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Self-testing is an examination for characterizing unknown quantum devices based on correlations of observed
statistics in a black-box scenario. With development of large-scale quantum networks, the requirement for
self-testing multipartite entangled measurements has become very demanding. We develop here a general
procedure for self-testing arbitrary generalized Greenberger-Horne-Zeilinger-state (GHZ-state) measurements
which applies to any number of parties. Moreover, it turns out that the existing result for the three-qubit
GHZ-state measurement is recovered as a special case. Our results will motivate operational certification of
quantum devices related to device-independent quantum information tasks for various scenarios in complicated

quantum networks.
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I. INTRODUCTION

The rapid development of quantum communication in re-
cent years has created an exigent requirement for devising
certification methods to guarantee the correctness of quantum
information tasks. To rule out any potential attacks by a mali-
cious third party, such certification methods must be device
independent. As the first device-independent tool, the Bell
nonlocality has been extensively studied in recent decades
[1]. It has brought great breakthroughs in quantum physics.
Recently, as the strongest form of certification for quantum
devices, self-testing has been developed [2], which is also
based on the Bell nonlocality. Such a certification method can
characterize target objects (quantum states, measurements)
fully only up to local isometries. Moreover, as the self-testing
is a black-box test, it can be considered a device-independent
certification under the assumption that quantum systems are
able to be prepared many times in an independent, identically
distributed (IID) manner.

Since the pioneering work of Mayers and Yao [3], self-
testing has attracted lots of attention. It can be used to certify
entangled pure states and measurements [4-23]. To date, a
wide range of entangled quantum states have been proved to
be self-testable, such as the elegant results for all pure bipartite
entangled states [24], three-qubit W states [25], and graph
states [26]. It has also been shown that all pure multipartite
Greenberger-Horne-Zeilinger (GHZ) states and Dicke states
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can be self-tested [27]. Moreover, a self-testing method for
quantum channels has also been developed [28]. In addition,
there have been many applications of self-testing, such as
quantum key distribution [29], randomness expansion [30],
detection for entanglement [31], certification of genuinely
entangled subspaces [32,33], coarse-grained self-testing of a
many-body singlet [34], and verification of quantum compu-
tations [35,36]. Recently, a device-independent quantum state
verification protocol under a more stringent concept of device
independence that drops the IID assumption was studied in
Ref. [37] based on self-testing methods.

In this work, we focus on self-testing entangled measure-
ments in quantum networks. Self-testing entangled quantum
measurements has great potential for developing practi-
cal quantum networks, which were preliminarily studied in
Refs. [38,39]. Consider a simple network connected by three
nodes (Alice, Bob, and Charlie), where two observers, Alice
and Bob, share entangled states with a central node, Charlie.
If one wants to efficiently perform some quantum information
processing tasks in such a network (e.g., the entanglement
distribution between remote parties Alice and Bob), a self-
testable entangled measurement on Charlie is essential. In
Ref. [38], the authors presented a self-testing method for
the Bell-state measurement (BSM) and three-qubit GHZ-state
measurement (GSM). Furthermore, a more robust self-testing
scheme for BSM was also proposed in Ref. [39]. However,
there has not been a detailed characterization for self-testing
multipartite (N > 3) entangled measurements directly.

By generalizing the idea of Ref. [38], we present herein a
self-testing method for an N-qubit generalized GSM whose
eigenstates are N-qubit generalized GHZ states. To verify
whether a measurement is generalized GSM or not, one

©2022 American Physical Society
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FIG. 1. An entanglement-swapping scenario: Charlie shares a
maximally entangled two-qubit state with each of the other two ob-
servers (Alice and Bob). If Charlie performs tilted BSM and obtains
outcome b, then Alice and Bob will be projected into |Bell§); that
is, Alice and Bob can observe the maximal violation of the specific
tilted CHSH inequality with CHSH}, = +/8 + 2a2.

should first confirm all of its measurement eigenstates are
really generalized GHZ states. Thus, the first step to self-test a
generalized GSM is self-testing all of its measurement eigen-
states, and the problem of self-testing a generalized GSM can
be converted to the problem of self-testing states. Motivated
by the method for self-testing multipartite entangled states in
Ref. [27], we have developed further a general method for
self-testing a multipartite generalized GSM in a star network,
and the method is operational from an experimental point of
view. We also show that one can self-test more entangled
measurements using our developed method straightforwardly.

This paper is organized as follows. In Sec. II, we provide a
preparation review of the tilted Clauser-Horne-Shimony-Holt
(CHSH) scenario which constitutes an important ingredient
of our self-testing method. In Sec. III, the self-testing method
for a multipartite generalized GSM is presented. In Sec. IV, a
noise-robust self-testing scheme of a three-qubit GSM is pre-
sented, with the help of semidefinite-program (SDP) method.
Finally, we conclude our results and discuss potential future
works in Sec. V.

