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In this paper, we consider the orthogonal product set (OPS) with strong quantum nonlocality in multipartite
quantum systems. Based on the decomposition of plane geometry, we present a sufficient condition for the

triviality of orthogonality-preserving positive operator-valued measures on fixed subsystem and partially answer
an open question given by Yuan et al. [Phys. Rev. A 102, 042228 (2020)]. The connection between the
nonlocality and the plane structure of OPSs is established. We successfully construct a strongly nonlocal OPS in
C% ® C% @ C% (dy, dg, dc > 4), which contains fewer quantum states, and generalize the structures of known
OPSs to any possible three and four-partite systems. In addition, we propose several entanglement-assisted
protocols for perfectly local discrimination of the sets. It is shown that the protocols without teleportation use
less entanglement resources that on average and these sets can always be discriminated locally with multiple
copies of two-qubit maximally entangled states. These results also exhibit nontrivial signification of maximally
entangled states in the local discrimination of quantum states.

DOI: 10.1103/PhysRevA.106.052209

I. INTRODUCTION

Quantum nonlocality, as one fundamental property and the
most celebrated manifestations of quantum mechanics, arises
from entangled states. Quantum entanglement has received
extensive attention, and many results have been obtained
[1-3]. Since entangled pure states violate Bell-type inequali-
ties, they are nonlocal [4-11]. However, in 1999, Bennett ez al.
[12] proposed complete orthogonal product bases with nonlo-
cality, i.e., each of which cannot be reliably discriminated by
local operations and classical communication (LOCC) while
it can only be identified by a global measurement. It means
that nonlocal properties are no longer restricted only to entan-
gled systems. Later, this phenomenon, quantum nonlocality
without entanglement, has aroused wide research attention
[13-21]. Zhang et al. [14] gave a class of nonlocal orthogo-
nal product bases in the quantum system of C? ® C?, where
d is odd. Wang et al. [15] obtained a small set with only
3(m + n) — 9 orthogonal product states in an arbitrary bipar-
tite quantum system C"” @ C" and proved that these states are
LOCC indistinguishable. Xu et al. [18] presented a locally
indistinguishable set of multipartite orthogonal product states
of size 2n, which can be projected to the quantum system

;’:102 in essence. Jiang et al. [21] proposed a simple method
to construct a nonlocal set of orthogonal product states in a

?zlcd" (n = 3,d; > 2) quantum system. It is also shown that
local indistinguishability is a crucial primitive for quantum
data hiding [22-24] and quantum secret sharing [25-30].
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Recently, the concept of quantum nonlocality without en-
tanglement was further developed [31-41]. Halder et al. [31]
presented a stronger manifestation of this kind of nonlocality
in multiparty systems. Specifically, an orthogonal product set
(OPS) on ®§'=]Cdf(n > 3,d; > 3) is defined to be strongly
nonlocal if it is locally irreducible in every bipartition. The
local irreducibility means that it is not possible to eliminate
one or more states from the set by orthogonality-preserving
local measurements [31]. Immediately, Zhang et al. [32] gave
a more general definition of strong quantum nonlocality for
multipartite quantum states, where the set is strongly nonlocal
if it is locally irreducible in every (n — 1) partition. Naturally,
the set of orthogonal quantum states which is locally irre-
ducible in every bipartition is the strongest manifestation of
nonlocality.

It is well known that entanglement is a very valuable re-
source which allows remote parties to communicate [42,43],
as in teleportation [44—46]. In fact, the set of orthogonal
quantum states with quantum nonlocality can always be
perfectly discriminated by sharing additional entangled re-
sources among the parties [33,47-52]. Most generally, by
using enough entanglement resource, we can teleport the
full multipartite states to one of the parties by LOCC, then
these states can be determined by performing suitable mea-
surement. In 2008, Cohen [48] proposed protocols using
entanglement more efficiently than teleportation to distin-
guish certain classes of unextendible product bases (UPBs),
where less entanglement was consumed in comparison with
the teleportation-based method. Rout er al. [33] studied
local state discrimination protocols with Einstein-Podolsky-
Rosen (EPR) states and Greenberger-Horne-Zeilinger (GHZ)
states. Zhang et al. [50,52] presented several protocols
to locally distinguish particular UPBs by using different

©2022 American Physical Society
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entanglement resources and proved that some sets can
also be locally distinguished with multiple copies of EPR
states.

In this paper, we investigate OPSs with strong nonlocal-
ity. In Sec. II, we introduce some notations and required
preliminary concepts and results. In Sec. III, we study the
sufficient condition for local irreducibility of OPSs and
illustrate the smallest size of OPS under some specific con-
straints. Next, in Sec. IV, we generalize the structure of given
sets to higher dimension systems and construct a smaller
OPS with the strongest quantum nonlocality in C% ® C% ®
Cl (dy, dg, dc > 4). Furthermore, we also investigate local
distinguishability of our OPSs by using different entangle-
ment resources in Sec. V. Finally, we conclude with a brief
summary in Sec. VL.

II. PRELIMINARIES

In this section, we introduce some definitions and notations
needed in the rest of the paper.

Definition I [53]. A measurement is trivial if all the positive
operator-valued measure (POVM) elements are proportional
to the identity operator. Otherwise, the measurement is non-
trivial.

In an n-partite system, a set {|¢)} of orthogonal states is
locally irreducible if the orthogonality-preserving POVM [31]
on any party can only be trivial. The inverse does not hold
in general. Let X; ={2,3,...,n}, X, ={3,...,n,1}, X3 =
{4,...,n, 1,2}, ..., X, ={1,2,...,n—1}.

Lemma 1 [36]. If X; party can only perform a trivial
orthogonality-preserving POVM for all 1 < i < n, then the set
{|p)} is of the strongest nonlocality [32].

Let the d x d matrix E = (a;;); jez, be the matrix rep-
resentation of the operator E = M'M in the basis B =
{10), ..., |d — 1)}. Define

sEr =YY" ali)l, e

|i)eS |j)eT

where § and 7 are two nonempty subsets of B. Especially,
7E7 is represented by E7. Let {W,-)}f;l and {|qu)}’j;}) be two
orthogonal sets spanned by S and T, respectively, where s =
|S|and t = |T].

Lemma 2 [36]. If subsets S and 7 are disjoint and
(YilEl¢j) =0 for any i € Z, j € Z;, then sE7 =0 and
7Es = 0.

Lemma 3 [36]. Suppose that {y;|E|y;) =0 for any i #
J € Z,. If there exists a state |ip) € S such that ;1 Es\ (i)} =
0 and (ig|/;) # O for any j € Z,, then Es « I, ie., Es is
proportional to the identity matrix.

Consider an n-partite quantum system H = ®",C%.
The computational basis of the whole quantum system
is denoted by B = {|i)}" L = (@!_ lix) |ix =0,1,...,
d— 1} =BV @BH @ @B, where B = {|i)}{i= is
the computational basis of the kth subsystem. Let

B =B"®B"®---©B" )

be a subset of basis B with B c B}, Suppose that B, (1 <
r < gq) are disjoint subsets of BB, then, there is a class of OPSs

SZUrEQSra Q={1,2,7Q} (3)

2 s,
S2
1
s4
0 s,
% 0 1 2
B

FIG. 1. The plane structure of OPS given by Eq. (5) in bipartition.

in H, where S, expresses the orthogonal product basis of the
subspace spanned by B,, and each component of the vector in
S, is nonzero under the computational basis ,, that is, each
vector |¢), in S, has the following form:

1 . .
= Y. dPin|e-ef Y a)|. @
lineB! LinyeB!
with nonzero complex numbers a(.’z) fork=1,2,...,n Ifthe

set S is invariant under cyclic permutation of all subsystems,
then we call it symmetric.

A plane structure of the set S refers to a two-dimensional
grid diagram and each subset S, corresponds to a domain in
the diagram.

Example 1. In CPRC3, let

S1=10)0£1),
S3=1(2)|1£2),

Sy = |1 +2)|0),

&)
S4=10£1)[2)
be the plane structure of the OPS [12]. § = U}, S; is depicted
in Fig. 1. The four dominos in this geometry structure repre-
sent the four subsets Sy, S, S3, and Sy, respectively.

To facilitate the establishment of the connection
between the nonlocality and the plane structure of the
given set S, some symbols are introduced. Given a subset
X of {1,2,...,n} and its complement Y = X, we use
BY = {|i)x};" with dy =[], .xd; to represent the
computation basis of the Hilbert space Hy = ® jeXCd/
corresponding to the X party and analogously BY = {|i)y };‘Zg !
corresponding to the Y party. Under the basis B, the
projection set of S, on the 7 (r = X, Y) party is expressed as
S = {Tr(li)(il) | i) € Band (i|¢") # O for any |¢")€S,}.
Naturally, the projection set S is a subset of
basis B7. For a fixed i€ 24, let Bf = {|k)x)}¥;",
V= {U, SV |li)y € S0}, and Sy, :={UJ,; 57 15%) N
vV # 0}

Example 2. Consider the OPS given by Eq. (5). X and Y
represent B and A, respectively. Observe its plane structure
shown in Fig. 1, the projection set of a subset on the B (or A)
party is actually the coordinate of the corresponding grid on
the B (or A) party. We have

S = {10y, |1)5}),
S = {11)s, 12)5),

S = {10) 5},
S = {12)5), (6)
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and
S = {104},
S = {12)4),

SV = {[1)4, 12)a},
S = {10)4, 11)4). 7

For all i € Z5, B? is a subset of basis B and B§ is equal
to B2, It is easy to know that

BE = {10)5, 11)5, 12)8),
B = {11)5, 12)5),
B2 = {12)5).

