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We investigate the localization behavior of the non-Hermitian tightly bound state in the presence of asym-
metric tunneling and external uniform fields in various dimensions, where the discrete translational symmetry
and the inversion symmetry are broken. We demonstrate that the non-Hermitian skin effects can still exist and
compete with Wannier-Stark localization induced by the uniform fields. The total localization is not only related
to the size of the system, but the net tunneling strength as well. For the two-dimensional lattices with square
shape boundaries, the uniform fields can pull back the population of the states at the corner and the fading stripe
localization can be observed as a compromise between the two-dimensional non-Hermitian skin effects and the
uniform fields. The experimental simulation of the non-Hermitian chain with uniform fields can be achieved by

the methods of electrical circuits.
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I. INTRODUCTION

The open quantum systems with gain-loss or asymmetric
tunneling feature non-Hermiticity and have been attracting
increasing interests over the years [1-16]. One extraordinary
property of the non-Hermitian lattice model lies in the local-
ization behavior that not only the edge modes, but also all
the bulk states can pile up at one end of the lattice, which
is known as the non-Hermitian skin effect (NHSE) [17-38].
In correspondence, the non-Bloch band theory was developed
for topological characterizations and to retain bulk-boundary
correspondence in the lattices with the NHSE, the Bloch wave
vector is expanded to be complex, which lies in the general-
ized Brillouin zone [39—48]. In addition, from a perspective of
quantum transport, the NHSE can be topologically indicated
by the loops formed the energy spectrum, which encloses the
nonzero area in the complex plane [49,50].

Recently, studies on the NHSE were gradually expanded
to the higher dimensions, where the asymmetric tunneling
along diverse directions can drive the physical states to the
corner [51-57]. Meanwhile, the shapes of the boundary can
greatly affect the localization behavior. However, despite the
achieved results so far, we observed that most of the research
on the NHSE is restricted to the lattice systems with discrete
translational symmetries and the skin-effect localization can
be identified by the generalized Brillouin zone. It is natural to
ask the following question: What is the localization behavior
for non-Hermitian systems without the discrete translational
symmetry in one and higher dimensions?

In this work, we develop a description of the non-
Hermitian tightly bound states in various dimensions with the
presence of external uniform fields and asymmetric tunnel-
ing, where the discrete translational symmetry, as well as the
inversion symmetry, is broken. We demonstrate that the NHSE

*eurake27hywang @ 163.com

2469-9926/2022/106(5)/052216(9)

052216-1

can still exist despite the absence of the well-defined general-
ized Brillouin zone. Meanwhile, the NHSE can compete with
Wannier-Stark localization induced by the uniform fields and
the total localization behavior can be remarkable. Specifically,
for one-dimensional systems (d = 1), Wannier-Stark localiza-
tion takes the dominant place in the large field limit and the
NHSE plays the leading role in the small field limit. When
the uniform field is of moderate strength, the localization
of the states not only depends on the size of the system but
also the net tunneling strength.

For the two-dimensional lattices of square shape bound-
aries (d = 2), the external uniform fields can pull back the
population of the states at the corner and the states of different
energies are pulled back differently [58]. In this way, the
fading stripe localization can be formed. Once the shapes
of boundaries get changed, e.g., considering a boundary cut
along the diagonal line of the square lattice, the localiza-
tion center can be changed dramatically. Meanwhile, we also
demonstrate how the uniform fields can destroy the excep-
tional points (EPs) and the parity-time symmetry no longer
exists. In the last part of this paper, an experimental simula-
tion of the non-Hermitian tightly bound states with external
uniform fields is proposed via the methods of circuit lattices.

