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Reversible electron spirals by chirped attopulses at zero time delay
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A class of linear, spiral phenomena is discovered in the photoelectron momentum distribution when studying
photoionization of S-state atoms by a pair of linearly chirped, oppositely circularly polarized attosecond pulses
eventually delayed in time by τ . This controllable effect, dubbed. reversible electron spirals because of its energy-
dependent sense of rotation, is identified and can be isolated in the absence of time delay for the case of opposite
chirp rates. The astrophysical concept of spiral arm pitch angle is borrowed to gain a better insight into the
energy dependence of the reversible spiral rotation, to determine the attochirp as well as the binding energy
characteristic of an atomic target. Our results indicate potential applications in attochirpmetry and polarimetry.
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I. INTRODUCTION

A significant area of concern regarding the ground-
breaking role of attosecond pulses [1–8] in achieving the
ultimate goals [9] of attoscience is the compensation of their
intrinsic chirp (known as attochirp) [10–13]. Indeed, cur-
rent techniques for producing such coherent ultrashort light
sources within the extreme ultraviolet (XUV) or soft x-ray
spectral region from high-order harmonic generation [1–7] or
free-electron lasers [8] always introduce a chirp, i.e., a time-
dependent carrier frequency; this broadens their duration and
decreases their intensity. Thus, for better control of electron
motion (a main goal of attoscience), it is crucial to investigate
how attochirp influences the photoelectron momentum distri-
butions (PMDs).

Chirp as a control knob and its applications have been
the subject of a variety of theoretical [14–31] and exper-
imental [14,22,23,28,29,31,32] ionization studies in atoms,
molecules [14,23,29,31,32], and condensed matter [26], but
mostly in the femtosecond [14,16,17,19,20,22,23,25,26,28–
32] rather than in the attosecond [15,18,21,24,27] regime.
Focusing on the XUV attosecond regime, studies include, for
instance, chirp-sensitive single and double electron energy
spectra in two-photon double ionization of He [18,27], and
chirp-induced left-right emission of electron in between ad-
jacent above-threshold ionization peaks for H in its ground
state [21,24]. All these studies, however, are for nonlinear
(in intensity) processes (except [15]) by a single linearly po-
larized light pulse (except [23]), not for a linear process as
considered here, where a pair of oppositely circularly polar-
ized (OCP) broadband pulses with zero time delay is shown
to lead to an uncharted reference pattern of attoscience.

It is not surprising that chirp effects on a linear process,
such as the fundamental process of single-photon single ion-
ization (dubbed photoionization) from a state (not from a
coherent superposition of electronic states as in [15]), have
never been examined. This is so because for a single pulse,
the chirp [24] or carrier-envelope phase (CEP) [21] has no

effect within the rotating wave approximation (RWA), i.e.,
for negligible photoemission processes; see, e.g., Fig. 4(a) or
4(b) in [30]. As demonstrated here by our prediction from
perturbation theory (PT) analysis and confirmed numerically
by our ab initio time-dependent Schrödinger equation (TDSE)
calculations [33–35], this conclusion changes dramatically
when a second pulse eventually delayed in time is brought
into the game, with the two copropagating pulses being OCP.
This scheme for unchirped pulses (known as transform limited
pulses or TLPs) with zero and nonzero time delay is known
to yield a dipole pattern and a two-arm Archimedean spiral
(coined hereafter irreversible spiral) [33], respectively. Our
discoveries [33] for one-photon extended to single-color and
two-color multiphoton ionization [36] have been confirmed
experimentally [37–40] and opened up an interdisciplinary
area in physics for searches and applications of this wave
property of matter for different processes, targets, and regimes
(see, for instance, [41–52]). Whether and how these two
charted patterns of attoscience are changed by the experimen-
tally tunable chirp needs to be elucidated.

