
PHYSICAL REVIEW A 106, 043323 (2022)

Dynamical excitation processes and correlations of three-body two-dimensional mixtures
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A scheme is proposed to dynamically excite distinct eigenstate superpositions in three-body Bose-Fermi
mixtures confined in a two-dimensional harmonic trap. The system is initialized in a noninteracting state with a
variable spatial extent, and the scattering lengths are subsequently quenched spanning the regime from weak to
strong interactions. For spatial widths smaller than the three-body harmonic oscillator length, a superposition of
trimers and atom-dimers is dynamically attained, otherwise trap states are predominantly populated, as inferred
from the frequency spectrum of the fidelity. Accordingly, the Tan contacts evince the buildup of short-range two-
and three-body correlations in the course of the evolution. A larger spatial extent of the initial state leads to a
reduction of few-body correlations, endowed, however, with characteristic peaks at the positions of the avoided
crossings in the energy spectra, thereby signaling the participation of atom-dimers. Our results expose ways to
dynamically excite selectively trimers, atom-dimers, and trapped few-body states characterized by substantial
correlations, and they are likely to be accessible within current experiments.
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I. INTRODUCTION

The appealing feature of ultracold physics is the con-
trollability of interactions, which enables us to study a
plethora of phenomena, such as the formation of droplets
[1–3] and polarons [4,5], and to understand in depth the
buildup of few- and many-body correlations [6]. More specif-
ically, the few-body correlations can be quantified by Tan
contacts. These stem from the short-range character of the
interatomic interactions [7–15], and they are experimentally
probed through radiofrequency (rf) spectroscopy [16–18],
time-of-flight expansion [19], or Bragg spectroscopy [20,21].
Contacts interrelate macroscopic observables at equilibrium,
such as the energy and pressure of a gas, in terms of few-body
microscopic mechanisms [11,22] addressing the properties of
a gas universally, regardless of the atom number, the statistics,
or the interaction strength.

The recent realization of three-dimensional (3D) unitary
Bose gases offers the possibility to investigate the dynamical
formation of few-body correlations in strongly interacting ul-
tracold matter [23–26]. Quenching the scattering length from
the noninteracting case to unitarity enables the experimental
observation of few-body states such as the Efimov states,
i.e., an infinite geometric progression of three-body bound
levels comprised of unbound two-body subsystems [27,28].
In addition, theoretical efforts demonstrated that the quenched
dynamics of such three-body systems exhibits unique features
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in the population growth of Efimov trimers and atom-dimers
[29–33]. For example, in Ref. [29] it was argued that the
two-body Tan contact is enhanced during the early stages
of the dynamics, whereas the three-body contact increases
appreciably only when the interparticle spacing matches the
size of an Efimov state [30]. However, the latter are typically
short-lived due to three-body recombination processes [34].

Promising candidates to mitigate such losses while main-
taining a high fraction of trimer states are two-dimensional
(2D) gases [35,36]. There the corresponding trimer wave
functions have a small amplitude at short distances suppress-
ing three-body recombination processes [36,37] as compared
to 3D systems. Additionally, theoretical studies in 2D three-
body systems [38–44] have addressed their time-independent
attributes in terms of their eigenspectrum as well as their
corresponding few-body correlations via Tan contacts [41,45–
47]. In particular, it was shown that mass-imbalanced mix-
tures support a multitude of trimer states with amplified two-
and three-body correlations compared to the mass-balanced
case [41,45].

In contrast to the 3D systems [29–31,48,49], the dynamical
response including the underlying excitation processes and
accompanying correlation mechanisms of 2D three-body sys-
tems is not well-understood. Importantly, the study of these
systems has thus far been restricted to their stationary cor-
relation properties [38,40,45,46] in the absence of external
confinement. In this work, a protocol is proposed for trigger-
ing specific excitation branches in 2D harmonically trapped
mixtures of two identical bosons or fermions interacting with
another atom. Apart from the particle statistics, our study
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addresses the effect of unequal massed three-body collisions.
In 3D gases, it is known that highly mass-imbalanced systems
exhibit rich resonant effects [50–55], or they favor the obser-
vation of multiple successive Efimov states [56–58], while
offering unique platforms to study reaction rates in atom-
dimer and molecule-molecule collisions [59–65]. Therefore,
the inclusion of unequal masses here provides a comprehen-
sive description of the dynamic properties of 2D three-body
collisions ranging from light-light-heavy (LLH) to heavy-
heavy-light (HHL) systems.

Initially, the three-body mixture is considered in a non-
interacting state characterized by a parameter w describing
its spatial extent. Subsequently, the interactions are turned
on abruptly (interaction quench), resulting in distinct dy-
namical response regimes characterized by specific excitation
mechanisms and correlations being imprinted in the fidelity
spectrum. The Hilbert space of the postquench three-body
system, at the final values of the scattering lengths, is mainly
partitioned into three generic types of eigenstates: trimers,
atom-dimers, and trap states. For widths w of the initial state
smaller than the harmonic-oscillator lengthscale, we observe
that the dominant excitation branches identified in the fidelity
spectrum correspond to trimers and atom-dimers. In the case
of HHL systems, however, these states are prevalent over a rel-
atively smaller range of scattering lengths. For an increasing
width w of the initial state, the trap states are predominantly
populated.

Furthermore, we show that the participation of distinct
eigenstates impacts strongly the dynamics of short-range cor-
relations quantified by the Tan contacts. In particular, both
the two- and three-body correlations become enhanced for
initial-state widths smaller than the spatial extent of the trap.
The correlations are suppressed as the width of the initial
configuration is increased since the population of trap states
becomes more dominant. In addition, distinct peaks in the
few-body correlations are observed as the scattering lengths
vary. This structure arises from the narrow avoided crossings
in the eigenspectrum where the atoms are in a superposition
of trap and atom-dimer states. The above-mentioned features
occur for both LLH and HHL settings regardless of the ex-
change symmetry of the particles. However, the enhancements
in the few-body contacts become narrower in the HHL case,
as compared to the LLH one, due to the existence of sharp
avoided crossings in the respective energy spectrum [41].

This work proceeds as follows: In Sec. II the adiabatic hy-
perspherical formalism is briefly outlined, and in Sec. III the
initial ansatz of the three-body system and the time-evolved
wave function are introduced. Subsequently, the excitation
spectra, associated modes, and correlation dynamics based
on the fidelity spectrum and Tan contacts are unveiled for
both LLH systems in Sec. IV and HHL ones in Sec. V. In
Sec. VI we briefly comment on the possible experimental real-
ization of our setup. Section VII lays out our conclusions and
provides an outlook. Moreover, Appendix A introduces the
adiabatic Hamiltonian and the 2D zero-range pseudopoten-
tial. Appendix B provides the form of the hyperangular wave
function for the noninteracting initial state. In Appendix C,
we elaborate on the excitation spectrum of the LLH BBX
system for widths of the initial state equal to the three-body
harmonic-oscillator length.

II. ADIABATIC HYPERSPHERICAL REPRESENTATION
OF THE THREE-BODY MIXTURE

In the following, we consider three-body binary mass-
imbalanced mixtures trapped in a 2D harmonic oscillator of
frequency ω. They typically consist of either two identical
bosons (BBX) or two identical noninteracting spin-polarized
fermions (FFX) interacting with a third distinguishable par-
ticle. The underlying pairwise interactions are modeled with
s-wave zero-range pseudopotentials [66] characterized by 2D
scattering lengths aFX and aBB, aBX for the FFX and BBX
systems, respectively. Here, aσσ ′ denotes the 2D scattering
length between a particle of species σ and σ ′, where σ = B, X
or σ = F, X . Below, for simplicity, we typically consider vari-
ations of 1/aFX and aBB/aBX where in the latter case aBB

is kept fixed. The magnitude of the 2D scattering lengths
can in principle be adjusted via standard Fano-Feshbach res-
onances [67], since they parametrically depend on their 3D
counterparts [68]. Let us note that by definition the 2D scat-
tering lengths can only be positive, a property stemming from
the existence of a two-body bound state always in 2D, and
the noninteracting limit occurs when they are either 0 or
+∞ [69]. Moreover, depending on the mass ratio between
the identical atom and the third particle, i.e., mB/F /mX , we
distinguish between LLH and HHL cases. In particular, the
employed mass ratios are mB/mX = 0.04, 22.16 for BBX
referring to mixtures of 7Li - 7Li - 173Yb, 133Cs - 133Cs - 6Li,
and mF /mX = 0.0451, 24.71 for FFX corresponding to
6Li - 6Li - 133Cs, 173Yb - 173Yb - 7Li systems.