II. MODEL AND RESULTS
A. One-dimensional localization behavior

To consider the non-Hermitian system without discrete
translational symmetries, we include the uniform fields in the
quantum chain with asymmetric tunneling. The Hamiltonian
can be characterized by

N-—1 N
H = (g}, c;+ i)+ Y wicle;, (1)
j=1 j=1

where fg) € R denotes the tunneling to the right (left) nearest
sites and N is the length of the quantum chain. The linearly
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FIG. 1. The schematic presentation of the non-Hermitian tightly
bound states with the external uniform field M. #, # tx presents the
asymmetric tunneling and w is the strength of the uniform field.

site-dependent potential wj depicts the presence of the uni-
form field M. A schematic picture of the system is shown in
Fig. 1. For tg # t, the model in Eq. (1) can be conceived as an
expanded non-Hermitian Hatano-Nelson model [1,5,59-61].
In the limit of zero fields, the asymmetric tunneling between
the periodic potentials can induce the NHSE and all the states
are forced to be localized at one end of the lattice. However,
if we consider the Hermitian cases with symmetric tunneling
tg =t; =t, the energy spectrum forms the Wannier-Stark
ladders in the case of large-enough external fields w > . The
state corresponding to the jth largest eigenenergy is localized
at the jth site of the lattice. Such a localization is known as
Wannier-Stark localization [62-66]. For a quantum chain of
finite size, with moderate field strength, the NHSE can still
exist and compete with Wannier-Stark localization. The exact
form of the total population of the states can be cumbersome.

To present an analytical solution to the localization behav-
ior, we assume an arbitrary single-particle state as

=N
v =Y ¢c]l0), )
=1

where |0) denotes the fermion vacuum and ¢; is the wave
function at each unit cell. Based on the Schrodinger equa-
tion Hy = Ey, the following recursion relation can be
obtained [67-69]:

IR@I—1 + L1 +wle = Egy. 3

It shall be noticed that the asymmetric tunneling can be
transformed to a symmetric one in the Hermitian model. In
detail, considering a transformation S on the basis and obtain
o = ATy, Eq. (3) can change to the form

tre PTi_y + 1,6’ T1 1 + wil; = ET. 4)
If we keep B8 =In \/g and assign ty = tre P = /111z, the

recurrence equation of the Hermitian chain with symmetric
tunneling can be obtained

fo(T'—1 + Ti1) + wily = ETY. (5

Here, we prefer to regard the #; in the transformed Hermitian
chain as the net tunneling since it is an intrinsic property

of the model in Eq. (1) and cannot make any changes to
the NHSE. Before proceeding, we shall mention that the
transformation S, which changes the basis c;|0) to al;f |0)
and y =), go;c?lO) =3 F]d;|0), can be conceived as the
Peierls substitution of the complex flux if [70]. The trans-
formation S cannot change the real-space energy spectrum,
but will contribute to differences in the localization behavior.
Conventionally, given the recurrence relations in Eq. (5), the
population of the state can be obtained through the transfer
matrix approach, but for the model above with uniform fields,
this can be difficult (see the Appendix). As a replacement, we
utilize the recursion formula of the Bessel functions

2v
Zy1(x) +Z,1(x) = (7)ZU(X), (6)

where Z,(x) is the vth-order Bessel function and the solution
to I'; can be depicted as

I') = Al (20) + BY1—50 20t), (N

where J,(x) and Y, (x) are the Bessel functions of the first and
the second kinds with

0=—,A=—. ()

In correspondence, we have
2/t t 2./t
(pl:eﬁl[AJ[_E< LR)+BY,_E< LR)}. (9)
W w W w

The coefficient ¢! signifies the presence of NHSE despite

the absence of discrete translational symmetry and the well-

defined generalized Brillouin zone. In the large field limit
2./t tr

T=—-——>0, (10)
w

nonvanishing wave functions (¢;) can only be obtained with
E = wl, which is due to the numerical properties of the Bessel
functions

|lim J, ()] # 0, iff v =0;
Ilirr(l)Yv(X)l = 00. (11)

Hence, the Wannier-Stark-ladder-like energy spectrum can
still be formed in the large field limit and the eigenstates are
of Wannier-Stark localization. The effects of decaying (boost-
ing) coefficient ¢f! are canceled by the normalization factor.
In other words, Wannier-Stark localization can win over the
NHSE in the large field limit.