In this contribution, we examine photoionization of an
S-state atom (with binding energy Eb) within the RWA by a
pair of linearly chirped OCP attopulses with central frequency
ω0 and eventually delayed in time by τ . Our findings are
threefold. (1) For a pair of pulses with identical chirps, the
PMDs at any τ coincide with those from TLPs; hence, the
chirp has no effect. They exhibit dipole patterns for τ = 0 and
two-arm Archimedean spirals for τ �= 0 due to the linear (in
energy) Ramsey [53] phase, (E + Eb)τ , accumulated between
the creation of the two continuum electronic wave packets. For
these irreversible spirals, once the direction of this winding
is established by the pulse helicities it is impossible to re-
verse it. (2) The situation changes dramatically when the two
chirp rates are equal with opposite signs, ξ ≡ ξ1 = −ξ2. For
τ = 0, instead of a dipole pattern, a reversible two-start spiral
emerges in the PMD with its energy-dependent “handedness”
given not only by the pulse helicities but also by its chirp
rate, which is our main finding. This exotic effect originates
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from the opposite signs for the linear and quadratic terms
in the chirp-induced peculiar phase difference, [(E + Eb) −
ω0]2τ 2

0 ξ , between the two electronic wave packets created
simultaneously in the continuum. It can thus be controlled
by varying the chirp ξ , as well as the duration (FWHM) τ0

of the equivalent TLP. (3) We introduce the astrophysical
concept of pitch angle [54,55] to determine the attochirp and
get a better insight into the concepts of reversible versus irre-
versible spirals. Our predictions from a time domain physical
picture based on an electric field analysis and a frequency
domain physical picture based on first-order time-dependent
PT analysis are demonstrated numerically by ab initio TDSE
simulations.

This paper is organized as follows. In Sec. II our
parametrization of the chirped OCP attopulses is briefly de-
scribed. In Sec. III we present our analytical and numerical
results for the PMD for the cases where the two chirp rates
are either identical or equal with opposite signs. In particular,
Sec. III A is devoted to the predictions of the shape of the
PMDs based on electric field analyses. These predictions for
irreversible spirals from identical chirped OCP pulses and
reversible spirals from oppositely chirped OCP pulses are
demonstrated respectively in Secs. III B and III C. They are
explained in Sec. III D by means of the concept of spiral
arm pitch angle. In Sec. IV a brief summary of our results
is provided. In Appendix A we analyze for the time depen-
dence of the electric field for the pair of chirped OCP pulses.
Meanwhile, a derivation for the ionization probability (4) for
identically chirped pulses and ionization probability (5) for
oppositely chirped pulses is presented in Appendix B. Atomic
units (a.u.) are used throughout the text unless otherwise
specified.

II. PARAMETRIZATION OF CHIRPED OPPOSITELY
CIRCULARLY POLARIZED ATTOPULSES

We begin by parametrizing the electric field of a pair of
elliptically polarized, chirped attopulses delayed in time by τ

as

F(t ) = F1(t ) Re
(
e1e−i[ω1(t )t+φCE,1]

)
+ F2(t ′) Re

(
e2e−i[ω2(t ′ )t ′+φCE,2]

)
, (1)

where t ′ ≡ t − τ , and for the jth pulse ( j = 1, 2) with CEP
φCE, j , e j = (ε̂ + iη j ζ̂ )/(1 + η2

j )1/2 is the polarization vector,

with ε̂ ≡ x̂ and ζ̂ ≡ ŷ defining the major and minor axes
of the polarization ellipse, and |η j | is the ellipticity, where
−1 � η j � 1 [56]: |η j | = 0 for linear polarization, |η j | = 1
for circular polarization (CP), and η j < 1 for elliptical po-
larization. The sign of η j defines the helicity; η j = +1(−1)
defines right (left) circularly polarized pulse, abbreviated RCP
(LCP). In Eq. (1), Fj (t ) = √

I j exp(−2 ln 2 t2

τ 2
j
) is the Gaus-

sian envelope. Here the peak intensity I j = I0/(1 + ξ 2
j )1/2 and

duration τ j = τ0(1 + ξ 2
j )1/2 are modified by the chirp rate

ξ j [24], which is positive (up-chirp) or negative (down-chirp).
Note that I0 = F 2

0 , τ0, and ω0 are respectively the peak in-
tensity, duration (FWHM) of the intensity profile, and central
carrier frequency of the equivalent TLP. The dimensionless
chirp rate ξ j can be manipulated by other means as described
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FIG. 1. Top: Chirp dependence of the x component (a) and y
component (b) of F(t ) (1) for two OCP pulses at a zero time delay,
τ = 0. Middle and bottom: TDSE results for PMD in the polarization
plane produced by a pair of RLCP chirped attopulses, with CEPs
φCE,1 = φCE,2 = 0, for the case of equal chirp rates ξ1 = ξ2 = +2 for
(c) τ = √

