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Robust quantum walk search without knowing the number of marked vertices
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There has been a very large body of research on searching a marked vertex on a graph based on quantum walks,
and Grover’s algorithm can be regarded as a quantum walk-based search algorithm on a special graph. However,
the existing quantum walk-based search algorithms suffer severely from the soufflé problem, which mainly

means that the success probability of finding a marked vertex could shrink dramatically, even to zero, when
the number of search steps is greater than the right one, thus heavily reducing the robustness and practicability
of the algorithm. Surprisingly, while the soufflé problem of Grover’s algorithm has attracted enough attention,
how to address this problem for general quantum walk-based search algorithms is missing in the literature.

Here we initiate the study of overcoming the soufflé problem for quantum walk-based search algorithms by
presenting a quantum walk-based search framework that achieves robustness without sacrificing the quantum
speedup. In this framework, for any adjustable parameter €, the quantum algorithm can find a marked vertex
on an N-vertex complete bipartite graph with probability at least 1 — €, whenever the number of search steps
h satisfies h > ln(%)«m + 1. Note that the algorithm need not know the exact number of marked vertices.
Consequently, we obtain quantum search algorithms with stronger robustness and practicability.

DOI: 10.1103/PhysRevA.106.052207

I. INTRODUCTION

Quantum walks, the analogs of classical random walks in
the quantum realm, were first introduced by Aharonov et al.
[1] in 1993. In the last nearly 30 years, much progress about
quantum walks has been made from theory to experiments.
Quantum walks have become a basic tool for designing quan-
tum algorithms to settle a series of problems such as element
distinctness [2], triangle finding [3], quantum backtracking
[4], and so on [5-9]. Furthermore, they are a universal model
of quantum computation [10,11]. In the aspect of experiment
study, various hardware platforms have been used to demon-
strate results of quantum walks, e.g., Refs. [12-15]. There
are two types of quantum walks: discrete-time quantum walks
[16-20] and continuous-time quantum walks [21,22]. In this
paper, we are concerned with the discrete-time model.

A central topic in quantum walk-based algorithms is to
develop efficient quantum algorithms for searching a marked
vertex on a graph. This idea was initially proposed in 2003
by Shenvi et al. [23] who constructed a quantum walk search
algorithm on the Boolean hypercube for finding a marked item
in a data set. Later, Ambainis et al. [24] proposed search
algorithms based on quantum walks on d-dimensional lat-
tices (d > 2). A major breakthrough was that Ambainis [2]
obtained the optimal query complexity of the element distinct-
ness problem by employing quantum walk search on Johnson
graphs. In 2004, Szegedy [25] studied the general theory of
quantum walk search algorithms from the point of view of
Markov chains. In this direction, a series of work [26-29] was

*Corresponding author: lilvzh@mail.sysu.edu.cn

2469-9926/2022/106(5)/052207(22)

052207-1

put forward for searching a marked state in different Markov
chains using phase estimation, interpolated quantum walks,
and quantum fast-forwarding.

Grover’s algorithm can be regarded as a quantum walk
search algorithm on a complete graph with a self-loop on
every vertex [24]. As pointed out by Brassard [30], Grover’s
quantum searching technique suffers from the soufflé problem
[31]. As a result, if the exact number of marked items is not
known in advance, then one does not know when to stop the
search iteration. Even if the number is known, the success
probability of the algorithm could shrink dramatically when
the number of query steps is greater than the right one, as
shown in Fig. 1(a). Two strategies are often used to deal
with the unknown number of solutions. One method is the
exponential search algorithm [32] in which the number of
iterations increases slowly but exponentially. Another strategy
is to employ quantum counting [33] to estimate the number
of marked items. However, they are still essentially an oscil-
latory Grover search and fail to completely solve the soufflé
problem. From a search perspective, the success probability
of getting a marked item should not shrink (at least not shrink
dramatically) as the number of search steps increases.

To overcome the soufflé problem, Grover [34] proposed a
fixed-point quantum search algorithm that converges mono-
tonically to the target, i.e., avoid overcooking by always
amplifying the marked items [as shown in Fig. 1(b)]. Yet, a
price paid for this monotonicity is that the quadratic speedup
of the original quantum search is lost. In 2014, Yoder et al.
[35] presented a quantum search algorithm that achieves both
goals—the search cannot be overcooked and also achieves
optimal time scaling, a quadratic speedup over classical un-
ordered search. This algorithm does not require that the error
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FIG. 1. The success probability of finding a marked item as a
function of steps in three search models. (a) Grover-type oscillatory
search. (b) Fixed-point Search. (c) Robust search.

monotonically improves, but ensures that the error becomes
bounded by a tunable parameter €, as shown in Fig. 1(c).
Thus, this leads to a more robust quantum search algorithm.
In addition, the fixed-point quantum search was discussed
from an information perspective by Cafaro [36] and from the
view of analog quantum search with suitable Hamiltonians
specifying time-dependent two-level quantum systems by Ca-
faro and Alsing [37]. Currently, various quantum walk search
algorithms also suffer from the soufflé problem. To the best
of our knowledge, there has been no work considering how
to avoid the sofflé problem from the perspective of quantum
walk search. Actually, the problem becomes more challenging
than in Grover’s quantum search. There are at least three
reasons for the difficulty of addressing the soufflé problem
for quantum walk search algorithms. First, the search space
is more complicated because of the diversity of topological
structure of graphs. Second, more operations are involved in
quantum walk search. Third, it is generally difficult to get an
analytical expression for the success probability and to ana-
lyze the computational complexity of a quantum walk search
algorithm.

Our contributions

This paper considers how to address the soufflé problem
confronted by quantum walk search algorithms. We take a
step in this direction by designing a robust quantum walk
search algorithm on complete bipartite graphs (NOT complete
graphs). Note that this kind of graph was extensively studied
in quantum walk search algorithms [38—41]. The robustness
feature of our algorithm ensures that for an N-vertex complete
bipartite graph with marked vertices but without knowing the
number of marked vertices, if the number of search steps i
satisfies h > ln(%)\/ﬁ + 1, then the algorithm will output a
marked vertex with probability at least 1 — € for any given
€ € (0, 1] (the formal statement can be found in Theorem
1). Thus, the algorithm both avoids overcooking and keeps

{Lemma 3 HTheorem 3}
{Lemma 2 HThcorom 2}

FIG. 2. The relationship among the theorems and technical
lemmas.

~—~
/

quadratic speedup over classical ones. Also note that our
algorithm need not know the number of target vertices.

To obtain the above result, some nontrivial technical treat-
ments are required. (1) First, compared to Grover’s algorithm,
the coined quantum walk search framework has two subsys-
tems and three operations. Thus, what operations should be
adjusted to create a robust version is not obvious, and we
show that a model with two parameterized operations is suf-
ficient. (2) Second, while one needs only consider essentially
a two-dimensional state space for Grover’s algorithm, higher
dimensional state spaces are involved in quantum walk search
and thus it is not even easy to track the state of the quantum
system. Luckily, we reveal some crucial observations (espe-
cially Lemma 4) to simplify the expression of the final state. It
is worth noting that these observations are specific to quantum
walks and are not seen in the robust version of Grover’s
algorithm [35]. We think that these technical treatments may
inspire the analysis of robust quantum walk search on other
general graphs.

Theorem 1. Given an N-vertex complete bipartite graph
with marked vertices but without knowing the number of
marked vertices, there exists a quantum walk-based algo-
rithm such that if the number of search steps & satisfies h >
ln(%) max(+/N;, +/N,) + 1, then the algorithm will output a
marked vertex with probability at least 1 — € for any given
€ € (0, 1], where N; (N,) is the number of the left (right)
vertices in the complete bipartite graph.

