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Success probability for postselective transformations of pure quantum states
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The situation is studied when an ensemble of pure quantum states is mapped onto another ensemble of pure
quantum states. In general, this operation may not be done with unit probability. In this work, the bounds for
success probability of such operation are provided, with closed-form expressions involving the Gram matrices
and quantum max-relative entropy. We also discuss a partial version of this operation which has arbitrary success
probability.
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I. INTRODUCTION

The class of quantum operations which can be imple-
mented with nonunit success probability, is significantly
broader, than the class of deterministic quantum opera-
tions [1–7]. A notable example is unambiguous state discrim-
ination (USD) [8–10], which performs zero-error discrimina-
tion between the set of linearly independent nonorthogonal
quantum states, while complete discrimination with unit prob-
ability is not allowed by the laws of quantum mechanics.
USD may be viewed as a map from the ensemble of linearly
independent states to the set of mutually orthogonal states.

In this paper, we consider a general transformation be-
tween the two arbitrary ensembles of pure quantum states, not
necessarily linearly independent. The probability distributions
of the states within the ensembles may be different, which
corresponds to the situation when success probabilities are
not the same for different input states. We provide lower and
upper bounds for success probability of the transformation in
terms of quantum max-relative entropy and Gram matrices for
the input and output ensembles. As we show, these bounds do
differ only in dealing with the environment.

The paper is organized as follows: In Sec. II we introduce
our notations and recall the definitions for quantum instru-
ment, the Gram matrix and max-relative entropy. In Sec. III
we provide a lower bound for success probability and explic-
itly propose an instrument which does the work. In Sec. IV
we generalize the statement to become an upper bound for ar-
bitrary instrument which may perform the required map. Sec-
tion V describes a generalization of our transformation which
does partial work with arbitrary high success probability.

II. PRELIMINARIES

A general case of a quantum channel, i.e., a completely
positive trace preserving (CPTP) map which includes discrete
classical outcomes {m}, is described by a quantum instru-
ment [11]

M = {Vmk}m,k,
∑
m,k

V †
mkVmk = I. (1)
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The probability of the outcome m with input state ρ is
given by

p(m|ρ) = Tr

(∑
k

VmkρV †
mk

)
,

and, in case of this outcome, the state is transformed into

ρ
m−→ 1

p(m|ρ)

∑
k

VmkρV †
mk = �m[ρ], (2)

thus the total transformation can be written as

�[ρ] =
∑
m,k

VmkρV †
mk =

∑
m

p(m|ρ)�m[ρ], (3)

where classical register value m becomes known after the
transformation.

Let us consider an ensemble EA = {pi, |ϕi〉}N
i=1 of N pure

quantum states, each with probability pi > 0, in Hilbert space
HK of dimension K � N , and, similarly, another ensemble
EB = {qi, |ψi〉}N

i=1 in the same Hilbert space, with qi � 0,∑
i pi = ∑

i qi = 1. For the input ensemble EA we do not
consider zero probabilities, as one can just remove the cor-
responding states.

We are interested in a particular case of instrument with
two classical outcomes {succ, fail} corresponding to success
and failure. This operation should in case of success perform
the mapping EA

succ−−→ EB, i.e.,

p(succ|i)pi�succ[|ϕi〉〈ϕi|] = psuccqi|ψi〉〈ψi|. (4)

Here, qi can be regarded as conditional probabilities, and,
according to Bayes’ theorem,

qi = p(i|succ) = p(succ|i)pi

psucc
, (5)

where

psucc = Tr

[∑
k

Vsucc,k

(
N∑

i=1

pi|ϕi〉〈ϕi|
)

V †
succ,k

]

=
N∑

i=1

p(succ|i)pi
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is average success probability for the input ensemble, and

p(succ|i) = Tr

[∑
k

Vsucc,k|ϕi〉〈ϕi|V †
succ,k

]

= qi

pi
psucc (6)

is conditional success probability for input state |ϕi〉.
The Gram matrices for the input and output ensembles read

GA = {〈ϕi|ϕ j〉}N
i, j=1 = {|ei〉〈ϕi|ϕ j〉〈e j |}N

i, j=1,

GB = {〈ψi|ψ j〉}N
i, j=1 = {|ei〉〈ψi|ψ j〉〈e j |}N

i, j=1.

