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Role of the effective range in the density-induced BEC-BCS crossover
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We elucidate the role of the effective range in the Bose-Einstein-condensate (BEC) to Bardeen-Cooper-
Schrieffer (BCS) crossover regime of two-component fermions in three dimensions. In contrast to ultracold
Fermi gases near the broad Feshbach resonance, where the interaction can be characterized by the contact-type
interaction, the interaction range in general becomes important in the density-induced BEC-BCS crossover
discussed in the context of condensed-matter and nuclear systems. By characterizing the nonlocal interaction in
terms of the low-energy constants such as scattering length a and effective range r, we show how the crossover
phenomena are affected by nonzero effective ranges. In particular, we show that the superfluid order parameter
is strongly suppressed in the high-density regime and the sound velocity exhibits a nonmonotonic behavior
reflecting the mechanical stability of the system. Moreover, we point out that the high-momentum tail associated
with the contact parameter can be visible when the magnitude of momentum k is much less than 1/r. We also
discuss the relation between the high-momentum tail and the nuclear contact formalism.

DOI: 10.1103/PhysRevA.106.043308

I. INTRODUCTION

The realization of the crossover from the Bose-Einstein
condensate (BEC) to Bardeen-Cooper-Schrieffer (BCS) pair-
ing in ultracold Fermi gases [1-3] developed a new frontier
for exploring strongly interacting quantum systems. Re-
cently, such a many-body phenomenon, called the BEC-BCS
crossover, which was originally studied by Eagles [4] and
Leggett [5], has been extensively studied [6-9].

The concept of the BEC-BCS crossover has also been dis-
cussed in various systems such as neutron matter [10,11] and
dense quark matter [12—14], and moreover, nowadays such
crossover phenomena have been discovered in unconventional
superconductors [15-17] as well as in electron-hole systems
[18]. On the other hand, the mechanism for driving the system
to the strongly interacting regime by changing the density and
the pressure is different from the BEC-BCS crossover in an
ultracold Fermi gas where the magnetic Feshbach resonance
is used to enhance the scattering length a [19].

On the basis of the scattering theory, the interaction
strength can be measured by using the dimensionless cou-
pling parameter 1/(kgpa), where kg is the Fermi momentum.
Therefore the BEC-BCS crossover is realized by tuning a
from positive values to negative ones in cold atomic systems
as shown in Fig. 1. On the other hand, in the case of the
BEC-BCS crossover realized in other systems by changing kg
with fixed interaction parameters such as a (in the following
we call this the density-induced BEC-BCS crossover), one
can consider that 1/|kra| becomes smaller with increasing
density. Hence, if the two-body bound state exists in the dilute
limit (a > 0), the system wundergoes the crossover from the
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BEC regime [1/(kga) 2, 1] to the unitary regime [1/(kpa) >~
0] with increasing kg. However, in the high-density regime,
the short-range properties of the interaction cannot be
negligible, in contrast to ultracold Fermi gases near the broad
Feshbach resonance [7], where the interaction range is much

High density

-15 1 -0
BCS

S5 0 0.5 1.5

V(ka) BEC

FIG. 1. Evolution of coupling parameters in the BEC-BCS
crossover in terms of the scattering length a and the effective range
r (> 0), normalized by the Fermi momentum kg. The dashed line
shows cot §;(k = kg) = 0 [20]. While ultracold Fermi gases near the
broad Feshbach resonance (FR) undergo the crossover by tuning a
with small r (i.e., r/a =~ 0), the density-induced crossover discussed
in other condensed-matter and nuclear systems runs on the lines with
fixed ratio r/a. If the two-body bound state exists in the dilute limit
(r/a > 0) such as excitons in electron-hole systems, deuterons in nu-
clear matter, and baryons in two-color QCD, the system evolves from
the BEC regime to the large effective-range regime with increasing
the density p o k. On the other hand, in the absence of the two-body
bound state (r/a < 0), the systems start from the BCS regime to the
large effective-range regime.
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less than the other length scales such as a. In such a case,
the leading-order contribution can be an effective-range cor-
rection associated with the low-momentum expansion of the
s-wave phase shift k cot §,(k) = —1 + 1rk? + O(k*), where
r is called the effective range. Indeed, the dimensionless pa-
rameter kpr, characterizing the importance of r, also increases
with kg. In this regard, the effective-range corrections can be
significant in the high-density regime of the density-induced
BEC-BCS crossover.

The effective-range corrections based on the kg7 expansion
have been investigated in terms of the similarity between
neutron matter and ultracold Fermi gases [21-24]. More-
over, in the high-density regime (corresponding to the regime
with large kgr), the occurrence of the mechanical collapse
has also been reported [23], being similar to electron-hole
droplets in semiconductor systems [25], as well as liquid-gas
transitions in nuclear matter [26]. The cluster formation has
also been discussed in a few-body system with finite-range
interactions [27]. Moreover, one may expect that the me-
chanical property is related to the nonmonotonic behavior of
the sound velocity extensively discussed in the hadron-quark
crossover of massive stars [28], because the similar crossover
has been discussed in two-color quantum chromodynamics
(QCD) [29,30]. Although in general the high-density regime
can be affected by the short-range sector of the interaction
including the effective range, it is worth investigating how
such a mechanical collapse can occur with the interaction
potential with the pure effective-range corrections without any
higher-order coefficients [20,31]. Such a study can be helpful
for further understanding of generalized universal properties
of many-body fermions with nonlocal interactions, stepping
further from the contact-type interaction characterized by only
a. In addition, the optical control of the effective range has
been proposed in cold atomic systems [32,33], and related
experiments are ongoing [34,35]. In this regard, the system
with large effective range and scattering length but sufficiently
small higher-order coefficients in the phase shift can be real-
ized in future experiments. The equation of state in such a
system can also be precisely measured by using the recent
state-of-the-art imaging technique [36-38].