Since V; expresses the union of the projection sets S of
S, on the A party, where all corresponding projection sets S
of S, on the B party contain quantum state |i) 3, then there are

{1004, 11)4, 12)a},
{10)a. 12)a},
{1004, 11)4, 12)a}.

Note that each projection set S; ) contains a quantum state in

Vo = S(A) U S(A)
— S(A) U S(A)

Vo =85V us =

Vi, §Vi is the union of all the projection sets S;B )of § ; on the B
party. That is,

Suy = Sv, =8y, = ULiS = (1005, 11)5. 12)s).

Definition 2. A family of projection sets {S(},co is
connected if it cannot be divided into two groups of sets
(S Yker (T S Q) and {S}”}ieo\r such that

(Usi”) N ( U S?”) = 0. ®)

keT leQ\T

Definition 3. R, = Jyr Sk (r ¢ T C Q) is called the pro-
jection inclusion (PI) set of S, on the X party if the projection
sets satisfy (<7 S,iy) #Pand X C U, or S,((X). Specifically,
R, is called a more useful projection inclusion (UPI) set if
there exists a subset S C R, such that |[S® S| = 1.

From the definition, both the PI set and the UPI set of a
subset S, of an OPS § may not be unique. By observing the
plane tile as shown in Fig. 1, it is easy to know that both S} and
Sy U Sy are PI sets of S, in (5) on the Bgarty, and S, U S5 is
the PI set of S| on the B party. Due to [S; S(B)| = 1, these
PI sets are also UPI sets.

For the set S in (3), we construct a set sequence
G, Gy, ..., Gs. The set Gy denoted as U, 7, Sy, is the union
of all subsets S, that have UPI sets. The remaining sets
G, ..., G, are expressed by U, e7,S,,, . .., Uper,Sy,, TESpEC-
tively. Moreover, this sequence also satisfies the following two
conditions:

(1) The sets G, are pairwise disjoint and the union of all
sets is S.

(2) For any S, C Gyyy (x=1,...,5— 1), there is al-
ways a subset S, C G, such that S(X) N S(X) £ .

Note that such a set sequence Gl, G2, ..., Gy satisfying
(1) and (2) above does not necessarily exist. In addition, we
call S, an included (IC) subset about set G, (x =1, ..., s), if
there is a subset S,, C G, such that S & Si,x). Otherwise, it
is called a nonincluded (NIC) subset. '

Example 3. We consider the OPS in (5), where each subset
has a corresponding UPI set

Ri=5US;, R =S8, R3=SUSs, R4=3S83.
©)

So, there is only one set in its set sequence, which happens to
be this OPS. That is, G| = U?zlSi.

III. THE SUFFICIENT CONDITION FOR THE TRIVIALITY
OF ORTHOGONALITY-PRESERVING POVM AND THE
SMALLEST SIZE OF OPS UNDER SOME CONSTRAINTS

It is an important way to illustrate the irreducibility of
OPS by proving that the orthogonality-preserving POVM on
the subsystems can only be trivial [21,31,32,34,36,40]. Here,
we present a sufficient condition for orthogonality-preserving
POVM being trivial. On a plane structure, the condition is
efficient for constructing an OPS with strong nonlocality and
demonstrating the irreducibility of the given OPS.

Theorem 1. For the given set S in (3), any orthogonality-
preserving POVM performed on the X party can only be
trivial if the following conditions are satisfied:

(i) There is an inclusion relationship BY C Sv foranyi e
Zagy—1.

(i1) For any subset S,, there exists a corresponding PI set
R, on the X party.

(iii) There is a set sequence Gy, . . .,
(2). Moreover, for each NIC subset S,
a subset S, C G, and a subset S, C R

SX) 5 §X) n S<X> withx = 1,2, .

Tl Ix+1

G; satisfying (1) and
C Gy41, there exist
such that SN

Tx+1
,s — 1.
(iv) The famlly of sets {S¥ >},EQ is connected.

Proof. Let {E} be an any orthogonality-preserving POVM
performed on X. Without loss of generality, we assume

apo apl ao(dx—1)
a apn co Al(dy—1
E=| " S R IGT)
Ady—1)0  Ady—1)1 A(dy—1)(dx—1)

in the computation basis BX. Because the postmeasurement
states should be mutually orthogonal, for any two states
[Y)x|é1)y and [Ya)x|¢a)y in S, we have x(¥ily(d1lE ®
TIYo)xl¢a)y = 0.If (P1]¢)y # O, then x (Y1 |E|Y2)x =

Let ST = {Trz(|¢") ("D [|¢") €S} (r =X,Y) express
the set of reduced density matrices. For any two different sub-
sets Sy, and S,,, if S N ST £ ¢, then ST N ST = ¢ and
there always exists two states |¢,,)y € S} and |¢,,)y € S},
such that (¢, |¢4,)y # 0. Due to the orthogonality-preserving
property, we obtain x(V,, |E|Yg,)x =0 for all |y )x €
Sy and |y,,)x € S, According to Lemma 2, we deduce
S},’f)ES;’Z" = 0. Using this result, we can prove that £ o« Z by
the following four steps. Here, Figs. 2—5 depict the process of
proving.

Step 1. When i = 0, we know V = {U, S | [0)x € S}
For each |j)y € Vo, let {S; }jco; (Q; C Q) represent the all
subsets whose projection sets on party Y contain the state
|j)y. Suppose S; 1is the subset such that |0)x € S(X) then
one has ¢xEqx =0 for any s (s # 1). By the deﬁmtlon

J1 Js

and condition (i), it is easy to derive U j,SS;.f() = §v0 = B(’f =
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FIG. 2. In step 1, taking i = 0 as an example, we show that all
the elements of E in the first row and in the first column except Eyp,
are Zero.

{Il)x} Thus we get aogr, = a0 = 0for |ko)x ¢ \70, where
{U S(X) [10)x € S(X)} See Fig. 2.

Slmﬂarly, When i=1, dX — 2, we obtain ay, = a;,; =
0 for |k:)x ¢ Vi and k; > i. HereV (US| i)y € Sff”}

Step 2. According to the condition (ii), for each r € Q,
there exists a PIset R, = (J,.p S (r ¢ T, C Q) of S, on party
X, where (N, S # # and SX C U, ). For any two
different indexes #; and ¢, in 7, it is not difficult to deduce that
a = ay = 0 with [k)y € S NSX and [1)y € S N SX
fork # 1. '

Step 3. For any subset S,, in Gy, the corresponding set R,
is the UPI set. From Definition 3, there is a subset Sri C R,

such that [S%) N S(X)| = 1. It is a special case in step 2. Let
|k)x be the only element of $£9N s, X then a;; = 0 for all

11)x € S\ {|k)x}. Since each component of the vectorin S,
is nonzero under the computation basis 5,, from (4), it is easy
to know (k|yr)x # Oforany |Y)x € Sfl. According to Lemma
3, we deduce E,, = 500 o 7.

By condition (iii), for each NIC subset S,, C G», there
exista subset S, C G and a subset S, C R,, such that S%) N

SX 589N S(X) Then ay = 0 for [k)x, [}y € SX N S(X)

and k # l Comblnlng this with the step 2 produces ay = O
for |k)x € $&)' N S(X) 11)x € S and k # [. It follows from

Lemma 3 that E., = s X 7. For each IC subset S, there is
always a corresponding NIC subset S, that satisfies the inclu-
sion relationship Si,),() g Sﬁf ), which implies Ey =Eq <1

Similarly, E, o Z for each r. That is, there is a positizve real
number b, such that E, = b,Z. See also Fig. 3.

b, 0

b,

FIG. 3. In steps 2 and 3, it is proved that the operator E, = E| 500
corresponding to subset S, is proportional to the unit operator for all

req.

0

0 | ay 0 0
0 Eﬁo\‘0>x
0

FIG. 4. Consider the operator Ey,. Because each E, « Z, only
element ay in the first row is nonzero. We can get the similar result
for other V; (i = 1, ..., dx — 2). Therefore, we deduce that the off-

diagonal elements of E are all zero.

Step 4. Consider the set Vy = {U,S%) [ |0)x € S%)} of step
1. Due to each E, o Z, we have ag, = 0 for |ko)x € V, and
ko # 0. Combining this with the step 1 produces ag, = 0 for
all ky > 0. We can obtain the similar result for other V; (i =
1,...,dx —2). So, we deduce that the off-diagonal elements
of E are all zero. It is shown in Fig. 4. In addition, for any
x,y € Q,if S® N SX) 5 ¢, then b, = by. The condition (iv)
indicates that the family of sets {S*)},¢¢ is connected. This
means that these scalars b, are all equal. Therefore, the POVM
element can only be proportional to the unit operator Z. See
also Fig. 5. |

Corollary 1. If the conditions (i)—(iv) in Theorem 1 are sat-
isfledfor X =X, X,,..., X, withX; ={1,2,...,j—1,j+
1, ..., n}, then the set (3) is an OPS of the strongest quantum
nonlocality.

Note that it is obvious that E, « Z for each r € Q, if the
set G is equal to the set S. That is, when the set sequence has
only one set Gy, we still say that the condition (iii) is valid.
Next we provide an example to show the application of this
theorem on plane structure.

Example 4. We revisit the quantum nonlocality of the fol-
lowing OPS [34]in C* ® C* ® C*:

Sy ={l0)[1)]0+ 1)},
S2 ={ID0 £ D)]0)},
S3 = {0 £ DI0)[T)},

S7=1{10)12)|0 £ 2)},
Ss = {12)10 £ 2)|0)},
So = {l0 £2)|0)[2)},

0 d,-1

d,-1 a4y

FIG. 5. It follows from condition (iv) that the scalars b, are all
equal. Then the diagonal entries of the POVM element E are all
equal; that is, £ = agZ for some positive real number agyy, where
7 is the identity matrix.
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2 | S
1 S,
0

00 01 02 10 1 12 20 21 22

FIG. 6. The corresponding 3 x 9 grid of {S,}!2, given by
Eq. (11) in A|BC bipartition.