Here, {|ei〉}N
i=1 is some fixed orthonormal basis.

Let us also introduce matrices

P =
N∑

i=1

√
pi|ei〉〈ei|, Q =

N∑
i=1

√
qi|ei〉〈ei|

for corresponding probabilities.
Recall that quantum max-relative entropy [12] is defined as

Dmax(ρ‖σ ) = − log2 max {λ : σ − λρ � 0},
or, if σ is invertible,

Dmax(ρ‖σ ) = log2 λmax(σ− 1
2 ρσ− 1

2 ).

III. LOWER BOUND FOR SUCCESS PROBABILITY

We are now ready to formulate the main result:
Theorem 1. For the two given ensembles, EA and EB, there

exists a quantum channel (3), which maps EA on EB with
average success probability

psucc = 2−Dmax(QGBQ‖PGAP). (7)

Proof. Let us first consider the case when all the states
{|ϕi〉}N

i=1 are linearly independent. Let us define

A =
N∑

i=1

|ϕi〉〈ei|, GA = A†A,

B =
N∑

i=1

|ψi〉〈ei|, GB = B†B.

Transformation A is invertible, and one can easily see the
following:

A−1|ϕi〉 = |ei〉, P−1A−1√pi|ϕi〉 = |ei〉,
QP−1A−1√pi|ϕi〉 = √

qi|ei〉,
BQP−1A−1√pi|ϕi〉 = √

qi|ψi〉,
hence, the operator Ms = cBQP−1A−1 with some real c per-
forms the required map (4). For the correct definition of the
channel (3), the condition I − M†

s Ms � 0 is required, thus
λmax(M†

s Ms) � 1, which results in

c−2 = λmax[(A†)−1P−1QB†BQP−1A−1]

= λmax[(PA†AP)−1(QB†BQ)]

= 2Dmax(QGBQ‖PGAP),

thus, c2 = 2−Dmax(QGBQ‖PGAP), and we obtain from (5) that

qi = 2−Dmax(QGBQ‖PGAP) pi, i = 1, . . . , N.

Hence, by using (6), we obtain

p(succ|i) = Tr[Ms|ϕi〉〈ϕi|M†
s ]

= qi

pi
2−Dmax(QGBQ‖PGAP),

and, finally,

psucc =
N∑

i=1

p(succ|i)pi

= 2−Dmax(QGBQ‖PGAP)
N∑

i=1

qi

= 2−Dmax(QGBQ‖PGAP).

Let us now consider the case of linearly dependent states
{|ϕi〉}N

i=1. It follows directly from the definition of max-
relative entropy, that if the rank of the Gram matrix GB

is larger than the rank of GA, max-relative entropy equals
+∞, and psucc = 0. Hence, let us consider only the case of
rankGB � rankGA.

Without loss of generality, let us assume that the first K
vectors are linearly independent, and consider the set of K +
1 vectors for the following lemma, which states the linearity
restriction for the output ensemble in terms of max-relative
entropy:

Lemma 1. Consider the ensemble of K linearly inde-
pendent states {pi, |ϕi〉}K

i=1, and the state |ϕK+1〉 with
corresponding probability pK+1, such that

√
pK+1|ϕK+1〉 =∑K

i=1 ci
√

pi|ϕi〉. Let us also consider an output ensemble
{qi, |ψi〉}K+1

i=1 . If
√

qK+1|ψK+1〉 �= ∑K
i=1 ci

√
qi|ψi〉, then for the

corresponding Gram matrices Dmax(QGBQ‖PGAP) = +∞.
Proof. Let us set cK+1 = −1, and consider a vector

|v〉 =
K+1∑
i=1

ci|ei〉.

For this vector,

AP|v〉 =
K+1∑
i=1

ci
√

pi|ϕi〉.

