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We study the two-body bound states in a spin-orbital-angular-momentum (SOAM) coupled quantum gas of
fermions within a tightly confined ring geometry in two dimensions. Two different configurations are considered:
an attractive s-wave interaction exists between two spin species that are SOAM coupled and an atom with
SOAM coupled internal spins interacts state selectively with another atom. For both cases, we identify the
condition for the emergence of molecular states with finite orbital angular momenta. These molecular states with
quantized orbital angular momenta correspond to the SOAM-coupling-induced vortices in the corresponding
Fermi superfluid. We propose to detect the molecules through Raman spectroscopy with Laguerre-Gaussian
lasers. As the molecular states can form above the superfluid temperature, they offer an experimentally more
accessible route toward the study of the underlying pairing mechanism under SOAM coupling.
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I. INTRODUCTION

Synthetic spin-orbit coupling in cold atoms modifies the
single-particle dispersion and offers a powerful tool for quan-
tum control [1-3]. In the past decade, such control has enabled
the simulation of band topology and led to the prediction
of various exotic few- and many-body states [4-9]. Building
upon these achievements, the recent experimental realization
of spin-orbital-angular-momentum (SOAM) coupling intro-
duces even more opportunities [10-20]. Therein, different
ground hyperfine states of an atom are coupled by a pair of
copropagating Laguerre-Gaussian beams with distinct orbital
angular momentum, giving rise to the experimental obser-
vation of spin-dependent vortices in spinor Bose-Einstein
condensates under SOAM coupling [10,11]. Further, as a di-
rect consequence of the deformed single-particle dispersion
in the discretized angular-momentum space, a unique vortex-
forming mechanism exists in the SOAM coupled Fermi
superfluids [21,22]. It was proposed very recently that an
angular topological superfluid can be induced by SOAM cou-
pling [23] whose topological defect, in the form of giant
vortices, has interesting implications for topological quantum
computation.

Nevertheless, a fundamental hurdle to the experimental
observation of the SOAM-coupling-induced pairing states is
the inevitable heating introduced by the Raman process [24],
which makes it difficult to cool the system below the super-
fluid temperature. It is one of the key reasons that, despite
a plethora of theoretical study on exotic pairing states in
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spin-orbit coupled Fermi gases, none have so far been ob-
served in experiments. Instead, it is much easier to generate
Fesshbach molecules under spin-orbit coupling, which persist
above the critical temperature [25,26]. Similarly, it is reason-
able to expect that molecular states in a SOAM coupled Fermi
gas should be readily accessible under typical experimental
conditions and would provide much desired insight into the
pairing mechanism under the SOAM coupling.

In this work, we study in detail the molecular state in a
SOAM coupled Fermi gas in two dimensions and show that
two-body bound states with a quantized orbital angular mo-
mentum can be stabilized, leaving detectable signatures in the
Raman spectroscopy. We focus on the case of a tightly con-
fined ring geometry and consider two different scenarios. In
the first case, a molecular state is formed through an attractive
s-wave interaction between two hyperfine spin states that are
also coupled through the SOAM coupling. The molecule ac-
quires a finite orbital angular momentum under a sufficiently
strong Zeeman field that breaks the time-reversal symme-
try. The underlying pairing mechanism is similar to that of
the SOAM-coupling-induced vortex state in Refs. [21,22]
and is the angular analog of the spin-orbit-coupling-induced
Fulde-Ferrell state in Ref. [27]. More specifically, under both
the SOAM coupling and the Zeeman field, the time-reversal
symmetry is broken, leading to an asymmetric single-particle
dispersion in the angular-momentum space with respect to
m = 0. In the many-body setting, the Fermi surface inherits
the asymmetry, and the resulting Cooper pair can acquire
a finite angular momentum under appropriate parameters.
This gives rise to an exotic vortex state. Since the asymme-
try emerges on the single-body level, it should also impact
molecular formation in the absence of a Fermi sea, offering
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(a)