2τ0 and (d) τ = 0; and the case of opposite chirp rates with
(e) ξ1 = −ξ2 = +2 and (f) ξ1 = −ξ2 = −2 for τ = 0. Parameters of
the corresponding Gaussian TLP are a central frequency ω0 = 36 eV,
duration (FWHM) τ0 = 243 as, and intensity I0 = 100 TW/cm2. All
results for the PMD and electric field components are in units of
10−2 a.u.

in [9] or by propagating the pulse through dispersive media
with thickness d j and group velocity dispersion (GVD) k′′

j ,
where φ′′

j = k′′
j d j ≡ ξ jτ

2
0 /(4 ln 2) [28,57,59] is the group de-

lay dispersion (GDD) [28,57–59]. Since the chirp extends the
effective pulse duration, the peak intensity is correspondingly
reduced to maintain equivalent total energy with the chirp-free
pulse. This allows for a clear comparison between the chirped
and chirp-free cases. The linearly chirped instantaneous
frequency is

ω j (t ) = ω0 + 2 ln 2
ξ j

1 + ξ 2
j

t

τ 2
0

≡ ω0 + b jt . (2)

Throughout this work, ω0 = 36 eV and all other pulse param-
eters (except the chirp) are identical between the pulses (see
Fig. 1), barring only the fact that the second pulse may be
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delayed in time. Below two cases are considered depending
on the chirp: ξ1 = ξ2 or b1 = b2 for identically chirped pulses,
and ξ ≡ ξ1 = −ξ2 or b ≡ b1 = −b2 for oppositely chirped
pulses.

III. ANALYTICAL AND NUMERICAL RESULTS

In the following, we provide a physical picture in both the
time and frequency domains on whether reversible versus irre-
versible spirals occur in the PMD. Section III A is devoted to a
time domain physical picture, where our predictions are based
on the time dependence of the electric field of chirped OCP
pulses. Meanwhile, Secs. III B and III C provide a frequency
domain physical picture based on the first-order PT analysis,
which explains all the findings from TDSE calculations.

A. Predictions of the shape of the PMDs based
on electric field analyses

For photoionization of an 1Se atomic state, the pair of
chirped or unchirped attopulses separated in time by τ (see,
e.g., Fig. 4, where τ = 2 fs) produce a pair of 1Po continuum
electron wave packets (EWPs), which spread out owing to
dispersion and interfere [53]. However, in contrast to TLPs
where the phase difference 	 accumulated between the birth
of the two EWPs involves the Ramsey phase (E + Eb)τ and
the CEP difference φCE,12 ≡ φCE,1 − φCE,2 [33], the chirped
nature of the attopulses may introduce an additional peculiar
phase difference, whose effects on the PMD are very different
from these two phase difference components. To demonstrate
this and isolate this peculiar chirp-induced phase difference,
let us inspect Figs. 1(a) and 1(b) showing Fx(t ) and Fy(t ) at
zero time delay and CEPs, for which the Ramsey phase and
φCE,12 vanish. For identically chirped OCP pulses, ω1(t ) and
ω2(t ) defined by (2) vary at the same rate; thus, F1,x(t ) and
F2,x(t ) add up constructively to yield in Fig. 1(a) an intense
burst of light for Fx(t ), while F1,y(t ) and F2,y(t ) cancel out to
yield Fy(t ) = 0 as shown in Fig. 1(b). Hence, the total electric
field F(t ) at τ = 0 becomes linearly polarized along the x axis,
leading to a dipole pattern in the PMD as exemplified by the
TDSE result in Fig. 1(d) for ξ1 = ξ2 = +2. As this result for
identically chirped pulses is similar to TLPs, such a scheme
(in contrast to oppositely chirped pulses) does not give rise to
the peculiar phase difference and PMDs by identically chirped
pulses and TLPs are expected to coincide.

For oppositely chirped OCP pulses at τ = 0, ω j (t ) de-
fined by (2) rises or falls linearly as time flies for up-chirp
or down-chirp. The corresponding optical period 2π/ω j (t )
decreases or increases with time. Consequently, positive and
negative optical interference between F1,x (t ) and F2,x(t ) yields
a single burst of light for Fx(t ) as exemplified by Fig. 1(a)
for ξ = +2, while Fig. 1(b) reveals a surprising pair of light
bursts well separated in time for Fy(t ). This unique tempo-
ral structure in Fy(t ) ∝ F1(t ) cos(ω0t + φCE,1) sin(bt2) with a
chirp-induced effective time delay from sin(bt2) [60] sug-
gests that the PMDs from oppositely and identically chirped
pulses differ. However, since the spectral phase of the burst
of light is directly mapped in the continuum electron, the
use of first-order PT appears as a natural analytical tool to
extract the exact expression for this peculiar phase. Indeed,

within a PT framework [60] we find that this peculiar phase ∝
[ω0 − (E + Eb)]2τ 2