II. PRELIMINARIES

Before studying the self-testing of multipartite generalized
GSM, let us introduce an entanglement-swapping scenario in
detail (see Fig. 1). It is shown that after Charlie performs an
entangled measurement, the remaining state of Alice and Bob
will be projected into the eigenstate of Charlie’s measurement.
Such a procedure presents direct insight into the relation
between the entangled measurement and its measurement
eigenstates, which is a fundamental idea for self-testing mul-
tipartite generalized GSM. Like in Appendix C in Ref. [38],
we consider the tilted BSM here. To certify the tilted BSM,
the tilted CHSH inequality is necessary [40]. Let us consider
a task: Alice and Bob share a two-qubit state, and they want
to know whether the shared state is entangled or not. They
perform local measurements (dichotomic observables) sepa-
rately. The tilted CHSH inequality is given by

a(Ag) + (AoBo) + (AoB1) + (A1Bo) — (A1B1) < 2+a, (1)

where the maximal value of quantum violation is
V8 +2a2,a €[0,2), with A; and B; being observables
with outcomes {—1, 41} measured locally by Alice and
Bob. Here, we omit the notation ® between systems A
and B and write Ag ® I as Ao for short. After performing

local measurements, if Alice and Bob obtain the maximal
violation of the tilted CHSH inequality, the state shared by
them is certainly a partially entangled two-qubit state (tilted
Bell state). For the detailed case, the four tilted Bell states
IBell), b =0, 1,2, 3, are

Bell}) = (—1)**% cos 0|k k2) + sin 0]k k»),

where b =2k, +k;, k; €{0,1}, and /Eizl—ki i€
{1,2},6 € (0, Z]. Let u satisfy tan u = sin 26 and oz, oy be
Pauli matrices. If one fixes the measurement settings of Alice
and Bob as Ay =0z, A| =o0x, By = cosuoz + sin uoy,
and Bj =cosuoz —sinpuoyx, the output  statistics
obtained with these measurements will maximally
violate some tilted CHSH inequalities. The maximal
violation is CHSHY = (Bell}|W[Bell}) = /8 + 2a2, with

o =2cos20/y/1+ sin? 26, where

W = aAq + AoBy + AoBy + A By — A B,
W = aAg — AgBy — AoBy — A By + A By,
W = —aAy — AoBy — AoB; + A1By — A1 By,
Wy = —aAg + AoBo + AoB) — A1 By + A} B.

Here, W is a Bell operator acting on the Hilbert space
Ha ® Hp of Alice and Bob. It is easy to show that the eigen-
value +/8 + 202 of the Bell operator W is nondegenerate
with the associated eigenvector |Bellg). Hence, if the maximal
violation of CHSHj is /8 + 202, the shared state will be
|Bell§). One can discriminate the four tilted Bell states by
the maximal violations of four tilted Bell inequalities with
fixed measurement settings. Furthermore, other tilted Bell
states that are local unitary (constructed by oz, ox ) equivalent
to the above four tilted Bell states can also be discrimi-
nated. For example, the state |®) = cos0]|00) —sinf|11) =
UZA|Bellg) can maximally violate the tilted CHSH inequal-
ity with CHSHp = (07, W05, ) = a(Ao) + (AoBo + AoB1 —
A1By + A1 B;) and fixed measurements given above.

In the entanglement-swapping scenario [41] shown in
Fig. 1, let Charlie perform a tilted BSM with outcomes b.
Then, the remaining state will be projected into one of the
four tilted Bell states |Bell§) conditioned on the outcomes b.
Conversely, if one finds that Alice and Bob share tilted Bell
states |Bell§) for b € {0, 1, 2, 3}, Charlie’s performed mea-
surement is a tilted BSM. When it comes to the self-testing
scenario, the target for self-testing will be equivalent to one
of the four tilted Bell states or a tilted BSM, up to a local
isometry. Physically, a local isometry performed on a state
can be considered a local unitary operator after adding local
ancillas (e.g., |0---0)) [2]. Motivated by this idea, we will
develop a procedure for self-testing a multipartite generalized
GSM.

III. SELF-TESTING A MULTIPARTITE
GENERALIZED GSM

As shown in Ref. [42], any completely positive and trace-
preserving (CPTP) map can be implemented by tracing out
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FIG. 2. Roy shares a Bell state with each of the other N observers
(Alice 1, Alice 2, . . ., Alice N). If Roy performs multipartite general-
ized GSM, then the state shared by Alice 1, Alice 2, ..., Alice N will
be projected into |[GHZ;). Conversely, if Alice 1, Alice 2, ..., Alice
N observe that it is projected into |GHZy) for all r, the measurement
performed by Roy is equivalent to the generalized GSM.

degrees of freedom that do not involve effective information
after applying a local isometry. Therefore, one can directly
generalize the definition in [2,16,38] to present the self-testing
of multipartite measurements via simulation: denote an ideal
d-outcome measurement for Roy acting on Hg ® Hg, ®

- ®@Hg, as P'= {PI/{/IR’Z---R&}?ZI and a real measurement

acting on Hg, @ Hr, ® --- @ Hg, as P = {Php .x.J_i-
If there exist completely positive and unital maps Ag; :

L(Hg,) — ﬁ(HA;) for j € {1, 2, ..., N}, such that

ARI &® ARZ ®---® ARN (P1$]R2...RN) = Pl/er/]sz...R;\, (2)

for all r, we say P is capable of simulating P’. In the above
definition, we adopt the assumption that the different physical
sources are independent in a quantum network. The construc-
tion of a quantum network as shown in Fig. 2 guarantees the
well-defined N partition for Roy’s measurement device, i.e.,
Hr =Hr, @ Hg, @ - - @ Hp,.

The idea of our self-testing method relies on the task of
entanglement swapping as shown in Fig. 2. There are N

J

initially uncorrelated parties Alice 1 (A;), Alice 2 (Ay), ...,
Alice N (Ay). They are independently entangled with an ad-
ditional party, Roy. Specifically, A; and Roy share a Bell state
Bell) ,)ar, € Ha, ® Hg,.i € {1,2,...,N}. To distribute en-
tanglement among A, Ay, ..., Ay in such a quantum star
network, Roy performs the generalized GSM and obtains
outcomes r = (kiky ---ky) with ki, ko, ..., ky € {0, 1}. For
simplicity, we denote the outcomes as r € {0, 1, ..., 2N 1)
Then, the states shared by A;, A, ..., Ay are projected to
one of the 2V generalized GHZ states |GHZ;) based on the
outcome r. The generalized GHZ states are measurement
eigenstates of the generalized GSM given by

IGHZ})) = (—1) cos Olkiky - - - ky) + sin 0|k ky - - - k),

N —_
where r= > k2V7, k=1—k, and k €{0,1}, ic

i=1
{1,...,N}. The generalized GSM can be denoted as
GSM, = {GHZ;)%;!, with GHZj, = |GHZ})(GHZ}|. If
A1, As, ..., Ay obtain Roy’s outcomes r, they can apply a cer-
tain local unitary operation on their qubits, so that they share a
certain generalized GHZ state. With the above operations, we
have implemented the distribution of entanglement among N
remote parties.