The stationary properties of these mixtures are straight-
forwardly addressed within the adiabatic hyperspherical
framework [27,34,70–72], with the pairwise interactions mod-
eled via contact pseudopotentials. Due to the decoupling of
the center of mass, the hyperspherical coordinates represen-
tation is employed and the relative position of the atoms is
described by a set of three hyperangles (which collectively are
denoted by �) and the hyperradius R that controls the overall
size of the system. Hence, by employing the hyperspherical
coordinates, the relative three-body Hamiltonian [41] reads

Hrel = − h̄2

2μR3/2

∂2

∂R2
R3/2 + 1

2
μω2R2 + Had(R; �). (1)

The first term refers to the kinetic energy, while the second
one is the external trapping potential. Had(R; �) describes
the centrifugal motion of the three particles, and it contains
the pairwise s-wave contact interactions, depending on the
aforementioned 2D scattering lengths (for more details, see
Appendix A). Also, μ = mB/F /

√
2mB/F /mX + 1 is the three-

body reduced mass and mB/F stands for the mass of bosons or
fermions. Note that in the following, we employ as a char-
acteristic lengthscale of the three-body system the quantity
aho = √

h̄/μω, i.e., the three-body harmonic-oscillator length.
The eigenstates of the three-body system are determined

as follows: First, Had(R; �) is diagonalized at a fixed hyper-
radius R [72] where the eigenvalues sν (R) are associated with
the adiabatic potential curves h̄2(s2

ν (R) − 1/4)/2μR2, and the
corresponding eigenfunctions, i.e., �ν (R; �), are used as a
basis set for the three-body relative wave function. The latter
in the adiabatic hyperspherical representation is given by the
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expression �(R,�) = R−3/2 ∑
ν Fν (R)�ν (R; �).1 Fν (R) de-

notes the hyperradial component of �(R,�), which satisfies
the following system of coupled ordinary differential equa-
tions:{

− h̄2

2μ

d2

dR2
+ Uν (R)

}
Fν (R)

− h̄2

2μ

∑
ν ′

[
2Pνν ′ (R)

d

dR
+ Qνν ′ (R)

]
Fν ′ (R) = EFν (R).

(2)

Here, Uν (R) represents the νth adiabatic potential curve in-
cluding the trap, whereas the Pνν ′ (R) and Qνν ′ (R) terms denote
the nonadiabatic coupling matrix elements. More specifi-
cally, the adiabatic potential curves and the nonadiabatic
coupling matrix elements are given by the following expres-
sions [41,43,72]:

Uν (R) = h̄2

2μR2

(
s2
ν (R) − 1

4

)
+ 1

2
μω2R2, (3)

Pνν ′ (R) =
〈
�ν (R; �)

∣∣∣∣∂�ν ′ (R; �)

∂R

〉
�

, (4)

Qνν ′ (R) =
〈
�ν (R; �)

∣∣∣∣∂
2�ν ′ (R; �)

∂R2

〉
�

, (5)

where the symbol 〈· · ·〉� indicates that the integration is over
the hyperangles only. In the following, harmonic-oscillator
units are adopted, unless stated otherwise, i.e., mB/F = h̄ =
ω = 1, where mB/F is the mass of the identical bosons or
spin-polarized fermions.

III. INITIALIZATION AND QUENCH PROTOCOL

Initially the three atoms are prepared in a noninteracting
state. This situation in 2D translates to a scattering length
either 0 or +∞, which in the case of two harmonically trapped
atoms is shown to reproduce the corresponding noninteract-
ing energy spectra [69,73,74]. The state is characterized by
1/aBX = 1/aBB = 0 for BBX or 1/aFX = 0 for FFX systems,
while its spatial extent is parametrized by w; see Fig. 1(a).
The initial three-body wave function in the hyperspherical
coordinate frame reads

�(R,�, t = 0) = RL
√

2√
�(2 + L)w2+L

e− R2

2w2 �
(0)
0 (�), (6)

where �(·) is the gamma function. Also, �
(0)
0 (�) is the

noninteracting ground state of Had(R; �) [Eq. (1)] [denoted
by the (0) superscript] taking into account the total angular
momentum L and parity π of the system Lπ . In particular,
Lπ = 0+ (Lπ = 1−) for BBX (FFX) systems. The indepen-
dence of �

(0)
0 (�) on R stems from the independence of

the hyperangular eigenvalues of the noninteracting adiabatic

1We note that in the following sections and Appendices, the wave
functions with the superscripts �(R,�, t ) or � f (R,�) indicate the
time-evolved wave function at time t or the postquench f-th eigen-
state, respectively (see also Sec. III).

FIG. 1. (a) Cartoon of the quench scenario. The system consists
of either two (red particles) identical bosons (BBX) or fermions
(FFX) and a distinguishable atom (blue particle). They are initialized
(t = 0) in a noninteracting state with spatial extent w. The dynamics
is induced by a sudden change of the scattering lengths (interspecies
denoted by springs and intraspecies by wiggly lines) from their
noninteracting to finite values. (b) Schematic representation of a
typical three-body energy spectrum. In region III, below the BX
or FX bare dimer threshold (red dashed line), trimer states can
be formed, denoted by a circle. Region II signals the presence of
atom-dimers (dimers are marked by an ellipse), and in region I, trap
states appear along with atom-dimers. These two latter eigenstates
feature avoided-crossings; see, for instance, the dashed circle. The
energy dependence of the trimers, atom-dimers, and trap states on
the scattering length is schematically presented by the blue, green,
and red dash-dotted lines, respectively. Note that the horizontal axis
corresponds to a wide range of considered scattering lengths, but it
does not reach the zero limit.

Hamiltonian on this parameter; for more details, see Ap-
pendix B. The hyperradial part of �(R,�, t = 0) is the
ground state of the hyperradial equation [Eq. (2)] with zero
nonadiabatic coupling matrix elements, due to the indepen-
dence of �

(0)
0 (�) on R, and one potential curve, associated

to this ground hyperangular state, U (R) = 1/(2μR2)[(L +
1)2 − 1/4] + 1/(2μw4)R2. Its energy reads (2 + L)/(μw2),
where L = 0 (1) refers to the total angular momentum for the
BBX (FFX) system.

It should be noted that Eq. (6) is an eigenstate of the non-
interacting Hamiltonian Eq. (1) only in the case of w = aho

coinciding with the noninteracting ground trap state. The spa-
tial extent w can be adjusted experimentally, e.g., by means
of a trap frequency quench (see Sec. VI for a more detailed
discussion), however in the following we treat it as a free
parameter. This permits us to investigate the role of the spatial
extent of the initial wave function on the postquench dy-
namics. However, a detailed argumentation on the interval of
values of the width w is provided in Sec. VI. Nevertheless,
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for typical LLH settings that we shall consider below these
bounds yield, w � 0.46 while for HHL ones, w � 1.16.

A. Time evolution of the wave function

To trigger the nonequilibrium dynamics of the three-body
mixture, we perform quenches of the relevant 2D scattering
lengths aσ,σ ′ . Accordingly, their values are suddenly reduced
at t = 0 from their initial noninteracting ones. Recall that
this is experimentally feasible via appropriate Feshbach res-
onances (for more details, see also Sec. VI). Specifically, a
different quench scheme is applied for the BBX and FFX
systems since the former (latter) possesses two (one) scat-
tering lengths, i.e., aBB and aBX (aFX ). In the case of FFX
mixtures, solely 1/aFX is quenched and the consequent dy-
namics is explored over a wide range of postquench 1/aFX

[Fig. 1(a)]. On the other hand, for the BBX system both the
1/aBB and 1/aBX are changed abruptly at t = 0 from their
noninteracting values [Fig. 1(a)] towards different postquench
1/aBX and fixed 1/aBB = 1. It is worth mentioning that by
tuning the magnetic field for the quench in the experiment,
both aBX and aBB are affected, and hence broad (narrow)
intraspecies (interspecies) resonances are required such that
the variation of aBB is very small compared to that of aBX

(see also Sec. VI). We remark that aBB = 1 is chosen such
that the bosonic atoms have an intermediate repulsive interac-
tion strength.2 However, we have checked that the dynamical
processes and response of the LLH and HHL BBX systems
that are presented below (Secs. IV and V) do not change
substantially closer to the noninteracting limit, i.e., aBB > 1.
The fact that the qualitative features of the results remain
the same towards the noninteracting limit permits us to ex-
pose the role of the particle statistics between BBX and FFX
systems.

To describe the quenched dynamics of the three-body
system, the time-evolved wave function is expressed as a
projection of the initial state [Eq. (6)] onto the interacting
eigenstates of the postquench 2D scattering lengths. Specif-
ically, it acquires the form

�(R,�, t ) =
∑

f

e−iEf t cf,in�
f (R,�), (7)

where �f (R,�) = R−3/2 ∑
ν F f

ν (R)�ν (R; �) are the
postquench interacting eigenstates, and Ef are their eigenen-
ergies. Also, cf,in = ∫

dRd� R3�(R,�, t = 0)[� f (R,�)]∗
denote the overlap coefficients between the initial and
the postquench eigenstates. The overlap coefficients are
explicitly determined by the initial state and hence its width
w for a fixed postquench scattering length. This leads to a
w-dependent participation of specific postquench eigenstates,
i.e., depending on w, different eigenstates contribute in the
dynamics, whose distinct features dictate the dynamical

2The two-body interaction strength between the σ = B, F
and σ ′ species [73–75] is defined as gσσ ′ = [ln(2e−2γ (1 +
mσ /mσ ′ )/a2

σσ ′ )]−1, where γ = 0.577. This implies that when

aσσ ′ > (<)e−γ
√

2
√

1 + mσ

mσ ′ , attractive (repulsive) effective interac-

tion regimes arise.

response of the system, as will be demonstrated below
(Secs. IV and V).

