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Dynamics of spin helices in the one-dimensional XX model
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Motivated by cold-atom experiments and a desire to understand far-from-equilibrium quantum transport, we
analytically study the dynamics of spin helices in the one-dimensional XX model. We use a Jordan-Wigner
transformation to map the spin chain onto a noninteracting Fermi gas with simple equations of motion. The
resulting dynamics are nontrivial, however, as the spin-helix initial condition corresponds to a highly nonequi-
librium distribution of the fermions. We find a separation of timescales between the in-plane and out-of-plane
spin dynamics. We gain insights from analyzing the case of a uniform spin chain and from a semiclassical
model. One of our key findings is that the spin correlation functions decay as t−1/2 at long time, in contrast to
the experimentally observed exponential decay.
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I. INTRODUCTION

Much of our modern understanding of highly entangled
quantum matter has come from the study of spin chains.
Exemplary phenomena include topological order [1,2] and
many-body localization [3]. Spin chain models were also
pivotal in developing numerical techniques such as the den-
sity matrix renormalization group [4]. Cold-atom experiments
can now controllably implement spin chain models, allow-
ing experimental investigation of their properties [5,6]. While
the models are old, the cold-atom realizations naturally lend
themselves to experimentally studying novel scenarios. For
example, Jepsen et al. [5] initialized a spin chain in a helix
and then observed how it evolved under the one-dimensional
(1D) XX or XXZ model Hamiltonians. Studies of such highly
nonequilibrium dynamics are relatively rare. Here, we model
this spin helix dynamics experiment in the case of the XX
model.

The XX model is an extreme limit of the anisotropic
Heisenberg model, where the two in-plane components of the
exchange coupling are equal and the out-of-plane coupling
vanishes,

H =
∑

j

J
[
σ x

j σ
x
j+1 + σ

y
j σ

y
j+1

]
. (1)

Here, j labels the site on the chain, σ
μ
j is the Pauli matrix

for the μth component (μ = x, y), and J is the strength of
the coupling. The importance of this model comes from the
fact that it can be mapped onto a gas of noninteracting spin-
less fermions. This mapping nominally reduces all static and
dynamic calculations to exercises in single-particle quantum
mechanics. Related transformations have become ubiquitous
in condensed matter physics [7–14]. We use this mapping to
model the experiment of Jepsen et al. [5].

In that experiment, a gas of (bosonic) 7Li atoms is trapped
in an ensemble of 1D optical lattices, nominally with one
particle per site. Strong interactions suppress hopping, and the
σ z

j = ±1 spin states correspond to different hyperfine states of

the localized atoms. Superexchange leads to nearest-neighbor
spin-spin interactions, whose strength can be tuned with a
Feshbach resonance [15]. This allows the implementation of
Eq. (1) or other spin models. The spin chain is initialized in
a helix with 〈σ z

j 〉 = − cos(Q j + φ) and 〈σ x
j 〉 = sin(Q j + φ),

where Q = 2π/λ is the wave vector of the helix and φ is its
phase.

In the language of fermions, the spin-helix initial state
is highly unusual. We diagonalize the single-particle density
matrix and show that the state is made up of several bands
with fractional occupation. Starting from this initial state,
we calculate the dynamics of spin correlations. Their time
dependence is expressed in terms of a sum of Bessel functions,
from which the long-time asymptotics are readily extracted.
We compare these exact results to semiclassical and long-
wavelength approximations. This leads to a physical picture
in terms of spin precession and quantum spin diffusion, with
the correlations decaying as t−1/2.

The experiment instead found that this decay was expo-
nential and used the Q dependence of the time constant to
distinguish between models with different transport regimes
(ballistic, superdiffusive, diffusive, and subdiffusive). The dis-
crepancy is likely due to the presence of empty sites in their
lattice [5] or inhomogeneities in their optical potentials or
magnetic fields. Although we do not model it here, we suspect
the discrepancy originates from the empty sites in particular.
Initial simulations modeling the effect of such holes have been
performed in Ref. [5], and a disagreement with the experiment
is already present there. The accurate quantum simulation of
iconic spin models in the future will require addressing such
experimental complications.

The outline of the paper is as follows. In Sec. II, we
describe the Jordan-Wigner transformation and examine the
spin helix from the fermion perspective. We analyze the
single-particle density matrix, describing the normal modes.
In Sec. III, we detail the formalism for calculating spin corre-
lations, and in Sec. IV, we present our results. In addition to
calculating the exact dynamics, we present a long-wavelength
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approximation and compare to the semiclassical dynamics.
Finally, we compare our results to the motivating experiment
of Jepsen et al. [5] in Sec. V before giving a brief summary
and outlook in Sec. VI.

