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Capacity of entanglement for a nonlocal Hamiltonian
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The notion of capacity of entanglement is the quantum information theoretic counterpart of the heat capacity
which is defined as the second cumulant of the entanglement spectrum. Given any bipartite pure state, we can
define the capacity of entanglement as the variance of the modular Hamiltonian in the reduced state of any of
the subsystems. Here, we study the dynamics of this quantity under a nonlocal Hamiltonian. Specifically, we
address the following question: Given an arbitrary nonlocal Hamiltonian, what is the capacity of entanglement
that the system can possess? As a useful application, we show that the quantum speed limit for creating the
entanglement is not only governed by the fluctuation in the nonlocal Hamiltonian, but also depends inversely
on the time average of the square root of the capacity of entanglement. Furthermore, we discuss this quantity
for a general self-inverse Hamiltonian and provide a bound on the rate of capacity of entanglement. Towards
the end, we generalize the capacity of entanglement for bipartite mixed states based on the relative entropy of
entanglement and show that the above definition reduces to the capacity of entanglement for pure bipartite states.
Our results can have several applications in diverse areas of physics.
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I. INTRODUCTION

Entanglement has potential applications in quantum in-
formation science, ranging from quantum computing and
quantum communication to a host of other areas such as con-
densed matter physics, high-energy physics, and even string
theory [1,2]. It is considered a very useful resource in infor-
mation processing tasks. For several years, how to create and
quantify entanglement has been a subject of major exploration
[3,4]. Thanks to technological progress, now we can create en-
tanglement between two or more particles in quantum optical
systems [5], ion traps [6], superconducting systems [7,8], and
nuclear magnetic resonance (NMR) setups [9]. How to create
entanglement between more and more particles and distribute
over long distances still continues to be quite challenging [10].
Quantum entanglement between two particles can of course
be created depending on the choice of the initial state and
suitable nonlocal interaction between them. However, the de-
sign of a suitable interacting Hamiltonian is not always easy.
This makes the production of entanglement a nontrivial task.
Therefore, it is natural to ask the question, for a given nonlocal
Hamiltonian, what is the best way to exploit this Hamiltonian
to create entanglement? This was addressed in Ref. [11].

Entanglement entropy is quite a useful diagnostic tool
which measures the degree of quantum entanglement between
subsystems in many-body quantum systems [12]. A differ-
ent quantity, called the capacity of entanglement, has been
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proposed to characterize topologically ordered states in the
context of the Kitaev model [13]. Given a pure bipartite entan-
gled state p4p, the capacity of entanglement is defined as the
second cumulant of the entanglement spectrum. Thus, associ-
ated to a reduced density matrix, we can define the capacity
of entanglement as the variance of the modular Hamiltonian
in the mixed state. If {X;}’s are the eigenvalues of the reduced
density matrix of one of the subsystems, then the entangle-
ment entropy is defined as Sgr = S(pa) = —tr(pa log, pa) =
— > Ailog, A;. Now, the capacity of entanglement Cg is de-
fined as the second cumulant of this entanglement spectrum
[14], i.e., the variance in the entanglement entropy operator. It
is similar to the heat capacity of thermal systems and is given
by [14-16]

CE = Z)L, 1Og2 )\,’ - SéE

The above quantity can be thought of as the variance of
the distribution of —log, A; with probability A;, and thus it
contains information about the width of the eigenvalue distri-
bution of the reduced density matrix. We can gain insight on
the whole spectrum by studying up to the first two cumulants,
i.e., the entanglement entropy and the capacity of entangle-
ment. Defining a modular Hamiltonian as Ky = —log, pa,
they are the expectation value and the variance of K4. The
capacity of entanglement has found useful applications in
conformal and nonconformal quantum field theories [17,18],
as well as in models related to gravitational phase transitions
[18-21].

The motivation for using the above definition of the capac-
ity of entanglement stemmed from the fact that it is defined
as the variance of an operator whose average is the entangle-
ment entropy. In principle, one can define the entanglement
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capacity for other measures of entanglement, provided we
can define an operator whose average will give that particular
measure of entanglement. As we can see, not all measures of
entanglement can be defined as averages of some Hermitian
operators. This is the main reason why, in the literature, the ca-
pacity of entanglement has been defined for the entanglement
entropy. Also, as mentioned above, it has a similarity with the
heat capacity in the context of quantum thermodynamics.