The self-testing procedure is similar to the task of entan-
glement swapping without assumptions on the dimensions,
initial states, and operators. From now on, for any observable
Q acting on Hilbert spaces H, by adding a prime, we denote
Q' as the observable acting on two-dimensional Hilbert spaces
‘H'. Let us start with presenting the self-testing method for
N-partite generalized GHZ states given in Ref. [27].

Lemma 1. (Refer to Ref. [27].) Suppose an N-partite
state |¢) and a pair of binary observables Ap; and A;;
for the ith party, with i =1,..., N. For an observable D,
let P =+ (—=1)*D]/2,a € {0, 1}. Let p satisfy tanpu =
sin 29, Z,‘ = A()!i, andXi = A]q,‘ fori = 1, ...,N— 1. Then, let
Zy be (Agn + A1 n)/(2cos w) with zero eigenvalues replaced
by 1 and X} be (Ao y — A1 n)/(2sin p) with zero eigenvalues
replaced by 1. Define Zy = Z}|Z5|™" and Xy = X3|X5|7". If
the relations

(WIPY W) = (WIPY P 1y =c} Vi.je{l,....N—1),

(v

where

- Va; € (0,1},

N-2 1
<vf| 1'[P§;,i|w> =
i=1

N-2
x4
i=1

/8 + 202

N2 Va,- € {0, 1},

W =aAgn-1 ® Iy +Agn—1A0n +Aon—14A1 N

N-2
+ (=)= %Ay Aoy — ALN_14A1N),s
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oa=2cos20/v1+ sin®20 and ¢y = cos 9,6 € 0, /4], are

satisfied, there exists a local isometry & such that
®(|y)) = |junk)|GHZ).

Hence, the correlations that satisfy the above relations self-test
the state |GHZ)) = cos 0]0)®N + sin§|1)®V.

The junk state in Lemma 1 can be any state and can be
removed by tracing out the AjA; - - - Ay space. Here, Zy and
Xy act on |¢) in the same way as (Agny + A n)/(2cos )
and (Ao y —Aj n)/(2sin ), respectively [2]. For details, the
ideal measurements achieving these correlations in Lemma

1 areAé)’i = oy andA/lyi =oy fori=1,...,N—1, A6,N =
Cos oz + sin poy, and A} y = cos Loz — sin puox.
Remarkably, for different r € {0,1,...,2¥ — 1}, the

IGHZ;) can all be self-tested by correlations in Lemma 1
with different measurement settings up to local isometries.
In other words, one can obtain a local isometry such that
®7(Jy")) = |junk)|GHZy) for each r. As the isometry &”
can always be constructed by local operations which do not
depend on r, one can always construct a single isometry such
that ®(|y")) = |junk)|GHZ;). A detailed description will be
given in Lemma 2.

Now, let us first introduce some notations. For an ob-
servable O’ acting on Hilbert space ' = Q@Y | Hay, let 0" =
U™ O'U", where U = @Y Uy, acts on H'. Here, Hyr, i €
{1,2,...,N}, aretwo d1mens1onal Hilbert spaces. The unitary
operator U ' satisfies the equation U”"|GHZ;)) = |GHZO) and
is constructed by the product of the identity matrix /" and Pauli
matrices X’ and Z’. Then, one can define 0" = U™ OU" by
replacing I’, X', and Z' in O'" with 1, X, and Z. With the above
special unitary transformation, one can obtain Lemma 2.

Lemma 2. Let |) be an N-partite state, and let Ag; and
Ay; be a pair of binary observables for the ith party for

i=1,...,N.Suppose that, forall » € {0, 1,...,2Y — 1}, the
following relations are satisfied:
(wIP) 1) = (P P . P " 1y)
=cl Vijell,...,N—1}, 3)
N-2 1
<1ﬂ Py ’W> =z Va; € {0, 1}, “)
i=1
vl ey \/84‘20[2
< (1_[ PA;, ) aa > = W Vai € {0, 1}, (5)

where @ = a - - - ay_, and

—~ 0
W =W = alAon-1 ® Iy +Aon-1A0n +AoN-1A1N
N-2
+ (=D)Z=(A) y_1Ao N — ALN—1A1N).

The detailed forms for I;g /_r and };z /_r

and the details for VV;‘r as an example are provided in Ap-
pendix B. The measurements here are the same as shown in
Lemma 1. Then, there exists a single local isometry such that
®(|y")) = |junk)|GHZ}) for all r.

Proof. For r =0, the correlations in Lemma 2 are the
same as in Lemma 1. Hence, these correlations self-test state
|GHZg). Denote |1) in the self-testing procedure as [0).

are easy to calculate,

1

i SXf=Z/ i

I ; 1
0) —1# |

! :
) Hx Z X b—

e e e —————

FIG. 3. A SWAP gate is constructed by unitary X, Z, and H’',
where H' is the Hadamard gate, and X and Z anticommute over the
support of the state |§;) € H. The |0) is in the qubit Hilbert space
H'.