Sa ={I1I2)|0+ D)},
Ss ={12)|0 £ DI1)},
Se = {10+ D[1D)[2)},

S0 ={12)I1)]0 £ 2)},
S = {I1)|0£2)|2)},

Sp={0£2)[2)[1)}. AdAD

Due to Lemma 1 and the symmetry of the OPS given
by Eq. (11), we only need to consider the orthogonality-
preserving POVM performed on party BC. Figure 6 is the
plane structure of OPS in the A|BC bipartition. By observing
this tile graph, we can easily obtain the four conditions in
Theorem 1.

First, the projection set U,SUEC) differs from the compu-
tation basis B only by states |000), [111), and |222). It is
obvious that Sy, = BEC for i, j € Z;. Here B5C is the com-

putation basis on subsystem BC. Naturally, Bg-c C §Vij' The
condition (i) holds.

Second, for each subset S,, we have the corresponding
PIsets Ry = S5 U S19, Ry = Sg U S19, R3 = S5, Ry = Sg U S12,
R5 :Sl US3, R6 :SIO’ R7 :S4USH, Rg :S2US4, Rg =
511, R10 = SQ U S6, R11 = S7 U S9, and R12 = S4. The condi-
tion (ii) is demonstrated.

Furthermore, for any two subsets S, and Sy, we have
|SEO N S)(,BC)| < 1. So, each R, is an UPI set, i.e., G; is the
union of all subsets. It is obvious that condition (iii) holds.

Finally, we find a sequence of projection sets (SgB O,
SEO) SO, B0 [ GBO) B0, gBO) _, glbO)
In this sequence, the intersection of the sets on both sides
of the arrow is not empty and the union of these sets is the
computation basis BP¢. So, it is impossible to divide all
projection sets into disjoint two groups of projection sets.
That is, the family of projection sets {S®}!2 | is connected.
The condition (iv) is satisfied.

According to Theorem 1, we deduce the POVM performed
on party BC can only be trivial. Therefore, the OPS given by
Eq. (11) is of the strongest quantum nonlocality.

For the same set as stated in Theorem 1, we have the
following corollary:

Corollary 2. If any orthogonality-preserving POVM ele-
ment performed on party X can only be proportional to the
identity operator, then the set U,cpS™) is the basis B* and the
family of projection sets {S¥},¢( is connected.

By using Corollary 2, in systems C* ® C* ® C3 and C* ®
C* ® C*, we can discuss the minimum size of the OPS given
by Eq. (3) under the specific restrictions. Let N express the
maximum size of all subsets, i.e., N = max, |S,|. We have the
following two theorems:

Theorem 2. In C° ® C* ® C3, for the set S (3), if the
set S is symmetric and any orthogonality-preserving POVM
performed on party BC can only be trivial, then the set S is an
OPS of the strongest nonlocality. The smallest size of this set
is 24.

Theorem 3. In C* ® C* ® C*, for the set S in (3), if § is sym-
metric with N = 2 and any orthogonality-preserving POVM
element performed on party BC can only be proportional to
identity, then the set S is an OPS of the strongest nonlocality.
The smallest size of this set S is 48.

The detailed proofs are given in Appendixes A and B,
respectively. Theorems 2 and 3 show the minimum sizes of
two kinds of OPSs with strong nonlocality, respectively. They
are partial answers to the open question in Ref. [34], “Can we
find the smallest strongly nonlocal set in C* ® C* ® C3, and
more generally in any tripartite systems?”’

IV. OPS WITH THE STRONGEST QUANTUM
NONLOCaLITY IN C% ® C% @ C% AND
Cl @ C¥ ® Cic @ Cip

From Theorem 1, we know that the nonlocality of OPS is
closely related to its plane structure. In this section, we pro-
vide several strongly nonlocal OPSs in three- and four-partite
systems.

By extending the dimension of the grid in Fig. 6, we can

generalize the structure of the set (11) to any finite dimension.
The OPS in C% ® C% ® C“ is described as

Hy = {|0)al&i)slnj)c};

Hy = {I&i)aln;)810)c}; ;»

Hy = {In;)al0)sl&i)c}; ;-

H, = {|Ei>A|d1,;>B|7]j)C}i!j,

Hs = {|d,:1)A|77j>B|Ei)C}i’ja

He = {Inj)alé)sldc)c};

Hy = {|0)aldy)5l0 £ dc)ch,

Hg = {|d})al0 £ dj)|0)c},

Hy = {|0 £ d})al0)sldc)c},

Hio = {|d})al&)510 £ dc)c};,

Hyy = {|&)4l0 £ dp)sldi)c),s

Hiy = {|0 £ dy)aldy)sléi)c);,
where |&); = Y0 o lu+ 1), [nj): = Yy w)'_lu),
d.=d, —lforie Z;_,,j€ Zdr,l,andzt € {A, B, C}.Here
and below we use the notation w, := en for any positive
integer n. Figure 7 is a geometric representation of this OPS
in the A|BC bipartition. We explain the strong nonlocality of
the OPS (12) in the following theorem:

Theorem 4. In C% ® C% ® C%, the set U2, H; given by
Eq. (12) is an OPS of the strongest nonlocality. The size of
this set is 2[(dadp + dpdc + dadc) — 2(da + dp + dc) + 3].

Proof. We only need to discuss the orthogonality-

preserving POVM performed on party BC. The tile structure
is depicted in Fig. 7. Because the set U}EIH,- has the same
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d, | Hy
l H2
0

dyd,

00 0i 0dy i0 ii id, dz0 dyi
FIG. 7. The corresponding ds x dpdc grid of {H;}!?, given by
Eq. (12) in the A|BC bipartition.

structure as the set U}ilSi given by Eq. (11), the conditions
(i), (i1), and (iv) of Theorem 1 are obvious. Here Ry = H5 U
Hio, Ry = Hg U Hyg, R3 = Hs, Ry = H3 U Hyp, Rs = H; U H3,
Re = Hio, R = HyUHy, Ry = H, UHy, Ry = Hy1, Rio =
H, UHg, Ry = H; UHy, and R, = H4. Now consider the
condition (iii).

It is not difficult to show that the set sequence

G, =H, UH, UH; UHg UHy UH,,,
G, = Hy UHjp UHj,,

Gs = Hs U Hg,

Gy = H;

satisfies (1) and (2). Here each subset contained in G, (x =
2,3,4) is a NIC subset. For H; C G,, we find that there are
H, C Gy and Hyo C R such that H"O n B = H9 n
Hl(gc). For the subsets H;, H;,, Hs, Hg, and H3, there are H, =
G] le(),H4 = Gl DR12,H1 = G2 mRs,Hlo = G2 ﬂRG, and

= G3 N R3, respectively. It follows that the condition (iii)
in Theorem 1 holds.

According to Theorem 1, the orthogonality-preserving
POVM performed on party BC can only be trivial. There-
fore, the set U2 H; given by Eq. (12) is of the strongest
nonlocality. ]

Applying Theorem 1, we propose a strongly nonlocal OPS
in C* ® C* ® C*. The newly constructed OPS contains fewer
quantum states than in Refs. [34,36]. The specific OPS is
given by

S ={I0)[1)[2 £ 3)},
Si2 = {[1)12£3)|0)},
513 = {12+ 3)[0)|1)},

21 = {10)12)]1 £ 2)},
S = {12)|1 £2)|0)},
S = {1 £2)[0)|2)},
S31 = {]0)[3)|0 £ 2)},
Sz = {I3)10 £+ 2)|0)},
S33 = {10+ 2)|0)13)},
Sa = {[1)10)|0 £ 1)},
Sa2 ={10)|0+ D)D)},

|

)
)
)
)
)
)
)
)
)
1y
)
Sa3 = {10 £ D[D)]0)},

Ss1 ={I1I3)12 £ 3)},
Ss2 = {I13)12£3)I1)},
Ss3 = {124 3)|D)I3)},
o1 ={12)I3)[1 £2)},
Se2 = {I13)11 +2)2)},
Se3 = {I1 £2)[2)I3)},
S71={I3)10)12 £ 3)},
S72 = {l0)12 £ 3)I3)},
S73 = {124 3)13)|0)},
Ss1 = {13)[1)|0 £ 1)},
Ss2 = {I1I0 £ 1)[3)},
Ss3 = {10 £ D)I3)[1)}.

(13)

63

s72

00 o01 02 03 10 11 12 13 20 21 22 23 30 31 32 33

FIG. 8. The corresponding 4 x 16 grid of {S;;} given by Eq. (13)
in A|BC bipartition.

A geometric representation of this OPS in A|BC bipartition is
depicted in Fig. 8.

Theorem 5. In C* ® C* @ C*, the set U8 1(U _1Sij) given
by Eq. (13) is of the strongest nonlocality. The size of this set
is 48.

The detailed proof is shown in Appendix C. Up to now,
we have constructed a strongly nonlocal OPS containing 48
states in C* ® C* ® C*, which is six and eight fewer than states
presented in Refs. [34] and [36], respectively.

Next, we generalize the structures of OPSs given by
Eq. (13) and Ref. [34] to systems C“ ® C% ® C% and C* ®
Cd @ Clc @ C, respectively.