In the low field limit, T — oo, the Bessel functions in
Egs. (7)—(9) have the asymptotic behavior

2 21— Ey 41
lim J;_r(t) =/ — cos (r - %70 (12)
T—00 W TT

[2 20-£)+1
lim ¥,_&(7) = ,/—sin <r - %n) (13)
T—o00 W T 4

According to Egs. (7), (12), and (13), the wave function of
the transformed Hermitian model can mimic the sinusoidal (or
cosine) function in the low field limit, which is the Bloch wave
under periodic boundary conditions and the corresponding
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FIG. 2. (a) |¢,|? as a function of the strength of the uniform field with fixed 8 = 0.02, N =5,/ =5, and #, = 2 (10) for the red (blue)
lines. With different net tunneling ¢,, the maximum value of |¢;|> happens with different external uniform field strength w. (b,c) |@;(8, w)|? as
a function of w and [ with fixed #, = 0.5. (b) For a finite chain of length N = Sand 8 = 1, |¢;(8, w)|* is maximally localized at I = 1 despite
e? > 1 when the strength of uniform field satisfies w = 3. (c) Enlarging the size of the chain and set 8 = 3, the NHSE takes the dominant

place and |¢; (B, w)|* is maximally localized at [ = N = 25.

energy spectrum shall be periodic. Meanwhile, for Hermi-
tian chains in the thermodynamic limit, the real-space energy
spectrum with periodic boundary conditions (PBCs) coincides
with that of the open boundary conditions (OBCs) [49]. As
the transformation S cannot change the energy spectrum,
the energy spectrum of the original non-Hermitian chain in
Eq. (1) cannot form the Wannier-Stark ladders, but appears to
be periodic.

Next, we want to see the localization behavior in the case
of external uniform fields of moderate strength. For briefness,
we set the minimum energy to be €y, = 0 (we can always
add a constant shift on the chemical potential to achieve
it. Meanwhile, such a process makes no changes to the lo-
calization). Given the integral form of Bessel functions, the
non-Hermitian wave function ¢; as a function of § and w can
be expressed as

o (B, w) x L /n PNE—iPI= 30 sin @l g7 (14)
27 J_,

Given the positive integer lattice index /, it can be implied

from Eq. (14) that ¢;(8, w) gains the largest value with the

largest B (e? > 1). To see how the strength of uniform fields

affects ¢;(8, w), we focus on

g1 (B, w) f 21 21
(e (2) (2] 00

where Z;(x) is the J;(x) or ¥;(x). The maximum ¢; (8, w) can

take place when
21, 21,
Y/ (—0> =741 (-O) (16)
We We

Equation (16) suggests that the critical w., where the maximal
localization takes place, is dependent on the site index / and
the net tunneling #,. The analysis above coincides with the
results in Fig. 2(a), where for the chain of finite size, different
critical field strength w, is observed with different fixed net
tunneling #y. Considering Eq. (15), it can be indicated that for
e? > 1, the asymmetric tunneling tends to have the physical
states piled up at the end of the lattice ] = N (see the Ap-
pendix). For a given #, if the strength of the external uniform
field satisfies w < wy and ZN,l(iL;’l) = ZN+1(%\:), the lattice-

end localization can be true. Otherwise, the uniform field
can pull back the piled-up states in the case of finite lattice
size. Numerically, in Fig. 2(b), for the chain of length N = 5,
the maximal localization takes place at [ = 1 with w = 3,
instead of / = N even though e# > 1. Such results suggest that
uniform fields can destroy the lattice-end localization induced
by the NHSE for a chain of finite size. Meanwhile, in Fig. 2(c),
when the length of the chain is enlarged and reset 8 = 3, it is
observed that the NHSE gradually overcomes Wannier-Stark
localization, retaking the dominant place.