B. Classification of postquench three-body eigenstates

Detailed knowledge of the three-body energy spectra
[41,69,76] will allow an in-depth understanding of the emer-
gent nonequilibrium dynamics of both the BBX and FFX
mixtures. The postquench interacting eigenstates can be cate-
gorized into the so-called trimers, atom-dimers, and trap states
[77,78]. Trimers are three-body bound states that exist below
the BX or FX dimer energies; see, in particular, the red-dashed
line and region III in Fig. 1(b). In Ref. [35] it was shown
that in the absence of a trap the BX or FX dimer energy is
given by EσX = −2e−2γ (1 + M)/a2

σX . Here, σ = B, F , γ =
0.577, and M = mσ /mX . For BBX systems there is also the
BB dimer energy determined by EBB = −4e−2γ /a2

BB, which
is constant since aBB = 1 remains fixed for all the postquench
aBX scattering lengths.3

Region II of Fig. 1(b) indicates the energies of the atom-
dimer states, which are two-body bound states interacting
with a third particle. The atom-dimer states depend strongly
on aBB/aBX (1/aFX ) in the case of the BBX (FFX) systems
having a BX+B (FX+F) character. Moreover, the region I
of Fig. 1(b) depicts the energy regime of the trap states that
are almost insensitive to scattering length variations [see the
straight lines in Fig. 1(b)] referring to three weakly interact-
ing particles. Apparently, avoided crossings occur between
BX+B or FX+F atom-dimers, also encountered in region
I, and trap states, designated by dashed circles in Fig. 1(b).
For BBX systems, apart from the aforementioned states ap-
pearing in region I, BB+X atom-dimers arise as well. Their
eigenenergies experience only small variations with respect to
aBB/aBX , similarly to the trap states, since the postquench aBB

is kept fixed. A way to distinguish them from trap states is by
inspecting their stationary two-body BB short-range correla-
tions, e.g., through the two-body BB contact. In Ref. [41] it
was shown that the latter is more pronounced in the case of
BB+X atom-dimers than for trap states.

Notably, all three types of eigenstates display a different
spatial extent in terms of the hyperradius R. Therefore, the
initial state described by Eq. (6) will eventually screen out
particular states or superpositions in the time evolution for
different widths w, and this information is encoded in the
overlap coefficients cf,in (see also Secs. IV and V).

IV. QUENCH DYNAMICS OF LLH SETTINGS

To obtain an overview of the system’s dynamical response
for different widths of the initial state and postquench scatter-
ing lengths, we employ the time-averaged fidelity [73,80,81]

〈|F |〉 = lim
T →∞

∫ T
0 dt |F (t )|

T
. (8)

3These relations are altered in the presence of a trap only for
scattering lengths comparable to or larger than the lengthscale � =√

h̄/μ2Bω (with μ2B being the two-body reduced mass) [79]. This
effect depends also on the mass ratio of the three-body system.
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The total time evolution T is considered to be long enough
such that 〈|F |〉 is converged.4 The fidelity, which essentially
estimates the deviation of the time-evolved state [Eq. (7)] from
the initial one, reads

F (t ) = 〈�(R,�, t )|�(R,�, t = 0)〉
=

∑
f

|cf,in|2e−iEf t . (9)

Here, cf,in are the overlap coefficients introduced in Eq. (7),
and Ef refer to the energies of the postquench eigenstates. As
a function of the postquench scattering length, the dynami-
cal response of the three-body system exhibits two distinct
regimes mainly determined by the width of the initial state
with respect to the three-body harmonic-oscillator length, aho.
In this section, the LLH setups that are considered have a
mass ratio mB/F /mX = 0.04 yielding a three-body harmonic-
oscillator length aho = 1.02.

Regarding the LLH BBX system, the time-averaged fi-
delity 〈|F |〉 in terms of aBB/aBX is depicted in Fig. 2(a) for
various widths of the initial state. Apparently, the qualitative
behavior of 〈|F |〉 depends strongly on w. For instance, in
the case of w/aho = 0.78 the deviation from the initial state
becomes larger for increasing aBB/aBX . Such a decrease of
〈|F |〉 holds also when w/aho = 1 as long as aBB/aBX < 4,
and beyond this interval it shows a saturation trend, due to
the amplified population of trap states; see also Appendix C.
The latter renders the response of the system more enhanced
compared to the w/aho = 0.78 case, since a larger number
of postquench eigenstates contributes in the dynamics (see
also Appendix C). However, considering an initial state with
a width at w/aho = 4.9, the response of the system is sub-
stantially enhanced as compared to the previous case, and in
particular it is almost independent of aBB/aBX . This pattern, as
will be explained in Sec. IV A, originates from the significant
population of trap states. In this sense, it becomes evident that
there are two characteristic response regimes of the system
with respect to aho.

A similar qualitative behavior of 〈|F |〉 occurs also for LLH
FFX settings [Fig. 2(b)] at w/aho < 1 or w/aho > 1. No-
tably, for w/aho = 0.78, 〈|F |〉 is almost constant in the region
1/aFX > 3. Such a response can also be observed for other
widths w/aho < 1, due to the participation of trap states for
large 1/aFX . For an initial state with w/aho = 1, we observe
that the response of the LLH FFX system is decreased for
1/aFX > 3, meaning that the deviation from the initial state
reduces progressively. This mainly occurs due to the smaller
number of contributing states in the course of the evolution (as
thoroughly discussed in the Appendix A of Ref. [82]), since
the participation of the first two atom-dimers reduces as 1/aFX

is further tuned to larger values (see also Appendix C). For
w/aho = 4.9, the time-averaged fidelity is practically constant
due to the participation of trap states during the dynamics,
whose overlap coefficients do not depend strongly on 1/aFX

(see also Sec. IV B). Note that the considered postquench

4Here we consider total evolution times T = 800, while the time-
averaged fidelity for the LLH (HHL) settings saturates already from
T = 300 (T = 500).

FIG. 2. Average dynamical response, as captured by the time-
averaged fidelity 〈|F |〉, with respect to the scattering length ratio
(a) aBB/aBX for the BBX and (b) 1/aFX for the FFX LLH systems.
Cases of different widths w (see legend) of the initial state are
presented. Apparently, in both settings the response is changed for
widths smaller or larger than aho = 1.02. In particular, it is enhanced
for wider initial states having w > aho.

1/aFX values do not include 0, and 〈|F |〉 therefore deviates
from unity in the leftmost part in Fig. 2(b) at w/aho = 1.
However, when w 	= aho, even at 1/aFX = 0 the deviation
would persist, since the initial state is not a noninteracting
eigenstate.

Evidently, regardless of the particle statistics, we observe
that the width of the initial state plays a crucial role on the
dynamical response of the three-body system. Thus, in order
to further address the physical origin of this behavior in the
following we will analyze the involved excitations, in terms
of the postquench eigenstates, that contribute in the nonequi-
librium dynamics. Their identification is indeed, in general,
tractable in few-body setups [83,84]. For this purpose, we
utilize the fidelity spectrum

|F (ω̃)| =
∣∣∣∣
∫

dt√
2π

e−iω̃t |F (t )|
∣∣∣∣. (10)

It discloses information regarding the predominantly con-
tributing final eigenstates in the dynamics via the en-
ergy differences ω̃f,f ′ = Ef − Ef ′ [recall that we work with
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FIG. 3. Fidelity spectra of the quenched (a) BBX and (d) FFX LLH systems with a narrow prequench state of w/aho = 0.78. The
circles denote frequencies associated with specific postquench eigenstates. The interaction-dependent excitation branches signal the dominant
participation of trimer and atom-dimer states in the dynamics, and they refer to their energy differences with respect to trap states. Almost
constant branches are related to trap excitations. The energy spectra of the (b) BBX and (e) FFX LLH systems, where a series of avoided
crossings among atom-dimers and trap states occurs, are marked by the dashed circles. The red dashed line indicates the bare BX or FX dimer
threshold. (c),(f) Profiles of the fidelity spectrum for the (c) BBX and (f) FFX mixture at different scattering lengths (see the legend).

dimensionless units (Sec. II)], which are identified from the
energy spectra of BBX and FFX systems [41]. Below, we
elaborate on the excitation spectrum of both LLH BBX and
FFX systems in the two above-mentioned distinct response
regimes.

A. Excitations from narrow initial states with w < aho

As a prototype LLH setup with an initial state width
w < aho, we use the case of w/aho = 0.78. To understand the
excitation processes of the quenched system, we inspect the
respective fidelity spectrum together with the energy eigen-
spectrum and the overlap coefficients. For the BBX system,
the fidelity spectrum |F (ω̃)| and the three-body postquench
eigenenergies are shown in Figs. 3(a) and 3(b), respectively.
Note that the indexing of the eigenenergies, e.g., in Fig. 3(b)
starts from the ground state, which possesses an energy way
below the displayed range, and increases as we climb the
energy ladder.