In quantum system C% ® C% ® C% (dy, dp, dc > 4), con-
sider the following OPS:
Hyy = {10)al1)5|5)c },.
= {IDa]e3)5l00c},,
Hys = {[o3), (00511},
Hoy = {10)ale)slei} }, oo
Hy = {la’)a|a))410) C}zk’
Hos = {|at),10)s]0’ c},k,
Hz; = {10)aldp) |°‘0>c},’
Hs, = {|d})a ‘0‘0) 10) C},’
Hss = {[og),10)5ld)c}
Hy = {I1)al0)5|0 & T)c},
Hy = {|0)4]0 £ 1)p[1)c},
Hyz = {10+ 1)al1)50)c},
Hsy = {IDaldg)s|es)c},,
Hs> = {|d})ale)yl 1)},
Hsy = {|s),1D)sld¢)c
Hgi = {la")aldp)slet) ), oo
Her = {Id})alel}gle’ )} 1
Hey = {|“]f) a')lde)e ik
Hyy = {1d})al0)s]as).},
Hr, = {[0)a |3} ldc) e}
H;; = {|Ofé> |dy)510) C}z’
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Hgi = {ld})al1)5l0 £ 1)c},

Hyy = {|1)4]0 £ 1)gldc)c},

Hgy = {|0 = Daldg)sll)c}. 14
Here o), = Y0t ot 3|u+2) lal). = 10) + 34,
wéu Slu+ 1), Jof), = ZZ o3 wd olut+1), |O‘3)r = ZZ:OS
a)d lu+2),d, =d, —1forie 243, j k| €24, and
T = A, B, C. Since the above OPS has the same structure as
the set (13), we find that it is strongly nonlocal.

Theorem 6. In C% @ C%™ ® C, the set U8 1(U Hij)
given by Eq. (14) is an OPS of the strongest nonlocality.
The size of this setis 2[(dadp + dpdc + dadc) — 3(ds + dp +
dc) + 12].

The detailed proof is in Appendix D. In C? ® C¢ ® C¢,
the size 6[(d — 1)> —d + 3] of the strongly nonlocal OPS
of Theorem 4 is strictly fewer, 6(d — 3) fewer to be pre-
cise, than the size 6(d — 1)*> of the strongly nonlocal OPS
in Ref. [34]. Similarly, we propose the following OPS in
Ch @ C% @l @ C:

Uy = {|0)A|§i>3|77j)c|0id;))o}- »,
Uiz = {I&)aln;)810 £ d¢)cl0)
Uiz = {In;)al0 £ dg)5l0)c &)},
Uy = {|0idA>A|0>B|§i)c|ﬁi>D}» -,
Uat = {l&)aldp)slvidclni)n}; i
Un = {ldj)alvi)slng)cléi

Uns = {lw

pl; ;s

)
)}k
Yaln;)sl&idcldp)nl; i
Uns = {In;)aléi)sldc)clvi)pl; i
Usi = {Id})al0)510 £ d¢)clyi)ply
Usz = {10)4l0 £ dp)slyi)cldp)ply
Uss = {10 £ d})alyi)slde)cl0)ply,
Uss = {Iyi)aldp)sl0)c|0 £ dp)pl;,
Usi = {15:)al&)10)clvi) DYy, ity 0
Usz = {15410l vi) 1) DY i, it ko
Usz = {10)alvi)sl&i) cl&) DY ifp o
Usa = {ly)al&) 816 c|0) DYy i1 k0

1 = {ld})aldy)8l&)cl0 £ dp)pl,;,
Usy = {Idy)al&) 810 £ di)cldp)p);s
Uss = {|&)410 £ dg)gld()cldp)p};,
Uss = {10 & d})aldp)sld¢)cl&idp);,
Ust = {10)al0)ldc)cln;dn} ;s

Us2 = {10)aldg)In;)cl0)p} ;,

)
Uss = {Id})aln;)810)cl0)p} ;,
)

S

J
Uss = {In,)410)510)c|d}, b}

Un = {10)al&:)810)cl&i) pbity i1 »

Uz = {16:)410)515:)c10) iy, ifc»
Us1 = {|0)aldy)510)cldp)p},
Usy = {Id})l0)sld¢)c|0)p},
Uor = {1&)aldp)sl&i)cldp)p);

ia,ilc?

Usy = {|d})al&)Bld;)clE) D),

ilp,ilp°

where [£); = ZZ 5Ol ol 1), In)e = YU @l lu),
e = Dk Jut 1), di=di—1 for i€ Zy o,
J, k eZd,l,andt =A,B,C,D.

Theorem 7. In the system C% ® C% ® C% ® C, the set
{U6 1(U Ui v {U?=7(U§=1U,-j)} given by Eq. (15) is an
OPS of the strongest nonlocality. The size of this set is
dadpdcdp — (dy — 2)(dp — 2)(dc — 2)(dp —2) — 2

The detailed proof is shown in Appendix E. It is worth
noting that the set (15) is still of the strongest nonlocality
even though it contains fewer quantum states than the set in
Ref. [34]. Moreover, its size is smaller than that of the strongly
nonlocal OPS in Ref. [36].

Each of Theorems 2-7 gives a positive answer to one
open problem in Ref. [31] of “whether incomplete orthogonal
product bases can be strongly nonlocal.”

V. ENTANGLEMENT-ASSISTED DISCRIMINATION

The above OPSs cannot be distinguished under LOCC
even if any n — 1 parties are allowed to come together. How-
ever, it is possible while one equips enough entanglement
resource Let |¢T(d)) denote the maximally entangled state
IZ "ii) in CY®CY. Let (s, ¢ (d))ap) express a re-
source conﬁguratlon, which means that on average an amount
s of the two-qudit maximally entangled state is consumed
between Alice and Bob. In this section, we present sev-
eral different entanglement-assisted discrimination protocols.
Without loss of generality, from now, we only consider the
casedy > dp > dc > dp.

Theorem 8. The entanglement resource configuration
{(1, 6T (2 ap); (1, |+ (dc))se)} is sufficient for local dis-
crimination of the set (12).

The detailed process is provided in Appendix F. In this
protocol, we use quantum teleportation one time and consume
(1 + log, d¢)-ebit entanglement resources in total. It is strictly
less than the amount consumed in the protocol which tele-
ports all subsystems to one party. Next, we discuss the local
discrimination of OPS (12) without teleportation.

Theorem 9. When all the parties are separated, the set
U!2, H; given by Eq. (12) can be locally distinguished by using
the entanglement resource {(s, |¢T(2)ap); (1, |dT(2))ac)}s
where s = 1 4 7~ 34;166 for e = dydp + dadc + dpdc and f =
ds +dp +dc.

The specific process is given in Appendix G. The en-
tanglement consumed in this protocol is (1 4 s) ebits, due
to s < 1.5 < log, dc, which is less than the resources used
in Theorem 8. Since the set (13) is a special case of (14)
and they have the same structure, we only need to consider
the entanglement-assisted discrimination protocols for the
set (14).

052209-7



HUAQI ZHOU, TING GAO, AND FENGLI YAN

PHYSICAL REVIEW A 106, 052209 (2022)

Theorem 10. The set U?:l (UL,HU) given by Eq. (14) can
be locally distinguished by using the entanglement resource
configuration {(1, |¢*(2))ap); (1, [¢™ (dc))sc)}

Theorem 11. The set U?zl(U;ZIHij) given by Eq. (14) can
be locally distinguished by using the entanglement resource
configuration {(1, [¢*(4))ap); (1, [¢7(2))ac)}-

The detailed proofs of Theorems 10 and 11 are given in
Appendixes H and I, respectively. The protocol in Theorem 10
uses teleportation while the protocol in Theorem 11 does not.
Clearly, 1 4 log, dc ebits of entanglement are consumed in
the previous protocol, which is not less than the amount used
of three ebits in the latter protocol because d¢ > 4. In other
words, the latter resource configuration is more effective when
the smallest dimension d¢ is greater than four. Next, by the
method presented by Zhang et al. in Ref. [52], using multiple
copies of EPR states instead of high-dimensional entangled
states, we can get a new resource configuration.

Theorem 12. The entanglement resource configuration
{2, 16T (2))ap); (1, |@F(2))ac)} is sufficient for local discrim-
ination of the set U?:l (U_?:lH,'j) given by Eq. (14).

In fact, using two EPR states has the same effect as using
one maximally entangled state |¢T(4))43. In the ancillary
system of one party, |00), |01), |10), and |11) can correspond
to |0), [1), ]2), and |3), respectively. For the detailed procedure
please refer to Appendix J. This also shows that, in the similar
discrimination protocol, we can replace a maximally entan-
gled state |¢ T (d)) with n EPR states when 2" > d. Although
more resources may be used, the method should be relatively
easier to implement in a real experiment because it only
requires a device which can produce two-qubit maximally
entangled states. Besides, we also get several entanglement
resource configurations to discriminate the set (15) by LOCC.

Theorem 13. The entanglement resource configuration
{(1, 1673 a); (1, 1¢*(dc))pe); (1,197 (dp))pp)} is suffi-
cient for local discrimination of the set {U?zl(U‘;le,- NIv.
{U}_,(U3_,U;j)} given by Eq. (15).

The protocol of Theorem 13 is given in Appendix K.

Theorem 14. Any one of the resource configurations
{(1, 1973 an); (1,197 Bac); (1,197 (3))ap)} and {(2, [¢T
(D)ap): (2,167 (2)ac); (2,167 (2))ap)} is sufficient for local
discrimination of the set (15).

We will not repeat the protocol of Theorem 14, because
it is similar to that of Theorems 11 and 12. In Theorem
13, we perform quantum teleportation twice and consume
log, 3dcd)p ebits of entanglement resource. In comparison, the
first configuration of Theorem 14 is more effective because
log, 27 < log, 3dcdp, and the second configuration is simpler
because it only needs multiple EPR states.