In this paper, we address the entanglement capacities for
nonlocal Hamiltonians. To be specific, we answer the fol-
lowing question: Given a nonlocal Hamiltonian, what is the
capacity of entanglement for bipartite systems? We show that
the entanglement rate is bounded by the fluctuation in the
nonlocal Hamiltonian and the capacity of entanglement. In
addition, the quantum speed limit for creating the entangle-
ment depends inversely on the fluctuation in the nonlocal
Hamiltonian, as well as on the time average of the square
root of the capacity of entanglement. Thus, the more the
capacity of entanglement, the shorter the time duration system
may take to produce the desired amount of entanglement.
We illustrate the quantum speed limit for a general two-qubit
nonlocal Hamiltonian and find that our bound is indeed tight.
Furthermore, we discuss the capacity of entanglement for
self-inverse Hamiltonians and provide a bound on the rate of
capacity of entanglement. Finally, we generalize the capacity
of entanglement for bipartite mixed states based on the relative
entropy of entanglement measure. This definition reduces to
the capacity of entanglement for the pure bipartite states. This
will open up its explorations for mixed states in the future. We
believe that our results can find applications in diverse areas of
physics, ranging from condensed matter systems to conformal
field theories and the like.

The present paper is organized as follows. In Sec. II, we
provide basic definitions and useful relations for the capac-
ity of entanglement for pure bipartite states. In Sec. III, we
discuss the capacity of entanglement for nonlocal Hamilto-
nians. In Sec. IV, we prove that the entanglement rate is
bounded by the capacity of entanglement and the speed of
quantum evolution under the nonlocal Hamiltonian. We also
provide a quantum speed limit for entanglement production
or degradation and discuss how the capacity of entanglement
helps in deciding the speed limit. In Sec. V, we discuss the
capacity of entanglement for self-inverse Hamiltonians and
provide a bound on the rate of the capacity of entanglement.
In Sec. VI, we generalize the definition of the capacity of
entanglement for bipartite mixed states based on the notion
of relative entropy of entanglement. Finally, in Sec. VII, we
summarize our findings.

II. DEFINITIONS AND RELATIONS

Let H represent a separable Hilbert space and dim(H) be
the dimension of Hilbert space. Let us consider a bipartite
quantum system described by state vector |W)sp € Hap =
Ha ® Hp with unit norm. It is possible to express the state
vector |W),p as

1W)as = Y VAalVu)a @ |$n)s, (1)

n

where {|V,)}4 and {|¢,)}p are the Schmidt basis in H, and
‘Hp, respectively, and {A,} are the non-negative real numbers
with )", A, = 1. Equation (1) is called the Schmidt decompo-
sition of |W)p and A, are known as the Schmidt coefficients.
If the Schmidt decomposition of |W¥)4p has more than one
nonzero Schmidt coefficient, then we say that systems A and
B are “entangled.” If there is only one nonzero Schmidt coef-
ficient, then the state is not entangled.

Let B(H,pz) denote the algebra of linear operators act-
ing on a finite-dimensional Hilbert space Hap of dimension
dim(#Hp) and let D(H4p) denote the set of density operators
for the bipartite system. The density operators are positive op-
erators of unit trace acting on H4p. For any state pap € D(H),
if we can express pap as pap = Y, pipi” @ pi®, then it is
a separable state, otherwise the mixed state is an entangled
one. Given a density operator p4p associated with a bipartite
quantum system AB, the reduced density matrix for subsystem
A (or B) is obtained by taking the partial trace over subsystem
B (or A), i.e., ps = trg(pap)- A physical quantity of system A
represented by a self-adjoint operator O4 on H, is identified
with a self-adjoint operator Oy ® Zp on Hsp, where Zp is the
identity operator on Hp. The expectation value of Oy ® Zp
on state psp is given by tr(psO,), where p, is the reduced
density operator of system A.

The quantum relative entropy between two density opera-
tors p and o acting on the same Hilbert space H is defined as
[22]

._ Jtlp(np —1Ino)] if supp(p) € supp(o)

S(pllo) = {+oo otherwise,

2
where supp(p) and supp(o) are the supports of p and o,
respectively. The quantum relative entropy satisfies impor-
tant properties: (i) S(pllo) = 0 and S(pllo) =0 iff p = o,
(i) Y-, piS(pillon) = SC; pipill X2, pios). and (i) S(pllo) >
S[E(p)||E(o)] for any completely positive trace-preserving
map &.