The relationship among the theorems and technical lemmas
obtained in this paper are depicted in Fig. 2. Theorem 1 states
the main result of this paper, which comes from Theorems
2 and 3, which corresponds, respectively, to the two cases:
the marked vertices are on one side and on two sides of a
complete bipartite graph. Furthermore, Lemma 2 (Lemma 3)
is crucial for proving Theorem 2 (Theorem 3), with proofs
given in Sec. IV and Appendices A-D.

II. PRELIMINARIES

A. Graph notation

Let G = (V, E) be an undirected, unweighted graph with
N = |V| vertices and m = |E| edges. An edge between u and
v is denoted by (u, v). For u € V, deg(u) = {v : (u,v) € E}
denotes the set of neighbors of u, and the degree of u is
denoted as d, = |deg(u)|. A bipartite graph is represented as
G =(V ={V,UV,}, E), where V, (V,) denotes the set of ver-
tices on the left (right) side, with V; NV, = (). We use N, and
N, to denote the number of left and right vertices, respectively.
The number of the marked vertices on the left (right) side is
n; (n,). A complete bipartite graph is a bipartite graph where
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FIG. 3. (a) A complete bipartite graph G with ten vertices. (b) An
N-vertex complete bipartite graph with the marked vertices denoted
by u on the left, the unmarked vertices denoted by v on the left,
and s on the right. (c) An N-vertex complete bipartite graph with
the marked vertices denoted by u on the left and ¢ on the right, the
unmarked vertices denoted by v on the left and s on the right.

every vertex on the left side is connected to every vertex on the
right side. For example, a complete bipartite graph in Fig. 3(a)
contains six vertices on the left side and four vertices on the
right side.

B. Coined quantum walk

In this model, the walker’s Hilbert space associated with an
N-vertex graph G = (V,E) is HY = spanf{|uv) , u, v € V},
where u is the position and v is the coin value representing one
neighbor of u. The evolution operator of the coined quantum
walk at each step is Uyax = SC, where the flip-flop shift oper-
ator S is defined as S |uv) = |vu), and the coin operator is C =
>, lu) (ul ® C,. The Grover diffusion coin operator C, often
used is C, = 2 |s,,) {s.| — I, where |s,) = f Zvedeg(u) |v).

Given the initial state |Wy), the walker’s state after & steps
is |Wy) = ULty o).

C. Quantum walk search

In the quantum walk search framework, to find a marked
vertex in a graph, the query oracle Q is given by

— |uv)  if u is marked
|uv)  if u is not marked.

Q|uv):{

The evolution operator corresponding to one step of the quan-
tum walk search is U = SCQ.

Given the initial state |Wy), the walker’s state after ¢ steps
is |W,) = U" |¥y). Finally, the first register is measured and
the measurement result is output.

ln N’+1

h= ln Nl
n V

maX(\/IVz, \/_)+1

The parameters o, 8 are given by

marked vertices in one side with n; >

marked vertices in two sides with n; >

D. Chebyshev polynomial
The Chebyshev polynomials of the first kind 7;,(x) are de-
fined by initial values Tp(x) = 1, 71 (x) = x, and for an integer
n>2:

Th(x) = 2xT;—1 (x) — T2 (x).

The trigonometric identity 7,(x) = cos[n arccos(x)] is well-
known.

A result of one quasi-Chebyshev polynomial implied in
Ref. [35] is stated in the following lemma.

Lemma 1. Letx = cos(0) for0 € [0,2m]. Let h > 3 be an
odd integer. One quasi-Chebyshev polynomial a; (x) is defined
by initial values ap(x) = 1, a;(x) = x,and fork =2, ..., h,

ap(x) = x(1 + e*i(lk*{k-l))ak_l(x) _ e*i(fk*;“k-l)ak_z(x)‘

When &4 — & = (—1)fm — 2arccot (tan(kn/h),/l —y?)
for k=1, ,h—1, where y = w1th

cos[h arccos( ! )]

€ € (0, 1], we have a;(x) = ?m; with 7;,(1/y) = 1/[

III. ROBUST QUANTUM WALK SEARCH ON COMPLETE
BIPARTITE GRAPHS

As mentioned before, the already existing quantum walk
search algorithms suffer from the soufflé problem. Thus, this
paper is devoted to addressing this problem by considering
the case of searching a marked vertex in a complete bipartite
graph. For that, first the coin operator C and the query oracle
O have to be adjusted, but the flip-flop shift operator S can
remain unchanged. The new evolution operator of one search
step is

Ula, p) = SC()Q(B), (D

where the coin operator C is changed to

Cla)=Y|u) (ul @ [(1 — &™) |s,) (sl — 1]

and the query oracle Q is replaced by

e luv)  if u is marked
Q(B) luv) = {|uv) if u is not marked.

When « = 8 = £, this model becomes the original quan-
tum walk search [24,39].

The algorithm of search on a complete bipartite graph is
given in Algorithm 1. In the input phase, according to the
information of marked vertices and a tunable parameter €, the
number of search steps / is required to satisfy

1,n.=0

Ln >1 2

without knowing the number and any arrangement of marked vertices.
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Algorithm 1 Robust quantum walk search

Inputs: An N-vertex complete bipartite graph with marked vertices, € € (0, 1], and the number of search steps A.
Outputs: A marked vertex x [if / satisfies Eq. (2), it outputs a marked vertex with probability at least 1 — €].

Procedure:
1. Prepare the initial state |Wy) = ﬁ(zu lu) ® Zvedeg(w [v)).

2. Apply U(ey, B1), ..., U(ay, Br) in turn, where the parameters «;, B; are determined by Egs. (3) and (4).
3. Measure the first register in the computational basis. If the result vertex is not marked, then the second register is measured.

Output the measurement result.

Case 1: his odd:

—Bhs2— = 2arccot (tan (
o) =

1

where y~' = cos[% arccos(%)].

Case 2: h is even:

2arccot [ tan (

w/1—)/2) k=2,4,...
W1—=v?) k=3,5...,h 3

— By = 2arccot (tan (u

o and B, can be any value,

km
h+1

IO
% = =Prti-k = | 2arccot [tan (w)‘/l — yzz] k=3,5,...

k=2,4,....h
h—1 )

o and B, can be any value,

1

where v, = cos[ﬁ arccos(%)] and Y, =

cos[ﬁ arccos(%)].
In the first step, the initial state |Wy) = \/ﬁ(zu |u) ®

Zvedeg(u) |v)) is prepared. Then, U(ay, B1), ..., Ulay, Br)
with appropriate parameters are applied to |Wy) in turn.
The whole operator that performs h steps is [}, =
U(ay, Br)...U(ayq, B1). The walker’s state after h steps is
|Wy,) = I}, |Wy). Finally, the two registers are measured. Note
that in the previous work generally only the first register is
measured, whereas here we measure the two registers. This
will double the success probability for our problems as shown
later. The success probability of getting a marked vertex is

P, = Z

u or v is marked

| (uv] Iy [Wo) .

Figure 4 illustrates the success probability of finding a
marked item as a function of steps in Algorithm 1 and the one
with « = = £+ in Eq. (1). They show that Algorithm 1 is
a robust search model.

Proof of Theorem 1. According to the arrangement of the
marked vertices, two cases are discussed: they are on one side
and two sides, as shown in Figs. 3(b) and 3(c), respectively.

(1) In the first case, without loss of generality, suppose
that all the marked vertices lie on the left side V;. Then,

by Theorem 2, if h > ln(\/%)\/g + 1, then Algorithm 1 will

output a marked vertex with probability at least 1 — €.
(i) In the second case, by Theorem 3, if h>

ln(%)max(\/i}’j” , \/]:j )+ 1, then Algorithm 1 will output a
marked vertex with probability at least 1 — €.

