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Geometric spin Hall effect of a laser beam beyond the paraxial approximation
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An intriguing spin-orbital angular momentum interaction, called the geometric spin Hall effect of light
(GSHEL), has aroused much interest and manifests itself as a transverse shift. The GSHEL of the classical optical
field is independent of the beam size. In this paper the GSHELs of the vortex vector continuous wave (VVCW)
and vortex ultrashort pulsed beam (VUPB) are systematically analyzed beyond the paraxial approximation. The
analytical expression of the transverse shift of the VVCW is obtained. Evidently, the magnitude of the transverse
shift depends on the ratio of the beam waist to the wavelength. The transverse shift can be effectively enlarged
by narrowing the beam waist even to the order of more than 10 μm. This intriguing phenomenon is caused by the
stronger spin-orbital interaction induced energy flow in the nonparaxial regime. Furthermore, the GSHEL of the
VUPB is also explored. The pulse duration time strongly affects the distribution of the phase. The singularities
play a crucial role in altering the orientation of the electric field. As a result, the VUPBs with different pulse
duration time have different magnitudes of the GSHEL. These results may find significant applications in the
investigation of the particle manipulation, microscopic imaging, and ultrashort optics.
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I. INTRODUCTION

The angular momentum of light, known as spin angular
momentum (SAM) and orbital angular momentum (OAM),
plays a crucial role in many fundamental and applied fields
[1]. Typically, the spin angular momentum is associated with
the polarization, the intrinsic orbital angular momentum is
related to the spiral phase, and the extrinsic orbital angu-
lar momentum is related to the beam propagation trajectory.
However, an interesting phenomenon called the spin Hall
effect of light [2–7] appears at the reflection or transmission
of light beams at various interfaces and it produces a shift
of the left- and right-circularly polarized beams in opposite
directions, orthogonal to the plane of propagation. The under-
lying physical origin of the spin Hall effect is the spin-orbital
interaction. The spin Hall transverse shift is usually very tiny
at the subwavelength scale. Hosten and Kwiat observed the
spin Hall effect while photons passing through an air-glass
interface by using the quantum weak measurement [8]. Kim
et al. demonstrated a gigantic spin Hall effect of light incident
polarization at an interface between isotropic and anisotropic
media [9].

Aiello et al. proposed the concept of the geometric spin
Hall effect of light (GSHEL). This is a spin-dependent trans-
verse shift of the barycenter of the energy flux density
(Poynting vector) through an oblique cross section of a parax-
ial optical beam in free space [10]. The SAM and OAM
interact in the detector surface of the tilted beam and then
generate the transverse components of the angular momentum
of the beam in the tilted section. Unlike the conventional spin
Hall effect, which depends upon the light-matter interaction,
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the GSHEL phenomenon could be observed in an oblique
plane with respect to the propagation direction even when a
light propagates in free space [11–13]. The underlying physics
of the GSHEL can also be interpreted in terms of an effec-
tive geometric phase [13]. Much theoretical and experimental
research has been carried out on the GSHEL [14–18]. Kong
et al. explored theoretically the effects of intrinsic orbital
angular momentum on the GSHEL and demonstrated that the
GSHEL was actually an effect of the total angular momen-
tum and not only SAM [14]. Wang and Chen discussed the
GSHEL with respect to momentum flux instead of energy
flux [18]. Chen et al. investigated a new type of spin-orbital
coupling between the longitudinal SAM and transversal OAM
carried by a spatiotemporal optical vortex wave packet under
a tight focusing condition [19]. Furthermore, an experimental
nanoprobing technique in combination with a reconstruction
algorithm has been utilized to demonstrate the GSHEL in
a highly nonparaxial beam [15]. In the latest research, an
optical spatial differentiator was proposed for achieving edge
detection based on a tilted polarized interface to develop new
applications for the GSHEL [20]. Compared with traditional
computer processing image information, the optical operation
has the advantage of high-speed and low-power consumption.