In Fig. 3, for aBB/aBX < 4 the excited frequency branches
appearing in |F (ω̃)| mainly refer to energy differences be-
tween the second trimer state (first excited trimer) f = 2, and
either the first atom-dimer (f = 3) or the trap states (f = 8);
see, e.g., ω̃3,2 and ω̃8,2, respectively, in Fig. 3(a) at aBB/aBX =
2.5. In these frequency branches, the most dominant contri-
bution in the coefficients cf,in stems mainly from the second
trimer. This occurs since both the initial state and the second
trimer are well localized at small values of the hyperradius,
i.e., for R < aho, yielding thus a large overlap. In particular,
for the frequency ω̃3,2 we observe that it remains constant as
the scattering length ratio aBB/aBX varies. This arises from
the fact that the scattering length dependence of the second
trimer and first atom-dimer eigenenergies is similar as shown

in Fig. 3(b), thus their energy difference results into an almost
constant frequency ω̃.

As aBB/aBX is tuned to larger values, the spatial extent
of the postquench eigenstates changes drastically [Fig. 3(b)],
thus affecting their overlap with the initial configuration.
Indeed, the participation of the second trimer state (f = 2)
decreases for aBB/aBX > 4. For these scattering length ratios,
the trimer and the atom-dimer states become tightly bound
[see Fig. 3(b)]. Accordingly, their wave functions are much
narrower than the initial one, which reduces the corresponding
overlap coefficients. In return, this results in a smaller ampli-
tude of ω̃3,2; see Fig. 3(c) at aBB/aBX = 4.25. This reduced
contribution in the fidelity spectrum is counterbalanced by the
enhanced population of more trap states giving rise to excita-
tion branches whose values increase with larger aBB/aBX ; see,
e.g., the scaling of ω̃8,2 in Fig. 3(a)].5 Their increasing behav-
ior reflects the growing energy difference between the second
trimer and trap states for aBB/aBX > 3 [Fig. 3(b)]. Also, the
amplitude ω̃8,2 increases with aBB/aBX since the substantial
spatial extent of the trap wave functions yields larger overlap
with the initial state. Furthermore, a larger number of branches
arises in the fidelity spectrum as can be seen by comparing
the profiles of |F (ω̃)| at aBB/aBX = 4.25 and aBB/aBX = 2.5
illustrated in Fig. 3(c). As a result, the response of the time-
averaged fidelity for w/aho = 0.78 is more enhanced (smaller
value of 〈|F |〉) for larger ratios of aBB/aBX [Fig. 2(a)]. Let us
remark that time-dependent variation protocols of the scatter-
ing lengths would be of great interest, since they could result

5Note that even if the labels of the postquench eigenstates are the
same, the frequency associated with them, ω̃8,2, acquires different
values depending on the scattering length [Fig. 3(a)], since the energy
spectrum changes drastically with respect to aBB/aBX .
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in a significant population of trimer states, even at the regimes
where trap states acquire a large contribution.

For the dynamical response of the LLH FFX system, we
observe the appearance of a larger number of excitations in
the fidelity spectrum [Fig. 3(d)] as 1/aFX increases. Notice
that this behavior is already anticipated from the enhanced
response of 〈|F |〉 presented in Fig. 2(b) for w/aho = 0.78.
However, the microscopic mechanisms behind this response
are different from the ones in the BBX system due to the dis-
tinct eigenenergy spectra, compare in particular Figs. 3(b) and
3(e). Evidently, in the case of the LLH FFX system trimers
do not form. Here, the major contribution for 1/aFX < 2 is
shared among the first two atom-dimer states, f = 1, 2, pos-
sessing a small spatial extent and mostly localized at R < aho.
This claim can be verified by the corresponding frequency
peak ω̃2,1 of |F (ω̃)| shown in Figs. 3(d) and 3(f) as well as
the contribution of the relevant overlap coefficients (with a
total contribution 90–60 % for 1/aFX ∈ [0.36, 2]). For large
scattering lengths (1/aFX > 2), the participation of atom-
dimers diminishes since their spatial extent further decreases.
This results in their reduced overlap with the initial state
and consequently to a smaller amplitude of ω̃2,1 as shown
in Fig. 3(f) for 1/aFX = 4. In this case, trap states acquire
a non-negligible population leading to interaction-dependent
frequency branches which grow with respect to 1/aFX ; see,
e.g., ω̃8,1 in Fig. 3(d).

B. Response for wide initial configurations of w > aho

Next, we examine the susceptibility of LLH three-body
setups to quenches for initial configurations characterized by
w > aho. As a representative example of this kind, we choose
w/aho = 4.9 and first investigate BBX mixtures. Recall that
in this scenario, the time-averaged response captured by 〈|F |〉
[Fig. 2(a)] is drastically enhanced as compared to w/aho =
0.78 and experiences small variations with respect to aBB/aBX .

To determine the microscopic origin of the involved excita-
tions, we resort again to the fidelity spectrum |F (ω̃)| provided
in Fig. 4(a). The almost horizontal frequency branches stem
from energy differences between trap states, e.g., ω̃12,8. This
is verified by calculating the respective overlap coefficients
and monitoring the energy spectrum [Fig. 3(b)]. Addition-
ally, since w/aho = 4.9 � 1, the postquench atom-dimers and
trimers, being naturally narrow, exhibit a reduced overlap with
the initial state. The dominant contribution in the course of
the evolution originates from the trap states whose overlap
with �(R,�, t = 0) is appreciable. Indeed, a multitude of
trap states is populated as can be inferred from the several
frequency peaks of comparable amplitude appearing in |F (ω̃)|
[Fig. 4(a)]. This fact, in turn, induces the enhanced response
identified in 〈|F |〉 [Fig. 2(a)] for w/aho = 4.9.

A similar overall phenomenology takes place also for LLH
FFX systems; see Fig. 4(b). Evidently, also here the respective
excitation branches are almost insensitive to 1/aFX variations
[Fig. 4(b)]. Notably, the postquench eigenstates responsible
for this behavior are again trap states, e.g., ω̃6,3, although
they are not the same as those identified in the BBX scenario
[Fig. 4(a)]. The reason for this change can be traced back to
the different structure of the eigenspectrum between BBX and
FFX LLH systems; compare Figs. 3(b) and 3(e).

FIG. 4. Fidelity spectra of a wide initial state, i.e., w/aho = 4.9,
for the (a) BBX and (b) FFX LLH systems following a quench of
the scattering length. The circles designate specific frequency peaks
corresponding to different postquench eigenstates. The atoms reside
in a superposition consisting predominantly of trap states. The latter
are imprinted as excitation branches being insensitive to scattering
length variations.

Focusing on the underlying selection processes according
to which specific postquench eigenstates are populated, it
is instructive to carefully study the respective overlap coef-
ficients. Of immediate interest here are the ones referring
to pairs of postquench eigenstates that experience avoided
crossings [dashed circles in Figs. 3(b) and 3(e)], namely atom-
dimers and trap states, and in particular we illuminate their
dependence on the width w of the initial states. In the vicinity
of the avoided crossings, the spatial extent of the involved
eigenstates changes abruptly, since their character alters be-
tween trap and atom-dimer states.

For a BBX setup, a characteristic example regarding the
dependence of the overlap coefficients between the initial state
and the f = 5, 6 eigenstates as a function of w and aBB/aBX is
displayed in Fig. 5(a). A transition between the different types
of eigenstates is apparent by the complementary behavior of
the respective overlap coefficients [30]. On the left of the first
avoided crossing shown in Fig. 3(b) at aBB/aBX � 3 (dashed
circle), the occupation of the trap state f = 5 [see the red
color gradient in Fig. 5(a)] prevails for a larger w when com-
pared to the atom-dimer f = 6 [see the green color gradient
in Fig. 5(a)]. This behavior arises from the mere fact that
the atom-dimer has a smaller spatial extent compared to the
trap state, thus the latter yields larger overlap compared to the
former. The opposite behavior takes place within aBB/aBX ∈
[3, 3.5], since then the f = 5, 6 states interchange their charac-
ter. After the second avoided crossing at aBB/aBX � 3.5, these
states are substantially occupied only for 0.19 < w/aho <

0.39, since then both of them are atom-dimers [Fig. 3(b)]. For
larger w/aho � 1 and around aBB/aBX ∈ [3.5, 4], a significant
contribution stems from a trap eigenstate (f = 7), not shown
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FIG. 5. Overlap coefficients |cf,in|2 between the initial state of
width w and two postquench eigenstates f as a function of w/aho

and the scattering length for the (a) BBX (f = 5, 6) and (b) FFX (f =
3, 4) LLH system. In each case, the presented pair of postquench
eigenstates experiences an avoided crossing in the respective energy
spectra [Figs. 3(b) and 3(e) with dashed circles]. A change of the
character of the state from a trap to an atom-dimer (atom-dimer to
trap) state is signified by a shift of its major contribution to smaller
(larger) values of the width of the prequench state w/aho.

in Fig. 5(a). Similar transitions occur also for the FFX LLH
system [Fig. 5(b)], where in this case the pair of eigenstates
f = 3, 4 exchange character from a trap to an atom-dimer
and vice versa through the avoided crossing at 1/aFX � 1.77
[Fig. 3(e) designated with a dashed circle].