It is straightforward to see that AP|v〉 = 0, hence,
〈v|PGAP|v〉 = 0. Now let us see that

BQ|v〉 =
K+1∑
i=1

ci
√

qi|ψi〉,

and, according to the condition of Lemma, BQ|v〉 is not a zero
vector. Hence, for any λ > 0,

〈v|PGAP − λQGBQ|v〉 = −λ〈v|QGBQ|v〉 < 0,

which implies Dmax(QGBQ‖PGAP) = +∞. �
According to this lemma, if states configurations or their

probabilities are not compatible with the linearity of quantum
mechanics, this transformation is not possible, even in a prob-
abilistic way. The generalization of this result for any number
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N > K of states is trivial, as it is sufficient to apply this lemma
to any K + 1 states, K of which are linearly independent.

Hence, if max-relative entropy is above zero, and the de-
sired transformation is possible, one can consider only the
linearly independent set of K input states {pi, |ϕi〉}K

i=1, and
the set {qi, |ψi〉}K

i=1 of (not necessarily linearly independent)
corresponding output states to define the transformation M̄s

similarly as above:

M̄s = 2−Dmax(QGBQ‖PGAP)B̄Q̄P̄−1Ā−1,

where

Ā =
K∑

i=1

|ϕi〉〈ei|, B̄ =
K∑

i=1

|ψi〉〈ei|,

P̄ =
K∑

i=1

√
pi|ei〉〈ei|, Q̄ =

K∑
i=1

√
qi|ei〉〈ei|.

The equality

Dmax(QGBQ‖PGAP) = Dmax(Q̄B̄†B̄Q̄‖P̄Ā†ĀP̄),

which, as above, is needed for the condition I − M̄†
s M̄s � 0,

follows from the fact that these matrices are connected with
the same linear operation L:

PGAP − λQGBQ = L(P̄Ā†ĀP̄ − λQ̄B̄†B̄Q̄)L†.

Hence, M̄s performs the transformation (4) for the first K
linearly independent states and, by linearity, it does the
same for other N − K states, thus total success probability
is still 2−Dmax(QGBQ‖PGAP), which completes the proof of the
theorem. �

Note that this theorem is far beyond the result that av-
erage state ρA = ∑N

i=1 pi|ϕi〉〈ϕi| can be mapped onto ρB =∑N
i=1 qi|ψi〉〈ψi|. Such result may be obtain deterministically

just by considering the channel which transforms all the initial
states into ρB [13].

This theorem may be formulated in an alternative
way, by using conditional probabilities {p(succ|i)}N

i=1. Con-
sider the matrices C = ∑

i

√
p(succ|i)|ei〉〈ei|, and S = C2 =

diag{p(succ|i)}N
i=1.

Corollary 1. One can map the set {|ϕi〉}N
i=1 to the set

{|ψi〉}N
i=1 with conditional success probabilities {p(succ|i)}N

i=1
if

Dmax(CGBC‖GA) = 0. (8)

This corollary is also closely connected with Theorem 3 in
Ref. [2] and describes the particular case of this result in terms
of max-relative entropy, see also Lemma 1 in Ref. [14].

An important particular case of such map is unambiguous
state discrimination. For USD operation, the input ensemble is
linearly independent, and the output ensemble is orthogonal,
thus the output Gram matrix is identity.

Corollary 2. For the set {|ϕi〉}N
i=1, unambiguous discrimi-

nation with conditional success probabilities {p(succ|i)}N
i=1 is

possible if

Dmax(S‖GA) = 0. (9)

This expression does not involve a priori state probabil-
ities pi, but if the optimization task is to maximize average

success probability psucc [15–18], they are also taken into
account. Here, this optimization task is formulated in terms
of finding the optimal set {p(succ|i)}N

i=1 subject to the restric-
tion (9) [19].

Note that, with additional requirement that success proba-
bilities must coincide for all the input states, this corollary gets
the known result that USD success probability equals minimal
eigenvalue of the Gram matrix [19,20].