The results from Refs. [14,21] show the transverse shift of
the GSHEL with respect to the energy flux as

〈y′〉 = (σ + 2n)
tan θ

2k
,

where σ denotes the polarization of the beam and n is the
topological charge. The transverse shift is related to the wave
number k and the tilted angle θ for the vortex vector contin-
uous wave (VVCW). In the experimental research, a strongly
focused beam is often chosen to strengthen the phenomenon
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FIG. 1. (a) Geometry of the coordinate system. Here (x, z) and
(x′, z′) represent the beam and the laboratory coordinate systems
K and K ′, respectively. The coordinate system K rotates in the x-z
plane. Note that the beam cross section on the observation plane
z′ = 0 is stretched in the x′ direction while the GSHEL occurs in the
y′ direction. (b) Conventional spin Hall effect at an air-glass interface
from Ref. [8].

of the GSHEL for observation. However, here we report on
detailed nonparaxial theoretical research.

Additionally, compared with the continuous wave, the
ultrashort pulsed beam has an extremely broad frequency
spectrum and a strongly space-time coupling effect, resulting
in the dependence of intensity and phase distributions on not
only the beam waist but also the pulse duration. Therefore, in
this paper, the relationship between the transverse shift and
pulse duration time is presented as well.

The structure of this paper is as follows. We first briefly
introduce the theory of the GSHEL in the tilted coordinate
system. Then, based on the vector potential, the analytical
expression of the transverse shift of the VVCW is deduced.
The dependence of the transverse shift on the ratio of the beam
waist to the wavelength is explored, which is caused by the
spin-orbital interaction-induced energy flow in the nonparax-
ial regime. Finally, analogous to the VVCW, the numerical
results of the transverse shift of the vortex ultrashort pulsed
beam (VUPB) are obtained. Because of the spatiotemporal
coupling effect, the pulse duration time strongly influences
the phase distributions and the appearance of the singularities
of the electromagnetic field, which is crucial in altering the
magnitude of the GSHEL. Thus, the pulse duration time can
affect the magnitude of the transverse shift.

II. THEORY OF THE GSHEL

Above all, the GSHEL and the underlying physical origin
are illustrated in this section. Figure 1 shows the geometry
of the generation of the GSHEL and the conventional spin

Hall effect at an air-glass interface from Ref. [8]. As shown
in Fig. 1(b), Hosten and Kwist have detected the conven-
tional photonic spin Hall effect for a light passing through an
air-glass interface and demonstrated that the spin-dependent
displacement is perpendicular to the refractive index gradi-
ent. When a photonic wave packet changes the propagation
direction because of a spatial variation in the refractive index,
the wave components with different wave vectors experience
different geometric phases, affecting the spatial profile and
resulting in the spin Hall effect of light. Whereas, different
from the conventional spin Hall effect of light, the geometrical
spin Hall effect of light does not originate in a medium as a
result of light-matter interaction, it occurs in vacuum and is
determined by the geometry of the beam-detector system only
[10], as shown in Fig. 1(a). The coordinate system K rotates
in the x-z plane into K ′. Thus, the y axis remains unchanged
in the coordinate transformation and is presented as y′ in the
following section. In addition, the GSHEL occurs in the y′
direction, which manifests itself as a transverse shift.

Consider a laser beam (continuous wave or pulsed beam)
that propagates along the z axis, with the detecting plane tilted
by an angle θ against the z axis, as shown in Fig. 1. Thus,
in the system K ′ attached to the reference axis z′, the angular
momentum density will have both longitudinal and transversal
components. As the cross section of the beam when seen from
K ′ is augmented by a factor 1/ cos θ [14], we find that the
longitudinal linear momentum density will go like

p′
z′ = pz − px tan θ. (1)

The relationship between linear and angular momentum
[10] follows that J ′

x′ = 〈y′〉P′
z′ with z = 0 and x = 0. In

Refs. [10,14], the transverse shift of the GSHEL could be
expressed as

〈y′〉 ∝
∫ +∞
−∞ y′ p′

z′dy′∫ +∞
−∞ p′

z′dy′ . (2)

We know that when θ = 0, evidently, the transverse shift 〈y′〉
is zero. If θ �= 0, p′

z′ is no longer symmetric about the y
axis but has a slight imbalance [22]. This slight imbalance
causes the transverse shift in the tilted plane. To physically
comprehend the GSHEL phenomenon, we consider that such
a shift is the result of a nonzero transverse angular momentum.
As a consequence, the transverse shift 〈y′〉 can be detected in
the tilted plane [12,20].