VI. CONCLUSION

We have investigated the OPS with strong quantum
nonlocality in multipartite quantum systems through the de-
composition of plane geometry. Sufficient conditions for the
triviality of orthogonality-preserving POVM on fixed sub-
system are presented. We have shown the minimum size of
strongly nonlocal OPSs under some restrictions in C* ® C* ®
C? and C* ® C* ® C*, which partially answer the open ques-
tion in Ref. [34], “Can we find the smallest strongly nonlocal

setin C* ® C? ® C3, and more generally in any tripartite sys-
tems?” Furthermore, we successfully constructed a smaller
OPS which has the strongest nonlocality in C% ® C% ®
C (dy,dg,dc >4) and generalized the previous known
structures of strongly nonlocal OPSs to any possible three
and four-partite systems. Interestingly, we studied local dis-
crimination protocols for our OPSs with different types of
entangled resources. Among them, we have three protocols
which only need multiple copies of EPR states. We found that
the protocols without teleportation can be more efficient on
average. More than that, our results could also be helpful in
better understanding of the properties of maximally entangled
states.
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APPENDIX A: PROOF OF THEOREM 2

According to Corollary 2, we know the union U,S®®) of
all projection sets is the basis B2 and the family of projection
sets {SB)}, is connected.

When N =1, it is obvious that the set S is locally
distinguishable. When N =2, due to the symmetry, there
is the collection {S;,,S;,, S} including six quantum states,
which satisfies |S, | = IS,| = IS,,] = 2, [S"| = [SP9| = 2,
and |S,(3B C)| = 1. Moreover, the collection is invariant under the
cyclic permutation of the parties. According to the complete-
ness and connectedness of projection sets, the set S contains
at least eight subsets whose projection sets on party BC have
two elements. That is, we have no less than four disjoint
collections with above form. In other words, when N = 2, the
size of set S cannot be less than 24.

The case N = 3 does not exist. If N = 3, then there must
be a subset satisfying |S,(A)| = 3 and |S,(B C)I = 1. Meanwhile,
SW = B4, We have SV N (Upe\pS°) = @. Hence, the
family of projection sets {S®®*©)}, is unconnected, which is a
contradiction. Similarly, the cases N = 6, 9 do not exist.

In the case N = 4, because of symmetry, there is a col-
lection {S,,, Su,, Su;} containing 12 quantum states, which is
symmetric and satisfies [S,, | = |S,,| = |S,,| =4, S| =4
and |SPO| = |SP| = 2. Similarly, due to the completeness
and connectedness of projection sets, there are at least one
other subset whose projection set on party BC has four el-
ements or three additional subsets whose projection sets on
party BC have two elements. In either case, it means that the
size of set S is not less than 24.

It is obvious that |S,| # 5,7 for any r € Q. If there is a
subset such that |S,| = 8§, then for arbitrary cyclic permutation
P, of subsystems, the two subspaces spanned by S, and P.(S,),
respectively, are not orthogonal. It follows that there must be
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TABLE I. Corresponding PI set R;; for each subset ;.

Subset PI set Subset PI set

Si Ri1 = 853 U S¢2 Ss1 Rs;1 =831 U8y
S1a Ry =83 USn Ss2 Rsy = 831 U Sg3
S13 Riz = 8u Ss3 Rs3 = Sii

Sa1 Ry = 85, U S¢2 Se1 Res1 = 851U Sg3
S» Ry = 83 U Sy Se2 Rey = 811 U Sy
S2 Ry = 871 Se3 Rez = S

831 R31 =81, USs; S71 R71 = 823 U Sy
S3y Ry = 815U Sy S Ry = 851 U Se3
S33 R33 = Sg S73 R73 = S1p

Sa1 R4y = 813U 83, Ss1 Rg1 = 842U 843
S4r Ry = 813U Sy Sg2 Rgy = 811 U S33
S43 R4z = Sy Sg3 Rs3 = Se1

two nonorthogonal quantum states, one of which belongs to
S, and the other of which belongs to P.(S,). This contradicts
the fact P.(S,) C S. Consequently, the cases N = 5,7, 8 do
not hold.

On the other hand, the strongly nonlocal OPS given by
Eq. (11) satisfies all conditions and contains 24 quantum
states. Thus, in C? ® C* ® C3, the minimum size of the set S
is 24. The proof is completed. ]

APPENDIX B: PROOF OF THEOREM 3

Because the set is symmetric and the maximum size of all
subsets is two, there is a collection {S;,, S;,, S, } containing six
quantum states. It satisfies the same requirements as the proof
of Theorem 2. Due to the completeness and connectedness of
projection sets, there are at least 15 subsets whose projection
sets on party BC have size two. So, we have no less than
eight disjoint collections, each of which contains six quantum
states. That is, the set S contains at least 48 quantum states.
On the other side, we find the OPS given by Eq. (13) satisfies
all conditions and the size is 48. Therefore, the minimum size
of set S is 48. ]

APPENDIX C: PROOF OF THEOREM 5

According to Lemma 1 and the invariance of the set
(13) under cyclic permutations, we only need to discuss the
orthogonal-preserving measurement on party BC. The tile
structure is illustrated in Fig. 8. It is obvious that Sy, = B5¢
for all k,! € Z4, which implies that B,?,C C S'Vk,. Hence the
condition (i) holds.

For each subset §;;, there is the corresponding PI set R;j,
which is shown in Table I. It follows that the condition (ii) is
satisfied.

Since |Sl.(l?c) N S,E'lgc)| < 1 for any two subsets S;; and Sy,
each R;; is a UPI set. Therefore G is the union of all subsets.
Thus, the condition (iii) is true.

In addition, we have a sequence of projection sets
SO — 20 L 1) S0 S50 S0 510
(o> SBOY L, 5B _, g0, gBO) Z, gBO) _, qBO)

72
SBC) (BC)

s, —> S, ', where the intersection of the sets on both
sides of the arrow is not empty and the union of these sets is
the computation basis BC. Here the set S;lzgc) in the bracket

A G | G | G U [GEe] el [ fGlo] 6 euuiu,

: U U2l U2,

i Gl [ [OAU: U.,U%Ussvlz Uy Uy g, | G ] G [y
13

U FARNA AR AP AR R AR AR

000 0i 0d’ i0 ii id’ d'0 d'i dd’ {00 0i 0d’ i0 ii id’ d'0d'i dd’'d00 0i 0d’ i0 i id' d'0 di dd’

FIG. 9. The corresponding 3 x 27 grid of {U;;} given by Eq. (15)
in A|BCD bipartition.

is only related to the previous set Sglfc). This means that it
is impossible to divide all projection sets into disjoint two
groups. That is, the family of projection sets {Sl.(fc)},-j is
connected. The condition (iv) holds.

By using Theorem 1, the orthogonality-preserving POVM
performed on party BC can only be trivial. Therefore, the OPS

(13) is of the strongest quantum nonlocality. ]

APPENDIX D: PROOF OF THEOREM 6

We need only to consider the orthogonality-preserving
POVM on party BC. Because the set (14) has the same struc-
ture as the set (13), the conditions (i), (ii), and (iv) are obvious.
Consider the set sequence

G =H 1 UH; UH;3UHy;» UH; UH;z U Hss
U Hy UHp UHy UHsp UHsy U Hsy U Hgy
U H71 U Hypp U H73 U Hgy U Hgy U Hgs,

Here each subset contained in G, is a NIC subset. Referring
to Table I, we can get the PI set R;; of H;; on party BC.
More specifically, H;; is substituted for S;; in Table I, one
gets the PI set R;; of H;; on party BC. For the subsets Hy,
H23, H62, and H63, there are H52 = G1 N R215 H71 = Gl N R23,
Hi1 = Gy N Rep, and Hy, = G| N Rgs, respectively. It implies
that condition (iii) holds.

The set (14) satisfies the four conditions in Theorem 1,
therefore it is locally irreducible in every bipartition. That is,
the OPS (14) is a set of the strongest nonlocality. |

APPENDIX E: PROOF OF THEOREM 7

We need to prove that the orthogonality-preserving POVM
performed on party BCD can only be trivial. To see this,
we prove that the OPS (15) satisfies the four conditions in
Theorem 1.

Figure 9 is the tile structure of this OPS. Note that S’ij, =
BPCP for any j, k,1 € Z3. It is obvious BSP C Sy,,. The
condition (i) holds.

For each subset U;;, there is the corresponding PI set R;;,
which is shown in Table II. Hence, the condition (ii) holds.

Furthermore, we construct the set sequence

G| = U UUz UU31 UUs3 UUsg U Usy
U Ugy U Uss U Ugy U Uss,

Gr = U1 UU13 U Ugp UUsp UUsy U Uss,

G =Upa UUxp UUp; UUszp UUy UUsy

U Usp, U Uy,
Gy = Uy UUsz UUsz UU7 U Uy,
Gs = Uy,. (El)
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TABLE II. Corresponding PI set R;; for each subset U;;.