Note that the parameters «;, 8; will be assigned with the
same values in the two cases (this can be seen from
the proof of Theorems 2 and 3). Thus, we need not know the
arrangement of marked vertices. In addition, in the two cases,

(

both % and max(,/2, /%) have the same upper bound
1 n ny

max(v/N;, v/Ny). Therefore, if h > In(Z-) max(v/Ny, v/N;) +
1, then Algorithm 1 will output a marked vertex with proba-
bility at least 1 — €. This completes the proof.

Theorem 2. In Algorithm 1, suppose that all the marked
vertices are on the left side. There exists a sequence of

parameters «;, B;, such that if & > ln(\/ig), / Inl[l + 1, then the

algorithm will output a marked vertex with probability at least
1 — €, where N, is the number of left vertices and n; is the total
number of marked vertices.

Proof. According to Lemma 2, when h is
odd, to ensure P,>1—¢€, it suffices to satisfy

|COS(% arccos(%)) 1-— 1”7”| < 1, that is,

n >1—cos? larccos L 5)
N~ h Vel

Note that the following functions (see, for instance, Ref. [42])
will be used:

1
arccos(z) = - In(z + vz2 — 1), tan(iz) = itanh(z),
i

X —X

tanh(x) = <<
anh(x) = ———,
et +e*

where In(-) is the natural logarithm function, i denotes the
imaginary number, x is a real number, and z is a complex
number. Now we have

e i ()
= — tan’ [% arccos <%>]
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FIG. 4. The success probability of finding a marked item as a function of steps in Algorithm 1 (blue solid curve) and the one with

=+ in Eq. (1) (red dash-dot curve). The green horizontal solid line indicates that the success probability is greater than or equal to 0.9.
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marked vertex with probability at least 1 — €2, where N; (N,)
is the number of left (right) vertices and n; (n,) is the number
of marked vertices on the left (right) side.

Proof. Similar to the proof of Theorem 2, by Lemma 3 one
can show that:

(i) When 4 is odd, to ensure P, > 1 — €2, it suffices to

satisfy h > ln(ﬁ)\/g and h > ]n(Tg)\/nj:'

(ii) When & is even, to ensure P, > | — €2, it suffices
. 2 2 Ny _
to satisfy h + 1 2111(?) o —1 21n(7E),/;,h 1>
25 /N 2y /N
ln(f)/ andh+1>ln(f)/ .
Therefore, no matter if % is even or odd, P, > 1 — €2 holds

forh > ln(ﬁ) max(\/lljl’, \/ n—) + 1. This completes the proof

of Theorem 3.

Lemma 2. In Algorithm 1, suppose that all the marked ver-
tices are on the left side. There exists a sequence of parameters
o;, Bi, such that the success probability satisfies

P, =1—¢€T*| cos 1arccos ! 1 il
" h h Je N,

for odd A, and
1 1 n;
arccos | — - —
1 \/E Nl

€(, 1

Py =1= 3T ( cos hrl

+T2 1 1 1 ny

cos arccos | — -——1
h=1 h—1 \/E N[
for even h.

Lemma 3. In Algorithm 1, suppose that the marked ver-
tices are in both the left and right sides. There exists a

sequence of parameters «;, B;, such that the success proba-
bility satisfies

P =1-€T? <cos (l arccos <L>> - >
h Je N;
X T2<cos (l arccos <L>> - )
h h Ve N,

for odd A, and
72 . cos ! arccos ! 1 il
h+1 ]’l + 1 \/E Nl
1
arccos
h—
arccos — 1——
(ﬁ)N )

for even h.

IV. METHOD

The section is devoted to the proof of Lemma 2. As shown
in Fig. 3(b), vertices can be classified into three types: the
marked vertices denoted by u on the left, the unmarked ver-
tices denoted by v on the left and s on the right. Therefore,

our analysis can be simplified in a four-dimensional subspace
with the orthogonal basis {|us) , |su) , [sv), |vs)} given below:

1 1
:\/ﬁ;|v)®ﬁ;|s).
Note that | () can be rewritten in the above basis as | V) =
T W N Jus) + b [su) + N (N = ) Isv) +
VNN, =) [vs) ]

Hence, it can be expressed as a four-dimensional vector:

\/I’llNr
W) = | N
= /2NN, | VNN =)

AN (Ny —ny)
Furthermore, we have
0O 1 0 O ef 0 0 0
1 0 0 O 0O 1 0 O
5=1o0 0 0o 1]"2® =10 0o 1 of
0O 0 1 O 0O 0 0 1
and
—e i 0 0 0
(1—e ™) sin(w)
cor=| Y P 3 O .
0 == GCs3 0
0 0 0 —e

with @ = arccos(1 — 2’”) where Co3 = —eimle_cos(“’)) -1,

Cyy = (17@*1&)(21+C08(w)) 1, and cos(w) =1— ZTH,” sin(w) =
N%\/nz * (N — ny).
Now some key results are given as follows: Let
e 0 0 0
0 e7 0 0
RO)=— ;
@ 0 0 e% 0
0 0 0 o7
and
1 0 0 0
a@y= |0 cos(3) - —ieUsin(5) O
0 ie”" sin (3) cos (3) 0
0 0 0 1
with @ = arccos(1 — 27'7). One can verify the following iden-
tities:
Ce)=e *A(Z JR@A( -2 (©)
a)=e" 7 JR(@ -5 )
7
Q(B)S = —e'2SR(B), (7
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A + B) = R(B)A()R(=p), ®)
RO)R(-0) =1, )

W) —A(”)SA(”) 10)
0 =47 > ,
where |0) denotes (0, 0, \/LE’ \%)T. Another crucial observa-

tion is the following lemma, which will be useful later:
Lemma 4.

(10)

SB1SB,S = B,SBy,

where By =[]_,D; and B,=[[_,D; for
{A(6:), R(6:)}.

Proof. By calculation, the form of B, and B; is as follows:

an
Di S

1 0 0 0
g — |0 B2 Bi23) 0
"= 10 B;32) Bi(33) 0
0 0 0 1
and
1 0 0 0
5 |0 B(22) B23) 0
2710 Bx32) B33 0)
0 0 0 1

where B (-) and B;(-) are mathematical expressions of 6§ and
w. Hence, we have SB1SB,S = B,SB;.

Below we will prove Lemma 2 by two cases.

Case 1: h is an odd integer. First, we set

) -Buyork k=2,4,...,h—1
% =\N\puy k=3.5.....h

Then |\};,) reduces to

i) ~ STA(nA)..-A()IR(a)SR(BIAEH).-AG)] [0)
13)

12)

which will be proven in Appendix C by using Egs. (6)—(11).
Here Nk = Nh+1—k and {k = §h+1—k fork = 1, 2, ey h, and

7 — k=24, h—1
Mt = M = {—JT + Ap—gt1 k=3,5 ..., h, (14)
[ —a k=24, h—1
§k+1_§k—{—n+ahk k=3,5,....h. (15)

Let us have a more detailed analysis at the state evolution
in Eq. (13), which can be divided into four stages as follows:

0 0
1 o) agn-ac) 1| by(x)
() o et
ePrby(x)
Re)SRB) 1 0
o vz !
cn(x)
ePrby,(x)
Aom-am) L[ by(x)
©) ﬁ E}l(x)
cn(x)

bu(x)

s 1Py (x)
@ V2| ab)
Cr(x)

Stage ©: Apply A(&)...A(y) to the initial state. Let
(ao, bo, co, dp) = (0,0, 1, 1) and

ag
by,
Ck
di

le) = = A(&)---AL1)

