
the assertion follows. |

We have proven the convexity of the generalized skew
information by virtue of the theorem for the classification of
quantum ensembles. If m,(A;, A;) is replaced by the general-
ized mean with weight w € [0, 1], i.e., mg(4;, A;) = [wA] +
(1-— w)kj]l/s, we can then obtain more skew information
quantities and the convexity can be proved in a similar way.
This indicates that the renowned Wigner-Yanase-Dyson con-
jecture is confirmed.

Theorem 4. The information content of the union of two
systems should be the sum of the information contents of the
components, that is, the generalized skew information satisfies
additivity,

I'(pa ® pp, Xa + Xp) = I'(pa, Xa) + I'(pp, Xp),  (21)

where X, and Xp are observables of two subsystems,
respectively.

Proof. We only need to calculate the two terms Tr[pX 2]
and Zi’j my (A, )\.j)'(l/fle|1pj>|2, respectively. After sim-
plification, we have Tr[pX?] = Tr[(ps ® pp)(Xx + Xp)*] =
TrlpaX?] + TrlppX2] + 2Tr[ paXa1Tr[ ppX5]. Next we calcu-
late Zi’j mg(Ai, A X)) |>. Assume that p,, pg have the
following spectrum decompositions:

pa =y 2wl
i
And then p = ps ® pp has spectrum decomposition

A
i,j

Vil ps= Y AlyBvEl. @

2. (23)

The second term becomes

) st (A2 D) 1+ X w)

ij

-y Zmé (AAE AP | (W [ Xa | w8

ij

+ (8 Xa v )ou |, (24)

which simplifies into three terms,
D 2 m (i 2w X i)
ij ok
2 2 ms (g Al (w1 X ur)
ij 1

2 st(xg‘)\f, AAB)

g (25)

g (26)

v Xaly Nl [Xslw 7). @D

Considering that the properties of generalized mean
mg(a1b, axb) = bmg(ay, a,) and mg(a, a) = a, these terms
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become
ng (8, )| (v [Xa [w) (28)

g (29)

me (A2 2P) | (w? |Xs|wF)

2Tr[paXa]Tr[ ppXp]. (30)

Via Tr[pX?] = Y=, ; ms(hi, 1) (il X |¥;) |, the assertion fol-
lows. ]

Above, we prove all the properties proposed by Wigner and
Yanase besides the subadditivity

I(p, Xy +Xp) = I'(pa, Xa) + I (0, Xp), (31

where py = Trg[p], pp = Tra[p] are reduced density matri-
ces. Wigner and Yanase only proved that the subadditivity
is true for a pure state and conjectured that it is always
true because the whole system contains the additional sta-
tistical correlation information. Unfortunately, the conjecture
has been negatived by Hansen [44]. However, quantum state
p always can be transformed into the normal form by local
filtering or stochastic local operations assisted by classical
communication (SLOCC) transformation [45],

1 1

where 7,5 are traceless orthogonal observables. Obviously,
under the local filtering transformation, all of the quantum
state will satisfy subadditivity because the reduced matri-
ces are the maximal mixed state and skew information will
be zero.

The generalized skew information /°(p, X) reduces to the
variance for the pure state. The next result reveals that the
generalized skew information only depends on the purity of
the quantum state in some sense for a qubit system.

Theorem 5. For a qubit system, if quantum states o and
o’ have same purity, i.e., Tr[p?] = Tr[p"*], then for nonzero
observables X and X', in the case [p’, X'] # 0, we have

F(p,X)=nl'(p", X"), (33)
where 7 = [(V11X1¥2) 17/ 1 (¥ 11X 1¥) 1.

To prove the claim, we first show the following lemma.

Lemma 1. For a qubit system, if p and p’ have the same
purity, they possess the same set of eigenvalues.

Proof. Assume the eigenvalues of p, p’ satisfy A; > A, and
Ay = A, respectively. Tr[p?] = Tr[p?] implies )»% + k% =
Af + A}. Considering A; + Ay = A} + A, = 1, it is easy to
find A A, = A}Aj, and therefore (A — A})(1 —Xx; —A]) =0,
which tells Ay = A} onaccountof A; > A, and A} > A;,. W

For a qubit system, we notice that

F(p,X) = [A — mgOhy, A)1(Y X [9) [
+ [ha — mg(ha, AN |X Y1) ?
= [1 = 2my (A1, 211X [9) % (34)

According to Lemma 1, we can find I*(p, X) = nI*(p’, X")
with 7 = (1 |X 1Y) P/1({IX|¥3)%. In Fig. 1, we plot
I*(p, 0,) versus different purity for a qubit system, which
visualizes the conclusions of Theorems 1 and 2. Note here

0.8F

0.6r T

I*(p, 0'_,,»)

0.4r

0.2F

-10 -8 -6 -4 -2 0
s
FIG. 1. The generalized skew information /*(p, X ) with different
purity. The horizontal lines exhibit /~*°(p, X) for different purity,
while the other curves show the changes of I°(p, X) vs s with definite
purity. Here, p = 1/2(1 + 7 - &), Tr[p?] = 1/2(1 + |F|?). Note that
the solid red curve and solid red line are overlapped for pure states.

that for a qubit system, it is enough to consider only the Pauli
operator o, for exhibition according to Theorem 5.

