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Entangled two-qubit states are the core building blocks for constructing quantum communication networks.
Their accurate verification is crucial to the functioning of the networks, especially for untrusted networks.
In this work we study the self-testing of two-qubit entangled states via steering inequalities, with robustness
analysis against noise. More precisely, steering inequalities are constructed from the tilted Clauser-Horne-
Shimony-Holt inequality and its general form, to verify the general two-qubit entangled states. The study
provides a good robustness bound, using both local extraction map and numerical semidefinite-programming
methods. In particular, optimal local extraction maps are constructed in the analytical method, which yields the
theoretical optimal robustness bound. To further improve the robustness of one-sided self-testing, we propose a
family of three measurement settings steering inequalities. The result shows that three-setting steering inequality
demonstrates an advantage over two-setting steering inequality on robust self-testing with noise. Moreover, to
construct a practical verification protocol, we clarify the sample efficiency of our protocols in the one-sided
device-independent scenario.
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I. INTRODUCTION

Quantum entangled states are the key resource of quan-
tum information technologies, such as quantum networks [1],
cryptography [2], computation [3], and metrology [4]. As
we advance towards the second quantum revolution [5], the
characterization and certification of quantum devices become
extremely important topics in practical applications of quan-
tum technologies [6,7].

To ensure the proper functioning of a quantum network,
it is essential to certify the entangled state deployed in
the network accurately and efficiently. Besides the tradi-
tional quantum state tomography method, various methods
have been proposed to improve the efficiency and apply
to different scenarios such as direct fidelity estimation [8],
compressed sensing tomography [9], and shadow tomogra-
phy [10]. In the past few years, quantum state verification
(QSV) has attracted much attention by achieving remarkably
low sample efficiency [11,12]. One drawback of the quantum
state verification method is that it requires perfect charac-
terization of the measurements performed by the quantum
devices, and thus it is device dependent and not applica-
ble to the untrusted quantum network. Self-testing [13,14]
is a prominent candidate of quantum state certification in
the device-independent (DI) scenario, in which all quantum
devices are treated as black boxes. Taking advantage of Bell
nonlocality [15], many important results on self-testing have
been achieved such as self-testing various quantum entangled
states [16–18], self-testing entangled quantum measurement

*hanyunguang@nuaa.edu.cn

[19,20], and parallel self-testing [21,22]. Self-testing has wide
applications in device-independent quantum information tasks
such as device-independent quantum random number genera-
tion [23,24] and quantum key distribution [25,26].

Lying between standard QSV and self-testing, there is a
semi-device-independent (SDI) scenario [27] in which some
parties are honest while some others may be dishonest. The
certification in this scenario can be called SDI self-testing
or SDI state verification. This scenario has wide applica-
tions in quantum information processing such as one-sided
device-independent (1SDI) quantum key distribution [28],
quantum random number generation [29], verifiable quantum
computation [30], and anonymous communication [31–33].
Meanwhile, the certification in the SDI scenario is closely
related to the foundational studies on quantum steering in the
untrusted quantum networks [34–37]. However, not much is
known about the quantum certification in the SDI scenario
despite its significance. In [30,38] the authors studied the
one-sided self-testing of a maximally entangled two-qubit
state based on two-setting quantum steering inequality. In
[39] the authors proposed various verification protocols for
a Bell state based on multiple settings. For nonmaximally
entangled two-qubit states, the authors in [40] realized the
one-sided certification by combining fine-grained inequality
[41] and analogous Clauser-Horne-Shimony-Holt (CHSH) in-
equalities [42], which is more complicated than traditional
self-testing. In [27] the authors proposed a tilted steering
inequality analogous to the tilted CHSH inequality [43] for
one-sided self-testing of two-qubit states. Then they general-
ized the one-sided certification to general pure bipartite states
by adopting the subspace method in the DI scenario [18]. In
Ref. [44] a class of steering inequalities concentrating on the
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nonmaximally entangled bipartite-qudit state was constructed,
where they achieve the bipartite-qudit state self-testing by per-
forming only two measurements, while in Ref. [45] steering
inequalities with d + 1 measurement settings were used for
self-testing the same states. However, the robustness analysis
there follows the norm inequality method in [16,38] (if it is
not missed); thus the result is quite weak. For the multipartite
case, the studies of SDI certification are mainly focused on
Greenberger-Horne-Zeilinger (GHZ) states as the generaliza-
tion of the Bell state [39,46,47].

In this paper we focus on the robust one-sided self-testing
of two-qubit entangled states. We construct two types of two-
setting steering inequalities for general two-qubit entangled
states based on tilted CHSH inequality and its general form.
For the first type, an analytical and optimal robustness bound
is obtained using the local extraction channel method intro-
duced in [48]. For the second type, we get a nearly linear
robustness bound using a numerical method based on the
SWAP trick [17] and semidefinite programming (SDP). To put
our work in perspective, we compare the robustness result
in the 1SDI scenario with both DI and device-dependent
scenarios. Our result can be applied to the certification of
high-dimensional quantum devices as building blocks.

Furthermore, we construct three measurement settings
steering inequalities for general two-qubit states, which is
beyond the conventional one-sided self-testing based on two
settings. In [39] the authors studied the optimal verification of
the Bell state and GHZ states in the 1SDI scenario using mul-
tiple measurement settings. However, their study is limited
to the maximally entangled state in the bipartite case. Based
on the three-setting steering inequalities, it is shown that the
robustness bound can be further improved. This opens the
question of how much the resistance to noise can be improved
using multiple measurement settings. Finally, to construct
a practical verification protocol, we clarify the sample effi-
ciency for our protocols in the 1SDI scenario. It is shown
that approximately optimal sample efficiency can be obtained
based on the steering inequalities we construct.

II. PRELIMINARIES

A. Steering scenario and steering inequalities

Let us start by recalling the steering theory. Two distant
parties, Alice and Bob, are considered, and between them are
many copies of the state ρAB ∈ HA

⊗
HB. Bob performs two

measurements, labeled y, on his particle and obtains the bi-
nary outcome b. Meanwhile, Alice receives the corresponding
unnormalized conditional states ρb|y and performs measure-
ments randomly, labeled x, and obtains the binary outcome
a. If Alice cannot explain the assemblage of received states
by assuming preexisting states at her location and some pre-
shared random numbers with Bob, she has to believe that Bob
has steerability of her particle from a distance. To determine
whether Bob has steerability of her, Alice asks Bob to run
the experiment many times with her. Finally, they obtain the
measurement statistics. If the statistics admit the description

p(a, b|x, y; ρAB) =
∑

λ

p(λ)p(a|x, ρλ)p(b|y, λ), (1)

then Alice knows Bob does not have steerability of her. This
nonsteerable correlation model is the so-called local hidden
variable (LHV)–local hidden state (LHS) model [42]. The
LHV-LHS decomposition is based on the idea that Bob’s
outcomes are determined by a local hidden random λ and
Alice’s outcomes are determined by local measurements on
quantum state ρλ.

The combination of the statistics will give a steering in-
equality, where the LHV-LHS model can be used to establish
local bounds for the steering inequality; violation of such in-
equalities implies steering. In Ref. [36] the authors introduced
a family of steering inequalities for the Bell state

Sn ≡ 1

n

n∑
k=1

〈
σ̂ A

k Bk
〉
� Cn, (2)

where Cn is the LHS bound

Cn = max
{Ak}

{
λmax

(
1

n

n∑
k=1

σ̂ A
k Bk

)}
, (3)

with λmax(Ô) denoting the largest eigenvalue of Ô.
An approach to constructing this family of steering in-

equalities is transforming from Bell inequalities. Bell states
are shown to maximally violate the analogous CHSH in-
equality [30,38,42]. For partially entangled two-qubit states,
the authors in Ref. [27] constructed tilted steering inequal-
ities from tilted CHSH inequalities [43]. In this paper we
study the more general tilted steering inequalities constructed
from tilted CHSH inequalities and study the robustness
of one-sided self-testing based on analogous steering in-
equalities. Furthermore, we consider the construction of
three-measurement-setting steering inequalities for general
two-qubit states.

B. SDI certification and local extraction channel

In this paper we focus on a one-sided self-testing two-qubit
entangled state based on the steering inequalities. To this end,
we first review the concept of self-testing.

Self-testing was originally known as a DI state verification,
where some observed statistics p(a, b|x, y) from quantum de-
vices can determine uniquely the underlying quantum state
and the measurements, up to a local isometry. As an example,
the maximal violation of CHSH inequality uniquely identi-
fies the maximally entangled two-qubit state [14,16]. Usually,
self- testing relies on the observed extremal correlations. If
the quantum systems that achieve the extremal correlations
are unique up to local isometries, we say the extremal correla-
tions p(a, b|x, y) self-test the target system {|ψ̄〉, M̄a|x, N̄b|y}.
Defining the local isometry as � = �AA′ ⊗ �BB′ , self-testing
can be formally defined as

�|ψ〉AB|00〉A′B′ = |junk〉AB|ψ̄〉A′B′ ,

�Ma|x ⊗ Nb|y|ψ〉AB|00〉A′B′ = |junk〉ABM̄a|x ⊗ N̄b|y|ψ̄〉A′B′ .

