PHYSICAL REVIEW A 106, 043709 (2022)

Atomic-coherence-assisted multipartite entanglement generation
with dressing-energy-level-cascaded four-wave mixing

Yuliang Liu,” Jiajia Wei N Mengqi Niu, Yixin Lin, Zhili Chen, Jin Yan, Binshuo Luo, Feng Li,
Yin Cai®," and Yanpeng Zhang*
Key Laboratory for Physical Electronics and Devices of the Ministry of Education, Shaanxi Key Lab of Information Photonic Technique,
School of Electronic Science and Engineering, Xi’an Jiaotong University, Xi'an, Shaanxi 710049, China

® (Received 22 March 2022; accepted 26 September 2022; published 13 October 2022)

Multipartite entanglement plays an important role in quantum information processing and quantum metrol-
ogy. Here, the dressing-energy-level-cascaded four-wave mixing (FWM) processes are proposed to generate
all-optical controlled multipartite entanglement within a single device. The entanglement characteristics of
the produced states of light are characterized by applying the Duan criterion and the positivity under partial
transposition criterion. Moreover, by using an internal dressing field to modulate atomic coherence, multiple
quantum coherent channels of FWM are simultaneously constructed, which result in a great extension of
entanglement mode number and quantum information capacity. We find that the violation of the entanglement
criteria inequalities is coherent-channel dependent, and the produced states can be directly modulated via atomic
coherence. Our system can integrate the generation and modulation of the entangled states in one process. It may
help provide a compact method for realizing large-scale quantum networks.
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I. INTRODUCTION

Multipartite entanglement has garnered a lot of attention
because of its significance and potential applications in quan-
tum information processing and quantum metrology [1-5].
A mature technology for generating multiphoton entangled
states is applying multiple spontaneous parametric down-
conversion processes, which produce down-converted photon
pairs in a second-order nonlinear crystal [6—10]. Continuous-
variable multipartite entanglement can be implemented by
using multiple optical parametric oscillators [11-17]. Addi-
tionally, many alternative methods to produce multipartite
entanglement have been demonstrated, such as quantum fre-
quency combs [18,19], spatial modes [20], and temporal
entanglement [21,22]. Hitherto, multipartite entanglement has
been widely applied in quantum sensing [23-25], quan-
tum computing [26-28], and constructing quantum networks
[29,30].

In recent years, another effective method for preparing
entanglement is using the four-wave mixing (FWM) process
of atomic media. Entangled light beams have been experi-
mentally verified through a parametric amplified (PA) FWM
process in high-gain atomic media [30-33]. The FWM pro-
cess exhibits unique advantages. It has the nature of a spatial
multimode, and the produced entangled light beams are spa-
tially separated [34,35]. Also, due to the strong nonlinearity,
the optical cavity is not required, and therefore, the exper-
imental setup is simplified. With the features of scalability
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and flexibility, many methods to prepare multipartite entan-
glement using FWM have been theoretically proposed and
experimentally demonstrated, including a multipump [36,37]
and cascading atomic cells [38—41]. However, the effect of the
atomic coherence, which is important for generating and mod-
ulating multipartite entanglement in atomic ensemble, has not
been explored.

In an atomic ensemble, the nonlinear susceptibility of
FWM can be actively modulated based on atomic coherence.
The induced dressing effect can be used to reshape the para-
metric gain profile of FWM and realize coherent control of the
quantum entanglement. Moreover, via splitting atomic energy
levels with the dressing effect, the frequency modes of the
correlated photons can be extended to construct multiple co-
herent channels of FWM, and it results in hyperentanglement
and energy-time entanglement [42-44]. Also, with the con-
structive interference among different transition probability
amplitudes, the conversion efficiency of the FWM process
may increase, and therefore, the degree of squeezing states
of light can be enhanced by modulating the internal states of
a multilevel atomic system [45-47].