III. THE SKEW INFORMATION INEQUALITY

The uncertainty relation sets a lower bound for measure-
ment of a pair of observables X, Y, which mathematically is
written as

| Cov(p; X, Y)I?, (35)

i.e., the Schrodinger form [3]. Here, Cov(p;X,Y) =
Tr[pX Y] — Tr[pX T]Tr[pY] signifies the covariance. The
skew information also has a similar expression, which reveals
the quantum limit of the information content.

Theorem 6. For an arbitrary dimensional system, a skew
information inequality exists, that is,

F(p,X)I'(p,Y) > £[FF(p. X +Y)—I(p, X —Y)I*. (36)

Proof. We first show that Re g“[j‘ (X,Y), defined in
(6), is a bilinear function in the real vector space
Hq = {X|X =XT,X e My(C)}. This is somewhat obvi-
ous since one may notice that Re (X, Y) = [{,(X,Y) +
{5(Y,X)]/2, and hence Re {;‘(X, Y) is symmetric in X
and Y. Moreover, the bilinear function Re{;(X,Y) is
semidefinite since Re {7(X, X) = {,(X, X) > 0,VX € H,.
The above arguments imply the Cauchy-Schwarz inequality,
F(p, X)F(p,Y) = |Re £ (X, Y)|?, and that the polarization
identity in bilinear form of Re {;(X,Y) will certainly yield
Rel3(X,Y) = 3[I'(p,. X +Y) = I'(p. X —Y)]. [ ]

Theorem 7. For a qubit system, we have the following skew
information inequalities:

SLP(p. X)) (p.Y) <

Vip, X)V(p.Y) =

|Re £3(X, V)| X VP (37)
Here,

RelS(X,Y) =3[ (0. X +Y)—(p. X —Y)], (38)

1
Im g3(X,¥) = = Trlp[X. V1], (39)
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Proof. The first half of the inequality has been proven in
Theorem 6. For the latter, we proceed with the proofs in two
situations.

Case 1: when p is a maximally mixed state, i.e., Tr[p?] =
%, or a pure state, ie., Tr[p?’]=1. If p is maximally
mixed, the inequality is true due to I°(p, X ) = 0. Otherwise,
if p is a pure state and p = Zf:l MY, A =1, 4 =
0, (Yil¥j) = 6;j, we have

XYY =Y hi — myOui, 2N WlX 1) (0¥ ()
i#]

= (i IX [ya) (Y2 Y 191). (40)

Here, we have employed the previous convention, m(1, 0) =
my(0, 1) = 0. Similarly, we have I°(p, X) = | (1 |X T |y)|?
and I°(p, Y) = [(y11Y "|42)|*. Thus,

16X Y)P = (0, X)I(p, Y). (41)

Case 2: when p is a mixed state with % < Tr[p?] < 1. We
define the following matrix similar to the covariance matrix
for two observables X and Y':

L (BO0X) LY
Pile) = (cfi(Y,X) £, Y))'

P*(p) is a Hermitian matrix due to the Hermiticity of
e ; (X, Y). Now, the question is equivalent to prove that P*(p)
is an indefinite matrix, i.e., det P*(p) < 0, for arbitrary ob-
servables X, Y and quantum state p. A matrix is indefinite
if and only if (¥|A|y) is real for all |/) € C*> and there
are vectors |¥), |¢) € C? such that (p|A|@) < 0 < (Y]A|Y).
Assuming |¢) = (cy, ¢2)T with ¢1, ¢; € C, we then have

WP (0IY) = ¢,(X" . X)) =I(p, X", (43)

where X’ = ¢1X + ¢,Y. Therefore, whether or not P*(p) is
indefinite hinges completely on the vectors within subspace
span{X, Y} = {X'|X' = X 4 ¢,Y}. To be specific, P*(p) is
indefinite if and only if there are both positive vector X| and
negative vector X, within the subspace span{X, Y'}. Then we
may construct positive and negative vectors when —oo < s <
0. In light of Theorem 1, when X’ is a Hermitian matrix, i.e.,
c1 and c; are both real numbers, it is then a positive vector,
I(p,X’) > 0. That means for arbitrary observables X, Y, the
positive vector within the subspace span{X, Y} is obtained.
For the negative vector, VA € M;(C), we have

I(p, A) = [hy — my(hy, 22)]|An |
+ D — my(ha, DAL (44)

(42)

Here, A = (V1]A|Y2) and A>; = (Y2]A|y) can be viewed
as matrix elements of A with respect to basis {|{), [¥2)},
which means A and A are associated via unitary transforma-
tion, A = UTAU with UU" = 1.