Subset PI set Subset PI set

Un Ry =UpUUpUUyUUy Uy Ry = Uy

U Ry = Us3 UUs3 U Ugy Us, Rs; = U3 U Usy
Uis Ri3 = Up UU;3; Us, Rs; = U1 UUyy
Uy Ry =UpUUp Us; Rs3 = U,

Uy Ry =UpUU3 UUs; UUsy  Usy Rsy = Uy

Uxn Ry = U3 UUy; U Uy Us: Rsi =UpnUUyp
Ux Ryy = U1 UUs, Usy Rey = U3 UUs;
Un Roy = Usy U Uy, Us3 Rs3 = Upp

Ui Ry =UiVUUpUUs; UUgs  Usa Rey = Usy

Us R3y = Uy U Usz U Uy Uz Ry = Uy

Us; R3; = U U Uy Un Ry =Uy

Uz R34 = Usy U Usy Uy, Ry = U

Uy R4y = U U Uy Us, Ry, = Up,

Up Ry = U4 U Usy Uy, Ry = Us,

Uy Ry =Up Uy Roy = Uy

For the subset Uz, C G3, there are subsets Us; C G, and
Us: C Ry such that 5D  yBP) — yBCD) [ D) Fop
any other subset U, C G, (x = 2,...,5), the intersection of
set G,_; and PI set R; is exhibited in Table III. This shows
that the condition (iii) is true.

We find the tree sequence of projection sets
U U (5 U 87— G gD
LD, D) B0 gy BCD) gy 8eD)
U;fCD)( — Ul(fCD)) — Uj(zBCD) — U;fCD), where the subseq-
uence in parentheses is a branch of the previous adjacent set.
In this sequence, the intersection of the sets on both sides
of the arrow is nonempty and the union of all these sets is
the computation basis B2, This means that the family of
projection sets {Ul.(JBCD)}i ; 1s connected. The condition (iv) is
proven.

Therefore, one can only perform a trivial orthogonality-
preserving POVM on the BCD party. Combining Lemma 1
with the symmetry of (15) ensures that the OPS (15) is of the
strongest quantum nonlocality. |

TABLE III. The intersection of set G,_; and PI set R, about
subset U, C G, (x =2,...,5).

Subset Intersection Subset Intersection
U C G Up =G NRy Uy C G; Ui =Gy NRy
Us C G Uy =G NRy3 Us, C G3 Ui =G, NRs,
Up C Gy Usi = G1 N Ry Uoi C G; Usi = G2 N Ry,
Us C Gy Us, = G1 NRs, Uy C Gy Us, = G3 N Ry
Usy C Gy Uy =G NRsy Uiz C Gy Uy = G3 N Ry
Uss C Gy Ui, = G NRg3 Us3 C Gy Uz, = G3 N Rs3
Uy C G Up =G, NRy Uy C Gy Uy = G3 N Ry
Uy C G Uiz =G, NRy Up C Gy Uiy =G3NRypy
Uy C G Ui =GxNRy Us, C Gs Uy = G4 N Ry
Uy CGs Ui =Gy NRy

d/ Hg|Hs | Hy 7 Hy ‘le
o, i | Hs
3 H,

f3
Hy | Hi H; |Hy,

189714

Hy Hs H, Hj Hy |Hy,

_
5
rMeo -~ &o

),
Hy H, ‘ |H7|H11 H,
00 0i 04, i0 i idd dj0 dyi dydl| 00 0i Ody 0 i idd dj0 dyi dyd,

0y 15

FIG. 10. While Alice and Bob share the EPR state ¢ (2)), the
initial state given by Eq. (F1) can be expressed by the corresponding
2dy X 2dpdc grid. The area covered with light gray represents the
measurement effect M,; in step 1.

APPENDIX F: PROOF OF THEOREM 8

Suppose that the whole quantum system is shared among
Alice, Bob, and Charlie. By taking advantage of entangled
resource |¢ T (dc)), Charlie first teleports the state in his sub-
system C to Bob. Let the subindex B represent the joint part
of B and C. Whereafter, to locally discriminate the states in
(12), the EPR state |¢"(2)),p is shared by Alice and Bob. The
initial state is

V)45 ® 197 (2)) ab, (F1)

where |),5 is one of the states from the set (12), a and b
are ancillary systems of Alice and Bob, respectively. Because
each subset H, (r € Q) is LOCC distinguishable, one only
needs to locally distinguish these subsets. Now the discrim-
ination protocol proceeds as follows:

Step 1. Alice performs the measurement:

My = (M :=P[(|0), ..., |dy — 1), 10)a]4+Plld}) a5 [1)al,
My :=1— My},

where P[(|0), ..., |d} — 1))a;|0)s] := (10){0] + - - - + |d} —
1){d}y — 1])a ® (|0)(0]),, this definition is applicable for all
the protocols. Suppose the outcome corresponding to My
clicks (see Fig. 10), then the resulting postmeasurement states
are

Hy — {|0)al&i 0 n;)5100) 4},
Hy — {|&)aln; 0 0)5100)as},
Hsz — {[n;)4l0 0 &)5|00) 4},
Hy — {|&)aldp o 1;)5100)a},
Hs — {|d})alnj o &)5111) s},

Hs — {In;)al&i o d¢)5l00)a},

Hy — {|0)aldg o (0 % d())5|00) 4},

Hg — {|d})al(0 £ dp) 0 0)5[11) 4},

Hy — {(10)4100)up = |dy)al11)ap)|0 © di-) 5}
Hyo — {ldj)al&i o (0 £ de))511)a},

Hyy — {1&)al(0 % dyp) 0 d()5100) )},

Hiz — {(10)4100)ap % [d})al11)ap)ldp 0 &) 5}

9

Henceforth, symbol “o

represents the union of the
parties. For example, |¥ o ¥2)5 = |¥1)sl¥2)c for any
two quantum states [Y)p and |Yn)c. Specifically, let
[(0,...,dp—1)0(0,...,dc — 1))z express the set
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My; Myy Ms

M,

My
2 4y ] 1) | Ha |

3 6
Hy| H, H; |Hyp Hy -
‘ Hs‘Hs Hy | Hyg Hy)
00 0i 0dy i0 ii id. dg0 dg'i dgd’|00 0i 0dy i0 ji id/ dj0 dyi djd/

1,

aale -

0, 1,

FIG. 11. The ds x 2dpdc grid is the states after clicking M.
Areas covered by different light colors denote the different measure-
ment effect.

{lijf)gli=0,1,...,dg—1;j=0,1,...,dc —1} denoted
by (100), ..., [0(dc — D)), [10), ..., [(dp — D)(dc — 1)))g-
Step 2. Bob performs the measurement:

Mo = {My := P[00 (1,...,dc— 1))510)s],

M22 = P[I(lv"'9d[/}_ l)odé'>§; |0>b]’
Mo = P[1(0, dp) 0 0)3; 1)1,
M24 :=P[|(07"‘7d[/;_l)o(la""déj_l)>§;|l>b]s

Mas := PlI(1, ..., dg — 1) 0 (0,dc))g: 1)),
M26 I:I—ML—MQ—M3—M4—M5}.

This step is shown in Fig. 11. If the corresponding operations
My1, My, Mys, May, and M»s click, we can distinguish the
subsets Hs, Hg, Hs, Hs, and H g, respectively. If M4 clicks, the
given state is belonging to one of the remaining seven subsets
{H\, H, Hy, H7, Hy, H1, H3}. At this point, we move on to
the next step.

Step 3. Alice performs the measurement:

M3 = (M3 := P[|0)4;10).] + PlId})a; 1),
M3y =1 — M3}

Figure 12 shows the intuitive situation. If M3, clicks, we can
determine the four subsets {H,, H;, Hy, Hy»}. Otherwise, the
subset is one of the remaining three {H,, Hy, H;;}. Moreover,
they are all perfectly LOCC distinguishable.

In addition, if M}, clicks in step 1, we can find a similar
protocol where these states can be perfectly LOCC distin-
guished. |

APPENDIX G: PROOF OF THEOREM 9

Naturally, we only need to locally distinguish these subsets.
To this end, let Alice and Bob share an EPR state [¢7(2))4,5,»
meanwhile Alice and Charlie share the EPR state |¢p(2))4,c, -

041
0 lily ] H; | H, | H;
=
1, | 4 Hy | Hy, B
A ’ 7 ' . ry ’ ’ .
00 0d. i0 i dg0  dgi dgd. | 0dy  dyi
/BC
0, 1,

FIG. 12. The remaining states after Bob performs the measure-
ment. Area covered by light gray is the measurement effect Mj;.

Therefore, the initial state is
[V )asc ® 197 2 ap, @ 197 (2)) ane,

where the state |1/) apc is one of the states from the set U!2 | H,
(12), a; and a, are ancillary systems of Alice, by and c;
are ancillary systems of Bob and Charlie, respectively. The
specific process is as follows:

Step 1. Bob performs the measurement:

My =My :=P[(0), ..., |dg — 1))g;10)p,]
+ P[|dg); [1)p,1,
My :=1— My},

(G1)

and Charlie performs the measurement:
My = {My; == P[(|0), ..., |dc — 1)¢3 1)
+ Plldg)c: 10)e, 1,
My, :=1— My }.