In this paper, multipartite entangled states of light are pro-
duced from dressing-energy-level-cascaded (DELC) FWM
in one step. This scheme employs a single device of hot
rubidium atomic medium and exhibits advantages such as
simplified experimental devices, lower optical path losses,
and fewer vacuum losses. We apply the Duan [48] and the
positivity under partial transposition (PPT) [49,50] criteria
to investigate the multipartite entanglement of the output
beams. Furthermore, we introduce the dressing field to si-
multaneously construct multiple coherent channels of FWM,
thereby realizing multimode entanglement and expanding the
quantum information capacity. In this paper, with atomic
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FIG. 1. (a) Energy-level diagram of the three-mode dressing-
energy-level-cascaded (DELC)-four-wave mixing (FWM) processes
in the rubidium atomic system. (b) The spatial distribution of the
beams. The arrows represent the signal beams. The angles are deter-
mined by the phase-matching conditions, and the intersection point
is the Rb cell. k; is the wave vector of E; (i =1, 2, 3, S1, S2,
S3). (c) Energy-level diagram of parametric amplified (PA)-FWM1
process. (d) Energy-level diagram of PA-FWM2 process. (e) The
tangential distribution of output signal beams. The belts indicate
quantum correlation existing between the two connected modes.

coherence, the generation and modulation of multipartite en-
tanglement can be integrated in the process of the entangled
state preparation. These results may be helpful for providing a
compact way in multimode quantum secure communication,
quantum computing, and quantum sensing.

II. THEORETICAL MODEL OF DELC-FWM PROCESSES

A. Generation of three-mode outputs

We consider a double- A-type three-level |1)-|2)-|3) atomic
system, as shown in Fig. 1. One possible experimental can-
didate for the proposed system is 55,2, F' = 2(|1)), 5512,
F =3(]2)) and 5P, (|3)) in ®Rb. The atom is driven
from |1) to |3) (with an energy mismatch) with a beam
of energy E; (frequency w;, wave vector k;, and Rabi fre-
quency €2;), from where it decays to |2), emitting a photon
in mode Eg;. It is then again excited by the same driving
beam, from where it can decay to the ground state, emit-
ting a photon with energy E; (w, ks, and €2,), E, = E(|3))
—E(1)+ A’l. The atom is driven from [1) to |3) (with an
energy mismatch) with a beam of energy E; (w3, k3, and €23),
from where it decays to |2), emitting a photon with energy
Es3, Eg3 = E(]3)) — E(]2)) + As.

The entire process can be viewed as two PA-FWM
processes [Figs. 1(c) and 1(d)] cascaded together, which cor-
responds to two cascading Rb cells, as shown in Fig. 2. The
detuning A; is defined as the difference between the resonant
transition frequency and the laser frequency of E;. With the
detuning of E; tuned far away from the resonance, PA-FWM1
and PA-FWM2 will occur in the system, which can gener-
ate the quantum correlated output beams Eg, Es, (amplified
E,), and Eg; in a single Rb cell satisfying the phase-match
conditions kg; + kg» = 2k; and ks, + kg3 = k; + k3, respec-
tively.

ay,, (E2) G4 (Es1)

as,,,(Es3)

w/ PA-FWM1
alm (E\l)
ay, (Ey3) v~ e FM(ESZ)

FIG. 2. Schematic diagram of cascading two Rb cells to generate
three-mode entangled states. a,;, is the seed input signal; a;, and
a3, are the vacuum input signals. E, is amplified by PA-FWM1 and
injected into PA-FWM2. Gy, @20ut, and dzoy are three output signals.

In this DELC-FWM system, three inputs E;, E;, and E;
converge in the Rb cell and generate three spatially separated
outputs Eg, Eg, (amplified E;), and Eg; by cascading two PA-
FWM processes. Here, PA-FWM1 and PA-FWM2 processes
can be symbolized in simple terms by a phenomenological
Hamiltonian as follows [51]:

Hy = iliw;byalbial +Hee., (1a)
Hy = ilicybyalbyal + Hece., (1b)

where k| and «} describe the strength of the nonlinear interac-
tion. Here, &T, &;, and &'3" are the boson operators for the output
modes of Eg;, Eg», and Egs, respectively; 131 and 132 are the
boson operators for the pump fields E; and Ej, respectively.
Also, H.c. is Hermitian conjugate. The provided pump fields
are of sufficient intensity that they may be treated classically
and as nondepleting. Therefore, Eqs. (1a) and (1b) can be
rewritten as

H,
H,

ilicyajal + Hee., (2a)
ilc,a}al + Hee., (2b)

where k; = —iwl)(lG)Ef/Zc and k, = —iwz)(z(3)E1E3/2c; K
and «; physically depend on the central frequency of gener-
ated signals @, the third-order nonlinear susceptibility le

and Xf), and the intensity of the pump field, and practi-
cally depend on the atomic temperature (i.e., atomic density),
phase-matching angle of the fields, etc.