III. THE GSHEL OF THE VORTEX VECTOR
CONTINUOUS WAVE

In previous theoretical research on the GSHEL, most of
the light fields were analyzed under the paraxial limitation.
Actually, the spin-orbital interaction (SOI) effect–induced
energy flow phenomenon is more pronounced in the non-
paraxial regime. The SOI is the important factor to produce
the transverse shift of GSHEL. Therefore, in this paper, all
of our calculations about the GSHEL are performed beyond
the paraxial approximation. The vector potential and Lorentz
gauge are employed in this section to establish the exact
solution expression of the VVCW. The vector potential in the
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x direction can be written as

Ax(ρ) =
(√

2
|n|

ρ

wz

)|n|

√
z2/zR

2 + 1
exp[−i(|n| + 1)�(z)]

× exp

[ |n|
2

+ iρ2ω

2cqz
− inφ − i

(
t − z

c

)
ω

]
, (3)

where qz = z − izR is the complex beam parameter, �(z) =
tan−1(z/zR) is the Gouy phase, w0 is the beam waist, wz =
w0

√
1 + z2/zR

2, and zR = kw0
2/2 is the Rayleigh distance.

Here we should mention that the direction of the vector
potential is set along the x axis. Thus, under the paraxial
approximation, the polarization state of a light beam is of
linear polarization, whereas for the nonparaxial light beam
the spin will appear due to the spin-orbital coupling effect
[23–25].

By utilizing the Maxwell equations E = −∇ϕ − ∂A/∂t
and B = ∇ × A, under the condition of the Lorentz gauge
∇ · A + ∂ϕ/∂ (c2t ) = 0 the electric- and magnetic-field com-
ponents of the VVCW under the condition of x = 0 and z = 0
can be derived,

Ex = iGCW(y)[zR|n| + k2y2zR − ky2 − (n2 + 1)zR] exp[−in tan−1(0, y) − iωt],

Ey = nGCW(y)(−zR|n| + ky2 + zR) exp[−in tan−1(0, y) − iωt],

Ez = iny

2zR
GCW(y)[2zR|n| − k(y2 + 2zR

2) + 2zR] exp[−in tan−1(0, y) − iωt],

Bx = 0,

By = iky2

2czR
GCW(y)[k(y2 + 2zR

2) − 2zR|n| − 2zR] exp[−in tan−1(0, y) − iωt],

Bz = ky

c
GCW(y)(ky2 − zR|n| + zR) exp[−in tan−1(0, y) − iωt],

(4)

where tan−1(x1, y1) gives the arc tangent of y1/x1, taking into account which quadrant the point (x1, y1) is in, and

GCW(y) = c|n|−|n|/2zR
−|n|/2−1(ky2)|n|/2−1 exp

(
1

2
|n| − ky2

2zR

)
.

According to the work of Allen et al. [21], the time average linear momentum density of the beam can be expressed as

p = ε0

2
(E∗ × B + E × B∗). (5)

Thus, the three components (px, py, and pz) of the linear momentum density in the beam coordinate system K can be obtained
from Eq. (5). Due to the symmetry of the linear momentum as shown in Figs. 2(b) and 2(c), by substituting Eq. (1) into Eq. (2),
we can obtain the simplified expression of the transverse shift 〈y′〉:

〈y′〉 ∝
∫ +∞
−∞ y′(pz − px tan θ )dy′∫ +∞
−∞ (pz − px tan θ )dy′ = −

∫ +∞
−∞ y′ px tan(θ )dy′∫ +∞

−∞ pzdy′ . (6)