In this paper we examine the effective-range correction in
the density-induced BEC-BCS crossover in three dimensions
by using the Hartree-Fock-Bogoliubov (HFB) theory, which
takes both mean fields in the Cooper and density channels
self-consistently [39], because the mean-field shift for the
density is not negligible in the case with finite-range inter-
actions in contrast to the contact-type one. We employ the
separable interaction based on the s-wave phase shift [39,40].
Because we are interested in the pure effective-range cor-
rections without any higher-order coefficients, we use the
separable interaction exactly reproducing the phase shift with
the effective-range expansion up to O(k?) [31]. We discuss
how the effective-range corrections affect superfluid proper-
ties and the sound velocity in the density-induced BEC-BCS
crossover. In addition, as a related topic, we also examine the
high-momentum behavior of the momentum distribution func-
tion, which is known to be related to Tan’s contact [41-43] in
the case with the contact-type interaction. The contact param-
eter is now interesting with regard to nuclear systems in terms
of short-range correlations called nuclear contact [44,45]. The

relation of these quantities between nuclei and cold atoms
has been discussed in Ref. [46]. We also discuss whether
the high-momentum tail associated with Tan’s contact can be
visible in the presence of the nonzero effective range.

This paper is organized as follows. In Sec. II we explain
the HFB theory for two-component fermions with finite-range
two-body interaction. Also, the details of the separable inter-
action and the equation for physical quantities are presented.
In Sec. III we show the numerical results of the superfluid
order parameter, sound velocity, and the high-momentum tail
of the momentum distribution and discuss the effective-range
correction. In Sec. IV we summarize the contents. In what
follows we take 7 = kg = 1. In this paper we consider the
thermodynamic limit with an infinitely large volume V. While
we calculate the internal energy density £ = E/V and the
number density p = N/V (where E and N are the internal
energy and the particle number, respectively), we omit V in
the following for convenience, because the results do not
depend on V in the thermodynamic limit.

II. FORMULATION
A. HFB theory

We consider two-component fermions with finite-range in-
teraction in three dimensions as H = Hy + V, where

Hy =Y &cp o )
k,o

is the kinetic term with the single-particle energy & =
k*/(2m) — u measured from the chemical potential p (m is
a mass). The interaction term reads

_ Nt i
v=>Y" Ul Kyl n Cpnr youyr s ()
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where the coupling strength U (k, k') depends on the relative
momenta of two fermions.

We apply the mean-field approximation in each term by
introducing the pairing gap

Aty == Uk, K){cy jcp ), 3)
o

and the HF-like self-energy
p—r p—r\, ;i
()= U (— —) (chscps) @

where & denotes the opposite spin of o. In Egs. (3) and (4),
(- - - ) denotes the expectation value with respect to the thermal
equilibrium. Using these momentum-dependent mean fields,
we obtain

Hyrp = Z &k + X0 (k)]cz,ackﬂ
k,o
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which is referred to as the mean-field Hamiltonian of the HFB
theory in Ref. [39].

Hereafter, we consider the spin-balanced case and omit
the spin indices in the HF-like self-energy as X(k) = %, (k).
Using the Nambu spinor Wy = (ck 4 cik’ . )T, one can rewrite
Hyrg as

Hums = ) W[&7 + S0t — AT 1
k

+ Y A c) Ty ) =Y Bk yery)
k k

+ ) &+ D)1, (6)
k

where 7;_1 > 3 is the Pauli matrix acting on the Nambu spinor.
Taking the Bogoliubov transformation, we obtain the ground-
state energy density & as

£= [&+ (k) — E]
k

+ ) AW e el ) = Y @) pept) (D)
k p

where Ej = /{& + Z(k)}2 + |A(k)|> is the quasiparticle
dispersion.

B. Separable interaction with effective range

In this paper, to consider effects of nonzero effective range,
we introduce the separable s-wave interaction

Uk, k") = griye. ®)
The two-body 7 matrix in the center-of-mass frame is given

by [47]

TGk, K5 0) = Uk, k) + 3 Uk, p)———T(p, ks ),
> wy —2¢g,
©)

where wy = w + i0. Assuming the separable form of the T
matrix, we obtain

1 2
Tk, K:) = yk[g -y

—_ 2
7wy —pi/m

~1
:| Vi (10)

The on-shell T matrix is associated with the s-wave phase
shift 8,(k) as
1

o (1)
k cot85(k) — ik

— Tk ke 2ep) =
4
where k cot §;(k) can be expanded with respect to k as
1 1
kcot8s(k) = —— + Erk2 -SSPkt + 0k, (12)
a

where a, r, and § are the scattering length, effective range,
and shape parameter [48], respectively. Using Eqs. (10), (11),
and (12), we obtain the relation between U (k,k’) and the

low-energy constants given by [39,40]

m 1Tl m oodk ) (13)
dra  yr,lg 27 )y Ye |
k2 171 1
- ﬂ(r— - Sr3k4> L OKS) = —[—2 - T}
dr \ 2 gLy Yico
[e9) 2.,2 k2 2 2
+ﬂ/ dp| Pe ="M T | (14)
272 ), pr—k? Yieo