0 ξ j with a linear dependence in chirp and a
quadratic dependence in energy and TLP duration (FWHM)
is directly mapped out in F̂+

j (ε) (where ε ≡ E + Eb), the
positive-frequency component of the Fourier transform of the
pulse describing photoabsorption processes [24]:

F̂+
j (ε) = F0τ0

√
π

16 ln 2

√
1 − iξ j(

1 + ξ 2
j

)1/4

× exp

[
− τ 2

0

16 ln 2
(ω0 − ε)2(1 − iξ j )

]
. (3)

Below, for identically or oppositely chirped OCP pulses we
use PT and TDSE calculations to demonstrate the two above
expectations based on electric field analyses.

B. Irreversible electron spirals produced by identical
chirped OCP pulses

For the case ξ1 = ξ2 of OCP attopulses delayed in time by
τ , F̂+

1 (ε) = F̂+
2 (ε). The triply differential probability (TDP),

W (p), derived in [60] can be written as

W (p) = g(p) sin θ cos2(	/2 − η̂ϕ), (4)

where p ≡ (p, θ, ϕ) is the photoelectron momentum
p; 	 ≡ (E + Eb)τ + φCE,12; η̂ = +1(−1) for RLCP
(LRCP); and the dynamical real parameter, g(p) =
I0τ

2
0 (π/8 ln 2)|ϒ(p)|2 exp[−τ 2

0 (ω0 − ε)2/(8 ln 2)], depends
only on energy E ≡ p2/2, not on angles. Here ϒ(p) ≡ ϒ j (p)
is the radial matrix element between the ground state and
final state. Critically one sees that the chirp is absent from
the TDP (4) when the two pulses have the same chirp. This
expression is identical to earlier results for TLPs (unchirped
pulses) [33], in which the τ dependence of the TDP from
OCP pulses is ultimately responsible for the formation of
two-arm spiral patterns in the PMD in the polarization plane
(θ = π/2). All these PT predictions correlate well with our
TDSE results, as the PMD in Fig. 1(c) for ξ1 = ξ2 = +2
coincides with the PMDs for ξ1 = ξ2 = −2 (not shown) and
for any value of equal chirps, including the chirp-free case.
While other pulse parameters are specified in the caption of
Fig. 1, the time delay here is τ = τ0 = 243 as, corresponding
to three cycles for a central frequency ω0 = 36 eV well
above the ionization threshold in He (Eb = 24.6 eV). For
our Gaussian pulse, the bandwidth (FWHM) for a TLP
calculated from τ0(as)�ω(eV) ≈ 1825 is �ω = 7.5 eV,
meaning that the chirp-sensitive Rydberg levels in He are not
accessible. For τ = 0, the TDP (4) predicts a dipole pattern
whose direction is dictated by 	 = φCE,12. As φCE,12 = 0 in
Fig. 1(d), the dipole pattern is along the major x axis.

C. Reversible electron spirals by oppositely chirped OCP pulses

For the case ξ ≡ ξ1 = −ξ2 of OCP pulses, F̂+
1 (ε) =

F̂+∗
2 (ε) and the TDP in the polarization plane is [60]

W = g(p) cos2

[
(	 + β )/2 − τ 2

0 (ω0 − ε)2ξ

16 ln 2
− η̂ϕ

]
. (5)

The TDPs (4) and (5) have the same structure, with the
only difference being the presence of a chirp-induced phase
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shift β = tan−1(ξ ) in the kinematical factor, together with
the peculiar phase ∝ [ω0 − (E + Eb)]2τ 2

0 ξ , stemming from
the phase of F̂+

j (ε) in (3). This is particularly significant,
because this basic quadratic phase in energy is independent
of the time delay. This suggests that helical patterns similar to
spirals [33] may be observed without the second pulse being
delayed in time, which is impossible for TLPs and identically
chirped pulses.