From Lemma 1, there exists a local isometry @ such that
O(|y0) = |junk)|GHzg). Meanwhile, Xj% = ZJZ, =1, and Xy
and Z; anticommute over the support of the state |0 for
all f e {A1,A,,...,Ax} [27]. Then, one can construct this
isometry using ancillary qubits |0)®Y and SWAP gates {Sx;.z;}
as

(1Y) = (&Y, Sx,, .z,)10)%[¥°) = |junk)|GHZg). (6)

The detailed form of a SWAP gate is shown in Fig. 3.
From Lemma 1 in Ref. [38], one knows that Sxf,z, .
X -10)|&f) = X" - Sx, 7, - 10)|&f) and Sx, z, - Z - |0)|&f) = Z'

Sxf,zf . |0)|€f> Let SAIAZMAN = (®£V:ISXA,-,ZA,-)‘ As U’ is con-
structed by 1, X, and Z, one has

DU IYO) = S04, 10)EN U |90
= U""Sp a0y [0)2V 970
= U" ®(|y")) = [junk) ® U""|GHZ)
= |junk) ® |GHZ}).

Here, U""|¢%) = |¢). One has ®(|)) = |junk)|GHZ)).
Therefore, the correlations that satisfy the relations in Lemma
2 self-test state |GHZj). |) can be denoted as |¢"). Thus,
one has ®(|y")) = |junk)|GHZj). |

From Lemma 2, the self-testing method with fixed mea-
surements can be used to distinguish special entangled pure
states. Here, let {|GHZ@)}2 ~! be reference states and |GHZO)
be a standard reference state. For example, there is a set

of states {|y*) 2__' shared by A, A,, ..., Ay. If one shared
state |y°) sat1sﬁes the correlations in Lemma 2 with r =
0, one can specify the shared state |*') as state |y°) ac-
cording to the standard reference state IGHZ(O)). Then, for
another shared state |y*2) with s, € {0, 1,2,...,s5; — 1,85 +
1,...,2Y — 1}, if it satisfies correlations in Lemma 2 for one r
withr € {1,2,...,2Y — 1}, e.g., r = 3, then, one resets s as
s, = 3. In other words, the state |*2) can be rewritten as |3),
and these correlations have self-tested the |GHZ§). Therefore,
the states [{*') and [*?) are actually different. Now, the main
result of the paper is as follows.

Theorem 1. Let Ay, A, ..., Ay share a pair of quan-
tum states with Roy as 74, g a4, aykRy = TaR, @ Tar, @ -+ ®
TayRys and let R = {Ry p. . }f:gl be a 2V -outcome measure-
ment acting on Hg, @ Hg, ® - - - @ Hg,. For A1, Az, ..., An,
if there exist measurements such that the observed correlations
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conditioned on outcome » of Roy’s measurement satisfy the
relations in Lemma 2, then there exist completely positive and

unital maps Ag, : L(Hg) —> L(Ha), i €{1,2,...,N}, for
dim(Ha;) = 2 such that
ARI ® ARZ ® ARN (R;QIRZH.RN) = GHZ(S (7N

forre{0,1,2,...,2Y —1}.

A detailed proof is shown in Appendix A. Here, we present
a brief description. Let the 7j , ., = [¢¥")(¢"| acting on
®§\’=1"Hi be the state shared by A}, A, ..., Ay conditioned on
outcome r. From Lemma 2, there exists a single isometry such
that ®(|y")) = |junk)|GHZ). By tracing out the subsystems
Hi, ..., Hy, one can construct a single set of SWAP channels
La, : L(Ha) = L(Ha), i € {1,2,..., N}, such that

(®?]:1 FA")(TLAz»»»AN) =

for all r. With the help of a Choi-Jamiotkowski map [38], one
can construct completely positive and unital maps ®Y | Ag,,
which are associated with the above SWAP channels, such that

(®fv=1 ARi)(R;?]RZ"'RN) = (®5V:1 FA!‘)(TIZIAZ"'AN)

The 2V equations given by Eq. (7) imply that a real mea-
surement R = {Ry }figl is capable of simulating an ideal

generalized GSM, {GHZ, 2_51, that is, Theorem 1 self-tests
the generalized GSM. The method presents a unified form
of the theorem for the multipartite case without resorting
to different Bell inequalities. Following our procedure, one
needs to check only whether the remaining two parties (Ay
and Ay_;) maximally violate the tilted CHSH Bell inequal-
ity after performing local measurements on the other N — 2
parties of state [{")a,..4,, Where the measurement settings
are fixed by Lemma 2. Therefore, this approach is physically
operational from an experimental point of view. Moreover,
one can recover the case of a three-qubit GSM [38] when
a=0,0=n/4,and N = 3.

Remarkably, for any self-testing method of generalized
GHZ states, if the ideal measurements in the self-testing pro-
cedure are constructed using the linear combination of Pauli
matrices, it can be adopted to self-test the generalized GSM.
Such a property can be a rule to construct the self-testing
method for generalized GSMs in the qubit case.

|GHZ;) (GHZ;|

= GHZ,,.

IV. ROBUST SELF-TESTING OF THE GSM

The ideal self-testing method is an excellent tool to certify
quantum information tasks. However, due to the imperfec-
tion of quantum devices, accurate correlations in the above
theorem may not be satisfied. Hence, a robust version of
self-testing is necessary from an experimental point of view.
Here, we focus on investigating the feasibility for robust self-
testing of an arbitrary multipartite GSM. For convenience,
we study a robust self-testing scheme for a three-qubit GSM,
where N = 3, « = 0, and 6 = 7 /4. The method for studying
robustness of other N parties is similar.