For a qubit system, two arbitrary observables X, Y can be
expressed as

X o x B
X = (a* X)s Y= (ﬂ* X)' (45)

Here, the diagonal elements can be any real numbers; «, B are
arbitrary nonzero complex numbers. Since unitary transfor-
mation does not change the Hermiticity, that means after the

unitary transformation, X and Y may take similar forms,

s (x d = (x p
O e I 4 D
And hence

X =Uix'U = ( x ao +ap ) (47)

cla/* + CZ,B/* X

where X' = ¢1X + ;Y. Considering Eq. (44), if ¢; and
c; satisfy cia’ + 8 #0 and cja™* + ;8% =0, then
F(p,X’) < 0. Thus the negative vector X' = c1X + Y
is constructed, where c¢; #0, ¢; = —‘;—:cl, and o #«p,
with « being a real number. Note that in the case o’ = 0 or
B’ =0, we readily have I*(p,X) =0 or I°(p,Y)=0. On
the other hand, if o’ =«p’ and X is linearly dependent
on Y, ie., X =«Y, then detP*(p) =0. For the case
s=—00, because I ®(p,X) = (b — r)(Y1|X[¥2)[?
and £;°(X,Y) = (A2 — AW [X[Y2) (Y1 |Y [¥2), we have
I=2(p, X)I™(p, Y) = |£, 7 (X, Y)|®2. Hereto, we have
proven the theorem in all possible situations and notice that
the polarization identity for the sesquilinear form of ¢;(X,Y)
gives

05X Y)=HIF(.X+Y)—P(p.X —Y)]
+illf(p,X —iY)—D(p, X +iY)]}, (48
which implies

ResS(X.Y) = LI (p. X +Y) —I'(p,.X = Y)], (49)
1
Im¢}(X. ¥) = ZTrlplX. Y1l (50)

|
Corollary 1. For a qubit system, the skew information
inequality

(X, Y) < 3| TrlplX, Y1II? (51)

exists, where (X, Y) :=I*(p, X)I*(p, Y)—1—16[I‘(,0, X+Y) —
I(p,X —Y))? and I;(X, Y) > 0. For comparison, we notice
that the Schrédinger uncertainty relation given by Eq. (35)
can be reformulated as

Vo(X,Y) > HTrlplX, Y1112 (52)

Vip, X — V)% Equation (52) is an improvement to the
Robertson uncertainty relation [2],

Vo, X)V(p,Y) > ;I TrlplX, Y111, (53)

Equation (52) sets a lower bound for the measurement un-
certainty of incompatible observables. As a counterpart, our
inequality (51) provides an upper bound for accessible infor-
mation about incompatible observables. To illustrate, we plot
the constraint contour for the case of Pauli operators o, and oy
in Fig. 2.

Now we exhibit certain physical meanings of the above
results. The real part of g“/‘j (X,Y) can be reformulated with
the anticommutator of X, Y, and we then get the following
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FIG. 2. The skew information inequality for Pauli opera-
tors o, and o, in quantum state p =1/2(147.5) with
7 = r(sinf cos @, sinf sin ¢, cos0)T,0 = ¢ = 7/6,r € [0, 1]. The
dash-dotted blue and dashed orange curves correspond to the
quantum Fisher information and Wigner-Yanase skew information,
respectively.

inequality:
X, Y} —2Ren) (X, V)?
< I(p. X)I’(p.Y)
EUX YDP + 10X, V) —2Re (X, V)12 (54)

Here, %(X. ¥) i= Y, my(ha, A (WilX 1) (1Y [3). Tt has
been demonstrated that the skew information can be viewed
as a measure of quantum coherence [29] and satisfies the
bona fide criteria for coherence monotones [46]. Therefore,
the generalized skew information provides more alterna-

tive choices for the coherence measure. The coherence of
a quantum state depends on the choice of the reference
basis. An interesting question is to consider the trade-off
relation for quantum coherence measures in different ref-
erence bases [47-49]. I*(p,X) and I°(p,Y) quantify the
coherence in the eigenbasis of observables X and Y, re-
spectively. Therefore, Eq. (54) also represents a coherence
uncertainty relation.

IV. DISCUSSION

The generalized skew information is found to play an im-
portant role in quantum information science. In this paper, we
revisit the skew information introduced by Wigner and Yanase
and define a generalized skew information quantity I°(p, X)
which contains Wigner-Yanase skew information and QFI as
special cases. We give a transparent convexity proof about
I’(p, X ), which in the meantime provides a simple proof of
the Wigner-Yanase-Dyson conjecture. We consider the quan-
tum limit from the information point of view, which yields
the skew information inequality and stands as a supplement
to the known uncertainty relation. In practice, for accessi-
ble information content, the upper limit usually might be
more meaningful than the lower one. Nevertheless, it should
be noted that the result given by Eq. (51) is only applicable to
the qubit system, i.e., the highlight in quantum information,
and its high-dimensional extension still requires extra strength
to fulfill.
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