B. Two-dimensional localization behavior

For two-dimensional lattice models (d = 2), we can have
asymmetric tunneling in both the x and y directions. Also, the
external uniform fields can be applied in arbitrary directions.
First, we consider the lattice of square-shape boundaries and
the Hamiltonian can be described by

N-1
Hy,; = Z (tfcjn-s-l,ncm,n + f)CLC;,,,Cm+1,n
m,n=1

U D .t
+ ty Cm,n_HCm,n + ty Cm,ncm,n—&-l)

N
+ Z (weme, yemn + wyneh, emn),  (17)

m,n=1

where tR8) and tY®) present the tunneling in the x, y direc-
tions towards the right (left), up (down) side. w,, depicts
the strength of the external uniform field. Unlike the one-
dimensional case, the wave functions in the two-dimensional
model cannot be analytically obtained. However, the localiza-
tion can be measured via a brute force method. In detail, the
Hamiltonian in Eq. (17) can be expressed as Hyy = ®Thd,
df = (CT,],CT’Z, e, chny, e, c;{,,l, R Cva,N) and & can be
diagonalized via

v 'y =D, (18)

where D is a diagonal matrix consisting of entries of
eigenenergies and v is the eigenstate of the Hamiltonian.
Correspondingly, the localization strength can be defined as
o = ¢yr*, where ¥* is the complex conjugate of the state 1.
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FIG. 3. (a) The fading stripe localization can be formed in both
x and y directions with 1,0=2,1,0 = 2,ef* = 1.5,/ = 1.5, and
w, = wy = 15. (b) The real-space energy spectrum with PBCs in the
x direction and OBCs in the y direction (blue dots) does not coincide
with the energy spectrum with OBCs in both x and y directions (red
dots), indicating the existence of NHSE.

Specifically, the localization strength on the (m, n) site can be
depicted by [71]

NxN
Pmn = Z Y*[m — DN +n, r]f[(m — DN +n,r]. (19)

r=1

First, we consider the OBCs in both the x and y directions
for the lattice of finite size. The asymmetric tunneling is
assumed to be

ﬂX

L= t)(Oe_ ) ﬂxv

g = tyo€
j— _ﬁy J— ﬁ)‘
Ip = tye ', Iy = tyoe™. 20)

In the case of vanishing uniform fields and P> 1,ef > 1,
the states corresponding to all eigenenergies are supposed to
be localized at the up-right corner regardless of the value
of net tunneling f,, t,0. This result stems from the two-
dimensional NHSE. As we gradually turn on and enlarge the
uniform field, it can be observed that with moderate field
strength, although p,, , is maximally localized at the corner
x = N,y = N, there still exist states of specific energies lying
on other positions. According to the p,, , shown in Fig. 3(a),
we prefer to name such a localization as the fading stripe
localization. In Fig. 3(b), the energy spectrum obtained with
OBC:s in both the x and y directions is purely real, which does
not coincide with the energy spectrum that is obtained with
PBCs in the x direction and OBCs in the y direction, indicating
the NHSE as an ingredient of the fading stripe localization.
Analytically, the fading stripe localization can be conceived
as a compromise between the two-dimensional NHSE and
Wannier-Stark localization, where the corner modes get its
tails pulled back by the uniform fields. According to the
formation of Wannier-Stark ladders [58], it can be implied
that the states of different energies are pulled back differ-
ently. When the strength of the uniform field is extremely
large, the states of different energies are equally distributed at
different sites and the corner localization induced by the two-
dimensional NHSE is suppressed. At this stage, the fading
stripe gradually becomes an equally distributed stripe.