Before presenting the robustness of the GSM, let us first
study the robust self-testing of the GHZ state with the SDP
method. One can rewrite A;,A,, and A3z as A,B, and C
and let A;; = A;,A;» =B, and A;3 =C;,i € {0, 1}. Let the

state shared by A, B, and C with outcome r = 0 be {5 =
[¥%) (¥°]. In a general way, one can adopt the fidelity F =
(GHZ|0/§) pco|GHZ) to capture the distance of the unknown

state from the target state [43], where |GHZ) = w and
0Vpc =Ta®Tp® Te(t)e). The maps I'y, f € {A, B, C},
are defined in Fig. 3 as ['f(|§)/(§]) = Try,(Sx,.z,10){0| ®
|5>f(‘5|5;(f,z, ), with f € {A, B, C}. Here, the assumption that
X and Z are anticommutative in the definition of I" has been
removed. The state 0, can be written as

= Trapc(Sascl|000) 4z (000] ® TpeSine).  (8)
From the definition of fidelity, one has

= (GHZ|o 5 |GHZ)

0
GA/B/C/

1
= Tog Tranc{8(1 + Za)(1 + Zp)(1 + Zc)Time

+8(1 — Z)(1 — Zp)(1 — Zc)Tipe
+ M eanoy(1+Z)X (1 — Zp)]Tipe
+ [Hyega,,cy(1 — Zp)X (1 + Z_f)]f/?gc}, )

where the fidelity can be expressed as a linear function of
the expectation values. Suppose the channel has white noise
(weight ¢); one can transform the problem of robustness into
the problem of finding a lower bound on the fidelity. It can be
solved with the SDP [25,43-45]:

= (GHZ|o} 5 |GHZ),
such that M > 0,

min F

(wPs,lv) = (w}P&W
([P, P |v) = j
(w|P{ |w) =3 forae{0,1},
(v |Pg [Bo + BoCo +Bocl + (=1 (B1Co — BiCD]|¥)
=V2(1—¢), ae{0,1} (10)

where M is a moment matrix defined as M;; = Tr(t\5-D D))
with the set {D; =1,D, =Z4,D3 =X, ---} [46]. For an
ideal case, the fidelity is 1 when error ¢ = 0. For other ¢ up
to 0.1225, the relations between the minimal fidelity and error
are shown in Fig. 4. Without loss of generality, one can define
the relation between the minimal fidelity and ¢ as a function
G(£Y), which will be used to study the robustness of the GSM.
Here, ¢ has been rewritten as &Y.

To define the quality of the real measurement R as a
simulation of the ideal GSM P, where R = {R} g, R}}Z) and

= {GHZ’}Z), we directly extend the definition in Ref. [38]
to three parties as

7
X max

1
- A
8 ARy ARy Mgy Z<( ki

r=0

QR,P) =

® Ar, ® Ag,)(Rk g,x,).- GHZ").  (11)

Here, we omit the subscript of GHZ’ and use GHZ',
and Ag,, Ag,, and Ap, are unital CPTP maps with Ag, :
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FIG. 4. The lower bound on the fidelity F between the GHZ
state and the unknown state o/?,B,C, for different levels of white
noise €. When the fidelity is above the nontrivial bound of 0.5 (i.e.,
e < 12.25%), the unknown state is close to a GHZ state.

L:(HRl) - E(HA’)7 ARg : E(HRz) - ﬁ(HB’)’ and AR3 :
L(Hg,) = L(Hc). For two matrices L; and L, the symbol
(-, -) is defined as

(Li, Ly) = Tr(L,L}).

Now, the robust version of the self-testing method is presented
as follows.

Theorem 2. Let A, B, and C share a pair of quantum
states with Roy as Tag,ar,cr, = Tar, ® Tr, ® Tcr,, and let
R = {Rg, R2R3}220 be an eight-outcome measurement acting
on Hg, ® Hg, ® Hg,. Let p, be the probability of Roy ob-
serving the outcome r. Define the function G(&") as the lower
bound on the fidelity between 'y ® I's ® I'c(745.) and GHZ"
under noise &”. For A, B, and C, suppose there exist mea-
surements such that the observed correlations conditioned on
outcomes r satisfy the relations in Lemma 2 with error ¢” and
G(e") > 0.5. Define ¢ = X, p,G(&"); then one has

1
R, P) >
<A ) 2[142/4q(1 = ))? 12

X

min ( 29— | + : )
uel02/gT=1 \ /(1 —u?2) (1 +u)
A detailed proof is given in Appendix C. One can always
let every ¢ be max{e"}’_, and denote it as ¢. Then, one has
q = G(g), which can be obtained with the numerical method
of the SDP problem. The relation between the quality of the
unknown real measurement and the noise & = max{a’}z=0 is
shown in Fig. 5. Along with the numerical results, we have
shown the robust self-testing scheme for the three-qubit GSM
in Theorem 2, where the noise tolerance can be up to 0.28%.
Although the noise tolerance is not satisfactory, Theorem 2
demonstrates that the self-testing scheme of the three-qubit
GSM is robust.
In fact, from the definition of the quality Q(R, P), the
maximization in right hand side of Eq. (11) should go through
all possible unital CPTP maps Ag,, Ag,, and Ag, and then

1 ; ;
—numerical results
---nontrivial bound

0.002 0.003 0.004 0.005
€

0.4 ‘
0 0.001

FIG. 5. The lower bound on the quality of the unknown real
measurement is numerically estimated as a function of the weight of
white noise . When the weight of white noise ¢ < 0.28% (i.e., the
quality is above the nontrivial bound of 0.5), the presented procedure
guarantees the unknown measurement is close to a three-qubit GHZ-
state measurement.

choose the maximal value. However, our result is currently
based on the Choi map, which is only one choice of these
CPTP maps. Thus, we do not acquire the optimal robustness
bound. Additionally, the improvement of robustness under the
Choi map is difficult, as the relaxation of some inequalities
shown in Appendix C is not tight. Therefore, a better ro-
bustness can be expected if one optimizes these questions.
Moreover, the above procedure for robust self-testing for a
three-qubit GSM can be directly generalized to an arbitrary
multipartite GSM. However, the maximal noise tolerance will
decrease quickly as the number of N increases.