Concluding, it is worth mentioning that upon considering
a width of the initial state being the same as the three-body
harmonic-oscillator length, namely w = aho, the original con-
figuration corresponds to the noninteracting ground trap state
(Sec. III). For this reason, the role of trimers and atom-dimers
is less important during the time evolution, and as expected
trap states have a somewhat larger population (for more de-
tails, see Appendix C). This behavior holds for both BBX and
FFX systems.

C. Buildup of two- and three-body correlations

Having established an understanding regarding the con-
tributing eigenstates for different widths of the initial state, an
intriguing question that arises is how these states influence the
associated short-range few-body correlations in the course of
the evolution. These correlations can be addressed by the ex-
perimentally measurable [17,19] two- and three-body contacts
[9,11,13,41,47,85]. The latter are defined as coefficients in a
high momentum expansion of the σ -species one-body density

in momentum space,

nσ (pσ , t ) � 1

Nσ p4
σ

∑
σ ′

(1 + δσσ ′ )Dσσ ′
2 (t ) + ln3 pσ

p6
σ

D3(t ).

(11)
This expansion pertains to the case in which pσ is significantly
larger than the momentum scales provided by the inverse scat-
tering lengths [41]. Here, Nσ is the atom number belonging
to the σ -species, while Dσσ ′

2 (t ) denotes the time-dependent
two-body contact between the species σ and σ ′. Note that
only the three-body contact D3(t ) of BBX systems [DBBX

3 (t )]
is finite, since for FFX systems three-body correlations are
suppressed6 due to the Pauli exclusion principle [45]. The
main features of these few-body correlation observables are
captured by their time-averaged measure. Namely, the time-
averaged two-body contacts are described by the following
expressions:

〈
DσX

2

〉 = lim
T →∞

1

T

∫ T

0
dt DσX

2 (t ), σ = B, F (12)

and the three-body ones read

〈
DBBX

3

〉 = lim
T →∞

1

T

∫ T

0
dt DBBX

3 (t ). (13)

These quantities assess the overall degree of dynami-
cal correlations for various widths of the initial state and
postquench scattering lengths; see Fig. 6. A detailed analysis
of the stationary three-body FFX and BBX setups reveals
a hierarchy in terms of the degree of few-body correlations
for the different types of eigenstates. Namely, as shown in
Refs. [41,85,86], trimer states possess more enhanced two-
and three-body correlations than those of the BX or FX atom-
dimer states, and, similarly, the atom-dimer contacts are larger
than those of the trap states. This hierarchy will also be appar-
ent here as the width of the initial state changes and different
eigenstates contribute in the dynamical response. Indeed, as
the width of the initial state [Eq. (6)] increases, the magnitude
of all the aforementioned correlations at any scattering length
is reduced (Fig. 6). This occurs because for larger widths, a
superposition of trap states is predominantly populated (see
also Fig. 4).

On the contrary, for w/aho = 0.78, the first two atom-
dimers (second trimer) provide the main contribution to the
postquench wave function Eq. (7) of the FFX (BBX) system.
This is confirmed through their dominant overlap coefficients
(see Sec. IV A), enhancing few-body correlations compared
to cases in which w > aho (Fig. 6). Therefore, in the limit of
small w < aho, correlations at the two- and three-body level
are, generically, enhanced due to the non-negligible involve-
ment of trimer and atom-dimer states. This amplification was
also observed for a three-boson setup in the quench dynamics
at unitarity in 3D [29], especially when the width of the initial
state matched the size of an Efimov trimer.

6The three-body contact yields the probability to detect three par-
ticles in close vicinity. As such, it is zero by construction for FFX
systems within the s-wave zero-range interaction model, where the
two identical and noninteracting fermions cannot approach one an-
other due to the Pauli principle.
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FIG. 6. Time-averaged (a) two-body
√〈DBX

2 〉 and (b) three-body contact
√〈DBBX

3 〉 of the BBX LLH setting, and (c) two-body contact√〈DFX
2 〉 of the FFX setup. Correlations at all levels increase for larger aBB/aBX or 1/aFX , and their magnitude reduces for larger widths. The

peak structure at specific scattering lengths is an imprint of the participation of atom-dimers. The widths of the initial state are provided in the
legend.

Another remarkable feature of the correlations is their
magnification at particular scattering lengths for fixed w; see
the individual peaks displayed in Fig. 6. Their amplitudes
become more prominent from the overall two- and three-body
contacts for increasing width w, where trap states contribute
substantially (see Sec. IV B). These peaks occur in the vicinity
of avoided crossings present in Figs. 3(b) and 3(e), where the
corresponding three-body wave function is predominantly in
a superposition of a trap and an atom-dimer state. Therefore,
in this range of scattering length ratios, the overall character
of the wave function abruptly changes, yielding in this man-
ner an enhanced 〈DBX

2 〉, 〈DBBX
3 〉, and 〈DFX

2 〉. This particular
property of the time-averaged two- and three-body contacts
can be utilized as an experimental probe for the formation of
atom-dimers in a 2D gas.

Furthermore, the appearance of enhanced peaks in the
two-body contacts at the avoided-crossings due to the atom-
dimer component in the time-evolved wave function is also
a manifestation of the universal Tan relations. These universal
relations exemplify that the short-range two-body correlations
are proportional to the variation of the stationary energy spec-
tra with respect to the scattering length [11,46]. Therefore,
close to the avoided-crossings the eigenenergies of the three-
body system [see Figs. 3(b) and 3(e)] strongly vary with the
scattering length, thus yielding narrow peaked two-body cor-
relations [Figs. 6(a) and 6(c)]. By this token, we can address
the main difference between the two-body contacts of BBX
and FFX systems in Figs. 6(a) and 6(c), respectively, where
the former exhibits broader peaks than the latter. This occurs
because in the FFX eigenspectra shown in Fig. 3(e) we ob-
serve much sharper avoiding crossings than in the BBX ones
[see Fig. 3(b)]. Such a universal relation is absent in the case
of the three-body contact [47] in 2D, and the peak structure is
attributed to the enhanced stationary three-body correlations
[41] of the atom-dimer component of the time-evolved wave
function.

Moreover, it is also worth mentioning that a broadening of
these correlation peaks is evident for larger widths; see, e.g.,
w/aho = 4.9 in Fig. 6. In this case, as already discussed and
observed in the fidelity spectrum (Fig. 4), a large amount of
trap states participates in the three-body time-evolved wave
function. This results in an agglomeration of avoided cross-
ings contributing to the dynamics, which are slightly displaced
horizontally from one another at a fixed scattering length
[see Figs. 3(b) and 3(e)]. The aforementioned displacement

then yields a range of scattering lengths over which the Tan
contacts display an enhanced behavior, manifested as a peak
broadening.

V. DYNAMICAL RESPONSE OF HHL MIXTURES

In this section, we address the role of the masses on the
dynamical build up of few-body correlations by considering
HHL three-body mixtures. The intrinsic dynamical behavior
of this system is explored, for widths w of the initial state
smaller or larger than the characteristic three-body harmonic-
oscillator length aho = 2.6 [Eq. (6)]. As in the LLH case in
Sec. IV, we remark that initial states with a spatial extent
smaller (larger) than aho favor the participation of trimer
and/or atom-dimer (trap) states. Our analysis on the response
of the 2D mixtures is based on the time-averaged fidelity 〈|F |〉
given in Eq. (8).

The overall response of a HHL BBX system characterized
by mB/mX = 22.16 is intensified in the case of w/aho = 0.57
[Fig. 7(a)] as compared to w > aho within aBB/aBX ∈ [0.5, 3].
This is in contrast to the susceptibility of LLH mixtures
[Fig. 2(a)]. Moreover, for w/aho = 1 a strong dependence of
〈|F |〉 is observed with respect to the scattering length ratio.
This feature of 〈|F |〉 differs dramatically from the response
for w/aho = 1.92, where it is arguably almost insensitive
within the interaction interval aBB/aBX ∈ [2, 3]. This behavior
is related to the prominent contribution of trap states. For
w/aho = 1, the system becomes less susceptible to the quench
as compared to the case of w/aho = 1.92, since fewer trap
states contribute, especially for large aBB/aBX > 2. Notably,
there are a series of peaks appearing in 〈|F |〉 at specific scat-
tering lengths, where avoided crossings among atom-dimer
and trap states exist in the few-body eigenspectrum [see also
Figs. 8(b) and 8(e)]. Their importance, especially in the rele-
vant few-body correlations, will be discussed below.