(4)
For the 1SDI scenario, only the existence of an isometry �B

on Bob’s side is required,

�|ψ〉AB|0〉B′ = |junk〉B ⊗ |ψ̄〉AB′ ,

�Mb|y|ψ〉AB|0〉B′ = |junk〉B ⊗ M̄b|y|ψ̄〉AB′ ,
(5)

where Mb|y acts on HB and M̄b|y acts on HB′ .
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In addition to the above ideal definition of self-testing,
it is essential to study the robustness of self-testing in the
imperfect case when the obtained data deviate from the ideal
value. There are two frameworks in the robustness analysis of
self-testing. The first approach is based on the SWAP method
by introducing an ancilla system. The desired state can be
swapped out of the real quantum system and then the distance
from the target state can be calculated. One way to calcu-
late this closeness is based on the analytic method involving
mathematical inequality techniques first proposed in [16]. The
second one is the numerical method based on semidefinite
programming combining the hierarchy strategy, which is pro-
posed by Navascués, Pironio and Acín in Ref. [49] and called
Navascués-Pironio-Acín (NPA) method. Usually, the numeri-
cal method gives much higher robustness.

The second approach is based on operator inequalities first
introduced in Ref. [48], which is now widely used in the
robustness analysis of self-testing. For a self-testing Bell state
using CHSH inequality and a self-testing GHZ state using
Mermin inequality, the operator inequalities give a nearly op-
timal bound. Robustness analysis of self-testing with operator
inequalities can recur for local extraction map, which hinges
on the idea that local measurements can be used to virtually
construct a local extraction channel to extract the desired state
from the real quantum system. The local extractability of the
target ψAB from ρAB is quantified

�(ρAB → ψAB) := max
�A,�B

F ((�A ⊗ �B)(ρAB), ψAB), (6)

where the maximum is taken over all possible local channels
constructed with local measurements. For the 1SDI scenario,
Alice’s side is trusted, and thus the extraction channel on Al-
ice’s side is �A = IA. The lower bound of the fidelity between
ρ and the target state under the observed steering inequality
can be defined as one-sided extractability

F (ρAB, ψAB) := inf
ρAB:S(ρ)�Sobs

max
�B

F (�B(ρAB), ψAB), (7)

where S(·) is the steering expression and Sobs is observed
violation. To derive a linear bound of the fidelity about the
observed steering inequality violation, real parameters s and
τ must be fixed such that F � sSobs + τ . This is equivalent to
finding �B (constructed by Bob’s local measurement opera-
tors Mb

y ) to make
K � sS + τI, (8)

where K := (IA ⊗ �+
B )(ψAB) and �+ refers to the dual chan-

nel of quantum channel �. By taking the trace with the input
state ρAB on both sides of Eq. (8), one can get F � sSobs + τ ,
in view of 〈�+

B (ψAB), ρAB〉 = 〈ψAB,�B(ρAB)〉.
In the 1SDI scenario, Bob’s side is untrusted; thus Eq. (8)

is required to hold for Alice in two dimensions and Bob in
arbitrary dimension. Since the measurements we consider in
this paper is dichotomic, consideration in qubit space will be
sufficient on Bob’s side.

III. ONE-SIDED SELF-TESTING BASED ON
TWO-SETTING STEERING INEQUALITIES

In the device-independent scenario, a general pure entan-
gled two-qubit state

|�〉 = cos θ |00〉 + sin θ |11〉 (9)

has been proven to be self-tested [50,51] by the maximal
violation of tilted CHSH inequalities [43], which can be
parametrized as

Îα = αA0 + A0B0 + A0B1 + A1B0 − A1B1 � α + 2, (10)

where sin 2θ =
√

4−α2

4+α2 . The maximum quantum value is√
8 + 2α2. The quantum measurements used to achieve

the maximal quantum violation are {σz; σx} for Alice
and {cos μσz + sin μσx; cos μσz − sin μσx} for Bob, where
tan μ = sin 2θ and σx,z are Pauli X and Z measurements.

Having α = 0 corresponds to CHSH inequality and the
state can be self-tested as a Bell state. The self-testing cri-
terion based on this tilted CHSH inequality is robust against
noise. The best robustness bound to date can be found in
[48,51], in which the authors introduced the local extraction
channel method. However, as claimed in [48], the theoretical
optimal upper bound is not achievable. Theoretically, the op-
timal bound is tied to the maximum classical violation which
starts to achieve nontrivial fidelity. The nontrivial fidelity that
demonstrates entanglement for the target state is F > cos2 θ .
Kaniewski guessed that it might be related to the fact that
the quantum value of the CHSH inequality does not reach its
algebraic limit of 4. Here in the 1SDI scenario, we will show
that the theoretical optimal bound can be achieved.

To achieve the 1SDI self-testing criterion, we construct two
types of two-setting steering inequalities, which are based on
above tilted CHSH inequality by taking the measurements on
Alice’s side as trusted.

A. One-sided self-testing based on standard tilted CHSH
steering inequality

Taking the measurements on Alice’s side as trusted, the
standard tilted CHSH inequality in Eq. (10) can be trans-
formed to the analog of the tilted CHSH steering inequality

Ŝα = αA0 + A0B0 + A0B1 + A1B0 − A1B1

= αZ + Z (B0 + B1) + X (B0 − B1)

� α + 2, (11)

which maintains the maximum quantum violation SQ
α =√

8 + 2α2 as in the DI scenario. We prove that partially entan-
gled two-qubit states can be self-tested using this analogous
tilted CHSH steering inequality in a 1SDI manner. The proof
is similar to DI self-testing using a tilted CHSH inequal-
ity, except that we can trust Alice’s measurements now. The
trustworthiness of Alice’s side can simplify the proof as an
advantage. Another advantage is that the theoretical optimal
robustness bound can be obtained in the 1SDI scenario with
this steering inequality. By contrast, the optimal bound cannot
be achieved in DI self-testing with a tilted CHSH inequality.
In the following we will show both the analytical proof and
the robustness analysis.

1. Self-testing based on analogous tilted CHSH steering inequality

We provide the simple proof here. Though Alice’s side
is trustworthy, by definition only the existence of isome-
try on Bob’s side will be sufficient to determine uniquely
the state and the measurements. However, for simplicity,
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FIG. 1. The SWAP isometry applied on Alice and Bob’s side,
where the operators ZA and XA are exactly the Pauli Z and X
operators.

we also introduce one isometry on Alice’s side, which has
been widely used in the DI scenario, shown in Fig. 1. As
shown in below, with the sum of squares decomposition of
a positive-semidefinite matrix [52], it is easy to find the al-
gebraic relations that are necessarily satisfied by the target
quantum state and measurements to complete the proof.

After the isometry, the systems will be

�(|ψ〉) = 1
4 [(I + ZA)(I + Z̃B)|ψ〉|00〉
+ XA(I + ZA)(I − Z̃B)|ψ〉|01〉
+ X̃B(I − ZA)(I + Z̃B)|ψ〉|10〉
+ XAX̃B(I − ZA)(I − Z̃B)|ψ〉|11〉]. (12)

To derive an underlying state |ψ〉 that is equivalent to the
target one, the algebraic relations between the operators acting
on the state should be given. We notice that the analogous
tilted CHSH steering inequality Ŝα has the maximum quan-
tum value SQ

α . This implies that the operator Ŝα := SQ
α I − Ŝα

should be positive semidefinite (PSD) for all possible quantum
states and measurement operators on Bob’s side. This can
be proven by providing a set of operators {Pi} which are
polynomial functions of Ax (ZA and XA) and By such that
Ŝα = ∑

i P†
i Pi holds for any set of measurement operators

satisfying the algebraic properties A2
x = I and B2

y = I. The de-

composition form of Ŝα = ∑
i P†

i Pi is called a sum of squares
(SOS). By a SOS decomposition one can provide a direct
certificate that the upper quantum bound of Ŝα is SQ

α from
its PSD, as well as some relations between the projectors on
the states, which will be used to give a self-testing statement.
This method was first introduced in [50] for the family of
CHSH-like Bell inequalities. Given SOS decompositions, if
one observes the maximal quantum violation of the steering
inequality (CHSH-like one) under state |ψ〉, then each squared
term in SOS decompositions acting on |ψ〉 should be zero,
i.e., Pi|ψ〉 = 0. Then useful relations for the measurements
operators acting on underlying state can be obtained from
these zero terms.

Similar to the CHSH inequality scenario, two types of SOS
decompositions for the analogous tilted CHSH operator in
Eq. (11) can be given. The first one is

Ŝα = 1

2SQ
α

{
Ŝ2

α + (αXA − S0)2} (13)

and the second one is

Ŝα = 1

2SQ
α

{(
2ZA − SQ

α

B0 + B1

2
+ α

2
S1

)2

+
(

2XA − SQ
α

B0 − B1

2
+ α

2
S2

)2}
, (14)

where

S0 = ZA(B0 − B1) + XA(B0 + B1),

S1 = ZA(B0 + B1) − XA(B0 − B1), (15)

S2 = ZA(B0 − B1) − XA(B0 + B1).