II. SETUP

A. Jordan-Wigner transformation

The XX model in Eq. (1) is diagonalized by mapping the
Pauli spin operators onto fermionic operators via the Jordan-
Wigner transformation [16–18],

σ+
j = 2e−iπ

∑ j−1
k=1 nk a†

j , (2)

σ−
j = 2eiπ

∑ j−1
k=1 nk a j, (3)

σ z
j = 2n j − 1, (4)

where aj and a†
j are fermion annihilation and creation oper-

ators, and the fermion occupation number operator is nj =
a†

j a j . Note the factors of two in Eqs. (2)–(4) due to writing
the transformation in terms of Pauli operators. Under this
transformation, Eq. (1) becomes

H = 2J
∑

j

[a†
j a j+1 + a†

j+1a j] (5)

=
∑

k

ε(k)b†
kbk, (6)

where ε(k) = 4J cos(k) is the fermion dispersion, bk =
L−1/2 ∑

j e−ik ja j , and L is the number of sites. For our ana-
lytic calculations, we take L → ∞. For our numerics, we use
a large value of L and show results far from the boundary.

B. Initial conditions

In Ref. [5], the spins are chosen to form a helix in the x−z
plane,

|ψ〉 =
∏

j

[Aj,↑|↑〉 j + Aj,↓|↓〉 j], (7)

where

Aj,↑ = sin

(
Q j + φ

2

)
, Aj,↓ = cos

(
Q j + φ

2

)
, (8)

and where, as previously introduced, Q = 2π
λ

is the helix
wave vector and φ is the initial phase of the helix. This
models a helix which satisfies 〈σ z

j 〉 = − cos(Q j + φ) and
〈σ x

j 〉 = sin(Q j + φ). In the fermion picture, we calculate the
single-particle density matrix,

ρlm = 〈a†
l am〉 =

〈
σ+

l σ−
m

m−1∏
i=l+1

σ z
i

〉
(9)

= 〈σ+
l 〉〈σ−

m 〉
m−1∏

i=l+1

〈
σ z

i

〉
, (10)

where the product is over all i between l and m, exclusively,
and we used that the spins on different sites are uncorrelated.

FIG. 1. Density matrix ρlm = 〈a†
l am〉 [Eq. (10)] for the fermionic

representation of a spin helix with wavelength λ = 8, phase φ = 0,
and chain length L = 96. l and m are indices for the sites of the 1D
chain. Open boundary conditions are used for this visualization.

The diagonal elements are ρll = |Al,↑|2, and for l < m the off-
diagonal ones are

ρlm = Am,↑A∗
m,↓Al,↓A∗

l,↑

[
m−1∏

i=l+1

(|Ai,↓|2 − |Ai,↑|2)

]
. (11)

For m < l , one uses ρlm = ρml .
An example of the matrix elements of the density matrix

ρlm is shown in Fig. 1 for a chain of length L = 96, a spin
helix of wavelength λ = 8, phase φ = 0, and open boundary
conditions. When λ is an integer, the density matrix in the
thermodynamic limit is periodic, satisfying ρlm = ρl+λ,m+λ. It
is also largely local, with the off-diagonal elements falling off
rapidly. This fall-off can be understood as a consequence of
the product of 〈σ z

i 〉 terms in Eq. (10). Since there are sites
where |〈σ z

i 〉| 	= 1, this product always has a magnitude less
than 1, leading to exponentially falling correlations. More-
over, if there is a site where 〈σ z

j 〉 = 0, the density matrix has
no nonzero elements with |l − m| > λ.

The structure when λ is not an integer is more complicated.
A rational λ = p/q (where p and q are relatively prime)
yields a density matrix with periodicity p. Irrational λ gives a
quasiperiodic behavior. Regardless, the elements ρlm are very
small when |l − m| 
 λ. We will restrict our analysis to the
case of integer λ and leave exploration of the more general
cases to the future.

The initial state also contains pair correlations, which are
encoded in 	lm = 〈al am〉. For l < m,

	lm = A∗
m,↑Am,↓A∗

l,↑Al,↓

(
m−1∏

i=l+1

|Ai,↓|2 − |Ai,↑|2
)

, (12)

and 	ml = 	∗
lm. The diagonal elements vanish, 	ll = 0. For

states where the spins lie in the x−z plane, 	 is real, and
the off-diagonal elements of 	 are equal to the off-diagonal
elements of ρ.