The boson-creation (annihilation) operator satisfies the
Heisenberg operator of motion in the dipole approxi-

mation. The dynamic equation of the system can be

written as % = %i[&i,H], (i=1, 2, 3), from which we
obtain
PA-FWMI : day _ al day _ K18 (3a)
dt Ydr P
PA-FWM2 : day _ K2a day _ K20 (3b)
dt ¥dr 2

After the operation of time evolution equation, the final
input-output relations of this system are

Q1out = G1ayin + glfl;n, (4a)
trou = 81Gadt}y, + G1Goltain + g2ty (4b)
B3out = 8182011 + G128k, + Gadzin, (4¢)
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where G| = cosh(k;t) and G, = cosh(k,t) are the amplitude
gain in PA-FWMI and PA-FWM2, respectively; G? — g7 = 1
(i = 1,2). Here, ¢ is the interaction time which can be adjusted
by changing the length and temperature of the Rb vapor in
experiment. Also, &Ln, &;n, and Ez;n (@1in, G2in, and asy,) are
the creation (annihilation) operators of inputs E;, E,, and E3,
respectively; and djoyu, d2ou, and dzoy are the annihilation
operators of the outputs Eg;, Egy, and Egs, respectively. The
amplitude and phase quadrature operators are defined as X =
a+a" and P =i(a*—a). A vector of canonical quadrature
operators is defined as r = (Xl, 131, . ,Xn, 15,,). The evolu-
tion equations of the three output modes can be written as
Tout = Ugilin, Where the transform operation matrix Uy is

G, 0 2 o 0 0
0 G 0O -g 0 0
U — 81G 0 GG, 0 2 0
0 —81G> 0 GG, 0 —g
8182 0 Gig 0 G 0

0 8182 0 -Gigz 0 G

®)

The quantum correlations of multimode Gaussian states
generated by a quadratic Hamiltonian can be fully character-
ized by its covariance matrix (CM). The elements of the CM
are defined as follows:

(7} (7)) (6)

According to the definition of the CM, we can reconstruct
the CM as o = UmU$i based on Eq. (5) with the inputs of
coherent or vacuum states. Note that there does not exist
cross-correlation between the amplitude and phase quadrature

in this system, and the CM is positive and symmetric.

1/a a PN
O'ij = E(r,-rj—i—rjr,-)—

B. Generation of four-mode outputs

The relevant energy level to generate four-mode Gaus-
sian states in the Rb atomic system is the same as that in
the three-mode case, but the pump field E; (w3, k3, and
Q3) drives the transitions |1) — |3) and |2) — |3) with fre-
quency detuning Aj and A;, respectively. This four-mode
DELC-FWM system contains an eight-wave mixing process,
as shown in Fig. 3, which satisfies the phase-match condition
2k; + 2k; = kg; + ks + kg3 + kg4 and four FWM processes
that satisfy 2k; = kg; + ko, k| + ks =k, + kg3, k| +k; =
kg1 + Kg4, and 2ks = kg3 + kg4, respectively. One of the sim-
plified methods to obtain the input-output relations is to view
the system as three PA-FWM processes cascaded, which cor-
responds to cascading three Rb cells, as shown in Fig. 4 [52].
The outputs of PA-FWMI1, amplified E, and E,, are injected
into PA-FWM2 and PA-FWM3, respectively. The interaction
Hamiltonian of these three PA-FWM processes can be ex-
pressed as

H, = iluialal + Hee., (7a)
H, = ilicyd}al + Hee., (7b)
Hj = ilicsalal 4+ Hc. (7¢)
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FIG. 3. (a) Energy-level diagram of the four-mode dressing-
energy-level-cascaded (DELC)-four-wave mixing (FWM) processes
in the rubidium atomic system. (b) The spatial distribution of the
beams. The arrows represent the signal beams. The angles are de-
termined by the phase-matching conditions. (c)—(e) Step breakdown
energy-level diagram of the subsystem. Three of the four parametric
amplified (PA)-FWM processes can compose the four mode DELC-
FWM processes. (f) The tangential distribution of output signal
beams. The belts indicate quantum correlation existing between the
two connected modes.