Equations describing the pattern that emerges in the in-
plane PMD are determined by zeros and maxima of the
argument of the cosine factor in the TDP (5):

ϕmax,0(E ) = η̂

{
kπ + (	 + β )/2 − τ 2

0 (ω0 − ε)2ξ

16 ln 2

}
, (6)

where k is an integer for maxima and half-integer for zeros.
For ξ �= 0, setting τ = 0 allows us to isolate, access, and
measure the attochirp-induced helical spiral pattern (our main
finding) which is described by Eqs. (5) and (6), and whose
energy-dependent handedness is defined not only by η̂ but
also by the sign of the attochirp ξ . For RLCP, i.e., η̂ = +1 our
TDSE results for the PMD are shown in Fig. 1(e) for ξ = +2
and Fig. 1(f) for ξ = −2. First, one sees clearly that these
two patterns in the polarization plane are mirror images of
each other. We found (not shown) that using η̂ = −1 (LRCP)
with ξ unchanged swaps the patterns in Fig. 1(e) and Fig. 1(f).
Second, each spiral pattern in those two figures has two starts
since one photon is absorbed from each of the two pulses.
Third, the handedness of those spirals is energy-dependent
[see, e.g., Fig. 1(e)] where the counterclockwise spirals ob-
served for low energy become clockwise for high energy; they
are dubbed reversible spirals. This is in contrast to irreversible
electron spirals produced by OCP TLPs [33] or identically
chirped pulses [see, e.g., Fig. 1(c)] where once the direction
of a spiral winding is established by η̂, it is impossible to
reverse it.

The origin of this energy-dependent spiral handedness at
τ = 0 and ξ �= 0 can be understood qualitatively from the
expansion (ω0 − ε)2τ 2

0 ξ = (ω2
0 − 2ω0ε + ε2)τ 2

0 ξ in Eq. (5).
Just as with φCE,12 or β = tan−1(ξ ) in the TDP (5), the first
term ω2

0τ
2
0 ξ in this expansion induces a global rotation of the

PMD in Fig. 1(e). For a fixed ξ and η̂, since τ 2
0 is positive defi-

nite, the linear −2ω0ετ
2
0 ξ and quadratic ε2τ 2

0 ξ terms in energy
with opposite sign will rotate the dipole pattern to generate
spirals in two opposite directions. However, while the linear
term −2ω0ετ

2
0 ξ dictates the spiral handedness at low energy,

the quadratic term ε2τ 2
0 ξ dominates at high energy.

D. Spiral arm pitch angle for attochirpmetry

To not only determine the attochirp ξ but also gain a quanti-
tatively better insight into this E dependence of the reversible
spiral handedness, we introduce the astrophysical concept of
spiral arm pitch angle α(E ). It is the angle between the tan-
gents of a spiral arm and of a perfect circle of radius E [54,55].
This angle, defined by cot α(E ) = E [∂ϕ(E )/∂E ] [55], can be
obtained from the spiral equation (6) for zeros and maxima,
ϕmax,0(E ) as

cot α(E ) = Eτ/2 + E [ω0 − (E + Eb)]
(
τ 2

0 /8 ln 2
)
ξ . (7)
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FIG. 2. Variation with energy E of the pitch angle (b) and its
cotangent (a) at τ = 0 for six values of the attochirp: ξ = ±1 [long-
dashed red thin (+) and thick (−) line], ±2 [dash-dotted blue thin
(+) and thick (−) line], and ±3 [solid black thin (+) and thick (−)
line]. Also shown are results for TLPs for two values of the time
delay: τ = √

2τ0 = 344 as (dotted magenta line), and 3
√

2τ0 (dash
double-dotted purple line).

Plotted in Fig. 2(a) and Fig. 2(b) are TDSE results for
cot α(E ) and α(E ), respectively, for three positive (thin lines)
and three negative (thick lines) values of ξ at τ = 0. Details
on different styles of curves are specified in the caption of
Fig. 2. For comparison, also displayed in these two panels of
this figure are TDSE results for two values of τ for TLPs:
τ = √

2τ0 = 344 as in dotted magenta lines, and τ = 3
√

2τ0

in dash double-dotted purple lines. First, while cot α(E ) for
TLPs varies linearly with τ as expected from PT Eq. (7),
α(E ) decreases monotonically or irreversibly with the energy
E . The longer the time delay τ in Fig. 2(b), the faster the
decrease in energy and the faster the irreversible spiral arms
become tightly wound. Second, in concert with PT Eq. (7),
the three fishlike shapes of cot α(E ) in Fig. 2(a) for oppo-
sitely chirped pulses at τ = 0 vary linearly with ξ . This linear
dependence suggests a trivial determination of the chirp from
the pitch angle at any energy E . For measuring the pitch angle,
one may use either well-established graphical methods [55]
or direct extraction via numerical data processing as done
here. In Fig. 2(b), α(E ) exhibits a concave-up (concave-down)
shape for up-chirp (down-chirp) for 0.1 eV < E < Ec with an
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FIG. 3. Control of the two-arm reversible spiral displayed in
Figs. 1(e) and 1(f) by varying the chirp rate (top), and the duration
(FWHM) of the equivalent TLP τ0 (bottom).