Because we are interested in the effective-range corrections,
S is chosen as zero. In such a case, the fact that the leading
term in the right-hand side of Eq. (14) is proportional to k?
motivates us to use the form factor given by [20,31,49]

1
" A kae

where A corresponds to the high-momentum cutoff. Note that
if one uses the form factor given by yry = [1 + (k/Ay)*]™!
(referred to as Yamaguchi potential [50]), one obtains nonzero
S, in contrast with the present case (see Appendix A). Even-
tually, the parameters in U (k, k') are expressed by

5)

1 2r
A=—[1+ 1——i|, (16)
r a
dra 1
= . 17
§ m 1—aA (17

We note that if r/a approaches 0.5, A becomes complex
where a physical bound state merges with a spurious state
[51]. In this paper we discuss the region r/a < 0.5, avoid-
ing such a singularity. In Appendix A, we summarize other
separable potentials such as Gaussian form factor (which
is also used as a regulator in a chiral effective field the-
ory [52]). In Appendix B we discuss the relation with
the screened Coulomb interaction, which is relevant to an
electron-hole system. While the beyond-mean-field effect
such as pairing and density fluctuations has been discussed
in Refs. [31,39,40], the mean-field framework is sufficient to
see a qualitative behavior in the BEC-BCS crossover regime
with finite effective range [53,54].

C. Equations for the numerical calculation of physical quantities

In the case with separable interactions, the pairing gap can
be rewritten as

Aty ==y ) vilcw crg) = Ay (18)
v
The magnitude of the superfluid order parameter |A| is deter-
mined via the saddle-point condition afAEP = 0 (gap equation),
where

AZ
£= [&+ 2(k) — E] — '? - Sm. (19
k k

The explicit form of the gap equation reads

N s
T — 2Ex
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m o 1 m
= — — — — . 20
4na+2k:7’k[2Ek kZ] (20)
Also, X(k) is in the form of
k) =8 Vi Q1)
k/ 2

where

ng = (22)

1P_a+2@1
2 Ex

is the momentum distribution.
To obtain the density dependence of physical quantities, we
also need to solve the number density equation,

Yk
,0=Z|:1— §k+Ek( )]’ 23)
3

with respect to w. Furthermore, to see the mechanical stability
of the system, we calculate the compressibility x as

_ 1 (e
cAE) e

Indeed, « is associate‘d2 with the second derivative of the
Helmholtz free energy % investigated in Ref. [23]. When the

system reaches the mechanical collapse, we obtain ?:TFZ =0,
namely, the divergent compressibility [55]. Moreover, it can
be expressed in terms of the sound velocity ¢, as

¢y = | L (25)
mpk

Hence, c; becomes zero when the mechanical collapse occurs.

In this way we solve the gap equation (20) and the number
density equation (23) with monitoring ¢, or «. In addition,
because the left-hand side of Eq. (21) involves X(k) in ny
as we showed in Eq. (22), we need to self-consistently solve
Eq. (21) with respect to X (k). In this study we work on the
case with positive r. We note that to extend our study to
the negative r, it is necessary to generalize the Hamiltonian
to the coupled channel model [9,20,47,56,57], which is out of
scope in this paper.

III. RESULTS

A. Superfluid order parameter

Figure 2 shows the superfluid order parameter A/Eg as
a function of inverse scattering length 1/(kra) with several

ratios between r and a, where kg = (372 ,o)% and Er = % are
the Fermi momentum and Fermi energy, respectively. Here,
A is taken as a real value without loss of generality. The zero-
range result (r/a = 0) exhibits the continuous crossover from
the BCS-type pairing in the weak-coupling regime [1/(kpa) <
—1] to the molecular BEC state in the strong-coupling regime
[1/(kga) 2 1]. Such a situation is indeed realized in ultracold
Fermi gases near the Feshbach resonance, where only a is
dramatically enhanced [19] by tuning the external magnetic
field.

On the other hand, in the case of the density-induced BEC-
BCS crossover, kg can change instead of a. When a > 0 (a <

%5 17 05 0 05 1 15

FIG. 2. Superfluid order parameter A along the BCS-BEC
crossover with nonzero effective range r.

0), the dimensionless coupling parameter 1/(kra) runs from
the strong-coupling regime, 1/(kra) = oo [the weak-coupling
regime, 1/(kga) = —o0], to the unitary limit [1/(kga) = 0],
with the evolution of kg o p% as shown in Fig. 1. However, in
the unitary limit with the density evolution, the effective-range
correction cannot be negligible even if r is much less than
a, as characterized by the magnitude of the dimensionless
parameter kpr. Namely, kpr goes infinity with 1/(kpa) — 0
in the high-density limit. In this regard, the finite-range effects
should be seriously examined in the high-density regime com-
pared to the value of the inverse scattering length 1/(kga) ~
0. As one can see in Fig. 2, A is strongly suppressed in
the region with 1/(kga) >~ 0O, that is, kpr — o0, due to the
effective-range correction, regardless of the sign of a. Such a
behavior is consistent with the generalized crossover scenario
[20], where the crossover boundary is qualitatively given by
cot §;(k = kp) = 0 instead of 1/(kra) = O for the zero-range
interaction.

In contrast to the region near 1/(kra) = 0, one can see that
A is strongly enhanced by the finite-range correction in the
dilute BEC regime 1/(kra) 2 0.5. This is associated with the
increase of the two-body binding energy E}, as [20]

SR S
ma? [1 — 1/(aA)]?