The amplitude gain and interaction strength are as follows:

iwl)(l(3)E12
G| =cosh (k1t), k1 = —2—7 (8a)
c
. 3)
E\E
G, = cosh (kat), Ky = _lZU2X§—13’ (Sb)
c
. 3) 2
E
Gy = cosh (kat), K3 = ——’w”; 3 (8¢)
c

Using a method like the three-mode system, we can obtain
the final input-output relations and then obtain the CM. The
transform operation matrix Ugyaq in this four-mode system can

A d out (ESI)
Ay (Ev4)\ ~ :
A
E, B, v - /
a21'n (EZ)
PA-FM (Ess)
E,

- &30141 (E53)

re
v~ PA-FWM1 /

a,, (Ey) E, E;

- 7 y
- ~
4, (Ey;) v PA-FWM2 Gy, (Es2)
7~

FIG. 4. Schematic diagram of cascading three Rb cells to gen-
erate four-mode entangled states. d,;, is the seed input signal; a,;,,
a3, and ay;, are the vacuum input signals. The amplified E, and
amplified E,; via the PA-FWMI1 process are injected into PA-FWM2
and PA-FWM3, respectively. djou, daouts d3our, and dgoy are four
output signals.
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be written as

GG;3 0 81G3
0 G1G3 0
1G> 0 GG
U o 0 —g1G2 0
R 0 Gig»
0 8182 0
G183 0 8183
0 —Gig3 0

III. MULTIPARTITE ENTANGLEMENT

In this section, Duan and PPT criteria are used to investi-
gate the multipartite entanglement of the generated quantum
Gaussian states. The inequalities of the Duan criterion using
the quantum correlations of the associated modes are defined
as follows:

Dij=VX—X)+VFi+7Y) >4 (10)

where V(X; — X ;) is the variance of the difference of the
amplitude quadratures, and Vi + Yj) is the sum of the phase
quadratures. The values D;; suggest the amount of the insepa-
rability. The bipartite entanglement between modes @; and a;
can be demonstrated by the violation of the inequalities.

The PPT criterion can be used to characterize the entan-
glement of two subsystems which consist of one or several
modes, and the smaller symplectic eigenvalue suggests the
inseparability. It is a sufficient and necessary criterion for the
case of 1 vs n modes (1-n) and only sufficient for the case of
m-n. For bipartite entanglement of oap, the partial transposi-
tion operation on part A is equivalent to the transformation
through matrix Ta = [®}_ diag(1, —1)], & Is, where the
first factor is its mirror reflection in phase space, and the
second factor represents the other subsystems. The criterion
will lead to the following uncertainty: 6ap + {2 > 0, where
6aB = TaoasTa, and 2 is the symplectic form with the
same dimensions as 6ap. The existence of negative symplectic
eigenvalues directly means the presence of entanglement.

A. Three-mode outputs

The Duan criterion can be applied to verify any two modes
of the three produced modes a;, d,, and as. In the three-mode
system, the values of the Duan criterion D,, D13, and D,3 are
given by

Di; = 4[G}(G3 + 1) —2G1G>/G2 — 1 — 1], (lla)

Dy3 = 4GiG3, (11b)

D3 = —4G;(2Gy\/ G} — 1 — 2G5 + 1).

The expressions show the dependence of D,, Dj3, and
Dy3 on the gains G and G,. The region plots are shown in
Fig. 5. The amount of the inseparability D;; > 4 means no
entanglement. The entanglement regions of modes @; and a,
(D12 < 4) are the blue regions I and IIl in Fig. 5(a). The
entanglement between modes a; and a, is very sensitive to
G,. They entangle when G, is smaller because only beam
a, is amplified with the second PA-FWM process, which

(11c)

O 0 0 g 0
-81G; 0 0 0 -—g
0 & 0 0 0
G] Gz 0 —&2 0 0
O G 0 0 0 ©)
—Glgz 0 G2 0 0
0 0 0 Gs 0
8183 0 0 0 G

leads to their quantum noise unbalance. Here, D3 > 4 for
any G; > 1 and G, > 1 in Fig. 5(c). This is because modes
a; and as; do not interact with each other in the Hamiltonian
in Egs. (2a) and (2b), and thus, there is never entanglement
existing between modes @; and a;z. The entanglement regions
of modes a, and a3 (Dy3 < 4) are the orange regions I and I1I
in Fig. 5(a). The entanglement of modes @, and as is limited
by bigger G, that is, a bigger G is not helpful in the presence
of the entanglement.