V. CONCLUSION

In a quantum network, it is extremely vital to certify mul-
tipartite entangled measurements. Here, we have presented
a self-testing method for the important class of generalized
GHZ-state measurements. The procedure is operational for
an arbitrary number of parties from an experimental point of
views, which does not resort to N-partite Bell inequalities.
One needs to check only whether the remaining two states
maximally violate the tilted CHSH inequality after measuring
the other N — 2 parties. In addition, we have provided a proof
for the robustness of the self-testing procedure with the help of
the semidefinite program, where a noise tolerance up to 0.28%
is observed. It is known that improving the robustness of the
self-testing scheme to enable implementations of experiments
with the current technique is an extremely challenging task,
even in two-qubit states. For instance, the noise tolerance for
self-testing a singlet in Ref. [6] is only on the level of 107
Therefore, our result is enough to show that the self-testing
scheme for the GHZ-state measurement is robust. For a quan-
tum network connected by bipartite entangled states, one can
always verify the entangled measurements in central nodes
using our self-testing scheme. The results provide insightful
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understanding and pave the way to the construction of large-
scale quantum networks.

For future works, it would be very beneficial to de-
velop further practical methods to promote noise tolerance
for self-testing multipartite entangled measurements and to
drop the IID assumption, which would enable implementa-
tions of experiments on self-testing quantum networks in a
device-independent manner. It is expected that our approach
can also be straightforwardly extended to high-dimensional
entangled measurements, like the self-testing method for
high-dimensional entangled states [27].
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APPENDIX A: PROOF OF THEOREM 1

As shown in Theorem 1, if the observed correlations con-
ditioned on the outcome of Roy’s measurement satisfy the
relations in Lemma 2, the measurement performed by Roy is
a generalized GHZ-state measurement. Now, let us present a
detailed proof of it.

Proof. Let p, be the probability of Roy observing
the outcome r and r/glAz..,AN = ¥ ) a,a-ay (Y| be the
state shared among A, ---Ay conditioned on the outcome
ref0,..., 2N — 1}, ie., p"t}{]---AN = Trr,Ry--rRy [(a, 4y 4y @
Ry, R2-~-RN.)(.®§V: 1 TA;r;)]. One can a!way.s choose p, = 2LN From
the definition of the SWAP gate in Fig. 3, one can construct
SWAP channels as

T r(1€)/(E]) = Tra, (Sx,.2,10)(0] ® |&) ; (515§

where f € {A], Ay, ...An}. Define

),

-Zf

oar =Ta(tar), i €{1,2,...,N},

= (®fv:l IﬂAr’)(.erglAz"'AN)

1
= <p_>TrR1R2"'RN [RIrgle...RN( ®f\/:1 UAfRi)]

,
OpLa;--AY

r

= (2N)Trg,g,-ky (R k,ky (®§V=10A;R; )] (AD

Then, one has

(Ta, ®T4, ® -+ @ Ty ) (T4 4yny)
0% ® IXIAZ---ANSZIAZ---AN)
= Tra, 4,4y (Sa45-Ay IO);‘?{.V“A/N 1) (01N (WIS} 4,.n,)
= Tra,a,.-ay (ljunk) a, 4,4, (junk| ® |GHZ})(GHZ;|)
= |GHZ;)(GHZ;|.

N
= TrAlAZ"'AN (SAIAZ"'AN |O>§)/1A1,v (

(A2)

The third equality is from Lemma 2. From the definition of
the state o, ,, . , one has
172 N

r _ r
OaAyAy, = GHZ,

for all re{0,1,...,2Y —1}. Let us first present the
definition of the Choi-Jamiotkowski map [38]. If p4p acts
on Ha ® Hp, the Choi-Jamiotkowski map (Ap : Hg — Ha)
associated with it is defined by Ap(op) = Trp[(lx ® UBT),OAB]
for all op. Here, psp is the Choi state and can be
un-normalized. Now, let Ag, : L(Hg)— L(Ha) be the
Choi-Jamiotkowski maps associated with the operators
2ok, i €{1,2,...,N}. By decomposing the operator
erthmRN as Ry p,.ry = 21 ®k “’1:,1’ where “)12,1 is the operator
of Hg,, one has Ag ® Ag, ® -+ ® Ary(Ri g,..r,) =
(2M)TrR,Ry-ky [Rp, g,y (RN 0rR )] = O ayetf, = GHZ;,.
Moreover, we will prove that these Choi maps Ag, i€
{1,2,...,N}, are unital maps. Let us first consider Ag,,
with the other cases being similar. By the definition of the
Choi-Jamiotkowski map, one has

AR, (Ig,) = Trg,(2oar,)
= 2Tt Ry Ry, ( Oy Oarr,)

N_ r
= 223=0 lTrRle»»RNA;»--A}V [RR1R2R3( ®§V:1 O'AgR,-)]
|
= FZrZO TrA’z“‘A}v (U‘ZiAéA;v) = IA’I s
where we have used the fact that ErzialRfe R..ry =1 and
r _ GHZr = 142 N
044l 9 .