1 2r ?
— 1—,/1——. (26)
mr a

Indeed, E} reaches miaz at r = a/2, which is four times the

1 . .
zero-range counterpart - . In such a strong-coupling regime

with u < 0, we obtain the approximate form of A as (see
more details in Appendix C)

16 E\'"* JmE
A~ §E$/4<?b> <1+ 'Zb> @7

In this way, the increase of Ey, induced by the effective-range
correction leads to the enhancement of A in the dilute BEC
regime.

To see the role of the effective range in the high-density
regime, we plot A/Er and £/&pg as functions of kpr at

E, =
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FIG. 3. (a) Superfluid order parameter A and (b) internal energy
density £ as a function of the dimensionless range parameter kgr
at 1/(kga) = 0. The dotted line shows the result with A = 0 in the
normal phase.

1/(kga) = 0 in Fig. 3, where &g = % pEE is the noninteract-
ing counterpart of the internal energy density at T = 0. In
Fig. 3, the results depend on only kgr because of |a| = oco.
Hence, the horizontal axis of Fig. 3 can be regarded as either
kg dependence with fixed r, or r dependence with fixed kg.
This parameter choice is useful to examine kpr dependence
of the results in the crossover regime. One can see that A
decreases monotonically with increasing kpr, because the pos-
itive effective range induces the momentum cutoff A in the
Cooper channel U (k, k). Such a behavior is consistent with
the previous work [20,23,31]. While the decrease of A leads
to the increase of £ (corresponding to the suppression of the
condensation energy with increasing kgr), the suppression of
& by the HF self-energy becomes strong with increasing kgr.
The competition between these two effects leads to the peak
structure of E in Fig. 3(b).

However, we do not find any phase transitions with increas-
ing kgr in our model with the pure effective-range correction,
in contrast to Ref. [23], as we will discuss later. E is always
less than the result without the pairing gap. The results with
and without the pairing gap become close to each other at
larger kgr. Although we do not explicitly show the limit of
krgr — 00, one can analytically find that the ideal-gas result
can be realized in this limit for our model. At 1/(kpa) = 0,
we obtain A = % and g = —2—’1’\ from Egs. (16) and (17). In
this regard we obtain

2
Ukk) > - 506) (r — oo, (28)
m

where the § function 6(k) for the relative momenta in Eq. (28)
indicates the infinitely long-range constant interaction in the
coordinate space when performing the Fourier transformation.
Indeed, Eq. (28) can also be obtained by using the Gaus-
sian form factor y.g = e %/AG in the limit of r — oo (see
Appendix A). Because A disappears in the limit of r — oo,
the HF self-energy X, (k) is given by

k/2 ,
Ereoo(k)zgzy%ck’9<_%+ﬂ_ X(k ))7 (29)
v 2

where 6 (x) is the Heaviside step function associated with the
Fermi distribution function. One can analytically obtain the
vanishing shift as

2 00 |k+K'|
Y ook) = ——f k/dk’/ dsd(s)s
mk Jo k—k'|

k2
X 9<—— +u— E(k’))
2m

-0, (30)

where we took s = /k2 + k2 — 2kk’ cos Oy (G is the angle
between k and k') and used s8(s) = 0. In this way one can
expect that the interaction effect is negligible in the limit of
kgr — oo. Figure 4 shows calculated X (k) at (a) r/a = —0.4
(a<0), (b) r/la=0.4 (a>0), and (c) r/a =10 (Ja] = o0)
(note that ¥ depends only on k = |k| because of the spherical
symmetry). We note that in Fig. 4(c) |a| = oo is fixed to
examine the kgr dependence of X (k). In the panels (a) and (b)
of Fig. 4, the dimensionless parameter 1/(kra) is varied with
fixed r/a. Thus kgr = (k;{;[)l*l becomes large when 1/(kga)
approaches zero (see also Fig. 1). Generally, the magnitude
of X (k) becomes large in the low-momentum regime (k ~
0) and is moreover enhanced with increasing kpr, reflecting
the structure of the interaction. Indeed, this enhancement is
associated with the normalized coupling g% o~ —]%. The
momentum dependence of X (k) is also affected by kgr as
(k) is suppressed in the high-momentum regime (k/kg 2>
A kg ~ %). The panel (c) of Fig. 4 shows the explicit kgr
dependence of ¥(k) at r/a = 0. One can see that X(k) clearly
shrinks in the momentum space. In the high-density regime,
the momenta near the Fermi surface (i.e., k =~ kg) is relevant
for many-body physics and the enhanced behavior at k = 0
is less important. To see how the HF self-energy vanishes in
the large effective-range regime as found in Eq. (30), we plot
Y. (k) with larger kgr in Fig. 5. One can see that the absolute
value of X (k) at k > kr is suppressed at larger kgr, indicating
shrinking of X (k) in the momentum space. Moreover, the
absolute value of the zero-momentum shift ¥(k = 0), which
gives the largest magnitude for a given kgr in the momentum
space, also starts to decrease at around kpr = 6.1, as shown
in the inset of Fig. 5. In this sense, the results at kgr — 00
can approach the ideal-gas results except for the presence
of other corrections such as S, higher partial waves, short-
range repulsion, and three-body forces. It is in contrast to
Ref. [23], where the mechanical collapse was reported in the
large effective-range region. While we are not in the position
to clarify the differences between our study and Ref. [23],
the large effective-range limit may be sensitive to the small
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FIG. 4. HF self-energies X(k) at (a) r/a = —0.4 (a < 0), (b)
r/a=0.4(a > 0),and (c) r/a = 0 (Ja| = o).

deviation of the phase shift in the high-momentum region and
generally the higher partial waves such as p- and d-waves
cannot be negligible there. Because the pairing gap at large

-0.3r53575
-0.58 /]
-0.40.585
=9
E\j (k= 0)/Ex
=
N
-0.5 ............
! | | |
06 02 04 06 08 1
kil kg

FIG. 5. HF self-energies X(k) at kgr = 5, 6, and 7 (where |a| =
00). The inset shows the zero-momentum limit £(k = 0) as a func-
tion of kgr.