C. Bloch bands for an integer-wavelength spin helix

To better understand the initial conditions, we diagonalize
the density matrix, extracting the normal modes and their

043306-2



DYNAMICS OF SPIN HELICES IN THE … PHYSICAL REVIEW A 106, 043306 (2022)

FIG. 2. Occupation number bands for the Jordan-Wigner
fermions corresponding to the spin-helix initial condition. These are
the eigenvalues of the density matrix ρlm [Eq. (10)]. Here the helix
has wavelength λ = 8 and phase φ = 0.

occupation numbers:

ρlm =
∑

α

fα
(
v

(α)
l

)∗
v(α)

m . (13)

Here, fα is the number of fermions in mode α, with wave
function v(α)

m . These solve the eigenvalue problem∑
m

ρlmv(α)
m = fαv

(α)
l . (14)

In a thermal ensemble of noninteracting fermions, the v
(α)
l

are plane waves and the occupation numbers correspond to
a Fermi distribution. As we show below, the helix initial
condition corresponds to a very different structure.

As previously stated, we specialize to the case where the
wavelength λ of the helix is an integer, and in the thermo-
dynamic limit ρlm = ρl+λ,m+λ. We then use Bloch’s theorem
to write the eigenvectors in the form v(α)

m = eiqmφ(α)
m , where

φ(α)
m satisfies φ

(α)
m+λ = φ(α)

m . Periodicity in λ implies that q ∈
[−π

λ
, π

λ
). Writing m = n + sλ, the eigenvalue equation (14)

becomes ∑
n

�ln(q)φ(α)
n = fα (q)φ(α)

l (15)

for the λ × λ matrix

�ln(q) =
∑

s

ρl,n+sλeiq(n−l+sλ)

=
(

ρln + ρl,n+λeiqλ

1 − χeiqλ
+ ρl,n−λe−iqλ

1 − χe−iqλ

)
eiq(n−l ), (16)

where 0 � l, n < λ, and χ = ∏λ
j=1(|Aj,↓|2 − |Aj,↑|2). The

matrix �ln(q) is numerically diagonalized to obtain occupa-
tion numbers for λ separate “bands” as a function of wave
vector q.

Figure 2 shows the bands for λ = 8 and φ = 0. In this
particular case, there is one band for which the occupation
is uniformly 0 and another for which it is uniformly 1. These
are a consequence of the choice of helix phase, φ = 0. For
this φ, there are sites where the spins are pointing in the +z

and −z directions. The fermions on those sites are localized
and give rise to the uniformly filled or empty bands. For
arbitrary φ, one instead finds a single state at q = 0 for which
fα = 1, and a single state for which fα = 0. This latter state
is found at q = π/λ if λ is odd or q = 0 if λ is even. The
presence of a fully occupied state and a fully empty state is
a generic feature of any classical spin configuration, not just
helices: in complete generality, v(1)

m = Am,↑/Am,↓ and v(0)
m =

(−1)mAm,↓/Am,↑ are eigenvectors of Eq. (14) with eigenvalues
1 and 0, respectively.

One interesting feature of the occupation spectrum shown
in Fig. 2 is that there are no “gaps.” Given any value of
fα , there is always a state with that occupation. This is very
different from a thermal distribution in a multiband model,
where the energy gaps give rise to forbidden values of fα .
One can also observe a number of symmetries in Fig. 2. When
λ is even, the helix is invariant under translation by half a
wavelength combined with spin reversal. In the occupation
spectrum, this symmetry leads to a mapping fα → 1 − fα .
Reflection of the spins through the x−z plane maps q → −q.
The helix is invariant under this transformation, and hence
Fig. 2 has reflection symmetry.

III. FORMALISM

A. Dynamics within the fermionic picture

Within the Heisenberg picture, the dynamics of the fermion
field operators is trivial,

bk (t ) = e−iε(k)t bk, (17)

a j (t ) =
∑

m

i j−mJm− j (4Jt )am, (18)

where bk = bk (0) and a j = a j (0) are the zero-time operators,
Jν (x) is the Bessel function of the first kind of order ν, and
Eq. (18) is the Fourier transform of Eq. (17). Thus we can
calculate any fermion correlation functions at time t in terms
of the correlations at time 0, which were described in Sec. II B.
For example, the occupation of site j is

〈n j (t )〉 =
∑
lm

ρlmil−mJl− j (4Jt )Jm− j (4Jt ). (19)

Due to the structure of the density matrix, this sum is
dominated by terms where l and m are close together. Conse-
quently, the dynamics at a given site j are mainly influenced
by the interference of fermions that propagate from closely
spaced sites on the chain.