IV. UPPER BOUND

The lower bound for success probability (7) is not nec-
essarily tight, i.e., sometimes a required transformation may
be performed with higher success probability. Let us consider
a simple example of two nonorthogonal equiprobable states
{|ϕ0〉, |ϕ1〉} on the input (let 〈ϕ0|ϕ1〉 = ε be real), and two
coinciding equiprobable states {|ψ〉, |ψ〉} on the output. The
Gram matrices are

GA =
(

1 ε

ε 1

)
, GB =

(
1 1
1 1

)
, (10)

and one can easily find that

Dmax(QGBQ‖PGAP) = − log2 (1 − ε),

hence psucc = 1 − ε. But obviously such a transformation may
be done in a deterministic way, as it is just a SWAP gate for the
system and ancilla in initial state |ψ〉, with the Stinespring
representation

�[ρ] = TrE (SWAPAE [ρA ⊗ |ψ〉〈ψ |E ]SWAPAE ).

Here, the environment comes into play. The total transfor-
mation with taking the environment into account reads

|ϕ0〉|ψ〉 → |ψ〉|ϕ0〉, |ϕ1〉|ψ〉 → |ψ〉|ϕ1〉,
and for these states, the output Gram matrix is the same as
the input one, thus success probability is 1. Then partial trace
over the environment is performed, which in terms of the
instrument elements can be described as

TrE (ρ) =
∑
i, j,k

〈ei|A〈 fk|Eρ|e j〉A| fk〉E |ei〉〈e j |A

=
∑

k

VkρV †
k ,

where Vk = ∑
i |ei〉A〈ei|A〈 fk|E , with {|ei〉A}i and {| fi〉E }i being

orthonormal bases for HA and HE , respectively. Note that
here, unlike the situation of Theorem 1, we need more than
one element of instrument for the succ outcome.

Hence, the generalization of (7) should take the environ-
ment into account (see also Refs. [2,14]). In this work, we
consider only pure output states, thus the states in HB ⊗ HE

have product form |ϕi〉B|εi〉E . For such states, inner product
has product form, thus we have for the Gram matrix

GBE = {〈ϕi|ϕ j〉〈εi|ε j〉}i j = GB ◦ GE , (11)

where GB ◦ GE is the element-wise (Hadamard) product of GB

and GE .
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With the best possible non-negative Gram matrix GE , the
lower bound (7) now takes the form

psucc = max
GE�0

2−Dmax(QGB◦GE Q‖PGAP). (12)

Let us now show that it is also an upper bound.
Theorem 2. For any instrument (1) performing the oper-

ation EA
succ−−→ EB, the success probability is upper-bounded

by (12).
Proof. Let us first obtain the Gram matrix GE for the envi-

ronment by using methods similar to [21]. For the instrument
elements {Vsucc,k}k corresponding to success, let us define

V ′
succ,k = Vsucc,k ⊗ | fk〉, (13)

where | fk〉 is orthonormal basis in auxiliary space HE . Next,
let us consider a channel with success operator

Ms =
∑

k

V ′
succ,k : HA → HB ⊗ HE . (14)

Since

TrE [MsρM†
s ] =

∑
k

Vsucc,kρV †
succ,k (15)

for any ρ, it implies that

Ms
√

pi|ϕi〉 = √
psucc

√
qi|ψi〉B ⊗ |εi〉E (16)

for a set {|εi〉}N
i=1. Here, the condition EA

succ−−→ EB implies that
output states for any input |ϕi〉 have product form, while the
output for their linear combination

∑
k ck|ϕk〉 may be entan-

gled. Thus, Ms performs the required transformation with the
output in HB, and it also yields additional states {|εi〉}N

i=1 in
HE , for which the Gram matrix GE is now defined.

Let us now assume that psucc for the transformation is
above the bound (12). It follows that there exists |v〉 =∑

i ci|ei〉, such that

〈v|(PGAP − psuccQGB ◦ GE Q)|v〉 < 0,

hence for E = ∑
i |ψi〉B|εi〉E 〈ei|, and for the vectors

|w〉 = AP|v〉 =
∑

i

ci
√

pi|ϕi〉A,

|w′〉 = EQ|v〉 =
∑

i

ci
√

qi|ψi〉B|εi〉E ,

we have, according to (16),

Ms|w〉〈w|M†
s = psucc|w′〉〈w′|,

while

〈w|w〉 < psucc〈w′|w′〉,
thus Ms increases trace, and it cannot be a part of a CPTP-
map, as well as {Vsucc,k}k . This contradiction shows that the
assumption about psucc above the bound (12) was incorrect,
which completes the proof. �

V. PARTIAL TRANSFORMATION

In the two previous sections, we used a single success

operator Ms to perform the required transformation EA
psucc−−→

EB with success probability psucc. This framework allows for

a partial transformation [22], which does not do the whole
work, but may provide outcome with arbitrary high success
probability pfirst:

EA
pfirst−−→ EC

psecond−−−→ EB.