Subsequently, the susceptibility of a HHL FFX system
with mF /mX = 24.71 is illustrated in Fig. 7(b). Apparently,
the FFX mixture becomes more perturbed when considering
w/aho = 0.57. For larger widths, e.g., w/aho = 1.92, the sys-
tem experiences a weak dependence on the scattering length
within the range 1/aFX ∈ [1.5, 2]. This is linked to the dom-
inant presence of trap states during the time evolution due to
their large spatial extent. Moreover, we note that similarly to
the BBX HHL case [Fig. 7(a)], the FFX mixture is less per-
turbed for w/aho = 1.92 than in the w/aho = 0.57 scenario.
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FIG. 7. Time-averaged fidelity 〈|F |〉 of the three-body (a) BBX
and (b) FFX HHL mixture subjected to quenches of the interspecies
scattering length. Different widths of the initial state are considered
(see the legend) whose values in terms of the oscillator length (aho =
2.6) determine the degree of the system’s response. The substantial
population of atom-dimer and trimer (trap) states for w < aho (w >

aho) leads to a strongly (weakly) interaction-dependent response. In
contrast to the LLH case, trap states also have a small contribution
for w < aho in addition to trimers and atom-dimers, and the larger
number of participating eigenstates compared to the w > aho sce-
nario enhances the response of the system.

However, in contrast to the HHL BBX system, for w/aho =
1 the mixture develops a stronger response in comparison
to w/aho = 1.92, due to the more prominent population of
trimers and atom-dimers.

A. Excitation processes for w < aho

Prequenched states with a spatial extent smaller than the
three-body harmonic-oscillator length apparently exhibit a
larger overlap with the trimers and atom-dimer states of the
BBX and FFX HHL systems. The latter contribute signifi-
cantly in the underlying dynamics compared to the case in
which w > aho. In the opposite regime (w > aho), trap states
become substantially populated in the postquench dynamics
(see also Sec. IV B), a mechanism pertaining also to the HHL
mixtures. The frequency spectra will be analyzed for the w <

aho scenario, since for w > aho, the underlying microscopic
mechanisms resemble those presented in Sec. IV B. However,
the differences present in 〈|F |〉 between LLH (Fig. 2) and
HHL setups (Fig. 7) for w > aho stem mostly from the dif-
ferent number of participating trap states in the postquench
dynamics. Moreover, in the HHL scenario, in addition to the
participation of trap states, there are a few contributing atom-
dimer and trimer states especially for small values of 1/aFX

and aBB/aBX . This results in further perturbation of the system
from the initial state compared to larger scattering lengths.

Recall also here the relevant discussion in Sec. IV concerning
LLH mixtures.

Inspecting the fidelity spectrum |F (ω̃)| [Fig. 8(a)] to-
gether with the overlap coefficients and the energy spectrum
[Fig. 8(b)] for the HHL BBX system, we can infer that for
aBB/aBX < 1, the second and third trimer states are signifi-
cantly populated. This gives rise to excitation branches such
as ω̃8,3, indicating the participation of the third trimer and
the f = 8 trap state [Fig. 8(a)] for small aBB/aBX < 1. This
frequency branch shows an appreciable growth with larger
aBB/aBX due to the accompanied increasing energy difference
between trimer and trap states [Figs. 8(a) and 8(b)]. Note that
the energies of the f = 2, 3 trimers are large in magnitude and
negative and therefore lie below the energy window presented
in Fig. 8(b). Apart from trimer states, trap ones, e.g., f = 8, 10,
are occupied as well, but their respective energy differences
depend weakly on changes of aBB/aBX ; see, e.g., ω̃10,8 in
Fig. 8(a).

A further increase of the scattering length ratio aBB/aBX >

1 leads to a reduction of the amplitude and number of
the higher-lying excitation frequencies in comparison to
aBB/aBX < 1. This behavior can be readily seen in the rele-
vant profiles of the fidelity spectra depicted in Fig. 8(c) for
aBB/aBX = 2.5 and 0.8. It stems from the suppressed contri-
bution of the two trimer states for aBB/aBX > 1, resulting in a
less perturbed system as also reflected in 〈|F |〉 [Fig. 7(a)] for
w = 1.5. Similarly to the case of aBB/aBX < 1, trap states are
also populated here, imprinted in the spectrum as distinct al-
most horizontal frequency branches, e.g., ω̃52,50 in Fig. 8(c).7

A qualitatively similar dynamical response to the BBX
mixture is also observed for the HHL FFX system; see |F (ω̃)|
illustrated in Fig. 8(d) for w/aho = 0.57. Here, the heavy
fermions with respect to the third particle favor trimer for-
mation [39], a result that is in contrast to the corresponding
LLH case. These trimer states possess large negative energies
[38,41], lying beyond the values depicted in the energy spec-
trum provided in Fig. 8(e). Particularly, a superposition of the
first two trimer states (f = 1 and 2) is prevalent in the course
of the evolution for 1/aFX < 1, leading to excitation branches
such as ω̃2,1 [Fig. 8(d)]. Moreover, similar to the BBX HHL
system, trap states are also present in the dynamical response
of the corresponding FFX mixture, as identified by the energy
spectrum and the overlap coefficients. The frequency branches
associated with energy differences between these states are
almost independent of 1/aFX [Fig. 8(d)].

Tuning the inverse scattering length to larger values
1/aFX > 1, a plethora of trap states contributes in the time-
evolved three-body wave function. Accordingly, a multitude
of excitation branches arise in |F (ω̃)| whose location is almost
constant with varying 1/aFX [Fig. 8(d)] and are clustering at

7Apart from the horizontal excitation branches within aBB/aBX ∈
[2, 3], there exist also faint ones having a V-shape dependence on the
scattering length with tipping points located at aBB/aBX = 2.25 and
2.57 [Fig. 8(a)]. These are attributed to energy differences between
trap and atom-dimer states. At the tipping point of these V-shaped
branches, the energies of participating states come close together
due to the avoided crossings and are thus associated with small ω̃

in |F (ω̃)|.
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FIG. 8. Fidelity spectrum of the (a) BBX and (d) FFX HHL systems performing an interaction quench of an initial state where w/aho =
0.57. The arrows mark characteristic frequency branches ω̃ f , f ′ . Excitation branches that alter with respect to the scattering length (see the top
left corners) correspond to energy differences between trimers, atom-dimers, and trap states. Otherwise, the almost fixed frequency branches
refer to trap states. Energy spectra of (b) BBX and (e) FFX HHL mixtures. Particular eigenstates are denoted by circles and arrows. Specific
profiles of the fidelity spectrum of the (c) BBX and (f) FFX system at distinct scattering lengths (see the legends).

low ω̃ as shown in Fig. 8(f). The large number of contributing
trap states for 1/aFX > 1 is linked to the enhanced response
of the HHL FFX system, e.g., captured by the time-averaged
fidelity displayed in Fig. 7(b) for w/aho = 0.57.

B. Dynamical formation of few-body correlations

As already demonstrated in Sec. IV C for LLH systems,
the buildup of few-body correlations regardless of the particle
statistics exhibits a peak structure for scattering lengths in
the vicinity of avoided crossings appearing in the postquench
eigenspectrum (see also Fig. 6). Similarly, in this section we
focus on HHL systems in order to showcase the role of
increased mass ratio on the time-averaged Tan contacts as
illustrated in Fig. 9. In particular, the two-body BX species
contact [Fig. 9(a)] exhibits sequences of narrow peaks at
specific scattering length ratios in agreement with Tan’s
universal relation [7,10,11]. Namely, at these postquench scat-
tering lengths, the corresponding eigenspectrum possesses
narrow avoided crossings among trap states and atom-dimers
[Fig. 8(b)], thus resulting into the strong amplification of
the two-body correlations. Moreover, the amplitude of the
peaks in the 〈DBX

2 〉 decreases for large aBB/aBX independently
of w. This suppression occurs for large aBB/aBX where the
avoided crossings become increasingly narrow [Fig. 8(b)].
In this sense, they cannot be well resolved, leading to less
pronounced peaks compared to smaller aBB/aBX .

In the case of the three-body contact [Fig. 9(b)], a mul-
titude of peaks with tiny amplitude appears as w increases.
This holds even for large aBB/aBX as w increases, despite
the narrow avoided crossings present in the HHL eigenspectra
[Fig. 8(b)]. Particularly, for increasing w, trap states are pre-
dominantly populated, but in the vicinity of avoided crossings

atom-dimers contribute as well. Therefore, the amplifica-
tion of stationary three-body correlations of the atom-dimer
postquench eigenstates compared to trap states leads to the
rise of peaks in

√
〈DBBX

3 〉 at the locations of the avoided
crossings. Moreover, equivalently to the two-body BX species
contact [Fig. 9(a)], the time-averaged three-body contact is re-
duced for larger w, due to the significant participation of trap
states, whose stationary three-body correlations are greatly
suppressed.