extremum at E = Ec/2, then a change of the sign at E = Ec =
ω0 − Eb when ∂ϕmax,0(E )/∂E = 0, followed by a monoton-
ically increase (decrease) toward zero for E > Ec. Hence,
this shape of the pitch angle α(E ) from TDSE results or
PT (7) reflects the energy-dependent handedness of reversible
spirals. Measuring Ec as a node in cot α(E ) provides a means
to identify the target under investigation by determining its
binding energy Eb.

Due to the phase (ω0 − ε)2τ 2
0 ξ in the TDP (5), reversible

spirals can be exquisitely controlled by varying ξ at fixed
τ0 = 243 as and τ = 0; see Figs. 3(a) and 3(b) for ξ = +1
and +3. Compared to Fig. 1(e) for ξ = +2, increasing the
attochirp ξ leads to more windings in the two directions, with
each one becoming tightly wound; see also the steeper walls
and flatter bottom of the U-shaped valleys in Fig. 2(b) as ξ

increases from 1 to 3. For an even better visualization of the
dependence of this electron phenomenon on ξ , we provide an
animation showing the evolution with the attochirp ξ in the
range 0 � ξ � 3 of the reversible spiral in the Supplemental
Material [60].

Another effective knob to control this polarization effect is
τ0. For a fixed ξ = +2, Figs. 3(c) and 3(d) give the PMDs for
τ0 = 81 as and 405 as by LRCP pulses. Compared to Fig. 1(d)
for τ0 = 243 as and ξ = −2, it appears that while short τ0 can
lead to broader bandwidth, it may not be enough to produce
reversible spirals. In contrast, while longer τ0 produces several
windings, the rather small bandwidth leads to a tightly wound
reversible spiral pattern that is almost circular.

IV. SUMMARY AND CONCLUSIONS

In summary, we have identified an experimentally acces-
sible scheme where a class of electron matter-wave vortex

spirals occurs. This linear and controllable phenomenon,
called a reversible spiral, requires oppositely chirped and
OCP pulses with zero time delay and the broad bandwidth
characteristic of attopulses. While isolated attosecond pulses
with full control of their polarization states exist [7], our
predicted reversible spirals can be observed even using fem-
topulses [37–40], but in experiments with chirp control as
in [22,28]. The concept of pitch angle (7) introduced here
in attoscience transparently explains the concept of reversible
versus irreversible spirals and can be used to fully determine
the attochirp ξ , the time delay τ for TLPs if considered and
identify the atomic system under investigation.
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APPENDIX A: ELECTRIC FIELD ANALYSES

The x component and y component of the electric field F(t )
in Eq. (1) for two OCP copropagating pulses delayed in time
by τ can be written as

F1,x(t ) = − F1(t )√
1 + η2

1

cos[ω1(t )t + φCE,1], (A1)

F1,y(t ) = − η1F1(t )√
1 + η2

1

sin[ω1(t )t + φCE,1], (A2)

F2,x (t ) = − F2(t ′)√
1 + η2

2

cos[ω2(t ′)t ′ + φCE,2], (A3)

F2,y(t ) = − η2F2(t ′)√
1 + η2

2

sin[ω2(t ′)t ′ + φCE,2], (A4)

where t ′ ≡ t − τ , η1 = −η2 = ±1 are the ellipticies for
OCP pulses, and ω1,2(t ) = ω0 + b1,2t are the instantaneous
frequencies of the first and second pulses, with b1,2 ≡
2 ln 2 ξ1,2/(1 + ξ 2

1,2)τ 2
0 . Here b1 = b2 for case (1), ξ1 = ξ2,

and b ≡ b1 = −b2 for case (2), ξ ≡ ξ1 = −ξ2; and the Gaus-
sian envelope functions F1,2(t ) are defined below Eq. (1).