Subsequently, by substituting px and pz into Eq. (6) and after integration of y′ with x = 0 and z = 0, the transverse shift of the
intensity barycenter of the VVCW can be obtained as

〈y′
CW〉 = − n tan(θ )[(32|n| − 16)k2zR

2 − (32|n|2 − 16)kzR + 8|n|3 + 28|n|2 + 6|n| − 11]

4k[(8|n| − 4)k2zR
2 − (4|n|2 + 4|n| + 8n2 + 1)kzR + 4n2|n| − 2|n| + 10n2 + 7]

, (7)

where kzR = 2π2(w0/λ)2. In Eq. (7), the shifts caused by the
spin and the orbital angular momentum are not separated.
We consider the transverse shift resulting from the total an-
gular momentum (AM). It is worth noting that the lateral
displacement depends not only on the topological charge, but
also on the ratio of the beam waist to the wavelength, in
addition to the wave number and the inclination angle. While
we set w0 → ∞, the GSEHL attains a feature of the paraxial
VVCW, i.e., 〈y′

CW〉 = −n tan(θ )/k, which is consistent with
the classical results of Ref. [14]. However, if the beam waist
w0 reduces to subwavelength order, the polarization of the
VVCW is changed from linear to circular polarization, which
introduces the conversion of the orbital AM to the spin AM.

The SOI inducing the energy flow makes the GSHEL different
from the paraxial VVCW. According to Ref. [26], the mini-
mum beam waist of the VVCW and VUPB is dependent on
pulse duration time and topological charge. Thus, based on
the result from [26], we choose w0 = 0.5λ to mimic the non-
paraxial condition in Fig. 2. For the paraxial approximation,
we choose w0 = 1 mm as an example, which is about 1580λ

when λ = 632.8 nm.
In Fig. 2(a) we explore the transverse shift of the VVCW as

a function of tilted angle θ with the indicated values of beam
waist and topological charge n. First, the sign of the topo-
logical charge changes the direction of the transverse shift.
Meanwhile, the value of the transverse shift varies with the
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FIG. 2. Transverse shift of the GSHEL for the VVCW in the y′ direction as a function of the tilted angle θ for the indicated values of the
topological charge and beam waist. The inset shows the relationship between the beam waist and 〈y′

CW〉. Also depicted are the (b) x and (c) z
components of linear momentum as a function of y′.

beam waist. As shown in the inset of Fig. 2(a), the transverse
shift decreases with the increase of the beam waist and finally
tends to n tan θ/k. This phenomenon is caused by the SOI-
induced energy flow in the nonparaxial regime. In this paper,
the vector potential we set is in the x direction from Eq. (3).
Thus, under the condition of the paraxial approximation, Ex is
dominant and the VVCW is of linear polarization. Then the
magnitude of pz is far larger than that of px when the beam
waist w0 = 1580λ, as presented in Figs. 2(b) and 2(c). Nev-
ertheless, beyond the paraxial approximation, the appearance
of Ey and Ez causes that px and pz to be almost of the same
order. According to Eq. (6), the existence of transverse linear
momentum px makes the magnitude of transverse shift with
w0 = 0.5λ substantially larger than that with w0 = 1580λ.
The magnitude of the transverse shift can therefore be of more
than 10-μm order, which may find significant application in
spatial differential operation and edge detection [20].

IV. THE GSHEL OF THE VORTEX ULTRASHORT
PULSED BEAM

Controlling the magnitude of the transverse shift is an
extremely intriguing and important researching content. In
Sec. III we have explored that the much smaller beam waist
effectively enlarges the transverse shift of the GSHEL, which

results from the SOI-induced energy flow. In our previous
paper [26] we proved that the pulse duration time of the VUPB
also influences the distributions of the intensity and phase.
Compared with the continuous wave, the VUPB not only cou-
ples the time and space but also combines the high-intensity
density and OAM, which can be employed in the ultrafast
physical process [27–29], materials processing [30–32], and
nonlinear optics [33–35]. Thus, in this section, we analyze the
transverse shift of the VUPB.