B. Spin observables

Some spin correlations can be simply expressed in terms
of the fermion degrees of freedom and are readily calculated.
For example, 〈

σ z
j (t )

〉 = 2〈n j (t )〉 − 1 (20)

can directly be calculated from Eq. (19). Others, such as
〈σx(t )〉, are highly nonlocal in the fermions. A correlation
function which is both easy to calculate and informative about
the transverse spin degrees of freedom is

E−+
j (t ) = 〈σ−

j (t )σ+
j+1(t )〉 = 4〈a†

j+1(t )a j (t )〉. (21)
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(a)

(b)

(c)

(d)

(e)

FIG. 3. Exact quantum calculation of the time dependence
of spin correlations: (a) 〈σ z

j 〉, (b) Im{E−+
j } = Im{〈σ−

j σ+
j+1〉},

(c) Re{E−+
j } = Re{〈σ−

j σ+
j+1〉}, (d) Im{E−−

j } = Im{〈σ−
j σ−

j+1〉}, (e)
Re{E−−

j } = Re{〈σ−
j σ−

j+1〉}. Time t is measured in units of h̄/J and
the position j is dimensionless. The spin variable σ j is dimension-
less, as are the correlation functions. The spin helix has wavelength
λ = 64, phase φ = 0, and repeats periodically in λ along the chain.
In (c), note that C = 1

λ

∑
j Re{E−+

j (t )} is conserved for all time and
is subtracted off from the plot.

The real and imaginary parts of E−+
j tell us about the rel-

ative alignment of the in-plane components of the spins
on neighboring sites. Re{E−+

j } = 〈σ x
j σ

x
j+1〉 + 〈σ y

j σ
y
j+1〉 is the

dot-product of the in-plane component of neighboring spins
and is proportional to the local energy density. When the
spins are nearly aligned, it effectively measures the magni-
tude of the in-plane spin components. The other quadrature,
Im{E−+

j } = 〈(�σ j × �σ j+1) · ẑ〉, measures the twisting (mis-
alignment) of the in-plane spin components. In terms of the
fermion density matrix,

E−+
j (t ) = 4

∑
lm

[ρlm − δlm]il−m−1Jl− j−1(4Jt )Jm− j (4Jt ).

(22)

Similar expressions hold for the correlator

E−−
j (t ) = 〈σ−

j (t )σ−
j+1(t )〉 = 4〈aj+1(t )a j (t )〉 (23)

= 4
∑
lm

	lmi2 j−l−m+1Jl− j (4Jt )Jm− j−1(4Jt ). (24)

The real and imaginary parts of E−−
j are related to

the in-plane quadrupolar alignment of neighboring
spins: Re{E−−

j } = 〈σ x
j σ

x
j+1〉 − 〈σ y

j σ
y
j+1〉 and Im{E−−

j } =
−(〈σ x

j σ
y
j+1〉 + 〈σ y

j σ
x
j+1〉).

IV. RESULTS

A. Numerical evaluation of dynamics

Figures 3 and 4 show a typical time series for the corre-
lation functions introduced in Sec. III B. Figure 3 shows the
case where the helix wavelength is large, λ = 64, while Fig. 4
shows λ = 8, which is comparable to the experimental values
in Ref. [5]. In our simulations, we use a long chain of length

(a)

(b)

(c)

(d)

(e)

FIG. 4. Exact quantum calculation of the same observables as
Fig. 3, but with wavelength λ = 8 and phase φ = 0.

L = 500 and show results from a slice of length λ = 64 or λ =
8 near the middle of the chain. The influence of the boundaries
propagates inward at a finite velocity and during the duration
of our simulation does not reach the visible region.

One sees that 〈σ z
j 〉 and E−+

j [Figs. 3(a)–3(c) and 4(a)–4(c)]
evolve on a slower timescale than E−−

j [Figs. 3(d), 3(e) and
4(d), 4(e)], and that this separation of timescales grows with λ.
In Sec. IV C, we give a semiclassical argument which explains
this behavior.

At t = 0, the spins lie in the x−z plane and 〈σ z
j 〉 oscillates

in space. The contrast of this oscillation drops with time,
nearly vanishing at t ∼ 6h̄/J in Fig. 3 and at t ∼ 0.8h̄/J in
Fig. 4. At these times, one sees large spatial oscillations in
Im{E−+

j }, corresponding to patches where the in-plane com-
ponents of the spins are twisting in different directions. Over
time this pattern repeats, with the spatial contrast of 〈σ z

j 〉 and
Im{E−+

j } oscillating out of phase. This is further examined in
Sec. IV D.

On a similar timescale to the oscillation of 〈σ z
j 〉, Re{E−+

j },
which is proportional to the local energy density, decays to a
spatially uniform pattern. This can be interpreted as evidence
of energy diffusion.