Suppose M;; and M>; click (refer to Fig. 13), the resulting
postmeasurement states are

Hy — {10)4l€:)511,)cl00)q,p, 111) a5c, }

Hy — {|§)a1n;)810)c|00)4,,111) 4y, },

H; — {[n)410)518:)cl00)q,p, 111) ayc, }

Hy — {1E)aldg)sIn)cl11)ap [11)gse, }

Hs — {|d4)aln;)8&)c100)a,6, [11) aye, ),

Hs — {In;)al&)8ld¢)c100)a,6,100) 4y, )

Hy — {10)aldp) B 11) a5, (100 111) 4, &
ld¢)c100) gy, )}

Hs — {1d})a(10)3100) 4,5, % |dp)5|11)a,p,)
10)c 1) gy, )

Hy — {10 £ d})l0)5|d¢)c100) 45, 100) ase,

Hig — {Id})al&)8100) a5, (10)c]11) gy,
ld)c100) a,e,)}

Hip — {1£)4(10)5100)q,5, & |dp)l11)4,5,)
lde)c100) gy, }s

Hiy — {10 £ d))aldp)sl&)c 1) ayp, 111 aye, }-

Step 2. Alice performs the measurement:
Ms = {Ms1 := P[(10), ..., ldj — 1)a3 10)a,; 1 1)as ],
Mz = P[(11), ..., 1dy = 1))a3 Days e ]
Mz :=1— Mz — M3}

This process is described in Fig. 14. If Mj; clicks,
the given subset is one of {H,, H,, H3}, which con-
tains e—3f 46 quantum states in total. Here e =
dpdp +dsdec +dpde and f =ds+dp+dc. It is obvi-
ous that these three subsets cannot be perfectly distin-
guished by LOCC. Let Alice and Bob share the max-
imally entangled state [¢7(2))4,5,- Moreover, Bob per-
forms the measurement M} = {M}, := P[|0)p;Ip,; |0}, ] +
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FIG. 13. The two 2ds x 2dp x dc grids represent the initial
states (G1) of auxiliary system as |00),,., and |11}, , respectively.
Areas covered with light gray represent the measurement effect M,
and M5, in step 1.

PIAL), ... dg)ssdp s 15,1, My, =1 — M}, }. When Mj,
clicks, Alice performs the measurement M) = {M}, =
P10V a3 10,3 10y5 1) g, 1, M5, :=1 — M3}, The results corre-
sponding to operators M5, and M}, are H, and {H, H3},
respectively. The collection {H,, H3z} is LOCC distinguish-
able. Similarly, when Mgz clicks, the task of local discrimi-
nation can also be accomplished. The average entanglement
consumed in this process is (¢ —3f +6)/(2e —4f + 6)
maximally entangled state |¢1(2))4,, [33], because the size
of the set (12)is 2¢ —4f + 6.

If M3, clicks, the subset is H4. Otherwise, the subset is one
of the remaining eight.

Step 3. Charlie performs the measurement:

My =My :=P[(|1), ..., 1d: — 1) 116 ],
My :=1— My}

Refer to Fig. 15, if My4; clicks, the given subset is one of
{Hs, H\»}. Obviously, it is locally distinguishable.

b

FIG. 14. The states after clicking M, and M;,. The two areas
covered with light gray express the measurement effect M3, and M3,,
respectively.

FIG. 15. The states with auxiliary system |11),,., after clicking
M3;;. The area covered with light gray represents the measurement
effect My, .
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Step 4. Alice performs the measurement:
Ms = {Msy == P[10)4; [1)ay3 L, |, Mz := 1 — M5 }.

If M5, clicks, the subset is H;. Otherwise, the subset is one of
{Hs, Hg, Hy, Hyo, Hy1}.
StepS. Bob performs the measurement:

Me = {Mg; := P[|0)5:10)5,] + P[ldp)s: 1), ].
M62 =1 —Mﬁl}.

The results corresponding to operators Mg and Mg, are
{Hg, Hy, H} and {Hg, Hyo}, respectively. They are all locally
distinguishable.

In summary, we consume a total of 1+
(e—3f+6)/(2e —4f +6) EPR states between Alice
and Bob and one EPR state between Alice and Charlie for
this distinguishing task. If in the step 1 other operators click,
we can find similar protocols to distinguish these subsets
perfectly by LOCC. |

APPENDIX H: PROOF OF THEOREM 10

Suppose that the whole quantum system is shared among
Alice, Bob, and Charlie. Since d¢ < dp, the subsystem C
is teleported to Bob by using the entanglement resource
|¢™ (dc))pc, and the new union subsystem is represented by B.
To locally discriminate the states, Alice and Bob should share
a maximally entangled state |¢p*(2))4,. The discrimination
protocol proceeds as follows:

Step 1. Alice performs the measurement:

My = My := P[(|0), [1))4;10)] + P[(12), ...,
My :=1—My}.

Suppose M| clicks, then the resulting postmeasurement states
are

Hip — {10)4]1 0 &5)5100)4},
Hyp — {[1)a]e} 0 0)5100)q},
Hyz — {]}),100 gl 11)a},
Hy — {|0)ae’ o f)5100) s}
Hy — {la')a]af 0 0)z[11)0},
Hoz = {(11)4100)as + [0%),111)05)10 0 @) 5}
Hs; — {10)a|d} o f)5100) ),
Hyy — {ld})a]od 0 0)5111)a ),
Hyy — {(10)4100) g + |0 ) 111)as)10 0 d) g}

Hy — {11)410 0 (0 £ 1))5]00) 45},
Hyp — {|0)al(0 £ 1) o 1)5]00) 4},
Hyz — {|0 £ 1)a[1 0 0)5(00) 4},

1 = {ID)ald 0 04)5100) 4},
2= {ld})alod o 1)z111)a},

3 — {led), 11 0de) g1}

AR

X

dj))a3 11)al,

Hey — {lo')aldp o of)z111) s}
{ld})alef o a')5111)ap},

Hgz — {(11)al00)as + |e?),111)ap) o' 0 d(-) 5}
{1d})al0 0 ad)z11) 0},

Hy — {|0)a]a} 0 dg)5100) 4},

Hyz — {|ed),|dj 0 0)5111)as )

Hgi — {|d})all o (0% 1))5(11) 4},

Hgy — {|1)41(0 £ 1) 0 d) 5100) s},

Hgz — {|0 £ 1)41dp o 1)5100) s},

H62 —

H71 —>

Ny=Y 0

where |04 =Y w) lu+1) and |o}

Wl lu+1).
Step 2. Bob performs the measurement:

M, = {M21 =Pl,....dg—1Do(2,....d-— D)z 1)l

My = P[(I(2, ...,dy) 0 (0,dQ)), |dyo (2, ...,
dec — D) 10)] + P2, ... dy — 1)
ode)g 1)),

Mps = P[|01)5; [1)s],

Moy := PI((0, ..., dg — 1) 0 0), [11))z: [1)s],
Ms := P[|1dc)g: 11)s),
Mo := P[(|(2, ..., dg) o 1), |dg2))z: 11)s],

M7 := P[ldg0)5; [1)s],

Mg := P[(|00), [01), [11))z; |0),],
My := P[|10):10)s]

My == P[ldg1)5;10)],

Moy :=Pl(2,...,dg— 1o (1,...,

11
My =1 — ZMzi}~

i=1

di —1))5:10)],

For the operator My; (i=1,...
surement is

, 12), the result of postmea-

My = Hey, M = Hiz, H3i1, Hsy, Hya, Hes,
My = Hi3,  May = Hx, Hy, Hsy,

Mss = Hs3, M = Hs, H,

My = H73, Mo = Hyi, Hyp,

Msy = Hyz, My = Hss,

My = Hai, Mo = Hiy, Hys, Has, Hyy, Hs.

Clearly, {Hsy, Hg1} and {Hy4;, Hy,} are locally distinguishable.
If My, clicks, Alice performs the measurement M) =
{M}, = P[|0)4;10),], M}, :=1 — M}, }. The outcomes corr-
esponding to the operators M}, and M), are {H3i, Hp}
and {Hj,, Hs;, He3}, respectively. They are also locally
distinguishable. If My, clicks, Alice performs the measure-
ment M) = (M), :=P[(12), ..., |d}, — 1)a;|1)a], M}, ==
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I — M3, }. The outcomes corresponding to the operators M)
and M}, are H;, and {Hs,, Hs;}, respectively. Moreover,
{H3y, Hg1} is a LOCC distinguishable collection. If M>,
clicks, we proceed to the next step.

Step 3. Alice performs the measurement:

Ms = (M1 := P[|d})a; |11)a], M3p :=1 — M3}

If M35, clicks, the subset is Hy;. If M3, clicks, the subset is one
of the remaining four.
Step 4. Bob performs the measurement:

My = {My :=P[00Q2,...,dc— D)1,
My :=1— My}

If M4, clicks, the subset is Hos. If My, clicks, the result is one
of the three remaining subsets.
Step 5. Alice performs the measurement:

Ms = {Msy := P[|1)4;0)4], M5y :=1 — M5, }.

If M5, clicks, the subset is Hg,. If M5, clicks, the subset is one
of {H33, Hy,}, which is locally distinguishable.

On the other hand, when M, clicks in the step 1, we can
find the distinction protocol similarly. ]

APPENDIX I: PROOF OF THEOREM 11

To locally distinguish the set (14), let Alice and Bob share a
maximally entangled state [¢™(4)),,5,, While Alice and Char-
lie share an EPR state [¢™(2)) 4,c, -

Step 1. Bob performs the measurement:

My = (M, = P[|0>B; 10),] + P[11)55 1), ]
+P[A2), -, ldy — 1)3 120, ]

[|d/ ) 13) b,]

Mz = P[10)g; 11)p, ] + P[11)55 12)s, ]

+P[(12). ... |dp — 1))g: 13)s,]

+ P[ldy)5;10) bl]
M3 —P[|0>B,| Yo, | + P[11)5:13)s, ]
+ P[(12), ..., |dp — 1))g: 10}, ]

+ P[ldy)s; |1>b1],
My =1—-My — M — M13}~
Charlie performs the measurement:
My = {My; := P[(|0), [1)c; [0),, ]
+P(12), ., ldE)es e, ],
My :=1— My }.

Suppose the outcomes corresponding to M;; and M, click,
the resulting postmeasurement states are

Hyp = {[0)al1)|ed) o111y, 111 aye, }-

Hyy = {IDa(les!)51220a, + |057)5133)an, )
10)¢100)aye, }-

Hyz — {]a}),10)511)c100)4,5,100)a,c, }

where

d -2

H

5]

1

H,

IS
8]

5

3

=

1

H.