Therefore, we have proven that the joint measurement
performed by central node Roy is actually a generalized GHZ-
state measurement under the conditions in Lemma 2. It should
be noted that the proof of Lemma 1 still holds if one replaces
|r) with a general p [27]. Thus, the proof of our Theorem 1
can also be repeated by starting from a general 7 4, 4, -

APPENDIX B: THE DETAILED FORM OF "'-V;;‘r IN LEMMA 2

In Lemma 2, a new form of self-testing statement
was presented. The notation ~ in O" means that local
unitary transformations are performed on the observable
O. Here, we will provide the details for Wa‘)‘r, where
d = ay ---ay_,. For convenience, let N = 3. Rewrite A, A,,
and A3 as A, B, and C, and let A,',] :Ai, Ai,2 =Bi,
and A;3=C;, i€ {0,1}. Now, d is a; and rewritten as
a€{0,1}. Wy and W can been obtained from Lemma
2 as Woa =aBy®I + ByCy + BoC; + B1Cy — B;C; and
Wla =0[B()®I~|—BQCO+B()C1 —BlC0+BlC1. First,
by adding a superscript in the formulas for W and
W, one has Wy =aB;+W; and W/ =aBj+ W/,
where W = B,C} + B;C; + B;C; —B|C; and W/ =
ByC,+ B,C; — B|C; +B|C;. From Lemma 1, one
knows that By =Z',B| =X, Cj=cospuZ +sinuX’,
and Cj; =cospuZ —sinpX’, with tanp =sin260. The
local unitary transformation performed on W,* is
U" =Uy @ Ug. As U" is the local unitary transformation
between generalized GHZ states, one can always
choose Uy € {X'®@X',I'®X'.X'®1I'.I'®I'}). For the
r=7 case, one has X'Z'®X' ® X'|GHZ}) = |GHZ)),
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where |GHZ]) = sin6]|000) — cos#[111) and |GHZ)) =
cos0]000) +sin@|111). Here, U7’ =XZ'®X ®X'.
Thus, V’-[/if"7 =U"W*U" = —aB,+ W, and @7 =
UTIW/*U'"" = —aBj + W/. After calculating W/ for all
Le/y{O, 1,...,7} and a € {0, 1}, the detailed formulas for
W)@ can be obtained. By replacing the symbols I’, B;, and
Cl.i€{0,1}, in W*" with I, B;, and C;, i € {0, 1}, one can
obtain the detailed form of @r.

In short, Wgr is acquired by deleting the superscript prime
of @r. ?r is obtained by performing local unitary trans-
formations on W,*. The local unitary transformation depends
on the transformation between states |GHZj) and |GH22).
Therefore, one can easily write the detailed form of @&’ in
Lemma 2.

APPENDIX C: PROOF OF THEOREM 2

In this Appendix, we give a proof of Theorem 2 that shows
the robust self-testing of the three-qubit GHZ-state measure-
ment. If the observed correlations cannot perfectly satisfy the
conditions in Lemma 2, one cannot adopt the ideal self-testing
method presented in Theorem 1 directly. We should bound
the quality of the unknown measurement under the certain
white noise, i.e., study how close the unknown measurement
performed by Roy is to the ideal three-qubit GHZ-state mea-
surement. Before presenting the proof of Theorem 2, we first
generalize the result of the semidefinite program in the main
text as the following lemma.

Lemma 3. Let Ay, Ay, By, Bi, Cy, and C; be the pairs of
observables for the three parties. If the correlations in Lemma
2 with error ¢” (6 = 7 /4, « = 0) satisfy the relations

(wIPg |v) = (w1, 1v) = 1. 1

~ o~ (1—g") &
IR By ) =—5—+7. (C2)
(w|P{ ) =1, ae{o.1}, (C3)
(W|PEWe'[y) = v2(1— &), ae{0,1},  (C4

then there exist fixed CPTP maps I'4, ['g, and I'¢c as shown in
Appendix A such that

F((Ta® s ® Tc)(Thpc). GHZypc) > G(e")

for all r € {0, 1, ..., 7}. The function G(x) is defined in the
main text as a function of the lower bound of the fidelity and
white noise &”. It is a numerical solution from the SDP.

Proof. For r = 0, we gave the detailed process of the SDP
to derive this result in Sec. IV. The CPTP maps are fixed for all
re{0,1,...,7}. For different r, the observables in the above
correlations are all equivalent to the r = 0 case, up to local
unitary transformations. Thus, the lower bounds of the fidelity
for different r have the same form; that is, they have the same
function G(x).

Now, we start to prove Theorem 2 for finding the lower
bound on the quality of the unknown real measurement
{RR, R,k }_o- As GHZ), o are pure states, from Eq. (A1), one

has

prF((Ta ® T ® Te)(Thpe). GHZ )
= p((Ca ® T ® Tc)(Thpe), GHZ )

r r
= (O’Ale ® UB/Rz ® O'CfR3, GHZA’B’C/ ® RR|R2R3)'
From Lemma 3, we have

<GA'R1 ® opr, ® 0CR,: GHZ) g ® R1r€1R2R3> = p,G(e").