The real and imaginary parts of E−−
j oscillate with a period

which is slightly smaller than h̄/J . Our physical interpretation
of these patterns comes from comparing a uniform pattern
of quantum versus classical spins, where E−−

j ∼ (σ x − iσ y)2

tells us about the local orientation of the in-plane component
of the spins. This interpretation is discussed in Sec. IV B. At
short times in Fig. 3(d), the imaginary part of E−− (which
can be interpreted as 2σ xσ y) vanishes every quarter wave-
length. Between these nodes it alternates between a + − −+
or − + +− sign pattern. In Fig. 3(e), the real part (which
can be interpreted as (σ x )2 − (σ y)2) instead has nodes at half
wavelengths, and at a given time is either positive or negative.
Such a pattern suggests that the in-plane component of the
spins are slowly twisting about the z axis, rotating by π radi-
ans over half a wavelength, and reversing direction for the next
period. Identical features are seen in the semiclassical model
at times less than h̄/4J [Figs. 6(d) and 6(e)]. The primary dif-
ference is that in the quantum calculation the pattern reverses
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periodically, while in the semiclassical one the twisting
continues. At longer times, the pattern is slightly more compli-
cated, with some retrograde motion. This complicated pattern
is seen for both λ = 64 and λ = 8, but it is certainly clearer in
Fig. 3.

In the remainder of this paper, we explain the above fea-
tures and compare our results to the experiment of Ref. [5] in
Sec. V.

B. Uniform textures and long-wavelength approximation

Key insights into the behavior in Sec. IV A come from
considering the uniform case, where each spin is initially
tilted the same angle θ from the negative-ẑ direction: Aj,↓ =
cos(θ/2), Aj,↑ = sin(θ/2). This can be thought of as a helix
with λ → ∞. Evaluating the sums in Eq. (22) and (24) yields
(see Appendix A)

E−+(t ) = sin2 θ, (25)

E−−(t ) = sin2 θ

∞∑
l=0

(−i)l cosl (θ )[Jl (8Jt ) − Jl+2(8Jt )]. (26)

The latter expression can also be written in terms of the deriva-
tives of Bessel functions, using the identity 2J ′

l+1(8Jt ) =
Jl (8Jt ) − Jl+2(8Jt ).

The correlation function E−+ is time independent:
Re{E−+} is proportional to the local energy density, which
is conserved. The imaginary part of E−+ is chiral, measuring
an in-plane twisting, and will vanish for all time.

Equation (26), which describes the behavior of E−−, is not
particularly transparent. To reveal the underlying structure, we
take the long-time limit and find

E−−(t ) = 1√
πJt

(�↑ei2�qt + �↓e−i2�qt ) + O(t−3/2), (27)

where �↑ = sin2(θ/2)e−iπ/4, �↓ = cos2(θ/2)eiπ/4, and the
precession frequency is �q = 4J . The terms e±i2�qt are sug-
gestive of precession about the z axis: if one takes σ− = σ x −
iσ y ≈ ei�t , then E−− = 〈σ−

j σ−
j+1〉 ∼ e2i�t . Thus it is tempting

to interpret Eq. (27) as a quantum superposition of clockwise
and counterclockwise precession. Note that the magnitude of
the precession rate �q is independent of the tilt angle θ . This
discreteness aligns with the idea that each spin is “measuring”
the state of its neighbors and precesses about the resulting
field that it sees. In a given basis, the spins take on only a
discrete set of values, leading to only a discrete set of frequen-
cies. Recognizing that |�↑| = A2

j,↑ and |�↓| = A2
j,↓ is also

suggestive of this picture of projectively measuring the two
neighboring spins. Finally, the overall t−1/2 decay is related to
the buildup of correlations between neighboring sites.

We contrast this behavior to a semiclassical approximation,
where the spin-wave function is constrained to take a prod-
uct form. As detailed in Appendix B, in this semiclassical
approach, the spins uniformly precess about the z axis. The
frequency, �sc = 4J cos(θ ), is typically smaller than �q and
depends on the tilt angle θ . The local field seen by each spin
is not quantized in the semiclassical model.

We next use Eqs. (25) and (26) to model the dynamics of
spin helices in the long-wavelength limit. Treating the spin

texture as locally homogeneous, we simply replace the θ in
Eqs. (25) and (26) with θ j = Q j + φ. While such an approxi-
mation fails to give any insight into 〈σ z

j 〉 or E−+
j , it is revealing

in regards to E−−
j . In particular, since �q does not depend

on θ , the spin dynamics are approximately periodic. Both the
period and the power-law decay match what is seen in Figs. 3
and 4.

C. Separation of timescales for in-plane
and out-of-plane dynamics

The separation of timescales in Sec. IV A is also present in
the semiclassical results shown in Appendix B and hence can
be understood semiclassically. In this picture, the spin at site
j precesses about an effective field �Hj = 2J (�σ j−1 + �σ j+1)⊥,
where ⊥ indicates that only the in-plane component is taken.
This is a feature of the XX model, where the spin-spin cou-
pling only involves the in-plane components.