0.24

0 25 5 75 10 125 15

kra

FIG. 6. Squared sound velocity ¢? at positive scattering length
(a > 0). vp = kg/m is the Fermi velocity.

kgr is so small that the HFB result is close to the HF result,
as shown in Fig. 3, the difference between our result and
the previous work using both the HF and diffusion Monte
Carlo method is not due to the many-body calculation but the
interaction model. In this regard, our work examines purely
effective-range corrections without any other partial waves
and short-range parameters. Such a situation can be tested in
the future cold atomic experiments by enhancing the effective
range with the optical field method [32-35].

B. Sound velocity

To see a mechanical stability of the system, we examine the
sound velocity c;, which is associated with the inverse com-
pressibility. Because we are interested in the density-induced
BEC-BCS crossover with fixed a and r, we focus on the case
with the positive scattering length a > 0 in the following. We
note that the BCS-BCS crossover can be realized at a < 0,
where the dilute BCS phase with 1/(kga) < —1 and kgr ~ 0
changes into the dense BCS phase with 1/(kga) >~ 0 and
kgr 2 1 in the evolution of kg along the line of r/a < 0 in
Fig. 1. Figure 6 shows the density dependence of (c;/ vp)?
at the positive scattering length a > 0, where vg = kg/m
is the Fermi velocity. The low-density regime (kra >~ 0) is
dominated by the two-body bound-state formation. Such a
situation is similar to the density-induced BEC-BCS crossover
discussed in condensed-matter [16,17] and in nuclear systems
[30]. It is known that ¢, is given by the sound velocity of the
V228 (9], where Ugg, pp = /2,
and mp = 2m are the molecule-molecule repulsive interaction
strength, the molecular density, and the molecular mass, re-
spectively. In this sense, ¢, increases with increasing kg in the
low-density regime because of the molecule-molecule repul-
sion. In the BEC limit, the gap equation given by Eq. (20) is
equivalent to the Hugenholtz-Pines (HP) condition of molec-
ular bosons within the mean-field level [58,59]. In this regard,
one can extract the molecule-molecule scattering length agg
from the HFB theory as (see also Appendix C)

1 4 /mE

Bogoliubov phonon vg =

4B = 2a (31)

(1+55)
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FIG. 7. Effective-range dependence of the molecule-molecule
scattering length agg within the HFB theory in the BEC limit. The
dashed line shows the asymptotic behavior in the zero-range limit
given by agpg >~ 2a + 2r.

where we used Ugg = 4’;?3‘33. We note that Eq. (31) obtained
in the HFB theory is not exact but consistent with the Born
approximation with respect to Ugg [9]. Indeed, Eq. (31) re-
produces agg = 2a in the zero-range limit [60,61], whereas
the exact value is given by agg = 0.6a [62]. However, it is
useful to qualitatively examine the finite-range correction on
Sy _ 1T

A T 1+ M ’
we plot agg as a function of r/a in Fig. 7. It is found
that the molecule-molecule repulsion becomes stronger with
increasing r/a. This result is consistent with the enhanced
sound velocity with larger r/a in the dilute BEC regime
(kpa < 2.5). In the small effective-range regime, agp linearly
increases with r as agg >~ 2a + 2r. agg exhibits a maximum
value (agg =~ 2.67a) at r/a =~ 0.44 and eventually approaches
2.5atr/a=0.5.

When the density is close to the region where the
effective-range correction is significant (i.e., kpr = kpa X g ~
1), (cs/vg)? exhibits a maximum and tends to decrease with
kr. This decreasing behavior is reminiscent of the precur-
sor of mechanical collapse associated with the enhanced
compressibility in terms of fermionic degrees of freedom,
where © becomes positive at around kpa = 0.5 [7-9] (also
see that pairing is strongly suppressed there as shown in
Fig. 2). Indeed, it can be qualitatively understood as the
Stoner enhancement of the compressibility through the zero-
momentum Hartree shift [31]:

the molecule-molecule repulsion. Using

= U(0,0)p/2 = gp/2. (32)

While Xy is valid in the lower-density region compared to
¥(k)in Eq. (21), Eq. (32) is nothing more than the usual form
of the Hartree shift for long-range interactions without the
partial-wave decomposition. In this case, the squared sound
velocity ¢2; reads

) 1 ] 2 1 (33)
g = _
SH™ mpkg 7w A/Jkg — (kpa)™!

where ko = ZpLEF is the compressibility of an ideal Fermi
gas, and A is taken to be zero for simplicity. Moreover,

(CS/VF)Z

(c;mr)?

FIG. 8. Square sound velocity ¢? as a function of the dimension-
less range parameter kgr at divergent scattering length. The panels
(a) and (b) show (c,/vg)? and (cymr)?, respectively. The solid and
dashed curves represent the result of the HFB theory and the zero-
momentum Hartree approximation given by Eq. (33), respectively.

in the high-density regime where 1/(kga) >~ 0, one can find
cfyH ~ m;KO(l — l%), which decreases with increasing kgr
and becomes zero at kgr = 7. To some extent this is the same
order with the result in Ref. [23] where c_% = 0 is found at
ker = 1.91.