FIG. 1. (a) Schematic illustration of the first scenario, where two
spin species with attractive s-wave interaction are Raman coupled by
a pair of copropagating Laguerre-Gaussian beams. Due to the spatial
light distribution of the lasers, the atoms are effectively trapped
in a ring geometry under the scalar Stark potential. (b) Schematic
illustration of the second scenario, where the same pair of Laguerre-
Gaussian beams couple the internal spin states | 1) and | ) of the
first atom. The other atom (labeled |b)) interacts only with the spin-
up species. See discussions in the main text for definitions of the
various variables.

an insightful peek of the exotic pairing mechanism on the
two-body level.

In the second case, the SOAM coupling is only enforced
upon the internal states of one of the atoms, which inter-
acts with the other atom in a spin-selective fashion. The
resulting molecular state also acquires a finite angular mo-
mentum due to the interplay between the SOAM coupling and
spin-selective interaction [28]. We then propose to detect the
molecular state, particularly their quantized angular momen-
tum, through Raman spectroscopy with Laguerre-Gaussian
beams. While our calculations are performed within a tightly
confined ring geometry, our results are instructive for ring
geometries that are less restrictive. Our results suggest that
understanding molecules is a natural first step in the exper-
imental study of the unique pairing states under the SOAM
coupling.

The paper is organized as follows. In Sec. II, we present the
models for the two scenarios. We focus on the characterization
of the first scenario in Sec. III, emphasizing the quantized
orbital angular momentum of the molecular state and its signal
in the direct Raman spectroscopy. In Sec. IV, we focus on the
characterization of the second scenario, where we propose a
detection scheme based on inverse Raman spectroscopy. We
summarize in Sec. V.

II. MODEL

As illustrated in Fig. 1, we consider two different scenarios.
In the first scenario [Fig. 1(a)], each of the two atoms is
subject to the same SOAM coupling, generated by a pair
of Laguerre-Gaussian beams with different orbital angular
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FIG. 2. Radial distribution of the eigen wave function ¢,, 4 (r) for
different angular-momentum modes. For numerical calculations, we
take [ =5,5 =0, R/w =4, and x/E; = —1. Here E, is the unit of
energy defined in the main text.

momentum. While we consider a two-dimensional Fermi gas,
the spatial profiles of the overall light field induces a ring-
shaped scalar Stark potential within the plane, which restricts
the radial atomic motion. An attractive s-wave interaction
exists between the two spin species.

In the second scenario [Fig. 1(b)], the SOAM coupling is
only applied on the internal spin states of one of the atoms,
whereas the other atom (in state |b)) interacts only with the
spin-up species of the first atom. Thus, the second atom acts
as a probe through which information of the SOAM coupling
is reflected in the resulting molecular state.

A. Hamiltonian for scenario I

We first write down the single-particle Hamiltonian for the
first scenario in the spin basis {| 1), | |)}

H*V2 (1h)?
Hy = — M + Vexe(r) + M2 +XI(I‘)+QI(F)O’X
Ik )
+ WLZUZ + EUZ’ (1)

where o; (i = x, Y, z) are the Pauli matrices, M is the atomic
mass, L, = —ihd /060 is the atomic angular momentum op-
erator in the polar coordinate, r = (7, 0), 2[h = (I, — [})} is
the transferred orbital angular momentum, and § is the two-
photon detuning of the Raman process generating the SOAM
coupling. To derive the Hamiltonian, we have taken a gauge
transformation U = diag(e’?, ¢=?), and assumed a hard-
wall box potential Vex(r) with a radius R. Under the spatially
inhomogeneous Laguerre-Gaussian beams, the atoms are sub-
ject to the Raman and scalar Stark potentials, denoted as 2(r)
and x1(r), respectively, with I(r) = (v/2r/w)* e/ Here
w is the laser waist.