For a longer time delay τ = 2 fs such that the two pulses al-
most do not overlap, while Fig. 4(a) for Fx(t ) and Fig. 4(b) for
Fy(t ) present a similar temporal structure, they differ only by
a π/2 out-of-phase due to cosine and sine functions for their
carrier waves. As ξ1 = +2 in cases (1) and (2), the color of
the first burst of light curve in both Fx(t ) and Fy(t ) is magenta
(superposition of red and blue). It exhibits denser oscillations,
characteristic of up-chirp spectrograms, since ω1(t ) and the
corresponding optical period 2π/ω1(t ) rises and decreases
with time. As the second pulse is up-chirp for case (1) and
down-chirp for case (2), two different second light bursts
appear in both Fx(t ) and Fy(t ); see thick red long dashed lines
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FIG. 4. Chirp dependence of Fx (t ) and Fy(t ) in units of 10−2 a.u.
for two OCP pulses at time delay τ = 2 fs. Other pulse parameters
are the same as in Fig. 1.

for case (1) and thin blue solid lines for case (2). As ω2(t )
and 2π/ω2(t ) respectively falls and increases as time flies, the
second burst of light for case (2) exhibits lesser oscillations,
characteristic of down-chirp spectrograms.

For τ = 0, optical interference takes place: Figs. 1(a)
and 1(b) for Fx(t ) and Fy(t ) support this. For case (1),
ω1(t ) and ω2(t ) are equal and they vary at the same rate;
thus, constructive interference between F1,x (t ) (A1) and
F2,x(t ) (A3) occurs, yielding Fx(t ) with a double field strength
if φCE,1 = φCE,2, as shown in Fig. 1(a). As η1 = −η2 = ±1,
Eqs. (A2) and (A4) show that Fy(t ) = F1,y(t ) + F2,y(t ) = 0;
see Fig. 1(b).

Still for τ = 0 but for case (2), while ω1(t ) for up-chirp
rises with time, ω2(t ) for down-chirp decreases with time.
Consequently, positive and negative interference between
F1,x(t ) (A1) and F2,x(t ) (A3) takes place and yields a single
light burst for Fx(t ); see Fig. 1(a). The same effect between
F1,y(t ) (A2) and F2,y(t ) (A4) occurs, which strikingly results
in a pair of time-delayed bursts of light in Fy(t ); see Fig. 1(b).
Indeed, these shapes for Fx(t ) and Fy(t ) for φCE,1 = φCE,2

become clear when they are expressed analytically by adding
either F1,x(t ) and F2,x(t ) defined by (A1) and (A3) or F1,y(t )
and F2,y(t ) defined by (A2) and (A4):

Fx(t ) = −
√

2F1(t ) cos(ω0t + φCE,1) cos(bt2), (A5)

Fy(t ) = −
√

2F1(t ) cos(ω0t + φCE,1) sin(bt2). (A6)

With the same chirp-dependent envelope F1(t ) and chirp-
independent carrier wave cos(ω0t + φCE,1), one sees that Fx(t )
and Fy(t ) are shaped differently by the chirp-dependent terms
cos(bt2) and sin(bt2) because of the two different instanta-
neous carrier frequencies, as illustrated below.

From the green dotted curves in Fig. 5(a) for ξ = +2, one
sees that the flat-top shape of cos(bt2) for −7 � t � 7 a.u.
keeps unchanged the pulse F1(t ) cos(ω0t + φCE,1), while its
oscillatory structure occurring outside this time window inter-
feres with this pulse and changes it from regular to irregular
oscillatory structures for |t | > 7 a.u. This fully explains the
temporal structure observed for Fx(t ) and represented by the
blue curve in Fig. 1(a).

Meanwhile, the concave-up pattern of sin(bt2) for ξ = +2
[see blue solid curves in Fig. 5(a)] present for −25 � t �
25 a.u. does interfere with the pulse F1(t ) cos(ω0t + φCE,1),
and strongly transforms it from a single burst to a pair of
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FIG. 5. (a) Time dependence of the chirp-induced window func-
tion sin(bt2) for four values of chirp rate ξ = +0.5, +1, +2, +3.
Shown also for comparison is cos(bt2) for ξ = +2. (b–d) Compar-
ison between the temporal structure of Fy(t ) for two OCP pulses
at τ = 0 for (b) ξ = +2 and ξ = +0.5, (c) ξ = +2 and ξ = +1,
and (d) ξ = +2 and ξ = +3. The chirp-induced effective time delay
between the two light bursts in (b)–(d) increases with ξ ≡ ξ1 = −ξ2.

light bursts well separated in time for Fy(t ); see Fig. 1(b).
To see how this effective time delay builds up with the chirp,
Figs. 5(c) and 5(d) compare Fy(t ) for the reference ξ = +2
with two other values ξ = +1,+3. Clearly, increasing b re-
sults in broadening the effective time delay; see plots of
sin(bt2) in Fig. 5(a) as ξ changes from +1 to +3.