However, as we found in Eq. (30), the interaction effect
becomes less relevant in the large effective-range regime.
Hence, as shown in Fig. 5, ¢? tends to increase again towards
the ideal-gas result [(cs/vr)? = 1/3], at kgr = kpa X 2 ~7
where the zero-momentum Hartree approximation breaks
down. Figure 8 shows the kg7 dependence of cf in different
units [i.e., (a) (cx/vF)2 and (b) (¢;mr)?]. For comparison, we
plot the results of the HFB theory (solid curve) and Eq. (33)
(dashed curve). Indeed, one can see that (c,/vg)” has a peak
at around kgr = 1 and a minimum at around kgr = 7 >~ 3.14.

If we measure ¢ with the density-independent scale [i.e.,
1/(mr)?*], the HFB result monotonically increases with p.
On the other hand, the zero-momentum Hartree approxi-
mation given by Eq. (33) still shows a peak structure in
the intermediate regime. Although this can be an artefact
of the approximation, the same behavior has been reported
in Ref. [23]. In this sense, while the pure effective-range
correction indeed softens the equation of state (and hence
suppresses the sound velocity) but does not induce the peak
of the sound velocity within the density evolution as expected
in hadron-quark crossover in two-color QCD [30], the other
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ke

FIG. 9. The high-momentum tail of the momentum distribu-
tion ny(k/kp)* at a=' = 0. The horizontal dotted line shows the
zero-range result of Tan’s contact C = 0.118k} in the mean-field
approximation [9].

nonuniversal short-range corrections naturally involved in re-
alistic interaction potentials may cause such a sound-velocity
peak. However, because the sound velocity approaches the
conformal limit (i.e., noninteracting limit, corresponding
to vg/+/3 in our model) with increasing the density in
the two-color QCD [28], the nonmonotonic behavior of
(cs/vr)? in Fig. 5 (approaching the noninteracting counterpart
(cs/vr)* = 1/3 in the high-density limit) might give an im-
portant insight to understand the crossover phenomena.

C. High-momentum tail

In the end of this section, we discuss the high-momentum
tail in the momentum distribution 7 in the presence of
nonzero effective range. Figure 9 shows the momentum distri-
bution n; multiplied by k* to see its power-law behavior. It is
known that the high-momentum tail is given by Tan’s contact
C as limy_, o g — k% for the contact-type interaction. Using
the mean-field approximation, one can obtain C = m?|A|* =
0.118k; at unitarity [9]. It can be obtained by expanding
Ex = /{& + (k)12 + | A(k)[* with respect to |A|?/&2 in ny,
where y; = 1 for r — 0. Indeed, k*ny, at kpr = 0.01 exhibits a
plateau being consistent with C = 0.118k; (horizontal dotted
line) in the region where kp < k < A. If the density (or kgr)
increases, such a plateau cannot be visible because A(k) is
suppressed in the high-momentum regime (k 2 A = %) due
to yx. Therefore, while the nuclear contact formalism has
been extensively discussed in nuclear systems by taking the
momentum average [46], our result indicates that the dilute
system with small kpr is more suitable to address the contact
parameter. Considering the effective range of the isoscalar
nucleon-nucleon interaction in the 3S; channel (i.e., I3s, =
1.76 fm [63]), one can estimate that the relevant momentum
region for original Tan’s contact can be k < 1.14 fm~! in nu-
clear systems. The higher momentum region can be affected
by nonuniversal short-range sectors such as repulsive core.

To see a more closed connection with the nuclear contact
[44], one may define a nuclear-contact-like quantity C, that is,

3CHE (r=0)

FIG. 10. Nuclear-contact-like parameter C/p defined in Eq. (34)
at 1/a = 0. The horizontal dashed line presents 3C/k; at the zero-
range limit under the assumption that the distribution function is
given by ny ~ k% above k = kr [see Eq. (35)].

the fraction of the single-particle density above k = kg as

C=2 Ze(k — kp)ng. (34)
k

Indeed, in the case of an ideal Fermi gas with n; = 0 (kg — k),
C becomes exactly zero. In this regard, C can be regarded as a
quantity characterizing the interaction effect. If one assumes
that the momentum distribution shows a power-law behavior
as ny >~ k% at k > kg, one can obtain

C 2
0

o0 c 3C
~ ) / Ark’dk— = (35)
)y p

4 T4
ke k kg

indicating that C is equivalent to C except for the prefactor
under this assumption. Figure 10 shows C/p as a function
of kgr at 1/a = 0. C/p qualitatively manifests the fraction
of interacting particles such as short-range correlated pairs.
It is found that C/p monotonically decreases with increasing
kgr. On the one hand, such a behavior is consistent with
krr-dependence of A shown in Fig. 3(a). On the other hand,
C/p quantitatively deviates from 3C/k; obtained in Eq. (35)
and accidentally C/p ~ 3C/kit around kgr =~ 1. This can be
understood from the fact that ny, is generally larger than C/k*
around k = kg, as shown in Fig. 9. However, C/p becomes
smaller than 3C/k{ because the power-law behavior of n in
the high-momentum regime is suppressed by the finite-range
effect. In this regard, one can find that C characterizes the
correlation effects on ny near k = kg.

IV. SUMMARY

In this study we have theoretically investigated the role
of the effective range r in the density-induced BEC-BCS
crossover. The detailed structure of the interaction becomes
crucial in the high-density regime of the density-induced
BEC-BCS crossover in contrast to ultracold Fermi gases near
the broad Feshbach resonance where the contact-type interac-
tion characterized by the scattering length a works well.