The PPT criterion is also verified in this three-mode system
as shown in Fig. 6. The PPT criterion can be used to charac-
terize the bipartite and tripartite entanglement. The value of
the PPT criterion <0 directly means the presence of entangle-
ment. The results of the bipartite entanglement characterized
by the PPT criterion are like the Duan criterion. The PPT
value of a; — az > 0 for any G; > 1 and G, > 1, which is
consistent with previous analysis. The entanglement exists in
all 1-2 mode types. We find the trends of tripartite entangle-
ment a;—{a,as} and as—{aa,} are like the entanglement of
a; — ap and a, — as, respectively, i.e., the conjugate beam &,

@) ®) By
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FIG. 5. Bipartite entanglement for the three-mode dressing-
energy-level-cascaded (DELC)-four-wave mixing (FWM) processes
using the Duan criterion. (a) Only D, is <4 in region 1. Only D»; is
<4 in region II. Dy, and D53 are both <4 in region III. (b)—(d) Duan
values of Dy,, D3, and D,; with different values of the gains G,
and G,.
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FIG. 6. Positivity under partial transposition (PPT) values of
the three-mode dressing-energy-level-cascaded (DELC)-four-wave
mixing (FWM) processes. (a)—(c) Bipartite and (d)—(f) tripartite en-
tanglement region plots.

or a3 added with the probe beam a, becoming {a;a,} or {aas}
can only quantitatively change the amount of entanglement
and does not change the dependence on parameters G; and
G,.

B. Four-mode outputs

In the four-mode system, all possible two-mode permuta-
tions of the Duan criterion are verified, and the dependence
of Duan values on the gains G|, G,, and G3 are shown in
Egs. (12a)—(12e). The corresponding contour plots are shown
in Fig. 7, where we set the gain of the first PA-FWM process
as 1.1:

Dp; = 4(GiG} + GiGA — 2G1GxG3, /G — 1 — 1), (12a)

Di3 = Dyy = 4G1 (G5 + G5 — 1), (12b)
Dy = 4G; (2G5 — 2G3,/G3 — 1 — 1), (12¢)
Dy = 4G; (2G5 — 2G>, /G5 — 1 — 1), (12d)

—2G? + GG} + GG
D=4 . 12e
T\ 6 e -1 /e -1 /6 -1 (12

The values of Dy, Dj3, D4, and D34 all go up with the
increasing G, and Gj3, suggesting that stronger G, and Gz do
not help in enhancing the entanglement for a fixed G;. More-

(a) a,-a, ) a,-a,

3.0 : 3.0
25 LY
.03
G20 055320
. §07 15
L0.9
) 1.0

0 15 20 25 3.0 A0 15 20 25 3.0
G,
a,-a )
C¥) 203 3.0

2.5
Gs2.0
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- 0.9
—07
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a,- {ala3}

50, ® 5’3'{&1‘12}
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Gs,y 094%%20 -0.7
15 096 5 u boi
' 0.98 - Noo
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FIG. 7. Bipartite entanglement for the four-mode dressing-
energy-level-cascaded (DELC)-four-wave mixing (FWM) processes
using the Duan criterion. (a)—(f) Contour plot of Dy, D3, D14, D3,
Dy, and D3, with different values of gains G, and G; at G; = 1.1.

over, D14 (Dy3) changes with the gain G| and G; (G| and G»)
because modes @, and a4 (modes a, and ds) never participate
in the PA-FWM2 (PA-FWM3) process, and therefore, gain G,
(G3) does not contribute to the entanglement between these
two modes.

The dependence of the PPT criterion on gain G; in the
four-mode system is shown in Fig. 8. Here, we set the values
G, = 1.3 and G3 = 1.1. The PPT values of a; — as, a, — aa,
and a3 — a4 are not negative when G| > 1, meaning the ab-
sence of entanglement, which are like the Duan criterion.
The modes a; and a, do not entangle when G is small
because the interaction of these two modes is not strong
enough in the Hamiltonian in Eq. (7a). The entanglement
of the three-mode subsystem in the four-mode system is all
verified in Figs. 8(b)-8(d). Here, a;—{a;a4} and a4—{a,as} do
not entangle and therefore are not given in this figure. This is
because mode as (d4) does not interact with any one mode of
modes {a;a4} ({a2a3}) in this symmetrical structure. The PPT
values of 1-3 modes and 2-2 modes are all <O when G; > 1.
However, increasing G, slightly decreases the entanglement
of {ahao} — {G3a4}, a3—{G10204}, and a4 —{a10203}.

IV. COHERENT CHANNELS WITH DRESSING EFFECT

In this section, we turn our attention to the atomic co-
herence control. We will start from the Hamiltonian of the
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FIG. 8. PPT values of the four-mode DELC-FWM processes with increasing Gy at G, = 1.3 and G; = 1.1. (a) Bipartite entanglement.
(b)—(d) Tripartite entanglement. (e) and (f) Quadripartite entanglement (two types of 1-3 and 2-2 modes).

system and finally obtain the third-order density matrix ele-
ment, which is the microscopic expression of the third-order
nonlinear susceptibility.