The localization in non-Hermitian systems is extremely
sensitive to the shapes of the boundaries. An illustration can
be made by taking the diagonal-line boundaries, where the
square lattices are cut into two triangles and the system, which
we considered, is the upper blue shaded triangle schematically

(a) A

p p
(®)15 =100 (¢) 15 10
n n
1 0 1 0 11
1, 15 1, 15

FIG. 4. (a) The schematic picture of the lattice with diagonal-line
boundaries. The system, which we considered, lies in the upper blue
shaded triangles. (b) With vanishing uniform fields and e+ = ey =4,
tyo = tyo = 2, the corner-skin localization is observed. (c) With the
absence of NHSE and ef* = efr =1, w, = w, =5, the system
possesses equally distributed localization. (d) With moderate field
strength w, = w, = 10 and two-dimensional NHSE e = ¢f» = 4,
the maximal localization center is a single point. Neither a fading
stripe nor the corner localization is observed.
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shown in Fig. 4(a). We demonstrate that, with the vanishing
uniform fields, the corner-skin localization induced by the
two-dimensional NHSE can still be observed [see Fig. 4(b)].
In the case of the large field limit, the NHSE is greatly
suppressed and the states of different energies are equally
distributed on the entire system with step-ladder boundaries,
which is shown in Fig. 4(c). For the uniform fields of moderate
strength and the presence of NHSE, p,, , has a single maximal
localization center and no fading stripes or corner localization
are observed [see Fig. 4(d)].

Although the shapes of the boundary are of great im-
portance in non-Hermitian systems, a continuous shift in
boundary conditions may not contribute to changes in the
localization. An analytical illustration can be exhibited by
considering the twisted boundary conditions (TBCs), where
the tunneling towards the right (left) and up (down) side for
sites at the boundaries can be described as

R R0 L L—if T
Itees = L€ 7€y jON.j» ItBCs = 1€ TC jCLjs
U = Uelhel D _ D i
Itges =1, €7°C;1CjN, Iy =1y e ¢ nejn, (21)

where j € [1,N] and 0, is the torsion number. Specifi-
cally, for 0,y = 2pm, p € Z, TBCs coincide with PBCs. For
Ovy) = 2p+ D)m, p € Z, TBCs coincide with the anti-PBCs.
It should be pointed out that applying the TBCs has the same
effect as inserting the magnetic fluxes and correspondingly
a phase factor can be attached to the cell function ¢; ; —
c; je®iRii 1t shall be kept as

on, iRy, j — ¢1,jR1; = Ok,
diNRjN — @ 1R} 1 = 0. (22)

With the absence of external uniform fields and given ¢; ; = ¢
for Vi, j € [1, N], the system possesses discrete translational
symmetry. Now the momentum k can be well defined. The
effects of TBCs (the same as applying the magnetic flux) can
be canceled by a shift of the momentum k&’ = k + ¢, and simi-
larly the generalized Bloch wave vector B)’C(y) =k —iBiy) + ¢.
We notice that the NHSE localization can be identified by the
radius of the generalized Brillouin zone [ef~ < (>)1]. A shift
by the real phase in the generalized Bloch wave vector will not
change the radius of the generalized Brillouin zone. Hence,
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continuously tuning the torsion number 6,y of TBCs in
non-Hermitian systems with asymmetric tunneling will con-
tribute no differences to the localization behavior. Considering
the PBCs where we have 6,(,) = 2pm, we can posit that the
NHSE will not take place when the TBCs are applied, despite
the absence of uniform fields.