0
0
1
1
fork =1, 2, ..., h. First note that A(¢;) has an effect only on

the second and third dimensions of a four-dimensional vector.
Thus, a; = 0 and d;, = 1 for all k. Furthermore, we have

[ix) = A(Gk) [r—1) (16)
0
bk_| COS (%) — l'Ck_1eic" sin (%)
—iby_1e” sin (£) + cx—1 cos (%)
1
and
lk—2) = A1) 1ix—1) (17

0
by cos (%) + l.Ckflei{k’l sin (%)
ibe—1e7 %1 sin (2) + cx—1 cos (%)
1

Combined with Egs. (16) and (17), we have

cx = —ibp_1e % sin (f) + cx_1 cos (g),
2 2

Chen = iby_1e” %1 sin (2) ~+ cx—1 cos (2)
2 2

The recurrence formula of c¢;(x) is defined by co(x) =
l,ci(x) =x,and fork =2, ..., h,
cr(x) = x(1 4 e 7Dy (x) — e e, (v),
with x = cos(%). By Lemma 1, when
k
Cks1 — & = (=¥ — 2arccot |:tan <7n)\/1 - yz] (18)

1

for k=1,...,h—1, where y~ :cos[% arccos(%g)], we

have
Ti(5)
en(x) = —=,
Ti(5)
with Th(%) = ﬁ Moreover, by(x) is determined
by |by(x)]® + |ch(x)|*> = 1. Therefore, the state after

A(¢p)...A(Z1) applied to the initial state is

0
R 169
V2 | enx)
1
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Stage @: Apply R(a1)SR(By,) to the above state. After that,
the state is

ePiby(x)
1 0
V2 1
cn(x)
Stage @: Perform A(ny,)...A(n1). Let

a ¢y, (x)
b | 0
& =A(k)...A(n) 1
dy cn(x)

for k =1,2,..., h. By the property of the matrix A(7;), we
have a; = eP1b;,(x) and d; = ¢, (x) for all k. The recurrence
formula of ¢(x) is defined by ¢o(x) = 1, ¢;(x) = x and for
k=2,...,h,

Ge(x) = x(1 + eI )E ) (x) — eI o (),

with x = cos(5). By Lemma 1, when

Mt — ik = (=1 — 2cot™ <tan (%)m) (19)

1

for k=1,...,h—1, where y~ =cos(% axccos(\%)), we

have
Ti(3)
en(x) = —<,
()
with Th(%) = \/Lz Moreover, by,(x) is determined by
|6, (x)|? + |€,(x)|> = 1. Hence, the result state is
by (x)
R BEs)
2 ax)
cn(x)

Stage @: Perform the final operation S. The final state is

by(x)
1 L ePrby(x)
V2| anx)

Cp(x)

Therefore, the success probability P, is

_ . 1 2 - 2 _ _ 2 X
P=1 z(lch(x)l +[G()]7) =1 — €T} (‘)
Y

=1— €T cos larccos 1 )
! h Je N,

By Egs. (12), (14), (15), (18), and (19), o, Bx can be chosen
such that

ok = —Pria—k =T + (M1 — Mk)
k
= 2arccot |:tan <7n>m]
fork=2,4,...,h—1,and

o = —Pp—k =7 — (Sr1 — &)

2arccot |:tan <@>\/1 — y2:|

for k = 3,5, ..., h. In addition, «; and B}, can be any value.
Case 2: h is an even integer. The proof is given in Ap-
pendix A.

V. CONCLUSION AND OUTLOOK

In this paper, we investigated how to overcome the souf-
flé problem of quantum walk search. We presented a robust
quantum walk-based algorithm for searching a marked vertex
on a complete bipartite graph. The algorithm need not know
any prior information about the marked vertices (e.g., the
number of marked vertices) but keeps a quadratic speedup
over classical search algorithms and ensures that the error is
bounded by a tunable parameter €.

We have just initiated a step toward robust quantum walk
search. More questions are worthy of further consideration.
For example, several interesting questions are listed below:

(i) Can the robustness feature be introduced into quantum
walk search on other graphs?

(i) For the framework of searching a marked state in
Markov chains, can we propose a robust version?

(iii)) Another interesting direction would be to explore
some important problems in practical scenarios by robust
quantum walk search algorithms.

We will try to address these questions in forthcoming
works.
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APPENDIX A: CASE 2 IN THE PROOF OF LEMMA 2: i IS AN EVEN INTEGER

First, we set

B = —apy1-k

Then |W;,) reduces to

[¥5) ~ R(BIA(Dr-1)--- A@DIR(@)SIAWn11)..-AY1)]10)

k=1,2,...

(AL)

(A2)
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which will be proven in Appendix C by using Eqgs. (6)—(11). Here ¢y = ¢y for k =1,2, ..., h — 1, ¥y = Ypyo_y for k =
1,2,...,h+1,and

T = Ok k=2,4,...,]’l—2
¢k+'_¢k_{—n'+ah_k k=1,3,....h—3, (A3)
o k=2,4,...,h =2
wk-&-l vfk { —TT 4 hjep k = 1’ 3’ o h (A4)
Similar to Eq. (13), the final state of Eq. (A2) can be obtained by the following four stages:
0 0 bp1(x) bpy1(x) bpg1(x)
1 o) awm-awy 1 by (x) | R@ps 1 0 A@i-A@) 1 by () | Ry 1 L ePrby,_(x)
NAR ©) L2 o)) @ 2 1 ® V2] @ 2| 1)
1 1 Cht1(x) Ch1(x) Ch1(x)

Stage @: Apply A(Yrp11)...A(Y) to the initial state. Let (ag, by, co, dp) = (0,0, 1, 1) and

Ay 0

P | = awu..awn| ]
k

dy 1

fork=1,2,..., h+ 1. By the property of matrix A(y;), we have a; = 0 and d; = 1 for all k. The recurrence formula of ¢ (x)
is defined by cp(x) = 1,ci(x) =xandfork =2,...,h + 1,

ex(x) = x(1 4 e VD) (x) — e Ve (),

”1>\/1 —yf), (A5)

k
— Y = (=) — 2arccot ( t
Yi+1 — Yk = (—1)"mw — 2arcco <an<h+

with x = cos(5). By Lemma 1, when

with yl_l = cos(ﬁ arccos(%)) fork=1,2,...,h, wehave
Th1(2)
i1 (x) = —25,
T4 (L)
with Th+1( ) = . Moreover, by (x) is determined by |b;,+](x)|2 + |ch+1(x)|2 = 1. Therefore, the state after A(Yy,+1)...A(Y1)
applied to the 1mt1a1 state is
L bh+l ()
V2 Ch+1(x)

Stage @: Apply R(a1)S to the above state. After that, the state is

bh+1(x
Ch+1(x
Stage @: Perform A(¢p—1)...A(¢1). Let
a bpy1(x)
2| =a@o.a00|
dy Cht1(x)

for k=1,2,...,h— 1. By the property of matrix A(¢;), we have a; = bj4(x) and di = cpy1(x) for all k. The recurrence
formula of ¢;(x) is defined by ¢o(x) = 1,¢;(x) =xandfork =2,...,h— 1,

&) =x(1+ e_i(¢k_¢k—]))6kil(x) _ e_i(¢k_¢k—l)c‘.k72(x)’

with x = cos(5). By Lemma 1, when

brr1 — ¢x = (— Dk — 2arccot <tan <hkfl>,/1 — 7/22), (A6)
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with yz’l = cos[hIT1 arccos(%@)] fork=1,2,...,h— 2, we have

with 7j,_ 1( ) = Moreover b1 (x) is determined by |b,_; (x)|> + |¢5—1(x)|? = 1. Hence, the result state is

bj1(x)
1 1 by (x)

ﬁ Eh—l ()C)

Chr1(x)

Stage @: Perform the final operation R(B;). The final state is

by (x)
1 | ePrby,_(x)

ﬁ Eh—l ()C)

Chr1(x)

Therefore, the success probability P is

T 2 2
P,=1 z('chfl(x” + lep—1()7)

€l » X
- Z(Th+l<7/1) 1 1<V2>>

€ 2 1 1 ny 2 1 1 n;
=1- §|:Th+l (cos (m arccos <ﬁ>> [1— N, ) +71,., (cos <hT1 arccos <$>> 1- ]71>i|

By Eq. (A1) and Eqgs. (A3)—(A6), oy, B can be chosen such that

k
ok = —PBpy1—k = 7 — (¢ — Pr—1) = 2arccot (tan (h Il)ﬂ)

k—1
ar = —PBrr1-« =7 — (Y1 — Yi) = 2arccot (tan (%) 1- sz)

fork=2,4,...,h, and

fork =3,5,..., h— 1. In addition, «; and B, can be any value.