Based on the maximal violation of the analogous tilted CHSH
inequality, the existence of the SOS decomposition for Ŝα

implies that

ZA|ψ〉 − Z̃B|ψ〉 = 0, (16)

sin(θ )XA(I + Z̃B)|ψ〉 − cos(θ )X̃B(I − ZA)|ψ〉 = 0, (17)

where Z̃B := B0+B1
2 cos μ

and X̃B := B0−B1
2 sin μ

. Then with the algebraic
relations (16) and (17) and the fact that ZAXA = −XAZA,
Eq. (12) can be rewritten as

�(|ψ〉) = |junk〉[cos θ |00〉 + sin θ |11〉],
where |junk〉 = 1

2 cos θ
(I + ZA)|ψ〉. This means the underlying

state is unique to the target one up to local isometries, and thus
completes the self-testing statement.

2. Self-testing robustness

Here we mainly focus on the self-testing of quantum states.
For the self-testing of quantum measurements, the analysis
can be related to quantum states according to Ref. [17].
The procedure is similar, starting with �MB(|ψ〉) instead of
�(|ψ〉). In this case, the figure of merit should quantify how
MB|ψ〉 is close to the ideal measurements acting on the target
state.

As introduced in Sec. II B, to obtain a better self-testing
robustness bound for the state, we should find the smallest
value of s while keeping K − sŜ − τI PSD. To this end, we
first give the spectral decomposition of Ŝα . Without loss of
generality, we write Bob’s measurements as

Br = cos μσz + (−1)r sin μσx, (18)

with r ∈ {0, 1} and μ ∈ [0, π/2]. Then the spectral decompo-
sition of Ŝα is

Ŝα =
∑

λi|ψi〉〈ψi|, i = 1, 2, 3, 4, (19)

with λ2
1 + λ2

2 = 8 + 2α2, λ3 = −λ2, and λ4 = −λ1.
According to different value ranges of μ, the following two

cases are discussed.
Case 1: cos 2μ � α2

4 or equivalentlyμ ∈ [0, arcsin
√

4−α2

8 ].

The eigenvalues of Ŝα have the form

λ1/2 = ±
√

α2 + 4 sin2 μ + 2 cos μ.

The eigenvectors and the constraints for γ and μ are

|ψ1〉 = cos γ |00〉 + sin γ |11〉,
|ψ2〉 = sin γ |00〉 − cos γ |11〉,
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|ψ3〉 = cos γ |01〉 + sin γ |10〉,
|ψ4〉 = − sin γ |01〉 + cos γ |10〉,

λ1 cos2 γ + λ2 sin2 γ = α + 2 cos μ,

λ2 cos2 γ + λ1 sin2 γ = −α + 2 cos μ,

(λ1 − λ2) cos γ sin γ = 2 sin μ,

with sin 2γ = 2 sin μ√
α2+4 sin2 μ

.

To obtain the optimal robustness bound, we consider the
following local extraction channel on Bob’s side: With the
probability of q1, he performs the identity operation I on his
qubit; with the probability of q2, he performs σz on his qubit.
By this local extraction channel, the ideal state is transformed
into K = q1|ψ〉〈ψ | + q2σz|ψ〉〈ψ |σz. Denote K − sÎα − τI by
G. The PSD condition of G requires that all the eigenvalues of
it are non-negative, which gives

2 sin μs − C

2 cos θ sin θ
+ 1

2
� q1 � 2 sin μs + C

2 cos θ sin θ
+ 1

2
, (20)

where

C =
√

cos2 θ + [βQ − (α + 2 cos μ)]s − 1

×
√

sin2 θ + [βQ − (−α + 2 cos μ)]s − 1,

with βQ = √
8 + 2α2.

We can choose q1 in the suitable range to saturate its
upper bound, which makes G PSD. Meanwhile, we obtain the
smallest value of s as

s = 1 − cos2 θ

βQ − (2 + α)
(21)

and the corresponding value of τ is

τ = 1 −
√

8 + 2α2s, (22)

which is exactly equal to the theoretical optimal value. Thus
we obtain the optimal robustness bound in the 1SDI scenario
using the given extraction channel. Therefore, it gives the op-
timal robustness bound of self-testing based on the analogous
tilted CHSH steering inequality

F = (β −
√

8 + 2α2)s + 1

= (β −
√

8 + 2α2)
1 −

√
2α√

4−α2

2
√

8 + 2α2 − (4 + 2α)
+ 1 (23)

for observed violation β.
Case 2: 0 � cos 2μ � α2

4 or equivalently μ ∈
(arcsin

√
4−α2

8 , π
4 ]. The following is the local extraction

channel in this case. Bob performs identity operation
I with probability q1 and performs σz with proba-
bility q2. Then the ideal state is transformed into
K = q1|ψ〉〈ψ | + q2σx|ψ〉〈ψ |σx. The PSD condition of
G := K − sÎα − τI � 0 gives

q1=max

{
0,

4 sin2 μs2+(C1s+τ )(C2s−τ )

(βQ+2 sin 2θ sin μ+ cos2 θC2− sin2 θC1)s−1

}
,

where βQ = √
8 + 2α2. It also gives s = 1−cos2 θ

βQ−(2+α) and τ =
1 − √

8 + 2α2s, which turn out to obtain the same robustness
bound as in case 1. (See Appendix A for details.)

In conclusion, the theoretical linear optimal robustness
bound can be obtained for self-testing of two-qubit entangled
states using the analogous tilted CHSH steering inequality.
Different from self-testing in the DI scenario, theoretical
optimal robustness bound can be obtained using the local
extraction channel method. The reason might be that the ex-
traction channel is needed only on one side in the steering
scenario without coordination.

Comparison with the DI and device-dependent scenarios.
To put our work into perspective, we compare the certification
in the 1SDI scenario with both DI and device-dependent (DD)
scenario.

In the DD scenario, the measurements on both sides are
trusted and equal to the ideal measurements. In this case, we
have

Îα = αA0 + A0B0 + A0B1 + A1B0 − A1B1 (24)

= αZ + 2 cos μZZ + 2 sin μXX , (25)

where sin 2θ =
√

4−α2

4+α2 and tan μ = sin 2θ . It could be shown
that

|�〉〈�| � Îα√
8 + 2α2

. (26)

Thus, in the trusted measurement scenario, we have the lower
bound of the fidelity

FDD � β√
8 + 2α2

. (27)

In the DI scenario, the authors in [51] conjectured the lower
bound of fidelity

FDI � sαβ + μα, (28)

with

sα = (
√

8 + 2α2 + 2 + α)(3
√

8 + 2α2 − √
4 − α2 − α

√
2)

4(2 − α)2
√

8 + 2α2
,

(29)

μα = 1 − sα

√
8 + 2α2. (30)

Their comparison with the SDI scenario is given in Fig. 2.
In the case of α = 0, it corresponds to the CHSH inequality
and the target state is a singlet. The two other cases correspond
to the tilted CHSH inequality and partially entangled two-
qubit states. Obviously, it has FDD > F1SDI > FDI for all three
cases. For α = 0, the nontrivial fidelity bound of the singlet
state is 0.5. The results show that the nontrivial fidelity bound
can be obtained in the DI scenario when the quantum value
is larger than 2.105, while for the 1SDI and DD scenarios the
bounds are 2 and

√
2, respectively. For α = 0.5, the nontrivial

fidelity bound of the target state is 0.672. The results show
that the nontrivial fidelity bound can be obtained in the DI
scenario when the quantum value is larger than 2.655, while
for the 1SDI and DD scenarios the bounds are 2.5 and 1.958,
respectively. For α = 1, the nontrivial fidelity bound of the
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FIG. 2. Comparison of robustness bound between the DI (yellow
solid line), 1SDI (red dash-dotted line), and DD (blue dotted line)
scenarios for (a) α = 0 and β = 2.015, (b) α = 0.5 and β = 2.655,
and (c) α = 0.1 and β = 3.103.

target state is 0.816. The results show that the nontrivial
fidelity bound can be obtained in the DI scenario when the
quantum value is larger than 3.103, while for the 1SDI and
DD scenarios the bounds are 3 and 2.581, respectively. It
is shown that with the increase of α, especially for α = 1,
the 1SDI self-testing bound is much better than in the DI
scenario and closer to the DD scenario. Thus our method
achieves significant improvement in the 1SDI certification of
less entangled two-qubit states, which is comparable to the
device-dependent scenario.

B. One-sided self-testing based on general tilted CHSH
inequality

In this section we construct two-setting steering inequali-
ties from the general tilted CHSH inequality [43]

Ŝα,β = αA0 + βA0B0 + βA0B1 + A1B0 − A1B1. (31)

The maximal classical and quantum bounds are α + 2(1 + β )
and

√
(4 + α2)(1 + β2), respectively. The quantum bound can

be achieved by pure two-qubit states (9) and correspond-
ing measurements settings {σz; σx} for Alice and {cos μσz +
sin μσx; cos μσz − sin μσx} for Bob, with sin 2θ =

√
4−α2β2

4+α2

and tan μ = sin 2θ
β

.
Taking the measurements on Alice’s side as trusted, this

Bell inequality can be transformed into

Ŝα,β = αZ + βZ (B0 + B1) + X (B0 − B1), (32)

which is a steering inequality. However, we can also introduce
two other measurements to represent B0 + B1 and B0 − B1,
thus rewriting the steering inequality as

S(1)
α,β = α〈Z〉 + β〈ZB0〉 + 〈XB1〉 �

√
1 + (α + β )2, (33)

with β > 0. The maximal quantum violation is β +√
1 + α2 := SQ.