This operation result in other ensemble EC , and then one can

“complete” this operation with the map EC
psecond−−−→ EB, which

has success probability psecond, and the total success probabil-
ity remains the same as for the original operation:

psucc = pfirst psecond. (17)

To show that, let us observe that success probability is
given by the minimal eigenvalue of M†

s Ms:

psucc = λmin(M†
s Ms), (18)

hence, for any t ∈ [0, 1] success probability for the trans-
formation given by the operator Mt

s , equals [λmin(M†
s Ms)]t ,

and one can easily find the appropriate t for a given success
probability pfirst. Thus, the generalization corresponds to the
decomposition Ms = M1−t

s Mt
s .

Let us note that the proposed method is not the only
one to generalize this transformation for arbitrary success
probability. As an example, let us consider the set of N
equiprobable symmetric coherent states [23,24], and the trans-
formation which amplifies their intensity, i.e., pk = qk = 1

N ,
k = 1, . . . , N , and

|ϕk〉 = ∣∣√μAei 2(k−1)
N π

〉
,

∣∣ψk〉 = ∣∣√μBei 2(k−1)
N π

〉
. (19)

Here, μB > μA, and the coherent states are given by |α〉 =
e− |α|2

2
∑+∞

n=0
αn√

n!
|n〉, where {|n〉}+∞

n=0 is the Fock basis.

The framework presented above leads to Ms = BA−1, with
A and B defined in a similar way, thus the generalization is
given by Mt

s for parameter value t ∈ [0, 1].
Nevertheless, other generalization is also possible, when

the intermediate output states are also symmetric coherent
states with the intensity μC ∈ [μA, μB]. For this case, the
success operator is given by

M ′
s = CA−1, C =

∑
k

∣∣√μCei 2(k−1)
N π

〉〈ek|. (20)

Both generalizations of this example may be used for
eavesdropping in quantum cryptography based on symmet-
ric coherent states [25,26]. For this states configuration, the
eavesdropper is restricted by the required success probability,
which comes from the distance between the legitimate users.

Finding the best generalization which performs the part
of the required transformation while maximizing the given
function (e.g., the Holevo quantity [27] of the ensemble) for
any partial success probability is a separate task.

VI. CONCLUSION

In this paper, we considered quantum operations with
nonunit success probability, which may be also regarded as
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postselective quantum operations. They play crucial role in
quantum cryptography, as postselection with the use of clas-
sical authenticated channel is a source of advantage for the
legitimate users, but it also provides new attacks to the eaves-
dropper based on USD [28] and PNS [29] scenarios, which
utilize the channel attenuation.

We proposed a closed-form expression for success prob-
ability of the map between two arbitrary ensembles of pure
quantum states, including linearly dependent ones. This ex-
pression involves Gram matrices, which have already been
used to describe the distinguishability for the set of quan-
tum states [19,20,30]. It also involves the input and output
probabilities, and quantum max-relative entropy, which was
shown to play important role in postselective quantum oper-
ations: e.g., USD criteria for an arbitrary ensemble can also
be expressed in terms of max-relative entropy, as well as
the advantage which can be gained by maximum confidence

measurements [31], thus this works adds one more interpreta-
tion for this function.

We have also shown that the proposed framework pro-
vides a simple, but not unique, method for the generalization:
one can perform a partial transformation with arbitrary high
success probability. This generalization has similarities with
the states separation method which makes the two states more
distinguishable with a given success probability [32,33].

It is a challenging task to generalize the presented approach
to the case of mixed quantum states, see, e.g., Ref. [14].
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