Throughout this work, we assume that the scalar Stark po-
tential is sufficiently deep, such that the atomic radial degrees
of freedom are frozen into the ground state with n = 1. Key
features of the molecular state (or pairing states in the many-
body case) are preserved in this single-mode approximation
[23].

It is then convenient to adopt a second-quantized form
of Hamiltonian (1) by expanding the field operators of
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FIG. 3. (a)-(c) The molecular binding energy E ,f}) as functions of the orbital angular momentum ¢, under different detunings: (a) 6 = 0,
(b) 8/E;, =1, (c) §/E,; = 2. The ground states feature (a) g = 0, (b) ¢ = 1, (¢) g = 2. (d)—~(f) The ground-state molecular wave function in
the discretized angular-momentum space (characterized by m), under the parameters in (a)—(c), respectively. For all calculations, we fix / =5,

E\/E = —6,Q/E, = 0.18.

the two spin species as Yo (r) =), o (1)On(0)dpn o
Here a,,, are the annihilation operators of the corre-
sponding mode, ©,,(0) = ¢ //27, and ¢,,, are the eigen
wave functions of K, = —%[%%(V%) + riz(% +it))?] +
Vext(r) + xI(r) + ‘L’%, with 7 =41 (—1) for o =1 (]).
Specifically, we have

Ko () o (r)Om(0) = €mom,o (r)Om(0), 2

where ¢, , is the corresponding eigenvalue.
The second-quantized Hamiltonian is then

H, = Z em,aaL’aam,a + Z Qi (aL!Tamw + alq,ﬂm,?)v
mo

m

tors of the SOAM coupled helicity bands, with A, + = &, F
Vh? + (am + §/2)2. These expressions are the angular ana-
log of those in the momentum space of a one-dimensional
system under spin-orbit coupling.

We consider a contact s-wave interaction between the two
spin species. The interaction term under the single-mode ap-
proximation is written as

Hiw =V Y aly 1al_ 0 dgom s, (©6)

mm'q

where we dropped the angular dependence of V! since
¢m.o(r) almost overlap for different angular-momentum
modes m. In writing down Eq. (6), we also assumed a weak-

&) coupling scenario, where the interaction strength is weak
where enough such that radial modes other than n = 1 are not ex-
cited. We renormalize the bare interaction rate V1 through

= [ rdr 1 1)1 ). @ 123

As illustrated in Fig. 2, when the scalar Stark potential is
sufficiently deep, the radial mode functions ¢,, , for different
angular-momentum modes m overlap with each other, and

are all concentrated on a ring, with radius rqg = /lw?/2. The
Hamiltonian can then be further simplified as

Hring = Z Em,aajn,gam,a + h Z (ajn’Tam,i + a;’iam,T)s
mo m

®)

where &,.1(,) = &n & (@m +2), &, = m*i*/2Mr}), o=
IR /(M rg), and h = QI(rp). Throughout the work, we will use

1 1
S 3 (7)
v ; EY) — &y —Eomy

where El(gl) is the energy of the two-body bound state in the
same ring potential but without the SOAM coupling.

B. Hamiltonian for scenario II

Similarly, under the single-mode approximation, the
Hamiltonian for scenario II is written as

H(2) — Z Em,oall,gam,a + h Z(anTam,L + ajnwam,ﬁ*)

E; = «l as the unit of energy. " " .
Hamiltonian (5) is easily diagonalized with Hin, = + ngb:;bm +v® Z“L/,sz}—m/bq*m“mﬁ' ®)
Zm’ fert )xm,ﬁa:;’ pam.p- Here ay, g are the annihilation opera- m mm'q
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FIG. 4. (a)—(d) Direct Raman spectrum with SOAM coupling.
(a) Angular-momentum-resolved spectrum Rp(m, Aw) for a molec-
ular state with ¢ = 0. (b) Angular-momentum-resolved spectrum for
a molecular state with ¢ = 2. (c¢) Integrated spectrum Rp(Aw) for
the state in (a). (d) Integrated spectrum for the state in (b). (e)—(h)
Direct Raman spectrum without SOAM coupling, under the same
parameters as those in (a)—(d), respectively. Other parameters are
1=5E"/E =—6,and Q/E, = 0.18.