0 0
0 A] — AS] — —ze
Hee = h| .
—5$2 —5 81
—1Qs —1Q

According to the Heisenberg-Langevin equation:

]
—p——[ 1, p1 —Ip, (14)

ot

where p,,, is the density matrix element and can be ex-
panded using the series expansion p,,;, = p{9 + p{l) ... +
o) 4 ... Hj represents the corresponding interaction Hamil-
tonian, and T is the transverse relaxation rate; we can obtain
the equation of motion of each order density matrix element.

The derivative process of three output signals Eg;, Ego,
and Eg; in the three-mode system can be described by the
perturbation chains:

(1) @51 @2) @ (3)

0
PA-FWM1 : ,0( y 2 — P31 T Par > P3isay

0) @i 1 2) @i 3
PA-FWML : pf) 25 pil) 25 p@ 24 B

0) @ 1) @s3 2) @ (3)
PA-FWM?2 : p( ) 2 pgl) = ,051) — /0/31(52)’

pQ

hid N p(l) @2

2) @3 (3)
3 TP

PA-FWM?2 : 12— P3a(s3)-

The first step ,of?) i pgi)

ground state pf?) absorbs a pump photon w; and transitions
to the excited state ,oéll). The second and third steps can be
understood similarly. Assume that the atoms are at energy
level |1) initially; therefore, the initial conditions are pﬁ)) =1,
and other zero-order density matrix elements are all zero.
Under the steady-state approximation and the weak field ap-

expresses that an atom in the

As an example, the effective Hamiltonian H.g of the PA-
FWMI process is as follows:

1 o 1 o
_791 _§Qs2
1 O 1 O
_EQS1 _591 (13)
A= Lir 0
1 — 33
0 Ay — Agi+ Ay — 30Ty

(

proximation (i.e., the amplitude of the signal field is far less
than the pump field), the third-order density matrix element
can be solved according to the perturbation chains as follows:

.3 iQ7Qs1
PA-FWMI : p{l), = —— 151 (15a)
d31dy1d’3;
PA-FWMI : p{), = ——12_ (15b)
dxndipd’s
121230
PA-FWM2 : p/$y = — 38 (g5
d//31d/21d///31
Q20
PA-FWM2 :pd) . = 22220 (15d)
32(53) dxd'12d" 3
where €2; = nE;/h is the Rabi frequency of field
E;. Here, d3 =13 +iA;, doy =Ty +i(A— Ag),

d'31 =T3 +i(A) — Agi + A'y), dy =T34+ A,
dip =Tp+i(A) — Agp), d'3p =T +i(A'y — Asy + Ay),
d";; =T3 +iA3, d'y =Ty +i(A3—Ag), d"3=
31 +i(A3 — Ag3s + A'y), d'ip=Tp+i(A — Ag),
and d”32 = F32 + i(A’] — A/S2 + A3) AISO, ASh ASQ, and
Ags represent the frequency detuning of the signals Egj,
Es>, and Egs. Furthermore, A; and A} are the frequency
detuning of the fields E; from the transitions |1) — |3) and
|2) — |3), respectively, defined as the difference between the
resonant transition frequency and laser frequency, and Aj is
the frequency detuning of the fields E;.

Due to the frequencies wgs; of generated photons with
small quantum deviations §; around the corresponding central
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TABLE I. Resonance frequencies of the coherent channels in the three-mode DELC-FWM processes.

Resonance frequencies of the coherent channels

Coherence channels 81 &y 8 83
C1 8 =—A] 8 = A 8 = A 83 = —A,
2 5 — Aj+a/A}+4T Ty3+4Q2 5 — Aj+a/ AJ+4T To3+4Q2 5 — Aj+a/ A}+4T To3+4Q2 P A+4/ AJ+4T) Tr3+4Q2
= = = 3= %
Ay—o/ A}+4T To3+4Q2 Ay—o/ A}+4T To3+4Q2 , Ay—a/ A}+4T To3+4Q3 Ay—o/ AT+4T; Tr3+4Q2
C3 Slzf §p=——"r—"1——1 ézz—f 83=f

frequency @y;, ws; can be written as ws; = ws; +§; (i = 1,
2, 3) with the limitation of |§;| < @y;. Considering quantum
deviation 41, the frequency detuning of the signals Eg; can be
expressed as Ag) = w3y —ws; = w3y — (@sl +8;) = A —
81. According to the conservation of energy in PA-FWMI1
and PA-FWM2, §, = —§; and 83 = §;, which show the fre-
quency correlation of the triphoton state in this three-mode
energy-level-cascaded system. Different quantum properties
of the triphoton state can also be reflected by focusing on
these photon deviations. In the resonance conditions of cou-
pling fields, the third-order density matrix element Pf&sz) in
Eq. (12b) with the expression of Ag; can be rewritten as
follows:

—iQ2Q

. (16
(T3 +iA )Ty +i61)(T31 + 081 +iA'y) (16)

3) _
P31(s2) =

The third-order density matrix element p® is propor-
tional to the third-order nonlinear susceptibility x®, which
determines the strength of the nonlinear interaction and
therefore affects the gain of the nonlinear process accord-
ing to Eqgs. (8a)—(8c). Using atomic coherence, parametric
gain properties of this quantum interplay can be directly
adjusted by modulating the dressing effect. A laser field,
especially from the same laser as pump field E;, is added
as a dressing field to modulate the energy levels involved
in the PA-FWM process. When we consider the dressing
effect of E,, the perturbation chain of Eg, can be expressed
as

0) @1 (1) @si ) @1 3)
P11 = P31 T Prg+ T P3i(s2)p-

The subscript 1 of pg) is replaced by €2+, which indicates
that dressing fields E; dress the level |1) and influence the
identical coherence between states |1) and |3). The third-order
density matrix element in Eq. (16) with a single dress can be
rewritten as follows:

*O2
P31s2p = o) -
[(Fsl + iAl)(le +id + m)]
(T31 + 81 +iA")

By maximizing the denominator of the third-order den-
sity matrix element, we can obtain the resonance positions
as shown in Table I. Figure 9 shows the third-order den-
sity matrix element in the perturbation chains under different
conditions and exhibits the resonance positions of small
quantum deviations window §;, which is the frequency cor-
responding to the coherent channels. The first and second
rows are the Stokes and anti-Stokes signals of PA-FWMI,

respectively. The third and fourth rows are the Stokes and
anti-Stokes signals of PA-FWM2, respectively. A set of lon-
gitudinal resonance positions corresponds to one coherent
channel and a single FWM mode. The dressing field E; cre-
ates the dressed states |1%) from [1), as shown in Fig. 10.
It results in two coexisting PA-FWM coherent channels, and
the output signals thus have two modes of different fre-
quencies, and therefore, the number of coherent channels
are increased. In Fig. 9, with the dressing effect, peak (II)
split into two peaks (IV) and (V) denoted by the dress-
ing term in Eq. (16). Three coherent channels coexist (IV,
V, and VI), all satisfying the energy conservation condition
81 + 82 + 8 + 83 = 0. The quantum information capacity, ex-
pressed as n’, where n represents the number of coherent
channels, is greatly expanded to 3 in this single dressing
system.

Subsequently, the Duan and PPT criteria in each coherent
channel are investigated in the three- and four-mode DELC-
FWM system. According to Eq. (16), we can obtain the
dressing-modulated optical gain, and then the entanglement
characteristics can be actively and directly controlled in the
process of preparing the entangled sources. Figure 11 shows
the values of criteria vs §;, where the gain of the first PA-FWM
is modulated by the dressing field E;. Here, we set G, = 1.2
in the three-mode system and G, = 1.3 and G3 = 1.1 in the
four-mode system. The red areas, where the Duan are not
violated or the PPT values are not negative, indicate the ab-
sence of entanglement. The unentangled modes are not given
in this figure, including a; — a; in the three mode and a; — as,
ap — 44, Gz — 44, a3—{0144}, and as—{a,a3} in four mode.
The black dashed areas correspond to the coherent channels,
where the gains are stronger. Also, the gains in channels are
independent and do not interfere with each other, so the values
of the criteria are different.

V. DISCUSSION AND CONCLUSIONS

In addition to the case of the second-order density ma-
trix element pg) dressed by the field E; mentioned above,
it can also be expanded to many other dressing cases. The
first-order density matrix element pé}) under the condition
of the energy level |1) dressed by the field E; can be

written as Eq. (18), which is obtained by the perturbation

- (0 o (1) wsi (2) @ (3)
chain: pj" — p3g L —> L))" = P32

31(52)D = . 3 : : : .
(FSI +iA) + %)(le +i81)(T31 +i81 +iA})
(18)
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FIG. 9. Theoretically calculated normalized third-order density matrix where the dressing effect acts on the second-order density matrix

element p.?