From the chirp definition b ≡ 2 ln 2 ξ/(1 + ξ 2)τ 2
0 , it is

trivial that sin(bt2) for ξ and 1/ξ coincide, as illustrated in
Fig. 5(a) for ξ = +2 (blue solid lines) and ξ = +0.5 (black
long dashed lines). However, Fig. 5(b) shows that the pair
of time-delayed bursts of light emerging in Fy(t ) from case
(2) for fixed ξ and 1/ξ differ. This difference highlights the
role played by the Gaussian envelope F1(t ) in shaping Fy(t ),
since small ξ leads to a taller Gaussian envelope F1(t ) =
F0/(1 + ξ 2)1/4 exp(−2 ln 2t2/(1 + ξ 2)τ 2

0 ) with smaller width.

APPENDIX B: FIRST-ORDER PT ANALYSIS FOR A
DERIVATION OF EQS. (4) AND (5)

For a negligible spin-orbit coupling and within the electric
dipole approximation, the first-order transition amplitude for
one-photon single ionization of S-state atoms (with binding
energy Eb) produced by the electric field pulse, F(t ) defined
by Eq. (1), is [33,61]

A = −i
∫ +∞

−∞
eiE f t 〈� (−)

ν,p |[d · F(t )]|i〉e−iEit dt, (B1)

where d is the electric dipole moment operator of the atom;
|i〉 and |� (−)

ν,p 〉 denote the initial and final states with en-
ergy Ei and E f ; and ε ≡ E f − Ei. For pulse intensity below
1014 W/cm2, the RWA is valid, i.e., the c.c. part of F(t )
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in (B1) is negligible. It is convenient to parametrize the am-
plitude (B1), weighted by e−iφCE,1 , in terms of kinematical and
dynamical components [56]:

A = [ϒ1(p)F̂+
1 (ε)(e1 · p̂) + ϒ2(p)F̂+

2 (ε)(e2 · p̂)ei	], (B2)

where 	 = (E + Eb)τ + (φCE,1 − φCE,2) and the chirp is en-
coded in F̂+

1 (ε); see Eq. (3). Using Eq. (B2) to calculate the
TDP, W = |A|2, one gets

W = |ϒ(p)|2{|F̂+
1 (ε)|2|e1 · p̂|2 + |F̂+

2 (ε)|2|e2 · p̂|2

+2 Re [F̂+∗
1 (ε)F̂+

2 (ε)(e∗
1 · p̂)(e2 · p̂)ei	]

}
, (B3)

which is valid for any light polarization for both case
(1) where ξ1 = ξ2 and case (2) where ξ ≡ ξ1 = −ξ2; and
it assumes negligible ground-state depletion, i.e., ϒ(p) ≡
ϒ1(p) � ϒ2(p) for the radial matrix elements. For OCP

attopulses, (e1 · p̂) = (e∗
2 · p̂) = sin θ exp(iη̂ϕ)/

√
2, where θ

and ϕ are the spherical angles of p, and η̂ = +1 for right-left
circularly polarized (RLCP) and −1 for left-right circularly
polarized(LRCP) pulses.

For case ξ1 = ξ2 of OCP attopulses, F̂+
1 (ε) = F̂+

2 (ε),
meaning that |F̂+

1 (ε)|2 appears as a global factor in (B3). Its
evaluation using Eq. (3) shows that it is chirp-independent.
Using |e j · p̂|2 = (1/2) sin2 θ for j = 1, 2 and (e∗

1 · p̂)(e2 ·
p̂) = (1/2) sin2 θ exp(−2iη̂ϕ) together with some trigonome-
try identities, the calculated TDP (B3) leads easily to Eq. (4).

For the case ξ ≡ ξ1 = −ξ2 of OCP pulses, F̂+
1 (ε) =

F̂+∗
2 (ε), meaning that it is the cross term ∝ F̂+∗

1 (ε)F̂+
2 (ε)

in (B3) that gives a chirp dependence to the TDP. After some
manipulations using trigonometry identities, the TDP (B3)
leads easily to Eq. (5), where p is detected in the polarization
plane.
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