APPENDIX B: PROOF OF LEMMA 3: MARKED VERTICES IN TWO SIDES

The section is devoted to the proof of Lemma 3.

Proof. Vertices in Fig. 3(c) can be divided into four types: the marked vertices denoted by u on the left and ¢ on the right,
the unmarked vertices denoted by v on the left and s on the right. Hence, our analysis can be simplified in an eight-dimensional
subspace defined by the following orthogonal basis {|ut) , |us) , |tu), |tv) |vt), |vs), |su) [sv)}:

|ut) = Z|u ®—Z|t lus) = Z|u N Z|s

|tu>=ﬂz|¢>®ﬁ;|u>, jtv) = f2|r m2|

1 1
|Uf)=\/ﬁ;|v>®ﬁ2|1),

1 1
o) = —ees Xv]v) ® = Xs]s),

1 1
|SM)=ﬁZ|S>®ﬁ;|M)a

1
[sv) = _an|s Nl_nl;h}).
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Then |W() can be rewritten in the above basis as

1
|\I/O> = W[V nny |Ml> + v n (N, — n,) |MS> + Jmny, |tu)

+ Ve (Ny = np) [tv) + v/np(N; = mp) [vt) + /(N; = n)(N, — n,) [vs)
+ VN, — n) |su) + /(N = n) (N, — n,) |sv)].

Thus, |Wy) can be expressed as an eight-dimensional vector:

Ny
v nl(Nr - nr)
iy
Wo) = 1 (N —ny)
2NN, Vrr-(Np =)
\/(Nl - nl)(Nr - nr)
(N, —n,)
\/(Nl - nl)(Nr - nr)

Furthermore, we have

0O 0 1 0 0 0 0 O P 0 0O 0 0 0 O
o 0 0 0 0 0 1 O 0 €% 0 0O 0 0 0 O
1 0 0 0 0 0 0 O 0 0 ¢ 0 0 0 0 O
0O 0 0 01 0 0 O o o0 o0 € 0 0 0 O
S_O()OIOOO()’Q(’B)_OOOOIOOO
O 0 0 0 0 0 0 1 0 0 0 0O 0 1 0 O
o 1 0 0 0 0 0 O 0 0 0 0O 0 0 1 O
o 0 0 0 0 1 0 O 0 0 0 0O 0 0 0 1
and
M, M, O 0
(1 oy _[M My 0 0
C(“)—(o 1)® 0 0 My Ms|
0 0 Ms Mg
with
M, = (1 —e @)1 = cos(ws)) L My= (1- e‘i‘)‘)sin(wz)’
2 2
w2 Lm0 deos@) | (e —cos(@)
2 2
o= (L= e*"“z) sin) (1= e*ia)(12+ cost@) _

where cos(w;) = 1 — 2—";, sin(w;) = %«/nl(Nl =), cos(wy) = 1 — 2= and sin(wp) = =/n,(N, — n,).
Let ' '

e 0 0 0 0 0 0 0
0 ¢ 0 0 0 0 0 0
0 0 ¢ 0 0 0 0 0
_io
RE) = 0 0 0 e q 0 0 0
0 0 0 0 e 0 0 0
0 0 0 0 0 e5 0 0
0 0 0 0 0 0 e 0
0O 0 0 0 0 0 0 e7%
and
cos‘e(:?:l) ) —ie"e(s—i“g“)’” 0 0
1 0 —je 0 2®) cos (& 0 0
A6) = (0 1) ® 0 0 cos (%)  —ie?dnien)
0 0 —je Sm(z‘”‘) cos (%)
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We have
Cla) = e—%”A(%)R(a)A(—%), (B1)
Q(B)S = —¢* SR(). (B2)
A + B) = R(B)A(«)R(—B), (B3)
R(O)R(—0) =1, (B4)
Wo) = A(%)SA(%) 10y, (BS)

where |0) denotes (0, 0, 0, 0, 0, \/%, 0, \%)T. Similarly to Eq. (11), the following equation holds:
SB1SB,S = B,SBy, (B6)

where By = [[\_, D; and B, = [[i_, D; for D; € {A(6;), R(6;)}.
Below we will prove Lemma 3 by two cases.

1. Case 1: h is an odd integer
First, we set

=3,5,...,h (B7)
Then | W) reduces to

[Wn) ~ STA(nR)..-.A(DIR(a)SR(BIAER)..AGDT [0} (B8)

which will be proven in Appendix D by using Eqs. (B1)-(B6). Here ny = npt1—k, &k = Spp1—k fork =1,2,..., h, and

_ _ T — Ok+1 k=2,4,...,]’l—1

it ”k—{—n+ah_k+1 k=3,5....h, B9)
= k=24, ....,h—1

§k+1_§k—{—n tone k=35 h (B10)

The final state of Eq. (B8) can be obtained by the following four stages:

0 0 0
0 0 ePrgy(xy)
0 0 0
1 Jof agn--acy 110 RaDSRB) 1| ePrey(xp)
V210 @ V2 | en(x2) @ V2 0
1 Jn(x2) gn(x1)
0 gn(x1) 0
1 In(x1) Sn(x2)
e'Prgy(x1 )ap(xy) e'Prey,(x2)e (x1)
e'Prgn(x1 )by (x2) Sn(x2)8n(x1)
| e’g "en(x2)Cp(x1) | ePrgp(x1)an(x2)
A(p)---A(m) e'Prey(xp)dp(xy) N gh(X1 Yen(x2)
® V2 ghgxl)?(mi @ 2 eli’:e(h(x)Zl_)‘(ih())Cl)
&n(x1) fn(x2 h (2l (x
Jn(x2)8n(x1) e'Pr gy (x1)bn(x2)
Ju(e2)l(x1) gn(x1)fn(x2)

Stage @: apply A(¢y)...A(L)) to the initial state. Let
(ao, bo, co, do, e, fo, &0, o) =(0,0,0,0,0,1,0,1)
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and

ag
by
Ck
dy
€
Ji

8k
Iy

= A(&)--- A1)

—_— o= OO O OO

for k =1,2,..., h The elements of an eight-dimensional vector are divided into four groups: (first, second), (third, fourth),
(fifth, sixth), and (seventh, eighth). Note that each block of matrix A(¢;) acts on a corresponding group of an eight-dimensional
vector. Thus, a;y = by = ¢, = dy = 0 for all k. The recurrence formula of /;(x;) is defined by ly(x;) = 1, [;(x;) = x; and for

k=2,...,h,
() = x1 (1 + e @80 (p) — e ST o (xy),
with x| = cos(%). The recurrence formula of f;(x;) is defined by fo(x2) = 1, fi(xp) =xp and fork =2, ..., h,

feta) =01+ e "4 D) fi () — e 0D i h (),

with x; = cos(%*). By Lemma 1, when
Ckit — G = (—1)* — 2arccot (tan (%)m)
= cos[% arccos(%)] fork=1,2,...,h— 1, we have
Ti(})
w,

with y~!