(C5)
To derive the main result, one should construct unital CPTP
maps Ag, : L(Hg,) = L(Ha), Ag, : L(Hg,) = L(Hp),
and Ag, : L(Hg,) = L(H¢ ) and then find the lower bound
on (AR] ® AR2 ® AR3 (R;Q]RzR_;)’ GHZ:&’B’C’>' Let )\A’Rl s )»B/Rz,
and Acg, be the Choi states of the maps Ag,, Ag,, and Ag,.
One has

(AR, ® Ag, ® Ag,(Ry gor,)» GHZ )
= (Trg,r,r, {()»A/R, ® Apr, ® )»C’R3)[1A'B/C/
T
® (Ri,gx) 1} GHZ) pc)
T
= (har, ® kg, ® Aory, GHZypo ® (Ry gyr,) )
= (A, ® Apg, ® Aog,. GHZ g @ R i) (C6)
To utilize the relation in Eq. (C5) in the above equation, the
Choi states should be constructed by oug,, opr,, and ocg,,
respectively. One can bound the marginals o4/, og, and o¢
to guarantee the marginals of the constructed Choi states are
proportional to /. From Eq. (A1), we have
F(Ty®TIs® I"C)(rgBC), GHZ) g )
= F(o4pcr GHZ, )
= (orper GHZ po)
> G(e").

Here, we adopt the definition in the main text regarding the
=
notation {---} and define

7 r
, B s
Oapc = § :pV(GA’B’C’ )
r=0

7
=Y p(UL @ Uy @ U)okme (U @ UL @ UL
r=0

By calculation, one has
0 0
F(oype, GHZY o) = (oo, GHZY g

7

= ;Pr<‘7£/3'c'v GHZ, ') )

7
> pGE)=q.
r=0
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Furthermore, the spectrum of oy is the same as o, because
oar = Trg,0ar, = Trgcr Rk, (Oarr, ® R, ® OC'R;)

= %, Tt R R R; [Ri, pyr, (4R, ® OBR, ® OC'R,)]

= 3,0 Ttpcofpe = Erproy = 0y,
where we use ZZ _IR;QI rr;, = 1. Next, we will bound
the spectrum of oj. One can always find a pure
state 0y to achieve the upper and lower bounds.
Without loss of generality, let GA,B,C, —otIOOO) + B|111).

From inequality (C7), 0.5 < ¢ < 1, and o? + > =1, one
has =2v4l=9) (1 D L g2 g 2 (1 12v9029) " Thus, spectrum(oy) =

spectrum(oA,) e[= 2“’(1 ) 1+2V"“ 9], One can write the
spectrum of oy as
L—na 1+na
spectrum(oy ) = ) )

where 0 < n4 < 24/¢(1 — g) < 1. The same bounds on 7np
and n¢ will be obtained in a similar way as

spectrum(op ) = {1—773, H_—nB}
2 2
and
spectrum(o¢) = {%, %}

Now, the detailed forms of the Choi states are

Mo = (0 @ Doue, (07 @ 1),

p 2 2
bk = gy R TR @\ T o)
T 2 2
Aog, = 1T e ocRr, +0r, ® (I — T e oc ), (C8)
where oa = Trg,0ag,, op = Trg,0pr,, oc = Trg,0ck,,

og, = Trpopg,, and og, = Trcocg,. As spectrum(op) =
{1_2"“’ '+"”’ } and spectrum(oc) = {' e’ 1+”< } are bounded
by 0< 773’ < 2J/q(1—¢q) and 0 Tlc < 2Vq(T—g),
o, ® (I — 5 +n ——o¢) and og, ® (I — 2 aBr) are positive

semidefinite. Thus, one has

T
> e ®

T T T
Aug, @ A, ® Ao, “OBR, OC'R; -

2
S ®
1+ g 1 +nc
From Lemma 3 in the Supplemental Material of Ref. [38], the
inequality

I
My, = S(a)our, — 1(na)3 ® o, (C9)
holds, where s(x) = JI{T,t(x) = 1{ = — 7= and op, =

Tryoug,. Therefore, one has

T T T I
Aag, @ Agg, ® Aog, = | S(a)oar, — t(nA/)E ® op,

Q@ ———O0pR, ® ————O0CR;»
T+ 2% 1o O
(C10)
where the inequality is from Eq. (C9) and positive semidefi-
nite matrices %WO‘B/RZ and 5 THng OC'Rs - As

(O'Rl &® oR, ® Og;, R§1R2R3)
= Trr,ryr; [(GR, ® og, ® Og,) - R;eleR}]
= TrA’B’C’R1R2R3 [(UA’Rl ® opR, ® GC’RB) ’ Rj?leRs]

-
= prTrA’B’C’aA/B/C’ = Pr»

one has (I ® og, ® I ® o0&, ® oc'r,, GHZ) g ® Ry po&,) =
3 (0%, ® o, ® Ok, Ry r,r,) = 5 - Then, one arrives at

()\'Z{/Rl ® A’;’Rz ® )\'g’R:; ’ GHZZ’B’C’ ® ereleR3)
4s(na)prG(e") — t(na)pr
(I +n5)(1 +nc)

=

The inequality is derived from the fact that the fidelity can
only increase after tracing out the subsystem. Now, we can
obtain

7

1
§§ (Adr, ® Ajg,
r=0

® )‘T/R3 GHZ} pc ® RR1R7R3>

o L Asua) 3o PG — 1) o pr
~ 8 (I +np)(1 4 nc)
_ A4s(ma)g —t(na)

81+ s )(1+7c)’

AR, P) =

)

As0.5 <g <
the result

1, the numerator is positive. Hence, one obtains

QR,P) =

1 <2q—1 L )
2(14+2/q(1 — q))? \/(] (1 4+ na)

1
>
2[142/q(1 = 9))?

. 2g — 1 1 )
X min + .
uel0.24/4(1=q)] (w/(l —u?) (d+uw

Here, we have presented a lower bound for the quality of
the unknown joint measurement performed by Roy under
certain white noise. The quality implies the ability of the
unknown measurement to simulate the ideal three-qubit GHZ-
state measurement. Thus, a robust self-testing statement for
the three-qubit GHZ-state measurement has been shown.
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