Here we assumed that the two atoms have the same mass M
and taken the two-photon detuning § = 0. The bare interaction
rate V@ is renormalized through

1 1
= = , ©)
V(2) ; EéZ) - %_m,T - f,m

where E éz) is the two-body bound-state energy under the same
setup, but without the SOAM coupling.

III. MOLECULAR STATE FOR SCENARIO I

We are now in a position to solve for the molecular state.
For the first scenario, the molecular state can be written as

W) =>" 3" ), ,al_, 410), (10)

m a,f==+

where C2 is the wave function in the angular-momentum
space, g is the orbital angular momentum, and |[O)
is the vacuum sate. From the Schrodinger’s equa-
tion (Hying —|—Him)|\l-';')) = Eq(1)|\11(;')), we derive the closed

equation

2 (U Vg — Vlhg—m)*
V(I)ZZI: (;’;‘Im mq—m +
m E‘I _)"mﬂL_)VI*m,Jr

(uqu—m - Umuq—m )2
1
ES = A = g —

(Ul + VmVg—m)?
1
EYY = Ay = hgm.—

(Umttg—m + VnVg-m) }
o A .
(11)

Here the coefficients {u,,, v,,} relate the spin and helicity basis
and are given by

e 1[1_ am+8/2 ] (12)
"V2l Rt am+e/2r)

1 am+6/2
= =1 . 13
’ \/2[ +\/h2+(am+6/2)2] ()

The molecular binding energy is then E);’ = E" — Ep,
where the threshold energy of the two-body scattering states
is Eg = 2min(Ap 4).

In Figs. 3(a) to 3(c), we show the calculated binding energy
E 154 as a function of the angular momentum ¢, under different
detunings. While the distribution is generally asymmetric with
respect to ¢ = 0 under a finite detuning [Figs. 3(b) and 3(c)],
the ground state lies in a finite g sector under a sufficiently
large detuning [Fig. 3(c)]. This picture is consistent with the
vortex state in an SOAM coupled Fermi superfluid, which
starts to emerge above a critical detuning. In Figs. 3(d) to
3(f), we further plot the angular-momentum distribution of
ground-state wave functions, where the location of the dip in
|C++|% corresponds to one half the quantized orbital angular
momentum of the molecule. The dip is directly related to
the induced p-wave pairing symmetry under the SOAM cou-
pling. More specifically, while only s-wave interactions exist
between fermions with distinct spins, single-particle states
dressed by SOAM couplings are superpositions of both spins,
and therefore, can feature a p-wave pairing symmetry. This is
manifested in the finite values of C;,* (o = &), which should
obey the relation C;* = —Cp, according to the wave func-
tion Eq. (10). The wave function thus vanishes at C'%;, leading
to the dip at m = ¢/2 in Fig. 3.

We propose to detect the molecular state through a direct
Raman spectroscopy in which a two-photon Raman process
couples the spin-down state to a third state |3) that is not
interacting with either spin species. For a coupling term Hg =
QD e"A“”ajMe’”aam, J» the angular-momentum-resolved
rate of transition is given by [29]

Rp(m, Aw)
Y i Pl )
wopat DO— (Aw.p + Emat — E,;l)) +i0+

= 4712 Py, — C,;ﬂumlz
p=t

X 8[Aw = (hg-mp +Em1 — EV)]. (14)

Here |m, B) = afn, ﬁ|0), Qg is the amplitude of the coupling

term, the factor e /¢ comes from the gauge transformation,
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FIG. 5. (a)—(c) The molecular binding energy E,ﬁf) as functions of the angular momentum ¢, under interaction strengths (a) E,(f) JE =
—0.5, (b) Eéz) /E; = —1.0, (¢c) E, lgz)/E, = —1.5. (d—(f) The ground-state molecular wave function in the discretized angular-momentum space
(characterized by m), under the parameters in (a)—(c), respectively. For all calculations, we fix / = 5 and Q/E; = 0.2.

and Aw is the detuning of two-photon coupling under an
appropriate rotating frame where | |) and |3) are degenerate
in the absence of the SOAM coupling and interaction. The
overall transition rate is Rp(Aw) = Y, Rp(m, Aw).