This form of steering inequality allows us to compare
the construction with the one proposed in Ref. [27], which
changes the marginal term to Bob’s side,

S(2)
α,β = α〈B0〉 + β〈ZB0〉 + 〈XB1〉 � α +

√
1 + β2, (34)

with β2 = α2 + 1, and keeps the quantum bound as in
Eq. (33). It should be remarked that the constraints of β and α

given in [27] can be relaxed to β2 � α2 + 1, which we prove
in Appendix D with SOS decomposition related to the steering
operators.

Both of these steering inequalities of S(1)
α,β and S(2)

α,β can be
used to self-test a pure partially entangled state with sin(2θ ) =

1√
1+α2 . The only difference between our construction and the

one in [27] is the exchanging roles of Alice and Bob. The
advantage of our construction will be shown later. Before that,
we should prove that the maximum violation of both S(1)

α,β and

S(2)
α,β can be used to self-test a pure partially entangled state,

though the proof for self-testing based on S2
α,β was already

given in (33). However, a different proof is provided here
which is based on the SOS decomposition related to the steer-
ing inequality and the isometry given in Fig. 1. The benefit of
this proof is that the constraints of β2 = α2 + 1 can be relaxed
(details are in Appendix D).

In the following we study the robustness of the self-testing
based on these two steering inequalities. In Ref. [27] the
robustness of one-sided self-testing was studied only for max-
imally entangled states based on operator inequalities. For the
case α = 0, when the violation of the steering inequality is
S = 2 − ε, the actual state is 24

√
ε + ε, close to the target

state (see also Ref. [13]). More precisely, the relation between
the fidelity and the steering inequality value is

F � 1 − 24
√

2 − S − (2 − S), (35)

which is quite loose. A nontrivial fidelity bound f > 1
2 can

only be obtained when the violation is larger than 1.999 57,
which makes the robustness analysis in the one-sided self-
testing impractical. Here we have improved this bound to be

F � S − 2

4 − 2
√

2
+ 1, (36)

which is the theoretical optimal linear bound. The local
extraction channel to achieve this bound is constructed in
Appendix B, and this channel coincides with the extraction
channel in the DI scenario introduced in Ref. [48]. However,
the reason this channel is used was not explained in Ref. [48].
Here we point out that the channel is the optimal local channel
that the local party can take.

For the other case of α, we give the robustness analysis of
one-sided self-testing based on the numerical method. The de-
tails are given in Appendix C. The method works for general,
pure two-qubit states and the results show that the robustness
bound is nearly linear.

The comparison of the robustness bound of self-testing
based of Eqs. (33) and (34) is given in Fig. 3, where we take
α = 1 and β = √

2 as an example. As shown, the one with
trusted partial information gives a better robustness bound.
The reason is that construction of the steering inequality (33)
shows a smaller LHS bound compared with the inequality
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FIG. 3. Comparison of the robustness bound of self-testing based
on the two-setting steering inequality Sα,β of Eqs. (33) and (34),
where α = 1 and β = √

2.

(34); however, it keeps the quantum maximum bound. Thus
the inequality (34) demonstrates an advantage for self-testing;
it is more robust than using an untrusted party’s partial mea-
surement expectation. Actually, in addition to the advantage
in self-testing, the steering inequality constructed with trusted
partial expectation can also have fewer constraints on variants
α and β, and thus could provide more reasonable steering
inequalities (see Appendix D for details).

IV. ONE-SIDED SELF-TESTING BASED ON
THREE-SETTING STEERING INEQUALITIES

So far the steering inequalities we have considered are all
of two measurement settings. In this section we introduce
more measurements settings in constructing steering inequal-
ities. Later we show that adding more measurement settings
can help increase the robustness in one-sided self-testing. We
construct a family of three-setting steering inequalities

Iα,β ≡ α〈Z〉 + β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 �
√

2 + (α + β )2,

(37)
where β � 0. These inequalities can be viewed as a general-
ization of analogous tilted CHSH steering inequalities (34).
A third measurement involving the Pauli Y measurement is
added. Similar to the discussion of the two-setting scenario,
the partial expectation in the construction can also be un-
trusted party Bob’s measurement B0. Thus Iα,β ≡ α〈B0〉 +
β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 is constructed. These two slightly
different inequalities have a different LHS bound while keep-
ing the same quantum bound (for a detailed discussion and
their proof for self-testing a two-qubit partially entangled state
see Appendix D).

Here we just consider the first case in the main text for
simplicity and give its self-testing robustness bound. The LHS
bound is the maximum violation that we can have, assuming
Bob has a preexisting state known to Alice, rather than half
of an entangled state shared with Alice. Bob’s system may be
derived from a classical system; thus we can denote his cor-

responding declared result by a random variable Bk ∈ {−1, 1}
for k = 0, 1. As shown in [36], it is easy to see that

ILHS = maxBk λmax(Iα,β ), (38)

where λmax(Ô) denotes the largest eigenvalue of Ô. Then the
LHS bound of Eq. (37) is shown to be

√
2 + (α + β )2.

The maximum quantum bound is β + √
4 + α2 := SQ.

This can be verified by the fact that SQI − Iα,β is PSD. More
precisely,

SQI − Îα,β = β

2
(I − ZB0)2

+
√

α2 + 4

4

(
I− α√

4 + α2
Z− 2√

4 + α2
XB1

)2

+
√

α2 + 4

4

(
I− α√

4 + α2
Z− 2√

4 + α2
Y B2

)2

.

(39)

The quantum systems used to achieve the maximal quan-
tum violation are B0 = Z , B1 = X , B2 = −Y , and |�〉 =
cos θ |00〉 + sin θ |11〉, with sin 2θ = 2√

4+α2 , which in turn can
be self-tested when the maximum violation is reached (see
Appendix D).

Here, for simplicity, we just consider the case of
α = 0 and β = 1. Assuming Bob’s measurements are
untrusted, without loss of generality, they can be writ-
ten as B0,1 = cos μσz ± sin μσx and B2 = cos μ1 cos μ2σz +
cos μ1 sin μ2σx + sin μ1σy. Due to the asymmetry of Iα,β in-
troduced by the form of B2, the spectral decomposition of it is
not easy, which leads to the difficulty in constructing a local
extraction channel making G PSD. We divide G into two parts.
If each part is PSD, then the whole matrix G is PSD,

G := K − [s(ZB0 + XB1 + Y B2) + τI]

= K1 − s(ZB0 + XB1) − τ1I + K2 − sY B2 − τ2I, (40)

where K1 + K2 = K defines the two parts.
We consider the local extraction channel which ensures

the parts of G1 := K1 − s(ZB0 + XB1) − τ1I and G2 := K2 −
sY B2 − τ2I PSD simultaneously (see Appendix F for details
of the channel construction). The following robustness bound
of self-testing in the three-setting steering scenario is ob-
tained:

F � sSobs + τ � 3

12 − 4
√

2
(Sobs − 3) + 1. (41)

It should be noted that here we did not get the expected
robustness bound of F � (Sobs−3)

2(3−√
3)

+ 1. This may be because
the local extraction channel strategy we consider here is not
optimal. It may be possible to find a better extraction strategy
to obtain that bound. However, though the bound we give is
optimal, it is still better than two-setting analogous CHSH
steering scenarios.

For a straightforward comparison between different in-
equalities, we transform the steering inequalities into the
games characterized by the guessing probability which be-
longs to the same interval [ 1

2 , 1]. In the case of α = 0, we
have P = ∑

i=0,1 p(a = b|AiBi ) = 1
2 + S

2SQ
, which is the suc-

cessful probability of the nonlocal game guessing the other
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FIG. 4. Comparison of robustness bounds for one-sided self-
testing of a singlet based on three-setting and two-setting steering
inequalities.

party’s outcomes. For the other case, we can also find a
nonlocal game, namely, the guessing score is related to the
inequalities (33) and (37), respectively. (See Appendix E for
details.) We define the guessing probability as the probability
for untrusted parties to successfully guess the trusted parties’
outcomes, which is also important for the sample efficiency
analysis in the next section. Based on the guessing proba-
bility, we can compare the robustness bound for one-sided
self-testing of a singlet based on three-setting and two-setting
steering inequalities. The result is shown in Fig. 4, where the
three-setting steering inequality we constructed gives a better
robustness bound. It is worth studying whether steering in-
equalities with more measurement settings can be constructed
and further improve the robustness of one-sided self-testing.

V. SAMPLE EFFICIENCY

To construct a practical quantum verification protocol, it is
crucial to study the sample efficiency [11,12,39,53]. Sample
efficiency is used to study the performance of the self-testing
criteria in the finite copy regime in a way that some of the
state copies are measured to warrant the rest of the states being
close to the target state.

Consider a quantum device producing the states
ρ1, ρ2, . . . , ρN in N runs. Our task is to verify whether these
states are sufficiently close to the target state |�〉 ∈ H on
average. Here the one-sided extractability is a natural choice
for quantifying the closeness in the one-sided self-testing
scenario.