. The conditions of three columns are different. The conditions of the first column are A| = A/1 = 0, without the dressing effect.

The conditions of the second column are A; = 13MHz and A} = 20 MHz, without the dressing effect. The conditions of the third column are

A; = 13MHz and A/l = 20 MHz, with the dressing effect of field E;.

The resonance positions of the coherent channels are §; =
0 and §; = —A. The number of coherent channels is still 2,
and the resonance peaks are not split by the dressing effect,
which is shown in Fig. 12. The third-order density matrix
element pg) dressed by the field E; at energy level |1) can
be written as Eq. (19), which is obtained by the perturbation

oL 0) @ (1) 9si 0 (2) @1 (3)
chain: p;” — p3;" — P31 = P39, 152D
-2
P31s2)p = (T31 + iAo +i8y) R
(F3] + i(S] + iA/l + lww]ilﬁ)]
The resonance positions of the three coherent
channels are 85, =0, 81 = (A —2A"1 ++A)/2,
and 8 = (A1—2N1—+/A)/2, where A=

(A1 =2A" ) —4(A'] — A\ A\ —Q2 —T'31T33),  which s
like Fig. 9, but the frequency difference of the latter two
peaks is +/A. The phenomenon of split resonance peaks
observed in the experiment is generally caused by the
dressed second-order density matrix element p® because the

detuning of deriving p® is smaller, with stronger dressing
effect, than deriving p®.

Moreover, the pump field E; can also be used as a dressing
field. The second-order density matrix element pg) dressed
by the field E; at energy level |1) can be written as Eq. (20),

which is obtained by the perturbation chain: pf?) 2 pé}) 2
2 @ (3
Pr0,+ — P31(52)D"
3) —lQ%QSl
P31(s2p = p (20)

[(le +iA1)(F21 +idy + m)]
(T3 +i8y +iA"y)

Here, the resonance positions and the optical gains of the
coherent channels depends on the Rabi frequency €23 and fre-
quency detuning As of the dressing field E;. The three coher-
ent channels are at §; = (A3 + \/A§ + 4T3 + 49%)/2,
81 = (A3—vV A+ 405 T3 +4Q2)/2,and §; = — A,

In summary, the DELC-FWM processes are proposed to
produce the three- and four-mode quantum entangled states
in Rb atomic vapors in one step. We apply the Duan and
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FIG. 10. The energy-level diagram in the dressed-state picture.
(a) Three-mode system. (b) Four-mode system. The energy levels
|14) are created from |1). Multiple coherent channels of four-wave
mixing (FWM) are constructed because of the strong dressing effect
of the field E;.

PPT criteria to characterize the multipartite entanglement po-
tentially existing in this cascaded system and theoretically
investigate the dependence of criteria on the system param-
eters. Furthermore, the dressing field is introduced to produce
and coherently control the multimode multiplexed entangle-
ment via constructing multiple coherent channels of FWM.
The properties of the entanglement among output beams are

—_~
&
~'
_~

coherent-channel dependent and can be well controlled using
the dressing effect of atoms and many optical parameters in
our system, without need of extra control (e.g., beam split-
ters) after the quantum interplay. In our scheme, using atomic
coherence, the generation and modulation of multipartite en-
tanglement can be integrated in the process of the entangled
states preparation. These results may be helpful for multimode
quantum secure communication, quantum routing, and quan-
tum coherent control.
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APPENDIX

The three- and four-mode DELC-FWM systems corre-
spond to cascade Rb cells in terms of obtaining multiple
entangled states, as shown in Figs. 2 and 4. As DELC-FWM
only requires a single Rb cell, it introduces fewer vacuum
losses. Moreover, this method is phase insensitive without the
need for a complicated phase-locking technique.

Figure 12 shows the resonance positions of the small quan-
tum deviations window §; under the condition of the dressed
first-order density matrix element p" [Eq. (18)]. Since the
process of deriving p'" is independent of the quantum devia-
tion, the resonance peak does not split because of the dressing
effect acting on p‘1).
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FIG. 11. Entanglement criteria in three coherent channels with single dressing effect. (a) Three-mode Duan criterion. (b) and (c) Three-
mode positivity under partial transposition (PPT) criterion. (d) Four-mode Duan criterion. (e)—(i) Four-mode PPT criterion. The red areas
indicate no entanglement. The black dashed areas show the criterion in each channel.
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