T (2
Sulx) = M

l(x1) = ;
n(X1 Th(%)

(B11)

with Th(%) = ﬁ Moreover, e, (x,) and g;,(x;) are determined by |e;,(x2)|> + |fa(x2)|? = 1 and |g,(x1)|? + |15 (x1)|? = 1, respec-

tively. Therefore, the state after A(¢;)...A(¢;) applied to the initial state is

0
0
0
1 0
V2 | en(x2)
fu(x2)
gn(x1)
In(x1)
Stage @: Apply R(a1)SR(By,) to the above state. After that, the state is
0
ePrgn(xy)
0
| ePre(xy)
V2 0
gn(x1)
0
fu(x2)

Stage ®: Perform A(nh)...A(nl). Let (C_l(), BO, Co, d_(), eo, f(), go, l_o) = (0, 1, 0, 1, 0, 1, O, 1) and
e'Prgp,(x1)ay -0
e'Prgy(x1)by e'Prgp(x)
e’ﬁheh(xz)ék 0
ePrey (xp)d ePrey(xy)

~ =A A
21(x1)2 (&i)---AC1) 0
8n(x1) fi gn(x1)
Jn(x2)8k 0
JFn(2) Jn(x2)
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fork = 1, ..., h. The recurrence formula of dj (x;) is defined by do(x))=1,d,(x)) =x;,and fork =2, ..., h,

(1) = x(1 4 ¢ D) dp 4 (x1) — e TG o (xy),

with x| = Cos(%), and the recurrence formula of I, (x;) is defined by Io(x))=1,0;(x)) =x;and fork =2, ..., h:
(i) = xi (14 e ML () — e 0L (x).
The recurrence formula of by (x,) is defined by bo(x2) = 1, by(x;) = xp, and for k = 2, .. ., h,
br(x2) = x2(1 + e MDNby 1 (xy) — "D hy s (x),
with x; = cos(%2), and the recurrence formula of fi(x;) is defined by fy(x2) = 1, fi(x2) = x, and fork =2, ..., h:
Je) = x4 e M) () — e D fi o (0n).
By Lemma 1, when
X ki
M1 — Mk = (=1)*m — 2arccot | tan - 1—y2), (B12)
with y" = cos[% arccos(ﬁ)] fork=1,2,...,h— 1, we have
_ _ (%) Th(&)
d(x1) =) = =5 ban) = fuln) =
Ti(5) 5(3)’
with Th( ) = —=. Moreover, a,(xz), ¢y(x1), e (xz), and gj(x;) are determined by |a,(x2)|* + |bp(x2)]* = 1, |&n(x1)|* +
[Enx)? =1, |e;,(x2)|2 [,(2))? = 1, and |8, (x)? + |(x))? = 1, respectively. Hence, the result state is

ePrgy(x1)an(xz)
P gy (x1 )by (x2)
e'Prep(x2)en(x1)
1| ePre(x2)dp(xy)
V2| gn(xen(xz)
gn(x1) fn(x2)
Sn(x2)8n(x1)
SnGe2)ln(x1)

Stage @: Perform the final operation S. The final state is

ePrey(x2)en(x1)
Jn(2)gn(x1)
P gy, (x1)an (x2)
1 gn(x1)e(x2)
V2 | €Pren(x2)dn(x1)
Sl (x1)
gy (x1 )bp(x2)
gn(x1) fi(x2)

Hence, the success probability P is

1 - 1 _
P=1- 5|fh(x2>lh(x1)|2 - 5|gh(x1)fh(x2>|2 =1-€T; (V )T,, (;)

=1—€*T?| cos larccos L 1-— n 7| cos lar(:cos L 1——
= h h
h Je N, €

By Eqgs. (B7) and (B9)—(B12), ax, Bx can be chosen such that
ki 3
a; = —Ppio—k =7 + (kg1 — M) = 2arccot | tan W -y
fork=2,4,...,h—1,and
(k— Dm
ap = —Bpk =7 — ({1 — &) = 2arccot (tan <T V1I—y2?
fork = 3,5, ..., h. In addition, «; and B, can be any value.
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2. Case 2: h is an even integer
First, we set
Br = —0thi1-k k=1,2,...,h—1. (B13)
Then |W;,) reduces to
[W5) ~ R(BIA(G-1)--- A@DIR(@)SIAWp11)...A(Y1)]0) (B14)

which will be proven in Appendix D by using Eqs. (B1)-(B6). Here ¢y = ¢ fork =1,2, ..., h — 1, Yy = Y40 for k =
1,2,...,h+1,and

T k=2,4,...,h—2
Pe ¢k_{—rr +apy k=1,3,...,h=3, (B15)
I E " k=2,4,...,h—2
Vi = Ve = {—7‘[ + ap—kt1 k=1,3,...,h (B16)
The final state of Eq. (B14) is given by the four stages as follows:
0 0 0
0 0 &hr1(x1)
0 0 0
Ao Awm.ag) 1 0 Rens 1 | eppi(x)
V210 @ 2| enni) | @ 2 0
1 Snr1(x2) Iy (xp)
0 ghr1(x1) 0
1 Iy Ger) Snp1(x2)

81 (x1)ap—1(x2)
8h+1(x1)bp—1(x2)
€nt1(x2)Cp—1(x1)
Ai)-A@) 1 ey (x)d)—1(x1)

® V2 | lrr(x)en—1(x2)
lp1(x1) fr—1(x2)
Jh1(x2)8n—1(x1)
S ()1 (x1)

ePrgpy 1 (x)an—1 (x2)
&1 (X1)bp—1(x2)
ePrep 1 ()1 (x1)
R(B1) 1 enniGa)dp—i(xr)
@ V2| €l (x1)en-1(x2)
Appr ) 1 (62)
P firy1 (x2)8n—1(x1)
Jhr1 G2 lp—1 (x1)

|

Stage @: Apply A(Yrhi1)...A(Y) to the initial state. Let
(ao, b, co, do, €0, fo, g0, o) = (0,0,0,0,0,1,0, 1)

and

ag
by,
Ck
di
€k
Ji

8k
Iy

=AW A1)

— O~ OO OO0

fork = 1,2, ..., h. By the property of the matrix A(¢;), we have a; = by = ¢, = di = 0 for all k, and ey, fi, gk, [k can be gotten
in the following. The recurrence formula of /i (x) is defined by lp(x;) = 1, [;(x;) =x; and fork =2,...,h+ 1,

(en) = x1 (14 e PPy (ny) — e D (1),
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[

with x; = cos(%}), and the recurrence formula of fi (x,) is defined by fo(x2) = 1, fi(x2) = xp and fork =2,...,h+ 1,

fitra) = xa(1 + e WV £y (xp) — e VD f 5 (),

with x, = cos(%). By Lemma 1, when

Vi1 — Yk = (— Dk — 2arccot <tan (hk_:_Tl),/l — )/12), (B17)

with yl’l = cos(h—_lH arccos(JLg)) fork=1,2,...,h, we have
Thi1 () Thi1(2)
(k) = —25, fipi(n) = —H5,
Th+1(;) Th+1(;)

with Th+l(%) = %E Moreover, ej41(x;) and gj41(x;) are determined by |ej1(x2)|> 4 | fig1(x2)]*> = 1 and |gp(x1)|> +
|I,+1(x1))? = 1, respectively. Therefore, the state after A(v;)...A(Y) applied to the initial state is