For the extraction channel method, we obtain a linear rela-
tion between the extractability and the observed value of the
steering inequalities

F � sSobs + τ. (42)

Since τ = 1 − sSQ, we have

s(SQ − Sobs) � 1 − F. (43)

The first step in constructing the verification protocol is
to view the steering inequalities as testing games. (Details of
the transformation of steering inequalities to testing games
are shown in Appendix E.) Based on this, results of un-
measured copies can be guaranteed based on the measured
copies. Define p as the guessing probability of the game for
a single state. For the steering inequalities in Eqs. (33) and
(37), when α = 0, which corresponds to the singlet state, the
testing game is straightforward based on the outcomes of the
same Pauli measurements. When α > 0, which corresponds
to the nonmaximally entangled state, virtual testing games are
constructed from the steering inequalities in Appendix E. For
these testing games, we have

p = 1

4

∑
i=0,1

p(a = b|AiBi ) = 1

2
+ S

2SQ
. (44)

This relation between the guessing probability and the vi-
olation of steering inequalities is essential for the study of
sample efficiency. For the analogous CHSH steering inequal-
ity in Eq. (11), we have p = 1

4

∑
a⊗b=i j p(a, b|AiBi ) = 1

2 + S
4 .

This probability corresponds to the successful probability to
win the game of a ⊗ b = i j for Alice and Bob. For steering
inequalities in Eq. (11) for α 
= 0 and Eq. (34), we have not
found corresponding testing games. One may resort to other
theories to study its performance in the finite regime, such as
[54].

Defining ε = 1 − F as the infidelity and combining
Eqs. (43) and (44), we have

p � 1 − ε

2sSQ
. (45)

Defining c = 1
2sSQ

, in general we have

p � 1 − cε. (46)

Now for these inequalities which correspond to a testing
game, we are ready to estimate the number of copies suf-
ficient to exceed a certain bound on the average one-sided
extractability. Suppose the states in the test are independently
distributed. The goal is to guarantee that the average one-sided
extractability of the states ρ1, ρ2, . . . , ρN is larger than 1 − ε

with significance level δ (confidence level 1 − δ). According
to Ref. [53], the scaling of sample efficiency depends on
whether the quantum bound and algebraic bound coincide for
the games between participants. When the quantum bound and
algebraic bound coincide, the number of copies satisfies

N � ln δ−1

ln(1 − cε)−1
≈ ln δ−1

cε
. (47)

For all the steering inequalities we have considered in this
paper, the two-setting inequality (33) and the three-setting
inequality (37) satisfy this condition. In that case, the maximal
guessing probability 1 can be obtained in the testing games
according to the strategy given in Appendix E. Thus we obtain
the approximately optimal sample efficiency for one-sided
self-testing of general two-qubit states in both the two-setting
and three-setting cases, which is comparable to the number
needed in quantum state verification.

For the analogous CHSH steering inequality in Eq. (11),
the quantum bound and algebraic bound are different. The
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number of copies needed satisfies

N = O

(
ln δ−1

c2ε2

)
, (48)

according to Ref. [53].
In this section we studied the sample efficiency for one-

sided self-testing of two-qubit entangled states. Based on the
steering inequalities we constructed, approximately optimal
sample efficiency can be obtained in the SDI scenario, which
is comparable to the device-dependent scenario. For the gen-
eral DI scenario, the scaling of testing number is usually in
quadratic form. Thus our strategies demonstrate a significant
advantage over DI self-testing in sample efficiency.

VI. CONCLUSION

In this paper we studied the one-sided self-testing of gen-
eral, pure two-qubit states in the untrusted quantum network
in which one party is not honest. The self-testing strategies
are based on the violation of quantum steering inequalities.
To achieve this goal, we first studied two setting scenarios,
where the steering inequalities can be constructed from stan-
dard tilted CHSH inequalities and its general form. Based
on these steering inequalities, we studied the robustness of
one-sided self-testing using both the local extraction map
method and the numerical semidefinite-programming method.
In particular, the local extraction map method has been shown
to provide the analytical and theoretical optimal linear bound.
Our result also demonstrates an explicit approach to con-
struct the local extraction channel. The comparison with the
device-independent scenario and the device-dependent sce-
nario shows clearly that the robustness of SDI certification lies
in the middle. The numerical method involving SDP and the
SWAP trick gives a nearly linear robustness bound for general,
pure two-qubit states. To construct a practical certification
protocol, we also clarified the sample efficiency of our 1SDI
self-testing protocols. The results show that approximately
optimal sample efficiency can be obtained based on the steer-
ing inequalities we constructed.

Furthermore, we constructed three-measurement-setting
steering inequalities for general two-qubit states, for a par-
tially entangled state. It was shown that the robustness bound

can be further improved by introducing the third measurement
setting. It is worth studying whether steering inequalities with
more measurement settings can be constructed and further im-
prove the robustness of one-sided self-testing. This question
is also of interest in foundational studies on quantum steering.
The improvement of the robustness bound in our work can
be applied to the certification of high-dimensional quantum
devices as building blocks. In the future, our results may be
generalized to generic bipartite pure states, multipartite GHZ
states, and other quantum states.
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APPENDIX A: LOCAL EXTRACTION CHANNEL
METHOD FOR SELF-TESTING BASED ON AN

ANALOGOUS TILTED CHSH INEQUALITY

This Appendix provides the robust bound of the self-testing
based on an analogous tilted CHSH inequality in case 2,

i.e., 0 � cos 2μ � α2

4 or equivalently μ ∈ (arcsin
√

4−α2

8 , π
4 ].

In this case, the eigenvalues of the decomposition of Ŝα =∑
λi|ψi〉〈ψi| are λ1,2 =

√
α2 + 4 sin2 μ ± 2 cos μ. The con-

straints between γ and μ are

λ1 cos2 γ − λ2 sin2 γ = α + 2 cos μ,

λ2 cos2 γ − λ1 sin2 γ = α − 2 cos μ,

(λ1 + λ2) cos γ sin γ = 2 sin μ.

Still sin 2γ = 2 sin μ√
α2+4 sin2 μ

.

The following is the local extraction channel in this case.
Bob takes rotation operation I with probability q1 and takes
σz with probability q2. Then the ideal state is transformed
into K = q1|ψ〉〈ψ | + q2σx|ψ〉〈ψ |σx. The PSD requirement of
G := K − sÎα − τI � 0 gives

⎛
⎜⎜⎝

q1 cos2(θ ) − C1s − τ 0 0 q1
sin 2θ

2 − 2 sin μs
0 q2 cos2 θ − C2s − τ q2

sin 2θ
2 − 2 sin μs 0

0 q2
sin 2θ

2 − 2 sin μs q2 sin2 θ + C1s − τ 0
q1

sin 2θ
2 − 2 sin μs 0 0 q1 sin2 θ + C2s − τ

⎞
⎟⎟⎠ � 0, (A1)

where C1 = α + 2 cos μ and C2 = α − 2 cos μ. The eigenval-
ues of G are

λ1,2 =
G11 + G44 ±

√
(G11 − G44)2 + 4G2

14

2
, (A2)

λ3,4 =
G22 + G33 ±

√
(G22 − G33)2 + 4G2

23

2
, (A3)

which should be positive to make G PSD,

q1 � 4 sin2 μs2 + (C1s + τ )(C2s − τ )

(βQ + 2 sin 2θ sin μ + cos2 θC2 − sin2 θC1)s − 1
,
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q2 � 4 sin2 μs2 + (C2s + τ )(C1s − τ )

(βQ + 2 sin 2θ sin μ + cos2 θC1 − sin2 θC2)s − 1
,

where βQ = √
8 + 2α2.

We can also set s = 1−cos2 θ
βQ−(2+α) and τ = 1 − √

8 + 2α2s,
keeping q1 in the above range. This gives the same bound as
in case 1. To this end, we take q1 to be the maximum between
0 and the values which saturate the above two inequalities
about q1.

APPENDIX B: LOCAL EXTRACTION CHANNEL
METHOD FOR SELF-TESTING BASED ON REVERSE

CHSH INEQUALITY

The analogous CHSH steering operator Ŝ = ZB0 + XB1

has the spectral decomposition

Ŝ =
∑

λi|ψi〉〈ψi|, (B1)

with λ2
1 + λ2

2 = 4, λ3 = −λ2, and λ4 = −λ1. Precisely,

λ1 =
√

2(cos μ + sin μ), λ2 =
√

2(cos μ − sin μ), (B2)

where Bob’s measurements are written as Br = cos μσz +
(−1)r sin μσx, with r = 0, 1. In the case of μ ∈ (0, π/4] we
have λ1, λ2 � 0 and

|ψ1〉 = |00B〉 + |11B〉√
2

, |ψ2〉 = |00′
B〉 + |11′

B〉√
2

,

|ψ3〉 = |01′
B〉 − |10′

B〉√
2

, |ψ4〉 = |01B〉 − |10B〉√
2

,

(B3)

where

0B = cos
π

8
|0〉 + sin

π

8
|1〉, 1B = sin

π

8
|0〉 − cos

π

8
|1〉,

0′
B = cos

π

8
|0〉 − sin

π

8
|1〉, 1′

B = sin
π

8
|0〉 + cos

π

8
|1〉.