We have focused on the effective-range correction,
which is a leading-order contribution towards nonuniversal
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short-range sectors in the s-wave phase shift. Using the sep-
arable interaction potential exactly reproducing the phase
shift within the effective-range expansion (i.e., without any
higher-order coefficients such as shape parameter), we have
examined the superfluid properties in the density-induced
BEC-BCS crossover.

Using the HFB theory, we have showed that the superfluid
order parameter is strongly suppressed in the high-density
regime due to the effective-range corrections regardless of
the sign of the scattering length. In the high-density (large
effective range) limit, we have found that the interaction
effect can be negligible because of the vanishing HF self-
energy. Although the mechanical collapse does not occur
with the pure effective-range correction, the sound velocity
exhibits the characteristic behavior along the density evolu-
tion. While the sound velocity increases as the Bogoliubov
phonon reflecting the repulsive molecule-molecule interaction
in the low-density region (kgr < 1), it turns to decrease in
the crossover-density region (1 < kgr < 7) due to the Stoner
enhancement of the compressibility. Eventually, in the high-
density regime (kpr 2 ) where the zero-momentum Hartree
approximation breaks down, the sound velocity increases
again towards the ideal-gas result fvp because the interac-

tion effect is highly suppressed by the form factor and the
HF self-energy shrinks in the momentum space. Moreover, the
finite-range effect on the high-momentum tail of the distribu-
tion function and its relation to the nuclear contact has been
discussed.

For future work, it is important to include fluctuation
effects beyond the mean-field approximation. In particular,
the density and spin fluctuations can be important in the
high-density regime of neutron matter with realistic nucleon-
nucleon interactions [11]. Moreover, multibody molecular
interactions may appear in the BEC side [64]. Also, it is
interesting to investigate the mechanical collapse towards the
electron-hole droplet as well as « condensates from uni-
form systems by using the finite-range interaction in the
thermodynamic quartet BCS theory [65,66]. The relation
with dense, two-color QCD is also a fascinating topic [67].
The low dimensionality would be taken into account to
consider the density-induced BEC-BCS crossover in recent
superconducting materials [68]. The nonseparability of the
interaction in the momentum space should be addressed in
detail in the future. To investigate the relation with the sound-
velocity peak in the hadron-quark crossover [28], one may
consider the extension of such a study to three-body clus-
tering crossover [69] and the case with additional repulsive
interactions [30].
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APPENDIX A: OTHER SEPARABLE POTENTIALS

As another example, we consider the separable interaction
with the Gaussian form factor given by

Us(k, k') = g6 vk.6Vr.G» (Al)
where yrg = e~ */26) The two-body 7" matrix reads
1 —1
To(k, ks 0) = J/k,G[g— - HG(CU):| Vi ,Gs (A2)
G
where
)’20
I =) —2 A3
6(®) Zw+_p2/m (A3)

p

is the two-particle propagator. The momentum summation can
be replaced by the integration and performed analytically as

- 2PN,
Ig(w) = — + mw dp
2 P> — mw,
2mw
:—%[A ,/n—l—m\/_e AC}
4
_2mo J2
4+ VD TN erfi i (A4)
4 AG
where we used

o e 20 /G in 2mw
d = . A5
/,oo ppz—ma)+ A/ma)w< A ) (&9)

In Eq. (AS), w(z) = 2?’ fooo defTX; is the Faddeeva function,
which is associated with the imaginary error function erfi(z)
as w(z) = e’zz[l + ierfi(z)]. Using Eqgs. (A2) and (A4), we
obtain

m 1+1k2
ik a 2r

| A k k 2k
— et (— + m—f‘/z> bt m—erﬁ<i>. (A6)
gG V% 2 4w 4n Ag
Thus, comparing the coefficients, we obtain
m o _ 1 mhe [T
dmra gg 4mr\ 2
m

mr m
V2132 Ag

87 2mal
Using these equations, we can determine gg and Ag from the
values of @ and r as

Srikt — ik} + 0(k%)

(AT)

(A8)

. __4_”[ G 1]_1 (A9)
o=~ A " al

Ag = [1 + /11— ﬂ]. (A10)
27y 2a

We note that the parameter with r/a < 2/m is valid because
Ag should be a real value. One may notice that the higher-
order terms such as the shape parameter S are nonzero in the
left-hand side of Eq. (A6). Indeed, one can obtain

s=2 (L 22 (AL1)
rAai\ang 3V )
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Also, in the large effective-range limit at 1/a = 0, we obtain

2
Uo(k k) ~ — 7~ |2 e
mAG 4

Equation (A12) is consistent with Eq. (28) based on y; in
Eq. (15).
We also examine the Yamaguchi potential [50] given by

472
——68k). (Al12)
m

Uy(k, k') = gyviyvey (A13)
where
- ! (Al4)
N NS

In a same way with other separable potentials, one can obtain
the two-body T matrix

, 1 B
Iy(k, k' 0) = Vk,Y|:g_ - HY(Q)):| Yi,Y > (A15)
Y
where
VZY
[y(w) = —
mA3 1
= . Al6
87 (Vmw + iAy)? (Al6)
In this regard, we obtain
1 1
C P k- S — ik
4 a 2
ENTT1 may 1
[1+(=) || =-22— | @
Ay gy 87 (k+ iAy)?