0
0
0
1 0
V2 | en+1(x2)
fh+1(x2)
gny1(x1)
Iy 1 (x1)
Stage @: Apply R(a)S to the above state. After that, the state is
0
gh1(x1)
0
1 eni(x)
Vel B
Iny1(xy)
0
Frr1(x2)

Stage ®: Perform A((bh,])...A(d)] ) Let (6_10, Bo, 50, [70, éo, f_(), go, l_()) = (0, 1, 0, 1, 0, 1, 0, 1) and
i1 (x1)ay 0
ghy1(x1)by 8ht1(x1)
ent1(x2)Ck 0

L eng1(xo)dy 1 | eps1(x2)

— _ =A LA —

\/E lh+1(xl)e_k (d’k) ((bl)ﬁ 0
I 1 () fx Ihy1(x1)
Jh1(x2)8k 0
Sn1 (2l Snr1(x2)

fork =1, ..., h — 1. The recurrence formula of di(x,) is defined by do(x))=1,d,(x;)) =x;andfork=2,...,h—1,
dp(x1) = x(1 4 e PNy (x)) — e PP IG5 (),
with x; = cos(%"), and the recurrence formula of Ix(x1) is defined by Ip(x;) = 1,[;(x;) = x; and fork =2, ..., h — 1:
L) =x1 (14 e @2 (x) — e PT% 0L 5 (x).
The recurrence formula of b, (x,) is defined by bo(xx) =1,b1(xz) =xp andfork=2,...,h— 1,
bi(x2) = xo(1 + PPy (xy) — e PP Vb (),
with x, = cos(%2), and the recurrence formula of f;(x;) is defined by fy(x2) = 1, fi(x2) = x, and fork =2,...,h — I

fia) =11+ e P00 fi i () — e OTHV fi o ().

i1 — ¢x = (— Dk — 2arccot |:tan <hkirl),/ 1-— y22:|, (B18)
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with yz’l = cos[ﬁ arccos(%@)] fork=1,2,...,h— 2, we have

Th—l(%) Th—l(%)

) p ) = foi (i) = )
Th—l(i) h—1(02) = fr1(x2) Th—l(%)

with Th—l(%) = ﬁ Moreover, an(x;), ¢y(x1), en(x2), and g,(x1) are determined by |a,(x2)|* + |bs(x2)|* = 1, |&n(x1)* +
ld,(x)I? =1, |2,(x2))? + | fu(x2)> = 1, and |2, (x1)|*> + |, (x1)|*> = 1, respectively. Hence, the result state is

dp—1(x1) = lh_y (x)) =

)

8h+1(x1)ap—1(x2)
8h+1(x1)bp—1(x2)
en1(x2)Cp—1(x1)
ent1(x2)dp—1(x1)
lh1(x1)8p—1(x2)
lpy1 (1) fr—1(x2)
Sr1(2)8n—1(x1)
T (e2)lp—1(x1)

Stage @: Perform the final operation R(fB,). The final state is

5l

P g (x)ay—1 (x2)
&h+1(x1)bp—1(x2)
ePrep 1 (x2)h-1(x1)
1 €1 (X2)dp—1 (x1)
V2 | €0l (x1)en- (x2)
ppr (1) fam1 (x2)
P fi1(x2)8h-1(x1)
T (e2)lp—1(x1)

Therefore, the success probability P, is

Py=1- %|Ch+l(xl)dh—l(x2)|2 - %|Ch+l(x2)dh—l(xl)|2
2
=5 (GG () ()
=1- i[Tz (cos (; arccos <L)) 1-— i
2 [ h+1 Je N;
x T2 <cos< ! arccos <L>> 1 - ﬂ)
bl h—1 NJA
+ T2 <Cos <L arccos (L)
+1 h+l N

1 1
X Thz_1 <cos < arccos (—)
h—1 Je

By Egs. (B13) and (B15)-(B18), o, B can be chosen such that

k
ok = —Pup1-k = 7T — (P — Pr—1) = 2arccot (tan (h :1)ﬂ>

S~——" . /
—_
|

Z|=

S——

I._I

fork=2,4,...,h, and

k—1
ar = —PBrr1-« =7 — (Y1 — Yi) = 2arccot (tan (%) 1- V12)

fork =3,5,...,h— 1. In addition, «; and B can be any value.

APPENDIX C: PROOF OF EQUATIONS (13) AND (A2)

In this Appendix, we give the detailed proof of Eqgs. (13) and (A2).
Recall that

W) = Ulan, Bp) - .. Ular, Br) [Wo) = SC(an)Q(Br) - - . SCla)Q(B1) [Wo) -
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Using S = I, we have

(W) = SC(ar)Q(Br) - .. SC(a)Q(B1)SS [Yo) -
Using Egs. (6) and (7), we have

W) ~ SA( )R(ah)A<— E)SR(,Bh)A< )R(Olh 1)A<— %)SR(,Bhl)”'
A(g) R(QZ)A< . _)SR(ﬁQ)A( " )R(al)A< - %)sze(ﬂ])s W)

The number of S is & + 2. Two cases need to be considered.
Case 1: his odd. By Eq. (11), we have

W) ~ SA(2>R(ah)A< Z) SR(,Bh+s)A( )R(ozm)A( Z)
{SR(ﬂm)A< )R(aHI)A(——)SR(ﬂhH)A( )R(a, 1)A< Z)S}
xR(ﬂhl)A( )R(om;)A( Z) SR(,BQ)A< )R@QA(—%)SR(,@I)SWO)
_SA( )R(ah)A< Z) SR(,BM)A( )R(am)A< ’;)
T T
x {R(ﬁhgl)A<E>R(ahzl)A<——)SR(ﬂM)A( )R(ah+l )A( 2)}
 R(Bis 1)A<2)R(ocm)A< ) SR(B2)A < )R(al)A<——>SR(/31)S|\IJ0)

(5o (545 ()

X SR(ﬂh)A<2 )R(Oth I)A( > R(Oéz)z“( - —)R(ﬂl)S |Wo) .

The process is as follows. We first select the formula

{SR(/SM )A( >R(ah+l )A(— —)SR(ﬂm )A< )R(ah 1)A< ’2’)5}

containing the middle S, and then this formula reduces to

{R(ﬁhﬂ )A<2)R(az 1)A< - —)SR(ﬂm )A( )R(ah+1 )A( 7;)}
ﬁccording to Eq. (11). The final result can be obtained after repeating the above steps. Using Eq. (10) and A(—%)A(%) =1, we
ave
(W) ~ SA( : )R(ah)A< - %)R(ﬂh_l)A(%)...A(%)R@gA( - %)
x SR(ﬁh)A( )R(ah 1)A( Z)...R(on)A(— —)R(ﬁl)SA<2>SA(2> o)
~SA(2)R<ah)A< - %)R(ﬂh_l)A(z) R<ﬁ2>A(2>R(a,>
x SR(ﬁh)A( )R(ah I)A( Z)...R(o@A( _ —)R(,BI)A< ) ).