C. Effects of uniform fields on the exceptional points

In non-Hermitian quantum chains, there are cases that,
with the changing of parameters, the degenerate states are
collapsing into one exceptional point (EP) and the matrix
of the Hamiltonian becomes nondiagonalizable [48,72-86].
Now, we reveal how EPs are affected by the uniform fields.
To achieve EPs in lattice models, we should typically obtain
multiple bands at first, which can be realized by including sub-
lattices, spins, or higher orbitals. Here, we consider a modified
version of the non-Hermitian bipartite chain in Ref. [72] with
the uniform fields included. For completeness, the Hamilto-
nian can be given as

N—1

A r r

H = E I:E(C,tdnJrl +d;,rcn+1)+ E(C,E_,_]Cn
n=1

N
o] o 5 e

n=1
+ (% + wn)c:;c,, — %dgdn>], (23)

where v is the intracell tunneling and % (%) denotes the in-
tercell tunneling between the same (different) sublattices. w
depicts the strength of the uniform field on the sublattice.
Here, non-Hermiticity lies in the nonzero y, which is also set
as the unit of energy. With the vanishing uniform fields, the
system is PT symmetric, where the parity symmetry operator
is P : @, o) and the time-reversal symmetry can be described
as the complex conjugate operator. With the changing of the
intracell tunneling v, the system will encounter a transition
from the parity-time symmetry broken phase to the unbroken
phase at vy = 0.5y, where two high-order EPs at ¢ = +£r, as
well as an EP at € = 0, are present [see Fig. 5(a)]. Meanwhile,
the imaginary part of the eigenenergy will disappear at vy
as a consequence of the phase transition [see Fig. 5(b)]. The
nonzero uniform field will lead to a site-dependent shift on
the local potential and break the parity-time symmetry. In ad-
dition, the uniform fields will force the Hamiltonian matrix of
Eq. (23) to be full rank. Considering the discussion above, we
can posit that the uniform fields will destroy the formation of
EPs. The numerical results in Figs. 5(c) and 5(d) show a sound
agreement, where, unlike the field-absent case, changing the
value of v, the system will not have any critical points, where
the imaginary part of the energy spectrum starts to disappear
and no EPs are observed.

III. PROPOSALS ON THE EXPERIMENTAL SIMULATION

An experimental proposal to simulate the Hamiltonian in
Eq. (1) can be achieved by the electrical circuit lattices.
We shall point out that, although the electrical circuits are
classical systems, its Laplacian can be of the same expres-
sion as the matrix form of the Hamiltonian. Such methods
were extensively used to synthesize lattice models [8§7-97].

(@) 1.5

v,=0.5r
PT transition

Re(e)0 SN0 T —

-1.5
(© 4

Re(e)

FIG. 5. (a) With the vanishing external uniform fields and
r=0.3y, there exist two high-order EPs and a single EP with vy =
0.5y. (b) The phase transition from parity-time symmetry broken
phase to the unbroken phase takes place at vy = 0.5y, where the
imaginary part of the energy spectrum starts to disappear. (c) No EPs
are observed with nonzero uniform fields w = 0.1. (d) The uniform
fields will break the parity-time symmetry and the imaginary part of
the energy spectrum always exists.

The schematic picture of our experimental setup is shown
in Fig. 6. Physically, each node is connected to the ground
and a voltage V (t) = V(0)e' is applied. The current flowing
in the jth node of the circuit lattice can be governed by the
Kirchhoff law

I =) LV, 24)
i

where V; is is the electrical potential on the jth node and L;;
depicts the net impedance of all the electrical elements linked
to the node j. Conventionally, L;; is named as the circuit
Laplacian and is decided by the structure of the circuit lattice.
Specifically, for our setups, /; can be given by

1 .
I = R_VJ + (iwC + Roa)(V; — Viy1)
J

+ (iwC — Roa)(Vj = Vj-1), (25)

:T_

<

jtl

C R, C

FIG. 6. The experimental setup of circuit lattices to simulate the
Hamiltonian of the non-Hermitian chain with asymmetric tunneling
and uniform fields.
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where R; is the slide-wire rheostat, whose impedance is set
to be site dependent, R = %Ro. iwC is the impedance of the
capacitor. Here, the nonreciprocal asymmetric tunneling is
realized via the operational amplifier Rpa, which serves as the
negative impedance converter with current inversion (INIC).
Specifically, for the current flowing from the right side, the
impedance of Rpa is negative. While for the current flowing
from the opposite direction, the sign of the impedance of Roa
reverses. The details of the structure of INIC can be found
in Ref. [91]. The exact form of the circuit Laplacian can be
written as L;; =

x+s —iwC — Roa 0
—iwC + Roa R%) +5 —iwC — Roa
0 —iwC + Roa ©+s '