Furthermore,
√

〈DBBX
3 〉 at w/aho = 0.57 has an overall

maximum around aBB/aBX � 1.2, and then decreases for
larger values of aBB/aBX . This behavior is related to the sig-
nificant population of the second trimer which specifically
possesses a population up to 16% until aBB/aBX � 1.2. Subse-
quently, the corresponding overlap coefficient with the initial
state decreases for aBB/aBX > 1.2, since in this range of scat-
tering length ratios the second trimer state is narrower than the
initial one. HHL BBX systems favor the existence of strongly
bound trimer states, due to the increased mass ratio [38]. The
contribution of such a trimer state (second) for w < aho results
in an augmented three-body contact, in contrast to the one
presented in LLH setups [Fig. 6(b), w/aho = 0.78], where
the small mass ratio inhibits the creation of strongly bound
trimers.

In an equal fashion to the time-averaged two-body BX con-

tact,
√

〈DFX
2 〉 [Fig. 9(c)] showcases small amplitude peaks,

arising mostly for w/aho = 0.57. Their magnitude again drops
for increasing scattering length ratio 1/aFX since sharper
avoided crossings are encountered in the eigenspectrum of the
HHL FFX system than the ones appearing in the LLH case
[compare Fig. 3(e) and Fig. 8(e)].
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FIG. 9. Time-averaged contacts revealing the enhancement of short range (a), (c) two-body and (b) three-body correlations for larger
inverse interspecies scattering lengths of HHL (a), (b) BBX and (c) FFX settings. The existence of peaks at individual scattering length ratios
reveals the population of atom-dimers due to the sharp avoided crossing taking place at the eigenspectrum [Figs. 8(b) and 8(e)]. The widths of
the initial state are shown in the legend.

VI. EXPERIMENTAL PARAMETERS FOR THE
REALIZATION OF THE DYNAMICS OF THE

THREE-BODY MIXTURE

In an experimental environment, 2D gases are realized in
quasi-2D trapping potentials where the confinement in the
transversal direction of the 2D plane is tighter than the radial
one. This transversal trapping component is characterized by
a frequency ω⊥ chosen such that the atomic motion is ener-
getically restricted to the radial confinement potential with
frequency ωr [68,87]. A comparison of the low-lying energy
states of two interacting particles in 3D and in a pure 2D
geometry [79] revealed that the aspect ratio in a quasi-2D
setup required to attain the 2D character of the relative motion
of the two particles [68] should satisfy ωr/ω⊥ < 1/10. This
is corroborated by typical quasi-2D experiments [88–90]. For
our setup, this energy requirement translates to 1/(μw2) �
0.1ω⊥, and furthermore assuming ω⊥ = 50 [91], it reduces to
w � 1/

√
5μ. As such, for the typical LLH settings that we

have considered, this condition yields w � 0.4559, while for
HHL settings it yields w � 1.16.

The dynamical protocol outlined in Sec. III relies on the
realization of a noninteracting three-body system with a tun-
able spatial extent w, and the subsequent quench of the
relevant 2D scattering lengths. The latter are related to their
3D counterparts [68], which can be tuned by means of Fesh-
bach resonances [67]. For the BBX systems, in particular, the
coexistence of broad and narrow intra- and interspecies res-
onances in a magnetic field window ensures a regime where
the postquench scattering length aBB remains almost constant
while aBX varies in magnitude and sign. For instance, for the
HHL BBX system of 133Cs - 133Cs - 6Li, such a magnetic field
window exists for [840, 845] G, i.e., around the interspecies
resonance [92–94]. Also, in the vicinity of � 880 G, both 3D
scattering lengths vanish, thus materializing a noninteracting
state.

The parameters of interest for the trapping potential are
ωr = 2π × 65 kHz and ω⊥ = 50 ωr [91]. Also, regarding the
3D counterparts of the 2D postquench scattering lengths used
herein, we discern the following values displayed in Table I.
Note that in the considered intervals of the 3D scattering
length (in atomic units), there is a sign change due to a res-
onance.

Our analysis in the previous sections illustrated the role of
the width w of the initial state in the dynamical response of the
three-body system. This w parameter can be experimentally
adjusted by the following procedure. The two identical parti-
cles (B or F ) together with the third distinguishable atom (X )
are confined in a trap with a planar frequency ωin, which are
initialized in their noninteracting ground state. A simple rela-
tion can be established between the initial state’s width and the
planar frequency, i.e., μωin = w−2, where μ is the three-body
reduced mass (see also Sec. III). Prior to the quench on the
scattering lengths, a quench on the trap frequency from ωin

to ωf is performed. This allows for the preparation of initial
states that possess widths different from the lengthscale of
the trap with final frequency ωf where the interaction quench
dynamics will take place. By setting the final radial trapping
frequency at ωf = 2π × 65 kHz, the initial frequency is deter-
mined from the relation ωin = ωf a2

ho/w
2. Thus, for the LLH

settings in Sec. IV, the widths w/aho = 0.78, 4.9 correspond
to ωin = 2π × (105.5, 2.7) kHz. For the HHL setup (Sec. V),
the initial widths w/aho = 0.57, 1.92 are obtained for ωin =
2π × (194.5, 17.5) kHz.

TABLE I. Mapping of the 2D BX, FX, and BB postquench
scattering lengths to their 3D counterparts (in atomic units with
a0 denoting the Bohr radius) for both LLH and HHL setups. The
radial and transversal trapping frequencies utilized herein are ωr =
2π × 65 kHz and ω⊥ = 50ωr .

1/aFX a3D
FX (a0)

LLH [0.36, 2.77] ([4, 5]) [−246, −3000] ([3000, 1343])
HHL [0.36, 6] ([0.82, 2.5]) [−715,−2976] ([2991, 380])

1/aBX a3D
BX (a0)

LLH [2, 2.81] ([3.94, 4.65]) [−994, 3000] ([2995, 1497])
HHL [0.85,3] [3000,380]

aBB a3D
BB (a0)

LLH 1 −421
HHL 1 1578
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VII. SUMMARY AND OUTLOOK

The quench dynamics of mass-imbalanced three-body
mixtures with either bosonic or fermionic constituents inter-
acting with a third atom is investigated. Depending on the
mass ratio, we distinguish between the LLH and HHL cases.
Initially the mixture is confined in a 2D harmonic trap and
assumed to be noninteracting. The spatial extent of the ini-
tial state and the postquench scattering length are exploited
as parameters in order to map out the buildup of two- and
three-body correlations via distinct microscopic excitation
mechanisms.

In particular, the interactions are abruptly switched on
triggering a distinct dynamical response depending on the
width of the initial state. A complete knowledge of the energy
spectra in conjunction with the fidelity spectrum allows us to
identify the prevalent microscopic mechanisms in terms of
specific postquench eigenstates. It is found that if the initial
state width is smaller than the three-body harmonic-oscillator
length aho, trimers and atom-dimers contribute predominantly
in the dynamics. In contrast, for larger widths trap states are
those that are significantly populated regardless of the mass
imbalance of the system. However, in HHL ensembles for
narrow widths, the participation of trimers and atom-dimers
prevails in a relatively smaller range of scattering lengths as
compared to LLH mixtures.

Interestingly, the participating eigenstates have a distinct
imprint on the dynamics of the underlying few-body short-
range correlations, as captured by the Tan contacts. It is
explicated that for an increasing width of the initial state,
the magnitude of both the overall time-averaged two- and
three-body correlations decreases for a fixed 2D scattering
length. For small widths, these correlations are found to be
enhanced as a result of the involvement of trimer states and
atom-dimers. The respective amplification of the Tan contacts,
due to the participation of such states, was also independently
reported following the quench dynamics of three-body sys-
tems at unitarity in 3D [29]. Strikingly, for widths larger than
the three-body harmonic-oscillator length, few-body correla-
tions display sharp peaks at certain scattering lengths. This
behavior is directly linked to the presence of avoided cross-
ings among trap and atom-dimer states taking place in the
few-body eigenspectrum, and it signifies the non-negligible
cooperation of atom-dimers in the time evolution.

Overall, our work proposes a scheme to dynamically excite
distinct superpositions of eigenstates in three-body mixtures.
Specifically, it was demonstrated that depending on the inter-
play between the three-body harmonic-oscillator length and
the width of the initial state, all three types of eigenstates, that
is, trimers, atom-dimers, and trap states, may be dominantly
populated during the nonequilibrium dynamics. Moreover,
temperature effects are expected to mitigate few-body corre-
lations, as shown in [41,95]. In this sense, the investigation
of possible smearing effects of the identified peak structures
building upon the time-averaged contacts for large w > aho is
a compelling perspective for further research.