We consider the following local extraction channel. Bob
takes the rotation operation R1 = I on his qubit with the
probability of q1 and takes R2 = σz on his qubit with the
probability of q2. The ideal state is transformed into the mix-
ture of the Bell operator eigenvectors |ψ〉 := q1|ψ1〉〈ψ1| +
q2|ψ2〉〈ψ2|. In this case, G := K − sŜ − τI is diagonal and
the PSD requirement gives

q1 − sλ1 − τ � 0,

q2 − sλ2 − τ � 0,

Tr(ρ) = p1 + p2 = 1,

Tr(ρŜ) = λ1 p1 + λ2 p2 = S,

where we set τ = 1 − 2s. By simplifying, we have sλ1 − 2s +
1 � q2 � −sλ2 + 2s, which gives us s � 1

4−(λ1+λ2 ) � 1
4−2

√
2
.

This gives the following robustness bound of self-testing via
the steering inequality:

F � sS + τ � S − 2

4 − 2
√

2
+ 1. (B4)

In addition, we get the constraints on the rotation probability

(1 +
√

2)(cos μ + sin μ + 1) � q1 � 1. (B5)

FIG. 5. One-sided SWAP isometry applied on Bob’s side.

For the case of μ ∈ ( π
4 , π

2 ), the local extraction channel is
considered as follows. Bob takes the rotation R1 = I with the
probability of q1 and R2 = σx with the probability of q2. This
gives the same robustness bound.

Above we found that the optimal linear bound and nontriv-
ial fidelity can be obtained as long as the steering inequality
is violated. However, as shown in Ref. [48], that nontrivial
fidelity bound could not be obtained for an inequality violation
at 2, with this local extraction channel. The reason might be
that to define the appropriate extraction channel, the two local
sites need coordinating. In the DI scenario, both sides are not
trusted. The decomposition of the Bell operator is related to
both Alice’s and Bob’s local measurement directions.

Once Alice and Bob could inform each other what
measurement directions they choose (do classical communi-
cation), it is possible for them to define the appropriate local
rotation channel which could rotate the idea states to be the
eigenvectors of the Bell operator with positive eigenvalues. It
could make G := K − sÎ − τI PSD. In this case, it is easy
to find that s and t are the optimal ones. However, allowing
communication is not usually device independent. Thus, in
the DI scenario, when coordination is needed, the nontrivial
fidelity could not be reached.
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FIG. 6. Robustness bound of self-testing based on the three-
setting steering inequality for six scenarios of (α, β ), where α = 1, 2
and β = 1, 2, 10.
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APPENDIX C: NUMERICAL RESULTS UTILIZING THE
SWAP ISOMETRY

In this Appendix we consider the numerical method based
on SDP to show the robustness of the self-testing via steering
inequality, which has been widely used in DI frameworks
[17,55]. A detailed robustness analysis is given for three-
setting steering inequalities. For two-setting scenarios, we
only need to remove the third measurement in the code.

The target state is |ψ〉 = cos θ |00〉 + sin θ |11〉. Bob’s mea-
surements can be written as B0 = 2E0|0 − I , B1 = 2E0|1 − I ,

and B2 = 2E0|2 − I , where B2
0 = B2

1 = B2
2. After applying the

isometry given in Fig. 5 to the physical state |ψ ′〉, we obtain
the state

|ψ ′〉 = E0|0|ψ〉|0〉A′ + XE1|0|ψ〉|1〉A′ . (C1)

We trace the desired system out

ρSWAP = trA(|ψ ′〉〈ψ ′|). (C2)

Utilizing the SWAP isometry on Bob’s side, the fidelity can be bounded as

f = 〈ψ |ρSWAP|ψ〉

= cos2 θ〈0|trA(E0|0ρAB)|0〉 + sin2 θ〈1|trA(E1|0ρAB)|1〉 + sin 2θ

2
[〈0|trA(E1|0XE0|0ρAB)|1〉 + 〈1|trA(E0|0XE1|0ρAB)|0〉]

= cos2 θ〈0|trA(E0|0ρAB)|0〉 + sin2 θ〈1|(ρB − trAE0|0)|1〉 + sin 2θ [〈0|trA(E0|1E0|0 − E0|0E0|1E0|0)|1〉
+ 〈1|trA(E0|0E0|1 − E0|0E0|1E0|0ρAB)|0〉]

= cos2 θ〈0|σ0|0|0〉 + sin2 θ〈1|(ρB − σ0|0)|1〉 + sin 2θ [〈0|(σ0|1,0|0 − σ0|0,0|1,0|0)|1〉 + 〈1|σ0|0,0|1 − σ0|0,0|1,0|0|0〉]. (C3)

The goal is now to give a lower bound to f . The numerical method of minimizing the fidelity for a given steering inequality
value is given by the SDP

minimize f := Tr(M�)
(C4)

subject to � � 0, Iα,β = Q,

where M is a zero matrix (14,14), with M2,2 = sin2 θ , M2,9 = M9,2 = sin 2θ , M3,3 = cos2 θ , M4,4 = − sin2 θ , and M9,10 =
M10,9 = − sin 2θ ;

� =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρC σ0|0 σ0|1 σ0|2 σ0|1,0|0 σ0|2,0|0 σ0|2,0|1
σ0|0 σ0|0 σ0|0,0|1 σ0|0,0|2 σ0|0,0|1,0|0 σ0|0,0|2,0|0 σ0|0,0|2,0|1
σ0|1 σ0|1,0|0 σ0|1 σ0|1,0|2 σ0|1,0|0 σ0|1,0|2,0|0 σ0|1,0|2,0|1
σ0|2 σ0|2,0|0 σ0|2,0|1 σ0|2 σ0|2,0|1,0|0 σ0|2,0|0 σ0|2,0|1

σ0|0,0|1 σ0|0,0|1,0|0 σ0|0,0|1 σ0|0,0|1,0|2 σ0|0,0|1,0|0 σ0|0,0|1,0|2,0|0 σ0|0,0|1,0|2,0|1
σ0|0,0|2 σ0|0,0|2,0|0 σ0|0,0|2,0|1 σ0|0,0|2 σ0|0,0|2,0|1,0|0 σ0|0,0|2,0|0 σ0|0,0|2,0|1
σ0|1,0|2 σ0|1,0|2,0|0 σ0|1,0|2,0|1 σ0|1,0|2 σ0|1,0|2,0|1,0|0 σ0|1,0|2,0|0 σ0|1,0|2,0|1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

; (C5)

and Iα,β = α〈Z〉 + β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 = Tr[(α −
β )ZρC − (X + Y )ρC + 2βZσ0|0 + 2Xσ0|1 + 2Y σ0|2] or
Iα,β = α〈B0〉 + β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 = Tr[−(α +
βZ + X + Y )ρC + (2αI + 2βZ )σ0|0 + 2Xσ0|1 + 2Y σ0|2].
We constrain � in the optimization to be positive semidefinite
and note that each submatrix of � corresponding to something
like an element of an assemblage is a valid quantum object. It
actually turns out that all assemblages that satisfy no-signaling
can be realized in quantum theory [56]. Discussion of this
point is beyond the scope of this paper, as all we wish to do is
give a lower bound on the value of G; therefore just imposing
� � 0 gives such a bound. Based on the SDP of Eq. (C4), we
show several robustness bounds of self-testing based on the
three-setting steering inequality for six scenarios of (α, β ),
where α = 1, 2 and β = 1, 2, 10 (see Fig. 6).

APPENDIX D: ANALYSIS OF DIFFERENT TYPES OF
TWO-SETTING AND THREE-SETTING STEERING

INEQUALITIES

Here we study the maximal quantum violation of the steer-
ing inequalities involved in the main text and show that the
maximal violation of these inequalities can be used for self-
testing. For the two-setting steering inequality

S2
α,β = α〈B0〉 + β〈ZB0〉 + 〈XB1〉 � α +

√
1 + β2. (D1)

The maximum quantum bound is β + √
1 + α2 := SQ. This

can be confirmed by showing SQI − Ŝ(2)
α,β � 0 to be true for all

the possible underlying states and the measurements. To do so,
we provide the following SOS decompositions of SQI − Ŝ(2)

α,β
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to illustrate its PSD: The first SOS decomposition is

SQI − Ŝ(2)
α,β = α2

1 (I − cB0 − sXAB1)2 + α2
2 (ZA − B0)2

+ α2
3 (−cB1 + sXAB0 + ZAB1)2

+ α2
4

(
SQI − Ŝ2

α,β

)2
, (D2)

where c = α√
1+α2 , s = 1√

1+α2 , α2
4 = 1

4β
, α2

3 = β
√

1+α2

1 α2
4 =

√
1+α2

4 , α2
1 = ( β

√
1+α2

1 − 1+α2

1 )α2
4 , and α2

2 = β−√
1+α2

4 , and the
second one is

SQI − Ŝ(2)
α,β

= α2
1 (I − cB0 − sXAB1)2 + α2

2 (ZA − B0)2

+ α2
3[(� + s2)B0 − (� + 1)ZA + cZAB0 − csXAB1]2

+ α2
4[−(�+s2)B1+s(�+1)XA+�cZAB1−csXAB0)]2,

(D3)

where α1 and α2 are the same as the first SOS decomposition,
α2

3 = �α2
4 , α2

4 = SQ

4sβ(�2+s2 )(�2+1) , and � = β√
1+α2 .