From the comparison between both left- and right-hand sides,
we obtain

m 1 mAy
—=—+ , (A18)
4dmra gy 8
mr m 3m
—— = — ——. (A19)
8 2maly  8mwAy
In this way, gy and Ay can be determined as
4 Ay 1771
gy = ——[—Y - —} , (A20)
m| 2 a
A 14 1o e (A21)
Y= 2 9a |’

which are consistent with Ref. [70]. Moreover, we obtain the
shape parameter

4T 1
S=——. (A22)
mr3 gy A
We note that the higher-order coefficients [i.e., O(k>)] in the
phase shift are exactly zero in the case of the Yamaguchi
potential.

APPENDIX B: COMPARISON WITH SCREENED
COULOMB INTERACTION

We discuss the relation between the separable potential and
the screened Coulomb interaction, which is given by

47 e? 4me

g k=K g
where ¢ =k — k' is the relative momentum and gr is the

Thomas-Fermi wave vector associated with the in-medium
screening effect [71]. We use the partial-wave decomposition

2
Velq) =

(B1)

m={
Vel —K') =41 Y Upk. k) Y Y)Y, k), (B2)
=0

= m=—{

where Y,;fl(fc) is the spherical harmonics with k = |k| and
k= k/k. Using Yootk) =1 /~/47m, we obtain the s-wave com-
ponent

Volk, k') = —

2 k2 k/2 2 Zkk/
e (R et . (B3
kk'  \k? 4 k? + g} — 2kk’

When we consider the diagonal part k = £’ in the momentum
space, we obtain

e k2
Votk, k) = ———1In{4— +1
Uky

k2
dme*  8me?
=——— 4+ —— kK +0(". (B4)
qt qr
It can be associated with the separable potential

1

Uk, k) = I S —

(k, k) = gy; glJr(k/A)2

k 2
= g|:1 — <X) + O(k“)}. (B5)

By comparing the coefficients, one obtains
dme? 1
§= "5 = —=4r-.
a1 V2

In such a case, the s-wave component of the screened
Coulomb interaction can be rewritten as

(B6)

A2 K2
Volk, k) = i? In <2F + 1). (B7)

Figure 11 shows the comparison between the separable in-
teraction for the effective-range expansion and the screened
Coulomb interaction for the diagonal component with respect
to the relative momenta. These two potentials agree well with
each other in the low-momentum region k < A = \%qT. The

deviation between two potentials can be

4
SV(k, k') = 3g(%> + O(k®). (B8)

In this regard, our separable potential can be used to study
low-energy pairing properties in electron-hole systems. How-
ever, it is needed to evaluate gy microscopically to investigate
full density dependence [72].
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0
02 B
a ective range g
% -0.4f . -7 1
< -0.6F g 1
~ 7
> 7 Screened Coulomb
-0.8+ 4 1
_1 Il Il Il
0 0.5 1 1.5 2

k/A (= \2k/gr)

FIG. 11. Comparison of the diagonal parts between the separable
potential based on the effective-range expansion and the screened
Coulomb interaction.

APPENDIX C: DILUTE BEC LIMIT

In this Appendix we derive the analytical expressions in
the dilute BEC limit with i < 0. Here we neglect the HF self-
energy X (k) because X (k) is negligible in the BEC regime
as shown in Fig. 4(b). Assuming that |u| is sufficiently large
compared to A(k) = Ay [9], we expand the quasiparticle
dispersion as

1 1 Azykz
_— . (CD)

2B, T 2& 48]

Using Eq. (C1), we approximate Egs. (20) and (23) as
m 1
0~ — 2 — - — C2
4ma + Z [2& Zsk:| Z 4§k €2
~ A? . (C3)
Z %

Equation (C2) without the third term is equivalent to the
bound-state equation given by the pole of the 7 matrix as
[T(0,0,w = —Ey)]~! = 0[seealso Eq. (10)], when one takes
2|u| = Ey in Eq. (C2). In this regard, one can find that |p| >~

Ey/2 is realized in the dilute BEC limit with @ > 0. The mo-
mentum summation in Egs. (C2) and (C3) can be performed
analytically as

(C4)

[ 1 1 mA? mA
2 [E - 2_<9Ici| Tl + A A
y_]j _ m? A (4 2mlul + A) (C5)
450 16 (2m| ]2 (2mlul + A)*
y2 B M2 A2

26 42l (V2mlp] + AP

Using Egs. (C2), (C4), and (C5), we obtain
Ey A2 maA>(4/mE, + A)
2 4/mEy(v/mEy + A)*

Also, Egs. (C3) and (C6) lead to

47 p/2m|pu| (1
m2

(Co)

il = +0(A*/E]). (CT)

A? =

Nezn| >2
+
A 2
= 1053, |1/2<1+ Vzm'“') . (C8)
371 A
Because we find || >~ E,/2 at the leading order of A/Ey,
we obtain Eq. (27) by substituting || >~ Ey, /2 into Eq. (C8).
The resulting A is consistent with the previous work (e.g.,
Refs. [8,9]) in the zero-range limit (or A — 00).

It is known that the second term of Eq. (C7) is associated
with the molecule-molecule repulsion [9]. This fact origi-
nates from the equivalence between the gap equation and the
Hugenholtz-Pines (HP) condition of molecular bosons within
the mean-field level in the BEC limit [58,59]. It is useful
to introduce the molecular chemical potential ug = 2u + Ey,.
Using Eq. (C7), we obtain

_ 4w 2aAN(4/mEy, + N)

MUB = ,OBmB (JmEe + A)? ,

where pg = p/2 and mp = 2m are the molecular density

and mass, respectively. Considering the HP condition, one

can relate ug = Uggpp (Where Ugg is the coupling constant

of molecule-molecule repulsion) and the molecule-molecule
scattering length agg as shown in Eq. (31).
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