When analyzing the transverse shift of the VUPB, we
utilize the same method as for the VVCW to construct the
electromagnetic field of the VUPB. The vector potential of
the VUPB can be written as [26,36]

Ax(ρ, t ) = exp[−i(|n| + 1)�(z) − inφ]√
1 + (z/zR)2

(√
2

|n|
ρ

wz

)|n| [
−i

(
α + |n|

2

)
ω

(
t − z

c − ρ2

2cqz

) − iα

]α+|n|/2+1/2

,

(8)
where α is the pulse duration time parameter. Therefore, the
electromagnetic field of the VUPB under the condition of x =
0 and z = 0 can be expressed as
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Ex = iGpulse(y, t ){2zR|n|[−2ω2t2zR + iωt (ky2 + 4αzR) + α(2k2y2zR + ky2 + 2αzR)]

+ k2y2zR
2|n|2 + [4ω2t2zR

2 − n2(ky2 + 2iωtzR)
2 − 2ikωty2zR(2α + 1) − 2αk2y4 + k2y2zR

2(4α2 − 1)]

−2αzR[ky2(2α + 2n2 + 1) + 4iωtzR(n2 + 1)] − 4α2zR
2(n2 + 1)},

Ey = 2nzRGpulse(y, t )(2α + |n|)[iωtzR + α(ky2 + zR) − |n|(αzR + iωtzR)],

Ez = iny

2zR
Gpulse(y, t )(2αzR + ky2 + 2iωtzR)

× [|n|(4αzR + 4iωtzR + ky2 − 2kzR
2) + 2zR(2iωt − 2αkzR + kzR) + ky2(3 − 2α) + 4αzR],

Bx = 0,

By = − iky2

2c
Gpulse(y, t )(2α + |n| − 1)

× [|n|(4αzR + 4iωtzR + ky2 − 2kzR
2) − 2zR(−2iωt + 2αkzR + kzR) + ky2(1 − 2α) + 4αzR],

Bz = 2zRky

c
Gpulse(y, t )(2α + |n| − 1)[zR(iωt + α)(1 − |n|) + ky2(α + 1)],

(9)

where

Gpulse(y, t ) = czR
α−1/2|n|−|n|/2(ky2)|n|/2−1

e−in tan−1(0,y)

(2α + |n| − 1)(2α + |n|)
(

2α + |n|
2αzR + ky2 + 2iωtzR

)α+|n|/2+3/2

.

Different from the VVCW, the pulse duration time of
the VUPB is of the femtosecond timescale, which results in
a strong time-space coupling effect. The linear momentum
density is time dependent, which is expressed as Eq. (10).
Therefore, Eq. (6) is transformed into a two-dimensional inte-
gration by integrating the y axis and time [37–39], as shown in
Eq. (11). According to Parseval’s theorem, the t integrals can
be transformed into ω integrals. That is to say, the transverse
shift of the VUPB we present in this paper is the average
contribution of all frequency components of the beam

p = ε0

2
Re[E] × Re[B], (10)

〈y′
UP〉 =

∫ +∞
−∞

∫ +∞
−∞ y′ p′

z′dt dy′∫ +∞
−∞

∫ +∞
−∞ p′

z′dt dy′ . (11)

To compare with the results of the VVCW, we give the nu-
merical calculating results of the transverse shift of the VUPB
in Fig. 3 with the values of the beam waist and the pulse
duration time indicated. We can find that the difference of
the transverse shift is negligible between the VVCW and
VUPB when the beam waist w0 = 1580λ. This is because
under the condition of the paraxial approximation, Ex is still
dominant and the VUPB is also of linear polarization; thus
there is still no transverse linear momentum. Nevertheless,
when the beam waist reduces to the subwavelength order, e.g.,
0.5λ, the shifts for both the VVCW and the VUPB increase
due to the appearance of the transverse linear momentum as
shown in Figs. 4(a ii) and 4(a iii). However, the amplitude
of the transverse shift of the VUPB is smaller than that of
the VVCW. The relationship between the transverse shift and
the pulse duration time is plotted in the inset of Fig. 3. The
magnitude of the transverse shift increases with the increase

of the pulse duration time and finally tends to be constant,
consistent with Eq. (7).