It is easy to verify that the left-hand sides of Eqs. (D2)
and (D3) are equal to the SOS forms on the right. In addi-
tion, to make the SOS decompositions positive semidefinite,
we should have αi � 0, and thus β �

√
1 + α2. Apparently,

SQ is the upper bound of the steering inequality S2
α,β under

this constraint, although we do not know whether the quan-
tum can reach the bound. Provided B0 = Z , B1 = X , and
|�〉 = cos θ |00〉 + sin θ |11〉 with sin 2θ = 1√

1+α2 can make

S2
α,β achieve SQ, we conclude that SQ is the maximum quan-

tum violation.
Next we show that the maximal violation of this steering

inequality will self-test the partially entangled state. The local
isometry used to determine the equivalence of the states is the
same as in the main text, but with Z̃B = B0 and X̃B = B1. As
shown in the main text, the relations required to show that this
isometry works are

ZA|ψ〉 − B0|ψ〉 = 0, (D4)

sin θXA(I + B0)|ψ〉 − cos θB1(I − ZA)|ψ〉 = 0. (D5)

To obtain these relations, we let each side of Eqs. (D2) and
(D3) take action on |ψ〉, a state that is supposed to reach
the maximum violation of the steering inequality. Then seven
terms of Pi|ψ〉 = 0 will be obtained; among them the second
squared term in Eq. (D2) gives Eq. (D4), while the linear com-
bination of the third squared term in Eq. (D2) and the fourth
squared term in Eq. (D3) leads to Eq. (D4). Then, similar to
the proof for the analog of tilted CHSH steering inequality
given in the main text, by the isometry given in Fig. 1, we
complete the self-testing statement via the two-setting steering
inequality S2

α,β .
For the two-setting steering inequality

S(1)
α,β = α〈Z〉 + β〈ZB0〉 + 〈XB1〉 �

√
1 + (α + β )2, (D6)

which keeps the same maximal quantum violation as in
Eq. (D1). For this steering inequality, three different types of
SOS decompositions related to SQI − Ŝ(1)

α,β can be given: The

first one is

β

2
(I − ZAB0)2 +

√
α2 + 1

2
(I − cZA − sXAB1)2, (D7)

the second one is

1

2SQ
(−cXA + sZAB1 + XAB0)2 + β

√
α2 + 1

2SQ

(
SQI − Ŝ(1)

α,β

)2
,

(D8)
and the third one is

α2
1[(� + s2)ZA − (� + 1)B0 + cZAB0 − csXAB1]2

+ α2
2[−(� + s2)XA + s(� + 1)B1 + �cXAB0 − csZAB1)]2,

(D9)

where α2
1 = �α2

2 , α2
2 = (1+α2 )2

2(β2
√

1+α2 )+β(1+α2 )+SQ
, and � =

β√
1+α2 . The PSD requirements only require β > 0. In addition,

each squared term in Eqs. (D7)–(D9) acting on |ψ〉 being zero
can lead to the relations our self-testing proofs heavily rely on,
namely, Eqs. (D4) and (D5) [the first term in Eq. (D7) leads
to Eq. (D4); the first term in Eq. (D7) and the second term in
Eq. (D9) lead to Eq. (D5)]. Then we can complete the proof
of self-testing based on S(1)

α,β .
For the three-setting scenario, the partial part expectation

can be changed into the untrusted part’s measurement. Thus
there are two three-setting steering inequalities: the one in the
main text,

I (1)
α,β ≡ α〈Z〉 + β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 �

√
2 + (α + β )2,

(D10)
and

I (2)
α,β ≡ α〈B0〉 + β〈ZB0〉 + 〈XB1〉 + 〈Y B2〉 � α +

√
2 + β2.

(D11)
The advantage of this change is that its LHS bound is lower
than using Alice’s Z measurement in the three-setting inequal-
ity, while the quantum bound is maintained. It extends the
gap between the LHS bound and steering bound, which is
a benefit of the practical experiment. Denoting Bob’s corre-
sponding declared result by the random variable Bk ∈ {−1, 1}
for k = 0, 1, it is easy to obtain the LHS bound α +

√
2 + β2.

The quantum bounds of the both three-setting steering
inequalities are the same, β + √

4 + α2. However, an extra
condition should be satisfied for I (2)

α,β , that is, β �
√

4 + α2.

For I (2)
α,β it only requires β � 0. This can be obtained from the

following SOS: The first one is

(β +
√

4 + α2)I − Î (2)
α,β

= α2
1 (I − cB0 − sXAB1)2 + α2

2 (ZA − B0)2

+ α2
3 (I − cB0 − sYAB2)2

+ α2
4 (−cB1 + sXAB0 + ZAB1)2

+ α2
5 (−cB2 + sYAB0 + ZAB2)2

+ α2
6 ((β +

√
4 + α2)I − Iα,β )2

+ α2
7 (XAB1 − YAB2)2, (D12)

where c = α√
4+α2 , s = 2√

4+α2 , α2
6 = α2

7 = 1
4β

, α2
4 = α2

5 =
β
√

4+α2

2 α2
6 =

√
4+α2

8 , α2
1 = α2

3 = ( β
√

4+α2

2 − 4+α2

2 )α2
6 , and
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α2
2 = β−√

4+α2

4 , and the second one is

(β +
√

4 + α2)I − Î (2)
α,β

= α2
1 (I − cB0 − sXAB1)2 + α2

2 (ZA − B0)2

+ α2
3 (I − cB0 − sYAB2)2

+ α2
4[(� + s2)B0 − (� + 1)ZA + cZAB0 − csXAB1]2

+ α2
5[(� + s2)B0 − (� + 1)ZA + cZAB0 − csYAB2]2

+ α2
6[−(� + s2)B1 + s(� + 1)XA

+ �cZAB1 − csXAB0)]2

+ α2
7[−(� + s2)B2 + s(� + 1)YA

+ �cZAB2 − csYAB0)]2, (D13)

where c = α√
4+α2 , s = 2√

4+α2 , α2
6 = α2

7 = 1
4s�(�2+s) , α2

4 =
α2

5 = �α2
6 = 1

4s(�2+s) , α2
1 = α2

3 = 1
2S − (� + 1)(� + s2)α2

6 ,

α2
2 = β

2 − �2+1
s(�+1) , and � = 1.

Making the SOS decomposition positive semidefinite re-
quires each αi � 0 and thus β �

√
4 + α2. In addition, some

squared terms in (D12) and (D13) acting on |ψ〉 being zero
also can lead to the relations (D4) and (D5). Thus, with the
isometry given in the main text, we can complete the proof of
self-testing based on S(2)

α,β .
For the first three-setting steering inequality, three types of

SOS decompositions can be given: The first one is

(β +
√

4 + α2)I − Î (1)
α,β

= β

2
(I − ZAB0)2 +

√
α2 + 4

4
(I − cZA − sXAB1)2

+
√

α2 − 4

4
(I − cZA − sYAB2)2, (D14)

the second one is

(β +
√

4 + α2)I − Î (1)
α,β

= α2
1 (−cXA + sZAB1 + XAB0)2

+ α2
2 (−cYA + sZAB2 + YAB0)2 + α2

3

(
SQI − Î (1)

α,β

)2
,

(D15)

where α2
1 = α2

2 = α2+β2+β
√

4+α3+3
4SQ

and α2
3 = 1

2SQ
, and the

third one is

(β +
√

4 + α2)I − Î (1)
α,β

= α2
1[(� + s2)ZA − (� + 1)B0 + cZAB0 − csXAB1]2

+ α2
2[−(�+s2)XA+s(�+1)B1+�cXAB0−csZAB1)]2

+ α2
3[(� + s2)ZA − (� + 1)B0 + cYAB0 − csZAB2]2

+ α2
4[−(�+s2)YA+s(�+1)B2+�cYAB0−csZAB2)]2,

(D16)

where α2
1 = α2

3 = β

4(�+s2 )(�+1) , α2
2 = α2

4 = (1
2s(�+s2 )(�+1) , and

� = β√
1+α2 .