Within the long-wavelength limit of a spin helix, the
first-order approximation to the effective field comes from
taking �σ j−1 + �σ j+1 ≈ 2�σ j . The next-order correction comes
from considering that neighboring spins are mostly aligned,
but twist in the direction of the helix’s winding. Hence,

�σ j−1 + �σ j+1 ≈ 2�σ j + d2

2
∂2 �σ j

∂x2 for spacing d between spins, and

∂t �σ j ≈ 4J (�σ j × �σ j,⊥) + 2J

(
�σ j × d2

2

∂2 �σ j

∂x2

∣∣∣∣
⊥

)
. (28)

The first term determines twisting in the plane and has a
timescale of � ∼ J , which was seen earlier for the pre-
cessional frequency. The second term is a correction which
determines twisting away from the winding direction. This
gives out-of-plane dynamics with a frequency ω ∼ J

λ2 , which
is suppressed by a factor of λ2 relative to the in-plane dynam-
ics.

D. Contrasts

For all time, the spin patterns are periodic in space with
period λ. The amplitude of variation falls with time. We can
quantify this decay by looking at the magnitude of the Fourier
component with wave vector Q = 2π/λ. For example,

Cz
Q(t ) ≡ 1√

L

∑
j

eiQ j〈n j (t )〉. (29)

This quantity can be expressed in terms of the Fourier trans-
form of the initial density matrix,

ρkq = 1

L

∑
l,m

ρlmeikl e−iqm. (30)

Periodicity of the spin configuration implies ρl+λ,m+λ = ρlm,
and hence ρkq vanishes unless k − q = 2πn/λ for integer n.
This leads to the simple result

Cz
Q(t ) =

∑
m

[dm + (−1)md∗
m]Jm(8Jτ ) (31)

for time-independent coefficients

dm = 1√
L

∑
j

eiQ(m/2− j)ρ j−m, j (32)
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FIG. 5. Contrasts Cz
Q(t ) (solid red) and C−+

Q,i (t ) (dashed blue)
corresponding to the momentum Q = 2π/λ Fourier components of
〈nj (t )〉 and Im{E−+

j (t )} = Im{〈σ−
j (t )σ+

j+1(t )〉}, respectively, for a
spin helix with wavelength λ = 8 and phase φ = 0. Both contrasts
are rescaled for ease of comparison.

and τ = sin(Q/2)t . Similarly, the contrast corresponding to
E−+

j (t ) = 〈σ−
j (t )σ+

j+1(t )〉 is

C−+
Q (t ) = 1√

L

∑
j

eiQ j〈σ−
j (t )σ+

j+1(t )〉

= 4
∑

m

[d̃m + (−1)md̃∗
m]Jm(8Jτ ) (33)

for the coefficients

d̃m = e−iQ/2dm+1 = 1√
L

∑
j

eiQ(m/2− j)ρ j−m−1, j . (34)

For a helix with reflection symmetry across the origin (i.e.,
φ = 0), Cz

Q(t ) is real. Since Im{E−+
j (t )} evolves on the same

timescale as 〈σ z
j 〉, it is convenient to display their contrasts

together. Thus we extract the contrast of Im{E−+
j (t )} as

C−+
Q,i (t ) = 1

2i {C−+
Q (t ) − [C−+

−Q (t )]∗}. This quantity is also real
when the density matrix is real, since then C−+

−Q (t ) = C−+
Q (t ).

Figure 5 shows the time dependence of the contrasts Cz
Q(t )

and C−+
Q,i (t ) for the case λ = 8. The most prominent feature

is an out-of-phase relationship between these two contrasts.
This further corroborates the out-of-phase relationship be-
tween 〈σ z

j 〉 and Im{E−+
j } that was noted in Sec. IV A. This

relationship corresponds to the spins moving in and out of
the x−y plane. The second important feature is the relatively
slow t−1/2 decay, which can be extracted from the asymptotic
expressions for the Bessel functions.

V. COMPARISON TO EXPERIMENT

The experiment of Jepsen et al. [5] explored spin helices
with wavelengths similar to that in Fig. 4. They solely looked
at the space and time dependence of 〈σ z

j 〉. Other spin correla-
tions, however, are accessible: they could apply π/2 pulses to
image the x and y components of the spins. Such data could
be binned and averaged to measure E−+

j or E−−
j .

The experimentalists calculated the contrast of 〈σ z
j 〉, to

be compared with our results depicted in Fig. 5. They also
used numerical techniques to model the spin dynamics. Their

numerical results for the contrast appear to be identical to
ours.

As already highlighted, the contrast oscillates within a
decaying envelope. The experimental oscillation period is
very similar to what is expected from theory, both from our
calculation and their numerics. The decay, however, is very
different. Our theory predicts a t−1/2 fall-off, while the exper-
iment observes an exponential decay. Possible sources of this
discrepancy include the presence of empty sites in the optical
lattice or inhomogeneities in the magnetic fields which tune
interactions in the chain.

The nature of the decay is important: the experimentalists
used the Q dependence of the decay time to conclude that the
dynamics in the XX model are ballistic. Given that the exact
solution does not yield an exponential decay, this interpreta-
tion may be problematic.