Let us focus on the GSHEL for different pulse duration
time when the beam waist w0 = 0.5λ. Figures 4(a) and 4(b)
comparatively show the linear momentum pz of the VUPB
with α = 5 and α = 300 in the y′-z plane, respectively. When
z = 0, for the short pulse (α = 5), the linear momentum does
not have singularity along the y′ axis, except the center one.
However, in the case of a long pulse (α = 300), two singular-
ities exist along the y′ axis besides the center one, resulting
in the opposite directions of the energy flow on the two
sides of one singularity [40–43]. Furthermore, we find that
it is the different orientations of the electric field that cause
the pz moving towards different directions, as presented in
Figs. 4(a i) and 4(b i). With the increase of the pulse duration
time, one can notice that the singularities appear away from

FIG. 3. Transverse shifts of the VUPB and the VVCW in the y′

direction as a function of the tilted angle θ with the indicated values
of n = −5, pulse duration time, and beam waist. The inset shows the
relationship between the pulse duration time α and 〈y′

UP〉.
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FIG. 4. Arrow plots of the linear momentum and contour plots of the z component of linear momentum in the y′-z plane with (a) α = 5
and (b) α = 300. Electric-field distributions in the transverse planes are shown for (a i) α = 5 and (b i) α = 300. The magnitude of the x
components is plotted as contours, while the field orientations is presented by arrow plots. The red circles mark the field singularity and the
black and blue arrows represent the direction of the field. Also represented are the spatiotemporal distributions of the x and z components of
normalized linear momentum with (a ii) and (a iii) α = 5 and (b ii) and (b iii) α = 300.

the coordinate origin (x = 0, y′ = 0) [44] along the y′ axis.
As a result, besides the center one, the short pulse has no sin-
gularity and the electric field is oriented outward [Fig. 4(a i)],
whereas the long pulse has two singularities along the y′ axis
and the orientation of the electric field is towards the singular-
ity [Fig. 4(b i)]. That is the main reason why the pz of the long
pulse exhibits an oscillation of positive and negative values
along the y′ axis, whereas the oscillation vanishes with for the
short pulse, as shown in Figs. 4(b ii) and 4(b iii). Thus, the
difference in the distribution of the pz is intuitively attributed
to the shift of the singularity caused by the pulse duration
time [26]. As a result, the value of pz with α = 300 after
integration is smaller than that with α = 5. The magnitude
of the GSHEL with α = 5 is consequently much smaller than
that with α = 300.

V. CONCLUSION

In summary, in this paper we mainly explored the
GSHEL of both the VVCW and VUPB beyond the parax-
ial approximation, which manifests itself as an OAM- and
SAM-dependent transverse shift. By employing the vector

potential, the analytical expression of the transverse shift of
the VVCW was obtained and the dependence on the ratio
of the beam waist to the wavelength was analyzed. If the
wavelength is fixed, the amplitude of the transverse shift is
enlarged with a smaller beam waist to more than 10-μm
order in this paper, which has advantages in microscopic
image. This phenomenon can be attributed to the spin-orbital
interaction-induced energy flow among the three components
in the nonparaxial regime. When the beam waist is of sub-
wavelength, the y and z components of the electric field appear
and then the transverse linear momentum becomes larger,
which leads to a larger transverse shift.

Furthermore, we also investigated the transverse shift of
the VUPB in the case of a smaller waist. Compared with
the VVCW, the pulse duration time of the VUPB strongly
influences the distributions of the phase distribution as well as
the appearance of the singularities, which causes the change
of the orientation of the linear momentum. Consequently,
the magnitude of the transverse shift varies with the pulse
duration time. Thus, the pulse duration time is another way to
manipulate the transverse shift, which broadens the potential
application of the GSHEL in ultrashort optics.
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