(%)

2

H

[

3
Hy,

H42 —

H43 —>

H.

W

1

H.

()

X

3

H

[=))

1

Hy,

H

~

3

=

1
H

o0

2

H,

)

3

2 d
lotgy )« _Zul_l wd 2|”+ )

ku |u+ >’
l(d 73)

2 —>

— {10)ale") 5122)4,, (11)c100) aye,
+ @) 1) ae) .

= {le)a (18111 ap, + |e}?)5122)a,5,)
10)¢100)aye, }

— {|e}),10051e" Y 100) b, [11)ae, }-

— {10)aldp)8133)a,, (10)c100) ayc,
+ e )1 Daner )}

— {1d)4(10)5100) 4,5, + |0?)5122)ar,)
10)¢100)ase, }.

— {]etg),,10)81dE)c100)a b 111 e, -

— {[1)410)510 = 1)¢00) 4,4, 100) e, }.

{10)4(10)8100)a,5, = [1)5]11)a,, ) I1)c

100)a,c,

{10 £ 1)AI1)510)c|11) 45,100 ase, }

— {10 aldp)8|ed) 1336, 111)ae, }

{Ida(ley)5122) a0 + ey?)5133)a10,)

11)¢100) aye,

— {]ed), D) 8ldE) e 1) a6, 1) aye,

— {l)aldp)8133)a,5,(11)c100),c,
+ ) 1 gye)}

= {1d)a(11) 811 as, + |0%)5122) a0, )
o)1) aye, }

— {led) 1) BldE)c122) a6, 111 age }-

— {1d4)a10)5|e4) 100 4,5, [11)aye, }

00a(ley!)122) e, + [57)5133)art)
lde) el 1) age, }-

— {|a4),1d5)810)c133)a,6,100)a,c, }.

— {1d})al1)510 £ 1)c|11)q,p,100)ae, }.

— {11)a(10)5100)4,6, = [1)5]11)a,p)lde)c
1) 4yc,}

— {10 + D)aldg)sl1)c133)ayn, 100)ae, }

oo = Y’

and |a}?), =

- {I

an

d.—4
|aé,1>f - Zu =0 CUd 2|u+2>

|d; — 1) for j,k,l € Z5,_randt =B, C.

Step 2. Alice performs the measurement:

/\/l3 = {M31 = P[|dA)A’ |O>a1; |1)a2]v

052209-14

M3 := P[[1)4310)4,310)s,],



ORTHOGONAL PRODUCT SETS WITH STRONG QUANTUM ...

PHYSICAL REVIEW A 106, 052209 (2022)

N

(12), s gy = 1))43 (1), 12)),310)as ],
10)43 11)ays 11)as ],

ld})as 1) a3 0)a, ],

(D), ldy = D)3 2)as D]
11)43 13)ays 1as ]

[9%)
W
"U
— —

33:=P
=P

The result of postmeasurement, corresponding to the operator

M3i(i= 1,...,7)iS
M3, = Hy, M3 = Hy, M3 = Hy, Msy = Hyy,
M3s = Hgy, Mse = Hez, M3 = Hs).

If M35 clicks, we proceed to the next step.
Step 3. Charlie performs the measurement:

My = {Myy = P[ldi)e; )e, |, Mag =1 — Muy}.

If My, clicks, the given subset is one of {H33, Hs3, H72, Hg}. It
is locally distinguishable. Otherwise, we continue to the next
step.

Step 4. Alice performs the measurement:

M {M51 = P[(10). [1))4: (10} [1))4, 3 10}, |
Msy == P[(12), ..., 1d3)s: (1), 12)4: 1D, |
Ms3 :=P[(11).....|d}y — 1))4:10)a: [ 1)a, ]
M54 = P[I())A, |2)al;la2],
Mss == P[(10), 11))4: 13)a3 |0)a, | + P[10)a:

13)ars 11ay ] + P[I1)43 12)ay3 10)a, ]

5
M56 =1 - ZM5[}.

i=1

Corresponding to the operator Ms; (i = 1, ..., 6), there is the

following result
Ms, = Hays, Hyp,
Ms; = Hea,
Ms3 = Ho,

Msy = Hy,
Mss = Hyy, H3, Hgs,
Ms¢ = Hi3, H3o, Hsy, He1, H73.

If Mss clicks, then Charlie performs the measurement M% =
(M5, := P[|1)¢;10),]1, M, :=1 — Mg, }. The outcomes cor-
responding to the operators M., and M., are Hgz and
{H\,, H31}, respectively. Obviously, {Hy,, Hy3} and {H}>, H3,}
are locally distinguishable. If Ms¢ clicks, we move on to the
next step.

Step 5. Charlie performs the measurement:

Mg = {Mﬁl = P[|O)C; |0)cl],M62 =1 _M61}~

Corresponding to the operators Mg, and Mg, the subsets of
postmeasurement are {Hs,, H73} and {H,3, Hsy, Hg }, respec-
tively. They are all LOCC distinguishable.

If another operator clicks in the step 1, then also a similar
entanglement-assisted discrimination protocol follows. ]

APPENDIX J: PROOF OF THEOREM 12

Let Alice and Bob share two EPR states
16T (2))ap, 101 (2))arp,» While Alice and Charlie share an
EPR state [¢1(2))asc, -

Bob performs the measurement:

My = My, = P[|0>B,|0>b.,| o]
+ P[11)5:10)p,3 1), ]
+P[(12), .o ldy = 1)) [1)5,310)5, ]
+ P[Idg)s; 15,5 11), ]

M, —P[I0>B,| Yo 1106, ]
+ P[11)5; 1), 10)s, ]
+PL(12), - ldp = 15 1),5 1),
[Id )83 10) h|v|0)b2]

My = P[|0>B,|1>bl,|0>bz]
+ P[11)85 11053 1),
+ P[(12), - |dp = 1))5510)5,5 10}, ]
+P[|d3)3; 10)6,3 1), ],

My :=1—-My — M, —M13}-

Charlie performs the measurement:

M, = {My; := P[(10), [1))c;10).,] + P[(12),
1D e ],
My :=1— My }.

Similar to the proof of Theorem 11, when a a;as and b; b, are
substituted for ancillary systems a;a, and by in (I1), respec-
tively, the outcomes are obtained. It is easy to prove that these
postmeasurement states are also locally distinguishable. W

APPENDIX K: PROOF OF THEOREM 13

Notice that d¢, dp < dp. The states of subsystems C and
D are teleported to Bob using the maximally entangled states
|¢ (dc))pc and |¢* (dp))sp, respectively. Their union is rep-
resented by B. In addition, to locally discriminate the set (15),
Alice and Bob share a maximally entangled state [¢™(3))4p.
The specific protocol is as follows.

Alice performs the measurement:

= {My1 := P[|0)4:10)a] + PI(I1), ..., |dy — 1),
|Dal + Plldy)as 12)al,
Mz := P[0)a; | 1o + PLL), ..., |dy — 1)),

12)4] +P[|dA>A;|0)a],
M3 :=1— M — My}

Suppose the outcome corresponding to M clicks, the result-
ing postmeasurement states are

Uit — {10)al&i o nj o (0 £dp))5100)},
Uiy = {I&)alnj o (0 £ d;) 0 0)5/11) 4},
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Uiz = {(10)4100)a + |n}),111)a) (0 £ d) 0 0
0 &5},
Uta = {(10)4100)ap == 1d4)a122)a)10 © & 0 )5},
Uni — {|&)aldy o v o )5l a),
Uz — {ld})alye o nj o &)5122)ab),
Uss = {(|%),11Das + |¥2),122)ab) In; © & 0 d}y) 5},
Uzs = { (100410000 + [1]),111)as) i © di- © vi) 5}
Usi — {ld})4l0 0 (0 £ d(-) © i) 5122)a},
Uz, — {10)41(0 £ dy) o v o dpy) 5100) 5},
Uss — {(10)4100)ap % 1d})a122)a) 174 © dg- 0 0) 5,
Uss = {(|9),11as + |12),122)a0) 1d}; 0 0 0 (0
+dp))z}.
Ust — {l&)al&i 0 00 yi)gl11) up},
Uiy — {1&:)al0 0 vic 0 &) 5111}
Usz — {|0)alyx 0 & 0 &)5100) s},
Uss = {(|9 ), 10as + [72),122)ab) 18i © & 0 0)5},
— {ld})aldy o & 0 (0 £ d}y))5122)as},

—_

S

Usy — {ld})al&i o (0 £dp) 0 dp)5122)an}s

Uss — {1£€)a1(0 £ dp) o dj- o dp)gI11)ap},

— {(10)4100)p £ |d})a122)ap)ldp 0 di- © &) 5},
Usi — {10)410 o d¢- 0 1) 5100) ap},

Us> = {10)aldg o n; 0 0)5|00) 4},

Uss — {ld})aln; 0 00 0)5122)a},

Uss = {(10)4100)as + [n}),111)a)10 0 0 0 d},) 5}
Uzt — {10)al&; 0 0 0 &)5|00) s},

Uz — {15)4l0 0 & 0 0)5(11) a1,

Usi — {10)aldy 0 0 0 dp,)5100)as},

Usz — {ld})al0 o d 0 0)5122) 4},

Uoi — {|&)aldp 0 & o dp) 1)),

Usa — {ld})al&i o de 0 &)5122) ap}

&
=

where [nh)a = Y F ol lu), Iyha = Y ot
1) and |y2)a = @ P |dy — 1) for j, k € Z,,_y. Evidently,
they can be perfectly distinguished by LOCC. For all other
cases a similar protocol follows. |
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