The PSD condition requires β � 0. In addition, the first
squared term in (D14) acting on |ψ〉 being zero (|ψ〉 is the
state which maximally violates the steering inequality) gives
the relations (D4), while the linear combination of the second
squared term in (D15) and the first squared term in (D16)
gives the relation (D5). Thus, with the isometry given in the
main text, we can complete the proof of self-testing based on
S(1)

α,β .
Self-testing for the measurements. Above we mainly

focused on the states self-testing; the self-testing of the cor-
responding measurements (for analysis refer to [17]) will be
similar. We start with �MB(|ψ〉) instead of �(|ψ〉) and show
it for one of the three measurements in three-setting steering
inequality cases, for example. After the isometry, the systems
will be

�(Z̃B|ψ〉) = 1
4 [(I + ZA)(I + Z̃B)Z̃B|ψ〉|00〉
+ XA(I + ZA)(I − Z̃B)Z̃B|ψ〉|01〉
+ X̃B(I − ZA)(I + Z̃B)Z̃B|ψ〉|10〉
+ XAX̃B(I − ZA)(I − Z̃B)Z̃B|ψ〉|11〉]. (D17)

With the relations (D4) and (D5) and the fact that ZAXA =
−XAZA, we find Z̃BX̃B|ψ〉 = −X̃BZ̃B|ψ〉. By using this anti-
commutation relation between Bob’s two measurements, we
move Z̃B to the left in the first, second, third, and fourth lines
while changing the sign of the fourth line. The analysis is then
the same as the state self-testing and the result is

�(Z̃B|ψ〉) = |junk〉[cos θ |00〉 − sin θ |11〉]
= |junk〉[(I ⊗ σz ) cos θ |00〉 + sin θ |11〉]. (D18)

In addition, from the SOS decomposition we can also find the
relation sin θYA(I + B0)|ψ〉 − cos θB2(I − ZA)|ψ〉 = 0. Thus
we have Z̃BỸB|ψ〉 = −ỸBZ̃B|ψ〉. Following the above idea, we
can finally conclude that the measurements on Bob’s side are
B0 = Z , B1 = X , and B2 = −Y .

APPENDIX E: TRANSFORMATION OF A STEERING
INEQUALITY INTO A GAME

In this Appendix we relate the constructed steering in-
equality to a game which two parties play to increase the
score and build the relation between the quantum violation
and success probability of the game defined. This is helpful
for a direct comparison between different steering inequalities
and it is necessary in the analysis of sample efficiency. For
simplicity, here we only consider the three-setting steering
inequality.

In principle, to obtain the maximum violation of the
three-setting steering inequality (37), the state between Al-
ice and Bob should be cos θ |00〉 + sin θ |11〉, which can
be further written as 1√

2
(|ψ0〉|+〉 + |ψ1〉|−〉), where we

define |ψ0〉 = cos(θ )|0〉 + sin(θ )|1〉 and |ψ1〉 = cos(θ )|0〉 −
sin(θ )|1〉. We define two measurements on Alice’s side
{|ψ0〉, |ψ†

0 〉; |ψ1〉, |ψ†
1 〉}, which actually are measurements

introduced to replace the measurements chosen in the
main text in the real experiments. The measurements
can also be written in the Pauli operator form {A0 =
cos(2θ )σz + sin(2θ )σx; A1 = cos(2θ )σz − sin(2θ )σx}.
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We notice that, if Bob gets |+〉, Alice takes A0 and Bob
can conclude that Alice’s qubit must be projected into |ψ0〉;
if Bob gets |−〉, Alice takes A1 and then Bob can conclude
that Alice’s qubit must be projected into |ψ1〉. Since in the
steering scenario Bob can send information to Alice, such
measurements result. Thus, this allows us to define the success
probability of Bob guessing Alice’s measurement result as

Px
virtual = p

(
A0

0, B0
1

) + P
(
A0

1, B1
1

)
, (E1)

which actually is related to the operators in the three-setting
steering inequality (34). More precisely, α

2 Z + XB1 =
( α

2 Z + X )B0
1 + ( α

2 Z − X )B1
1 =

√
4+α2

2 (A0B0
1 + A1B1

1) =√
4+α2

2 (2A0
0B0

1 + 2A0
1B1

1 − IB) for sin(2θ ) = 2√
4+α2 . Thus

Px
virtual is related to α〈Z〉 + 〈XB1〉. Similarly, we can define

Py
virtual for the σy measurement scenario, which is related to

α
2 〈Z〉 + 〈Y B2〉. Together with the guessing probability for
(ZA, B0), we define the total average passing probability as

Pvirtual =
√

4 + α2
(Px

virtual+Py
virtual

2

) + βp(a = b|ZA, B0)√
4 + α2 + β

. (E2)

Thus we have

Pvirtual =
√

4 + α2 + β + S

2(
√

4 + α2 + β )
= 1

2
+ S

2SQ
. (E3)

This relation between the guessing probability and the vio-
lation holds for steering inequalities (30) and (34). Thus the
steering inequalities are transformed to testing games.

APPENDIX F: ROBUST SELF-TESTING OF
THREE-SETTING INEQUALITY

In this Appendix we provide an analytical robustness
bound for self-testing via the three-setting steering inequality.
We first consider the part of G1 := K1 − s(ZB0 + XB1) − τ1I
for μ ∈ (0, π/4]; the spectral decomposition is already given
in Eq. (B3). To make G1 � 0, we consider the following
local extraction channel. Bob takes R1 = I with probability q1

and R2 = σz with probability q2; meanwhile, with the rest of
the probability 1 − q1 − q2 := q3 Bob takes some other local
extraction channel subject to the choice of B2. Then we have

q1 − sλ1 − τ1 � 0,

q2 − sλ2 − τ1 � 0,

sλ(1/2) − τ1 � 0,

Tr(ρ) = q1 + q2 + q3 = 1,

Tr(ρB̂) = λ1q1 + λ2q2 + q3Tr(ρY B2) = S,

where τ1 = 1 − γ s, with γ ∈ [2, 3]. In addition, τ1 should be
less than zero. We obtain s � 1+q3

2γ−(λ1+λ2 ) �
1+q3

2γ−2
√

2
.

Next we determine the value of q3 to make K2 PSD. We
notice sλ1 − τ1 and sλ2 − τ1, which, according to the coeffi-
cients of |ψ3〉 and |ψ4〉, are greater than zero. That is, if only
the coefficients of |ψ1〉 and |ψ2〉 are greater than zero, the K1

part will be PSD. Therefore, we put |ψ3〉 and |ψ4〉 into the K2

part to make it PSD. Now the K2 part becomes

G2 := q3�
+
B (ψ1) + (sλ1 − τ1)|ψ3〉〈ψ3|

+ (sλ2 − τ1)|ψ4〉〈ψ4| − sY B2 − (γ − 3)sI, (F1)

which is equivalent to

G2 := q3�
+
B (ψ1) + (sλ1 − τ1)|ψ3〉〈ψ3|

+ (sλ2 − τ1)|ψ4〉〈ψ4|
− s(γ − 2)(U |φ1〉〈φ1|U T + U |φ2〉〈φ2|U T )

+ s(4 − γ )(U |φ3〉〈φ3|U T + U |φ4〉〈φ4|U T ), (F2)

where U = [V 0
0 V ] and U T = [V ∗ 0

0 V ∗], where

V =
[− sin μ1i−cos μ1 sin μ2 )√

2−2 cos μ1 cos μ2

− sin μ1i−cos μ1 sin μ2√
2+2 cos μ1 cos μ2

cos μ1 cos μ2−1√
2−2 cos μ1 cos μ2

cos μ1 cos μ2+1√
2+2 cos μ1 cos μ2

]
, (F3)

with φ1 = [−1i√
2
, 0, 1√

2
, 0], φ2 = [0, 1i√

2
, 0, 1√

2
], φ3 =

[ 1i√
2
, 0, 1√

2
, 0], and φ4 = [0, −1i√

2
, 0, 1√

2
]. The requirement

of G2 � 0 gives (O denotes overlap)

q3(1 + c)

2
+ (sλ2 − τ1)O2(ψ3,U −1φ1)

+ (sλ1 − τ1)O2(ψ4,U −1φ1) − s(γ − 2) � 0, (F4)

q3(1 − c)

2
+ (sλ2 − τ1)O2(ψ3,U −1φ2)

+ (sλ1 − τ1)O2(ψ4,U −1φ2) − s(γ − 2) � 0, (F5)

that is,

q3(1 − c)

2

+ C2
cos2( π

8 )(sin μ1 − 1)2 + cos2 μ1 sin2( π
8 + μ2)

4

+ C1
cos2( π

8 )(sin μ1 + 1)2 + cos2 μ1 sin2( π
8 − μ2)

4

− s(γ − 2) � 0,

q3(1 + c)

2

+ C2
sin2( π

8 )(sin μ1 − 1)2 + cos2 μ1 cos2( π
8 + μ2)

4

+ C1
sin2( π

8 )(sin μ1 + 1)2 + cos2 μ1 cos2( π
8 − μ2)

4

− s(γ − 2) � 0,

where C1 = sλ1 − τ1 and C2 = sλ2 − τ1. With this channel,
we have

q3(1 + c)

2
+ 2 − √

2

8
(s + γ s − 1) − s(γ − 2) � 0

and

q3(1 − c)

2
+ 2 + √

2

8
(s + γ s − 1) − s(γ − 2) � 0,

which gives us q3c =
√

2
4 (s + γ s − 1) for γ > 2 and q3 �

−5γ+2
√

2+9
−γ+4

√
2−9

. We can choose γ = 3, which gives q3 = 1
2 ; in

addition, s = 3
12−4

√
2

= 0.4730 and τ = 1 − 3s. Thus we give
the following robustness bound of one-sided self-testing based
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on the three-setting steering inequality:

F � sSobs + τ � 3

12 − 4
√

2
(Sobs − 3) + 1. (F6)

Although this does not reach the theoretical bound s =
1

2(3−√
3)

, the result is better than that of the two-setting in-
equality. This shows that adding more measurement settings
can help increase the robustness in one-sided self-testing.
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