(26)

where the term proportional to the identify matrix I with the
coefficient s = 2iwC can be dropped out. In correspondence
to the Hamiltonian in Eq. (1), the parameters for the circuit
lattices are set as

g — 11, i(fp, +tg)
— =w, Roa= , C=——. 27
Ry oA 5 7 (27)
To the end of this part, it should be mentioned that the exper-
imental setup above serves as an illustrative presentation, and
to achieve more complicated tunneling we add inductors or
resistors parallelized to the capacitor C.

IV. CONCLUSION

We demonstrate the localization behavior for non-
Hermitian tightly bound states with asymmetric tunneling
and uniform fields in one and two dimensions. We exhibit
that the NHSE can still exist in the systems without discrete
translational symmetry and show how the NHSE com-
petes with Wannier-Stark localization in various dimensions.
Specifically, for two-dimensional systems with square-shaped
boundaries, the fading stripe localization is observed. In addi-
tion, as we change the square lattice to a triangle one with the
diagonal-line boundary, the localization changes dramatically.
Once taking the twisted boundary conditions, we prove that
a continuous tuning of the torsion number can not affect the
localization and correspondingly the NHSE will be absent.
Apart from the localization, it is also shown that the uniform
fields will break the PT symmetry and destroy the forma-
tion of EPs. In the end, an experimental simulation of the
non-Hermitian chain with uniform fields is proposed via the
electrical circuit lattices.
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APPENDIX: NON-HERMITIAN SKIN EFFECTS INDUCED
BY THE ASYMMETRIC TUNNELING

In non-Hermitian systems, the asymmetric tunneling can
induce the NHSE and get the states piled up at one end of the
lattice. An illustration can be shown via the transfer matrix.
Here we briefly review this method. First, the one-dimensional
chain with asymmetric tunneling can be depicted by

N-1
H = Z(tRC;Jrle + ILC;CJ'_;,_]).
=1

(AL)

Given the one-particle state ¥ = ), yf|0), the Schrodinger
equation can lead to the recurrence formula

IRYI-1 + 1Lyt = Ey. (A2)
The transfer matrix 7 can be given via
<Vl+1) _ T( Vi > _ Tz1<)/2), (A3)
Vi Yi-1 Vi
E  _
T=\|u & A4
(v o) (Ad)

We add a constant shift on the chemical potential and only
focus on the localization of the state with £ = 0. Now the
transfer matrix 7 only contains the off-diagonal entries and
we have

T = (—p/w)"1, T = (—x/u)"T, (A5
where [ is the identity matrix. Hence, for tz/t;, = P > ()1,
the states are localized at the right (left) end of the lattice,
which only describes the NHSE. A similar conclusion was
obtained in Ref. [67], where the NHSE was identified via
|det(T)| # 1. When the uniform fields are considered, the
transfer matrix changes to the following form:

. (E-wl -y
T = (1) ( i O)

In the case of the thermodynamic limit N — oo, we concen-
trate on the dominant term proportional to [V, which is the
(1,1) entry of the (T")V. Specifically, we have

(A6)

T2, = (1) N (E - wl)”[l — N - 1)#
TESH = () YD (E — wi [1 -
+ o (=DNWV + 1)%]. (A7)

From Eq. (A7), it can be inferred that, unlike the transfer
matrix in Eq. (AS), we cannot simply identify the localization
behavior via the asymmetric tunneling 7gz). However, due to
the special recurrence properties, we gain the analytical form
of the wave functions.
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