Here, two cases need to be discussed.
Case 1.1: Whenhmod 4 =1, i = app_jfori =2,4, ..., h—1,and i =ap_;fori=1,3,..., h — 2, using Eqgs. (8) and

(9), we have
|Wy,) ~SA z A —z—l—(xh A z—Ol3~|-0€h A —Z—Ol3+06h+(¥h_2
2 2 2 2
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b
..A<E—a3—a5---—akl+akl+2-~-+ah>

Al =L v+ AlE —as 4o )A[ = Z +a)A( 2 ) Rean)
.. ) (0%} oy (0779 ) a3 oy ) oy B (04]
T T T T
SR(,Bh)A(E)A< -7 + ah1>A<E —ay + Olhl)A< -5 + o1+ ah3>

i
~-A<E_052_054"'_ak2+ak2+2"’+ah—1>

T s T T -
. .A< -3 oy + oy +ah3)A<E —ap +Olh1>A< -5 +ah1>A<E) [0), ((&3))]

where ky = (h+ 1)/2,ky = (h—1)/2.
Case 1.2: When hmod 4 =3, 8, = apyp_jfori=2,4,...,h—1l,and B; = op_; fori = 1,3, ..., h — 2, using Egs. (8) and

(9), we have
b b b g
|Wp,) NSA(g)A( ) + ah>A<E — a3+ O{h>A< -5 a3 + oy + Olh2>

T
..A(—E—a3—a5-~—akl+oekl+2---+ozh)

Al =2 o+ AlZ +a JA[ = Z o )A( Z )R@))
.. ) (0%} oy [077) 3 (0%} oy 3 o 5 o1
T i T T
SR(,Bh)A(§>A< iy + Olh—I)A(E -+ Olh—1>A( -5 @ +ap_1 + 0511—3>

T
--A<—E—0l2—6¥4"'—0£/<2+Olk2+2"'+06h1)

T T T 7\ -
--A< —5 ™ + oy +0lh—3)A<5 —a +Olh—1>A( -3 +Olh—1>A<5> |0}, (C2)

where ky = (h— 1)/2, ko = (h —3)/2.
Thus, we can get Eq. (13) by rewriting Egs. (C1) and (C2) as follows:

|W5) ~ STA(R)...A(DIR(e)SR(BIAEH)..AC)T [0) 13)

where 1y = npy1—x and & = &y fork =1,2, ..., h, and

T k=2,4,...,h—1

Nk+1 e = —7T + Qpg1 k=3,5...,h,
LT k=2,4,....,h—1

Skt — Gk = 4o k=3,5 ... h

Here, when A mod 4 =1,

T
N =7 + (oesy2 T 0@y + - Fopoa Fap) — (@3 Has + -+ agozy2 + dgrn2),

7
Sz == + (@ug3y2 oz + - F oz Fap1) — (@2 +os + -+ Qpes) + ag-1)2),

2
and when & mod 4 = 3,
T
Nhtne = =7 + (@g3)2 + g7y + - F gy Fap) — (a3 +os 4+ -+ ap-s)2 + ag-1)2),

T
S = 5 + (@12 + Uasy2 + ot a3 Fap_) — (@2 +ag + -+ opo7y2 T ap—3)2)-
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Case 2: h is even. Using Eq. (11), there is

W) ~ SA( )R(ah)A( 7;) SR(ﬂhH)A( )R(aerl)A( 7;)
SR(ﬂhH)A( >R(ah)A<——)SR(,B )A( >R(ah_1)A< ’;)
SR(s_ 1)A( )R(ou 2)A( ’;) SR(ﬂz)A< )R(oeﬁA(—%)SR(ﬁl)SN/o)
_SA<2>R(o:h)A<——)SR(,Bh)A(z)R((xh 1)A< Z)

SR(ﬂh+2)A< )R(arH)A( )R(,B )A( )R(ou 1)A( )
SR(ﬂIH)A( >R(ah)A<——)R(ﬁ/ 1)A( )R(ah 2)A<

)s-
SR(ﬂz)A< )R(al)A< - %)SR(,BI)S [Wo)

—sA( Z\R@epa( = Z\r A(Z) A Z \Rea( = Z )R
= <2> (orp). <_E) (,Bh—l) (5) <E) (o). (_E> (/31)
SR(ﬂh)A< )R(Olh 1)A< 2)---R(¢¥1)A(— %) [Wo) .

Using Eq. (10) and A(—%)A(5) = I, we have

T T T T
[Wp) ~ SA( >R(Olh)A(—E>R(l3h—1)A(5)--~A<E)R(0€2)A(—E)R(ﬂl)
xSR(ﬁh)A<2)R(ah 1)A< Z)...R(oq)A(—%)A(z)SA( >|0)
"’R(,Bh)A< )R(Olh 1)A< Z)-nA(——)R(ﬂz)A( )R(Oél)s
Al ZVr@nA( = ZVrBDA(Z)..A( Z \R(a)A R(BDA 0
(2 o~ a5 A2 o~ s (2) 1

Here, two cases need to be discussed.
Case 2.1: When hmod 4 =0,and 8, = ajpy_; fori=1,2,..., h — 1, using Eqgs. (8) and (9), we have

7 7 7 P
W) “R(ﬂh)A(E)A( -7 + ahl)A(E —a3 + Oth1>A< -5 T + oy + Olha)

b
...A(— E — 03 — U5 — O +Olk]+2~'~—‘r0lh_1>...

T T i i
Al — s —ast+aop +aps JA| = —a3 +ap1 JA| — 5 + o1 JA = JR(@1)S
2 2 2 2
AD)A( -2 +e)a(Z —ten)A( -2 —en o+
> 5> Tan 7~ ot 5 ~ o2t ot

T
A<5 —oy — o4 — O, +ak2+2~-~+ah>...

b T T T —
A( — 5 — oyt o+ ah—Z)A(E —a +Olh>A( — E + Olh>A<5> [0), (C3)

where k; = h/2 — 1, k, = h/2.

N|:l

Nltl
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Case 2.2: When hmod 4 = 2,and B; = aj1—; fori = 1,2, ..., h — 1, using Egs. (8) and (9), we have

T 7 7 7
[Wp) ~R(,3;1)A(E)A< -7 + Oth1)A<§ —a3+ Olh1)A< -5 T + o1 + Olh3>

T
A<E — 03 — 5 — +ak1+2"'+ah—l>---

T T T T
Al — s —ast+aopy +aps JA| = —a3 +ap1 JA| — 5 + o JAL 5 JR(@1)S
2 2 2 2
A2 -Z+a)a(Z—m+an)aA( -2 —mtan+
> > 073 5 o) +— Op ) Oy T~ Qp T Op—2

T
...A(—5—O{2—Ol4~-~—05k2+Olk2+2~"+01h>...

b b T T —
A( — E —ay +a, + ah_2>A(5 — o + (Xh)A( - E + ah)A<5> [0), (4

where k; = h/2,k, = h/2 — 1.
Using Egs. (C3) and (C4), we can get Eq. (A2),

[Ws) ~R(BIA(@h—-1)...A(@1)IR(1)S[A(Ypi1)...A(¥1)]10) (A2)
where ¢y = ¢y fork=1,2,...,h— 1, Y = Ypporfork=1,2,...,h+1,and

Beat — by = T — Oyl fork=2,4,...,h—2
ML=k =\t oy fork=1,3,...,h—3,

wk l_wkZ T — o fork:z’ ,...,h—2
- -7 +ap1 fork=13,..., h

Here, when & mod 4 = 0, there are

T

2
T

Yhjo1 = > + (anppq2 +@ppoga + -+ opo +ap) — (@2 +og + -+ appp2 + o,

Onpp = —= + (a1 toppz + - Foapz Fap_g) — (@3 +as+ -+ apppo3 +apnot),

and when 2 mod 4 = 2, there are
i
Qnyp = 7 + (opppq2 +Qppopa + -t op 3 +ap1) — (@3 +as + - - +app_2 +app),

T
Ynor1 = 5 + (ppg1 +@pppps + -t apo Hap) — (@2 +oag + -+ appz +oppog).

APPENDIX D: PROOF OF EQUATIONS (B8) AND (B14)

The process of proving Eq. (13) [(A2)] uses Eqgs. (6)—(11) in Appendix C. There are the same mathematical equations in two
cases [see Eqgs. (6)—(11) and Egs. (B1)—(B6)], although their subspace dimensions in the analysis are different. Therefore, the
proof of Eq. (B8) [Eq. (B14)] is the same as Eq. (13) [(A2)].
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