More fundamentally, the power-law decay seen in the XX
model is a consequence of integrability. The experimental
deviations are indicative of terms which break the underlying
symmetries. Moreover, these deviations are not small: dis-
crepancies appear on a timescale of a few h̄/J , which means
the energy scale of the perturbation is comparable to J .

In order to clarify the issue, we propose that future ex-
periments study the dynamics of uniformly tilted spins, as
discussed in Sec. IV B. Many of the dynamical features of
spin helices are already present in that simpler setting, but the
homogeneity of the initial state will simplify the modeling of
various imperfections.

VI. SUMMARY AND OUTLOOK

We studied the dynamics of far-from-equilibrium spin he-
lices in the quantum 1D XX model. By mapping the spins onto
noninteracting fermions, we were able to derive exact results
for a number of spin correlators. For long-wavelength helices,
we found a separation of timescales between the in-plane and
out-of-plane spin dynamics. We explained these timescales by
analyzing a homogeneous spin chain as well as a semiclassical
model, which simultaneously exposed the role of quantum
effects on the dynamics. Finally, we compared our results to
experiments, finding key differences which highlight an im-
portant challenge in quantum simulation: small imperfections
can lead to qualitatively different physics.

The community’s newfound ability to experimentally study
spin models has great potential to advance our understand-
ing of quantum dynamics. These possibilities include studies
of the dynamics of various spin configurations [19–23]
and developments in generalized hydrodynamics [24–29].
The possibilities involving far-from-equilibrium physics are
particularly rich, with ample opportunities to develop new
organizing principles. These will have an impact on our un-
derstanding of natural phenomena, as well as the development
of future technology.
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APPENDIX A: SPIN CORRELATORS
FOR UNIFORM SPIN TEXTURES

When the spin texture is uniform, the spin correlator
E−−

j (t ) = 4〈a j+1(t )a j (t )〉 is independent of the site and can
be replaced by its spatial average E−−(t ) ≡ 1/L

∑
j E−−

j (t ).
This is related to the p-wave pairing amplitude,

E−−(t ) = 4

L

∑
k

eik〈bk (t )b−k (t )〉. (A1)

We substitute in the time dependence bk (t ) = e−iε(k)t bk (0) and
write bk (0) in terms of the spatial field operators a j = a j (0).
Noting that 〈aia j〉 = 〈ai− ja0〉, we find

E−−(t ) = 4

L

∑
d

〈ad a0〉
∑

k

e−i(d−1)k−2iε(k)t . (A2)

The sum over k yields Bessel functions. Finally, we note that
〈a0a0〉 = 0 and, for d 	= 0, Eq. (12) becomes

〈ad a0〉 = 1
4 sin2(θ ) cos|d|−1(θ ), (A3)

which falls off exponentially. Separating out the d > 0 and
d < 0 terms in Eq. (A2) yields

E−−(t ) = sin2(θ )
∞∑

l=0

(−i)l cosl (θ )[Jl (8Jt ) − Jl+2(8Jt )],

(A4)

which is Eq. (26).
Calculating E−+(t ) ≡ 1/L

∑
j E−+

j (t ) follows a similar
logic; the main difference is that the momentum space den-
sity nk = 〈b†

k (t )bk (t )〉 appears instead of the p-wave pairing
amplitude. Since nk is independent of time, so is E−+. Hence,
E−+(t ) = E−+(0), or

E−+(t ) = 4|A↑A↓|2 = sin2(θ ). (A5)

As argued in the main text, we can use these homogeneous
results to model a long-wavelength helix. We take the homo-
geneous expressions for the correlators, but replace θ → θ j =
Q j + φ, arriving at

E−−
j (t ) ≈ sin2(θ j )

∞∑
l=0

(−i)l cosl (θ j )[Jl (8Jt ) − Jl+2(8Jt )],

(A6)

E−+
j (t ) ≈ sin2(θ j ). (A7)

APPENDIX B: SEMICLASSICAL SPIN DYNAMICS

The Schrödinger equation is equivalent to extremizing the
action,

S =
∫

dt[i〈ψ |∂t |ψ〉 − 〈ψ |H|ψ〉]. (B1)

We take the product state ansatz, |ψ〉 = ∏
j |ψ〉 j , where

|ψ〉 j = u j (t )|↑〉 j + v j (t )|↓〉 j with |u j (t )|2 + |v j (t )|2 = 1.
The semiclassical equations of motion are found by
extremizing Eq. (B1) with respect to uj (t ) and v j (t ).

In particular, we take

H =
∑

j

∑
μν

Jμνσ
μ
j σ ν

j+1. (B2)

(a)

(b)

(c)

(d)

(e)

FIG. 6. Semiclassical calculation of the same observables as
Fig. 3, again with wavelength λ = 64 and phase φ = 0.