In addition, an interesting question that arises for future
studies is how to efficiently populate individual target states,
and in particular trimers. Their properties, such as lifetimes,
are usually studied indirectly via three-body recombination

loss mechanisms [50,57]. However, many questions remain
open, especially regarding their dynamical formation in a gas
[23]. A promising route towards achieving this goal would
be to utilize time-dependent protocols in order to activate
individual target states instead of superpositions of them gen-
erated by quenches. There is currently active research for the
dynamical creation of the macroscopic population of trimer
states in cold gases [23,29,33]. A first step has already been
accomplished in Ref. [23], where an abrupt tuning of interac-
tions to unitarity and a subsequent sweep to weak repulsion
were shown to be able to produce an 8% population of
trimers.
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APPENDIX A: ADIABATIC HAMILTONIAN AND s-WAVE
PSEUDOPOTENTIAL IN TWO DIMENSIONS

The adiabatic Hamiltonian Had(R; �) as introduced in
Eq. (1) is expressed in the following way [72]:

Had(R; �) = h̄2
2(�)

2μR2
+ 3h̄2

8μR2
+

∑
k

Vk (R; �(k) ), (A1)

where 
2(�) is the hyperangular operator referring to the
centrifugal motion of the three particles [96,97]. Also, the
three-body reduced mass is μ = mB/F /

√
2mB/F /mX + 1, with

mB/F denoting the mass of the bosons or the fermions depend-
ing on the type of the mixture.

The last term of Eq. (A1) stands for the three (two) pair-
wise s-wave contact interactions among the particles in a
BBX (FFX) system. The Vk potential refers to the interaction
between the i and j particles (also known as odd-man-out
notation, where the i, j, or k indices refer to interaction pairs
of the remaining two indices [72]). In particular, the Vk in-
teraction is modeled by a 2D pseudopotential, which reads
[66,98]

Vk (R; �(k) ) = − h̄2δ(α(k) )

μ sin(2α(k) )R2 ln(Aλa(k) )

×
[

1 − ln(Aλ
√

μ/μkR sin(α(k) ))α(k) ∂

∂α(k)

]
,

(A2)

where α(k) ∈ [0, π/2] is the hyperangle describing the relative
position of two particles compared to the third one. For in-
stance, if α(k) = 0, then the particles i and j are on top of each
other, whereas for α(k) = π/2, all three particles are collinear.
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Moreover, μk = mimj

mi+mj
is the reduced two-body mass and A =

0.5 eγ , with γ ≈ 0.577 being the Euler-Mascheroni constant.
Importantly, a(k) ≡ ai j is the 2D scattering length between the
(i, j) pair of particles. The factor λ is an ultraviolet cutoff

for the zero-range pseudopotential, setting an upper bound in
momentum space. However, it does not affect any observable
as argued in Refs. [66,99].

APPENDIX B: HYPERANGULAR WAVE FUNCTION OF THE NONINTERACTING INITIAL STATE

The hyperangular wave function of the noninteracting initial state [denoted by the (0) superscript] can be expressed [27,100]
as follows:

�(0)
n (�) =

3∑
k=1

∑
m1,m2|m1+m2|=L

C(k)N (m1,m2 )
n sin|m1| α(k) cos|m2| α(k)Ym1

(
θ

(k)
1

)
Ym2

(
θ

(k)
2

)�(1 + n + |m1|)
�(1 + |m1|)n!

×2F1
(
1 + |m1| + |m2| + n,−n; |m1| + 1; sin2 α(k)

)
, (B1)

where N (m1,m2 )
n =

√
(2n+1+|m1|+|m2|)�(n+1)�(n+1+|m1|+|m2|)

2�(n+1+|m1|)�(n+1+|m2|) are

normalization coefficients. The above eigenfunction is the
nth eigenstate (n is a non-negative integer) of the hyperan-
gular operator 
2(�) [96,97] with eigenvalues λn(λn + 2),
where

λn = 2n + |m1| + |m2|, (B2)

and L = |m1 + m2| is the total angular momentum of the
three-body system. It is expressed in terms of the angular
quantum numbers m1, m2 related to the polar angles θ

(k)
1 and

θ
(k)
2 . The polar angles θ

(k)
1 and θ

(k)
2 refer to the orientation

of the Jacobi vectors ρ
(k)
1 , ρ

(k)
2 in the 2D plane, respectively,

where ρ
(k)
1 is the relative distance of the (i, j) pair, and ρ

(k)
2

is the relative vector of the k spectator particle relative to
the (i, j) pair’s center of mass. The summation running over
these angular quantum numbers is restricted by the condition
L = |m1 + m2|. Note that in the case of three identical parti-
cles, n = 1 gives an unphysical solution and therefore it is not
allowed [101]. Additionally, 2F1(a, b; c; ·) is the Gauss hyper-
geometric function [102], and Ym(x) = eimx/

√
2π are plane

waves. The angle α(k) determines the ratio of the measure of
the two Jacobi vectors via the relation tan α(k) = ρ

(k)
1 /ρ

(k)
2 (see

also Appendix A).
The particle statistics of the above wave function is

properly taken into account by the first summation and
the C(k) coefficients. These read explicitly (C1,−C1, 0) and
(C1,C1,C2) for FFX and BBX systems, respectively, with
the C1 and C2 terms being normalization coefficients. The
hyperangular wave functions �ν (R; �) [which are eigenstates
of Had(R; �)] correspond to the interacting postquench eigen-
states and have angular quantum numbers (m1, m2) = (0,±L)
due to the s-wave zero-range pseudopotential. As such, the
relevant subset in the summation [Eq. (B1)] will also be
(0,±L). Indeed, the remaining terms in the summation have
a zero contribution in the overlap coefficients, cf,in, since
the plane waves Ym(·) are orthonormal. Here, we focus on
n = 0, that is, the ground state. Note that the hyperangu-
lar wave function does not depend on the hyperradius R
since in the noninteracting case Had(R; �) does not depend
on R, as all interaction terms Vk (R; �(k) ) drop (see also
Appendix A).

APPENDIX C: QUENCH DYNAMICS OF THE LLH BBX
MIXTURE FOR INITIAL STATES WITH w = aho

For completeness, we shall also analyze the excitation
spectrum of three-body mixtures starting from a prequench
state of width w = aho. As characteristic system for this
investigation, we consider a LLH BBX system whose fi-
delity spectrum [Eq. (10)] is illustrated in Fig. 10 for varying
postquench aBB/aBX .

Recall that for w/aho = 0.78, the second trimer state f = 2
contributes the most in the quench dynamics of the LLH BBX
setting; see also the discussion in Sec. IV A. The predominant
population of the second trimer yields, in particular, excitation

FIG. 10. (a) Fidelity spectrum [|F (ω̃)|] for the LLH BBX system
subjected to a quench of aBB/aBX from an initial noninteracting state
with w/aho = 1. (b) Profiles of |F (ω̃)| at different scattering length
ratios aBB/aBX (see the legend). The excitation processes involve
majorly trimer and atom-dimer states which are imprinted in the
spectrum as branches that are sensitive to the scattering length. No-
tice that the participation of the second trimer is reduced compared to
the w/aho = 0.78 case, resulting in different branches than in |F (ω̃)|
depicted in Fig. 3(c).
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branches that are strongly influenced by aBB/aBX [Fig. 3(a)].
This is a consequence of the fact that the branches associated
with these transitions refer to energy differences between the
f = 2 trimer and the trap states, and they are increasing as
aBB/aBX is tuned to larger values.

These excitation branches are still present even for an
initial state width w/aho = 1 as shown in Fig. 10(a). Here,
the almost constant frequency branch located around ω̃ � 2,
stemming from the transition among the second trimer (f = 2)
and the first atom-dimer (f = 3) states, is more enhanced than
in the case where w/aho = 0.78 [compare ω̃3,2 in Fig. 10(b)
and Fig. 3(c)]. This difference is attributed to the fact that
the occupation of the first atom-dimer state is larger when
w = aho, while the one from the second trimer is reduced,
a result that is supported by the corresponding overlap co-
efficients cf,in. To be more precise, the population of the
f = 2 trimer as long as w/aho = 0.78 (w/aho = 1) ranges
from 73% (57%) to 35% (21%) within the interval aBB/aBX ∈
[2, 4.6]. Apart from the enhanced population of the first atom-
dimer, the contribution of trap states, similar to the ones

populated also for w/aho = 0.78, increases as well with re-
spect to w/aho = 0.78. This is imprinted in the spectrum by
the larger number of faint excitation branches; compare, in
particular, Fig. 10(a), where w/aho = 1 with Fig. 3(a) for
which w/aho = 0.78.

Similar observations to the above can be made for the
other types of mixtures utilized in the main text. Regarding
the LLH FFX system, the contribution of the first two atom-
dimer states at w/aho = 1 remains the same in comparison
to w/aho = 0.78 for 1/aFX < 1. Otherwise, it reduces fur-
ther from the value obtained for w/aho = 0.78 (18% versus
25% at 1/aFX = 4.5). This reduction is compensated by an
increasing population of a few trap states. Due to the reduced
number of participating postquench eigenstates compared to
smaller 1/aFX , the time-averaged fidelity possesses a smaller
magnitude for 1/aFX > 3 [see Fig. 2(b) for w/aho = 1]. In
a similar way, the population of trimers and first atom-dimers
also drops when considering w/aho = 1 for the HHL mixtures
(both BBX and FFX systems) as compared to the scenario in
which w/aho = 0.57.
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