The numerically evaluated spectra are shown in Figs. 4(a)
to 4(d). The finite molecular angular momentum can be
identified from the angular-momentum-resolved spectroscopy
[Fig. 4(b)]. The discretized peaks in the integrated spectra
[Figs. 4(c) and 4(d)] are a direct consequence of the quantized
angular momentum. By contrast, in Figs. 4(e) to 4(h), we show
the spectra under the same parameters, but without SOAM
coupling. Particularly, the spectra in Figs. 4(e) and 4(f) are
symmetric with respect to m = 0, indicating molecules with
zero center-of-mass angular momentum. While the angular-
momentum-resolved spectroscopy is helpful for identifying
molecules with finite center-of-mass momentum, it is exper-
imentally demanding. In comparison, the integrated spectra
[Figs. 4(c) to 4(h)], which are much easier to access in experi-
ments, are generally not sensitive to the angular momentum of
molecules. Nevertheless, the following scenario II is designed
such that both the angular-momentum-resolved and integrated
spectra are accessible.

IV. MOLECULAR STATE FOR SCENARIO II

The molecular state of the second scenario can be written

as
(W) =22 > Cnpty pbynlO),

m fB=%

5)

where C,, g is the wave function and g represents the molecu-
lar angular momentum.

From the Schrodinger’s equation H®|W®) = E@ | W),
the closed equation for the molecular energy is

1 ( u v2 )
- = m + m ,
V(Z) ; Et§2) - éjqu - )‘m,Jr Eéz) - Squ - )\,m,7

(16)

where u,, and v, are the same as Eqs. (12) and (13).
The molecular binding energy is Elf,? )=E 52) — [min(&,) +
min()‘m,Jr)]-

We show the molecular energies as functions of the orbital
angular momentum in Figs. 5(a) to 5(c). The ground-state
molecules all have a finite angular momentum due to the
interplay of the SOAM coupling and spin-selective interac-
tion. Their angular momenta are also reflected in the wave
functions, which are asymmetric in the angular momentum
space, as shown in Figs. 5(d) to 5(f).

As a convenient scheme to resolve the finite angular
momentum, we propose to perform an inverse Raman spec-
troscopy [3] with Laguerre-Gaussian beams. The Raman
process couples atomic population in a spectator |3), to an
empty state |b), in the presence of the SOAM coupled atoms.
The coupling Hamiltonian is written as

Hr = Qr / dre™ g (r)y4(r), (17)
where m indicates the angular-momentum transform of the
Raman probe, which consists of two Laguerre-Gaussian
beams with different orbital angular momentum. Assuming
atoms in state |3) have zero angular momentum, the Raman
probe thus picks out wave-function components C,_,,, in
the molecular wave function, enabling an angular-momentum-
resolved spectroscopy. Note that this Raman process is
different from the one in the direct Raman spectroscopy for
scenario I, where there is zero net angular-momentum trans-
fer.

The angular-momentum-resolved transfer rate of the in-
verse Raman spectroscopy is
(w10, Im'. B)°

Ri(m, Aw) = — I
[(m, Aw) m%ﬁ m (ED — i p) +i0F
=7 |Compl8[A0 + (Ag-mp — EL)].
B=+
(18)
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FIG. 6. (a) Inverse angular-momentum-resolved Raman spec-
trum for a molecular state with ¢ = 0 and E;z) JE; = —0.2. (b) In-
verse angular-momentum-resolved Raman spectrum for a molecular
state with ¢ = —5 and Eéz) /E; = —1.5. (c,d) are the integrated in-
verse spectra Ri(Aw) = Y, Ri(m, Aw) for (a,b), respectively. Other
parameters are [ = 5 and Q/E; = 0.2.