The equations of motion for the spin degrees of freedom are
then found to be

∂t 〈σγ
j 〉 = ∂t u j

∂
〈
σ

γ

j

〉
∂u j

+ ∂tv j

∂
〈
σ

γ

j

〉
∂v j

+ H.c. (B3)

≡
∑
μτ

εγμτ Hμ
j

〈
σ τ

j

〉
, (B4)

where the mean field Hμ
j is

Hμ
j ≡ 2

∑
ν

Jμν
(〈
σ ν

j+1

〉 + 〈
σ ν

j−1

〉)
. (B5)

These equations of motion can also be written as ∂t 〈�σ j〉 =
〈�σ j〉 × �Hj , which is the well-known Landau-Lifshitz equa-
tion [30]: each spin simply precesses about an effective field
�Hj , which depends on the direction of its neighbors and the

anisotropy of the interaction coupling. In the case of the XX
model, the mean field Hμ

j has Hz
j = 0 and in-plane compo-

nents

Hx
j = 2J

(〈
σ x

j−1

〉 + 〈
σ x

j+1

〉)
, (B6)

Hy
j = 2J

(〈
σ

y
j−1

〉 + 〈
σ

y
j+1

〉)
. (B7)

Starting from an initial spin helix, we integrate these equa-
tions of motion using a fourth-order Runge-Kutta algorithm
[31]. As before, we eliminate concerns about boundaries by
taking a chain of length L = 500 and confining our attention
to a region far from the boundary.

To understand the role of quantum mechanics, it is neces-
sary to compare the exact quantum dynamics in Fig. 3 with
the semiclassical results shown in Fig. 6. The semiclassical
theory captures many features of the quantum spin evolu-
tion. In particular, the time dynamics for 〈σ z

j 〉, Im{E−+
j },

and Re{E−+
j } are nearly indistinguishable from the quantum

dynamics shown in Figs. 3(a)–3(c) until t ≈ 5h̄/J . Hence, the
same interpretation can be used for both the quantum and
semiclassical cases for these three correlators (e.g., the decay
of Re{E−+

j } representing energy diffusion). Beyond t ≈ 5h̄/J ,
the semiclassical simulations possess a numerical instability.

043306-7



DARREN PEREIRA AND ERICH J. MUELLER PHYSICAL REVIEW A 106, 043306 (2022)

The semiclassical theory does not capture the behavior
of E−−

j . To understand the discrepancy, it is useful to again
consider a uniform chain as in Sec. IV B, except with semi-
classical spins. Each site is identical, so ∂t �σ = �σ × �H with
�H = 4J (σ x, σ y, 0). We can use that �σ × �σ = 0 to write �σ ×
�H = �σ × ( �H − 4J �σ ) = −4Jσ z �σ × ẑ. This means that the

semiclassical spins simply precess about the ẑ axis with fre-
quency �sc = 4J cos(θ ). Consequently, σ± = sin(θ )e±i�sct

and

E−+
sc (t ) = sin2(θ ), (B8)

E−−
sc (t ) = sin2(θ )e−2i�sct . (B9)

Importantly, the precession frequency is a continuous function
of the angle θ . This behavior should be contrasted with the
quantum behavior in Eq. (27), where regardless of θ the spins
precess with frequency ±4J . The natural interpretation is that
the effective field is quantized in the full quantum theory. The
semiclassical theory also fails to account for the power-law
decay seen in Eq. (27).

The semiclassical result for E−−
j can be further understood

through a long-wavelength approximation. As previously ar-
gued, we can approximate the behavior of a long-wavelength

helix by taking θ → θ j = Q j + φ. In this approximation, the
semiclassical correlation functions become

E−+
j,sc (t ) = sin2(θ j ), (B10)

E−−
j,sc (t ) = sin2(θ j )e

−2i� j,sct , (B11)

for � j,sc = 4J cos(θ j ). The phase factor E−−
j,sc (t ) ∝ e−2i� j,sct

corresponds to a variable helical pattern in the x−y plane:
the pitch increases linearly in time, and the spins can rotate
many times about the equator. By contrast, in the quantum
dynamics, the x−y components of the spins never perform a
full rotation.

The full semiclassical behavior of E−−
j in Figs. 6(d) and

6(e) is similar to this long-wavelength approximation, given
by Eqs. (B10) and (B11). The aforementioned planar twisting
is clear in Figs. 6(d) and 6(e), with the pitch becoming great-
est near t = 2h̄/J . Due to aliasing, the pitch then decreases.
There are some quantitative differences between the long-
wavelength and exact semiclassical dynamics, but the most
significant difference is the numerical instability which ap-
pears at longer times. Given that the instability is not present
in the quantum calculation, we do not explore it further.
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