Here Aw is the two-photon detuning of the Raman probe,
under the rotating frame where |b) and |3) are degenerate in
the absence of the SOAM coupling and interaction.

As illustrated in Fig. 6(b), the asymmetry of the inverse
Raman spectrum (with respect to m = 0) clearly reveals the
finite angular momentum of the corresponding molecular
state. Note that the angular-momentum resolution is achieved
through the Laguerre-Gaussian beams used for the inverse
Raman spectroscopy.

V. SUMMARY

We show that the unique pairing mechanism under the
SOAM coupling is reflected in the molecular state under the
corresponding configurations. Using two different scenarios
as examples, we demonstrate the interplay of the SOAM
coupling, Zeeman fields, and interaction can give rise to
molecular states with finite angular momentum, which are the
angular analogues of the spin-orbit-coupling-induced molec-
ular states in Fermi gases [28,30,31]. We propose to detect
the molecular angular momentum through direct and inverse
Raman spectroscopy. Since molecular states persist at tem-
peratures higher than the superfluid temperature, they are
an ideal candidate for experimental detection, particularly in
light of heating introduced by the SOAM coupling. Further,
in contrast to the spin-orbit-coupling-induced finite center-of-
mass momentum pairing states (either pairing superfluid or
molecules) [7], the angular momentum of the molecular states
under study here are quantized, and are therefore more acces-
sible to experimental detection. Therefore, our work provides
a practical route toward the confirmation of the unique pairing
mechanism under synthetic gauge fields such as spin-orbit
coupling and SOAM coupling.
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APPENDIX: RENORMALIZATION RELATION

Here we derive in detail the renormalization relations
Egs. (7) and (9) in the main text. We only focus on the first
scenario since the second scenario is similar.

We start by considering a two-dimensional Fermi gas un-
der the same in-plane ring potential as in the main text, but
without the SOAM coupling. The Hamiltonian is

HO = 3 [ drv} K, @ w)

+4g® / dryl (OY] Oy, @Y. (A

Similar to the derivation leading to Eq. (3) where a tightly
confined ring geometry is assumed, we have

D __ (€))] T
H() Zem{,amaamd—i—Zme .q Ay T q m' laq—m,iam.T’

mo mm'’ q
(A2)
1)
where V,{\\), = = [ rdrem 1 (1)dg-m L () bg-m | (F)pm 1 (7).

Writing the two-body bound state as |W()) =
Yom CmaL,Taim’ ¢|O), we have (from the Schrodinger’s

equation)
S
Co = —; , (A3)
E — €m — €-m,]
Sy = Z Vo aeoCo (A4)

where E l(;l) is the two-body bound-state energy in the absence
of SOAM coupling. The idea is to use El(;l) as a parameter
to characterize the interaction strength. For weak trapping
potentials, Ez(al) approaches —/? /Mas,, where ayp is the s-
wave scattering length in two dimensions. As the trapping
strength increases, the relation between El(;l) and app can be
derived explicitly by renormalizing g’ through the free-space
T -matrix, followed by calculating the two-body bound-state
problem of Hamiltonian (A1). We leave this to future studies.

When the ring potential is sufficiently deep, ¢ = w5,
which leads to V| ~ V), meaning the interaction strength
is independent of m and m’. The bound-state energy thus
satisfies

1

1 ZZ M
V() mEB

This is the renormalization relation Eq. (7). As a final remark,
we note that, although the summation in the renormalization
relation above converges, it helps Eq. (11) to converge faster
when applied.

1

. (AS)
- Em,T - S—m.i
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