Let us consider a composite system AB with pure state
|W)sp. The amount of entanglement between subsystems A
and B can be quantified via the entanglement entropy, which
is defined as the von Neumann entropy of the reduced density

operator pg = Y, Anl¥n)a (¥l (or pp), ie.,

Spx = S(pa) = —tr(palogy pa) = = Y dnlogyhny  (3)

n

which is invariant under local unitary transformations on pg4.
The von Neumann entropy vanishes when density operator p4
is a pure state. For a completely mixed density operator, the
von Neumann entropy attains its maximum value of log, dq,
where dy = dim(H,).

For any density operator ps associated with quantum sys-
tem A, we can define a formal Hamiltonian K4, called the
modular Hamiltonian, with respect to which the density op-
erator p, is a Gibbs-like state (with 8 = 1),

—Ka
VA

where Z = tr(e %), Note that any density matrix can be writ-
ten in this form for some choice of Hermitian operator Kj.
With slight adjustments in the above equation, the modular

e

Pa =

’
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Hamiltonian K4 can be written as Ky = — log, p4. In this case,
the entanglement entropy of the system is equivalent to the
thermodynamic entropy of a system described by Hamiltonian
K4 (with B = 1). Writing in terms of modular Hamiltonian

K4 = —log, pa, the entanglement entropy becomes the ex-
pectation value of the modular Hamiltonian,
Sge = —tr(palog, pa) = tr(paKya) = (Ka). “4)

The capacity of entanglement is another information-
theoretic quantity that has gained some interest recently
[13,23]. It is defined as the variance of the modular Hamil-
tonian K4 [13] in the state |W)4p and can be expressed as

Ce(pa) = (¥|(Kx ® Tp)*|¥) — (W|(Kx ® Zp)|¥)*
= tr[pa(—log, pa)*] — [tr(—pa log, p)I*  (5)
=1r [PAKj] — [tr(paKa)T?
= (K3) — (Ka)* = AK. (6)

The capacity of entanglement can also be defined in terms
of the variance of the relative surprisal between two density
matrices V (pl||o) [24],

V(pllo) = tr[p(log, p —log, 0)*1 — [D(pllo))>.  (7)

If one of the density matrices becomes maximally mixed (i.e.,
either p or o becomes I/d), then the variance of the relative
surprisal becomes the capacity of entanglement.

As shown in Ref. [25], uncertainty for any observable is
a convex function. Given two or more Hermitian operators
such as O; and O,, the standard deviation or the uncer-
tainty for observables satisfies A(p1 01 + p20,) < p1AO; +

P2AO; for0 < p; < 1(i = 1,2) with AO; = \/(0?) — (0,)2.

This shows that adding two or more observables always re-
duces the uncertainty. If we define the standard deviation in
the modular Hamiltonian as uncertainty in the entanglement
operator, then for any two modular Hamiltonian K; and K5,
we will have

A (Z pd@) <) pidKi, ()

where K; = — In p;. This property has an interesting implica-
tion when we have a modular Hamiltonian undergoing some
variation. Suppose we allow a variation in the modular Hamil-
tonian as K — K’ = K + xV, where V is the additional term
in the modular Hamiltonian and x is a real parameter. Then,
the following relation holds true: AK’ < AK + xAV.

For the sake of completeness, we mention the following
properties which are applicable for C¢ due to having a similar
form as the relative surprisal between two density matrices:

(i) Additivity under tensor product:

Ce(pa ® pp) = Ce(pa) + Ce(pB).

(ii) Positivity : Ce(p) = 0.
(iii) Uniform continuity:

ICe(p) — Ce(p)I* < Elog*d - D(p, p'),

for & some constant and /; the trace norm between states
D(p, p").

(iv) Cg(p) = 0 if and only if all nonzero eigenvalues of p
are the same. Such states are termed as flat states. Examples
include any pure state or maximally mixed state.

(v) Corrections to subadditivity:

Ce(p) < Ce(p1) + Ce(pa) + x log?d - f(1,),

for any bipartite state p with marginal states p, p, and mutual
information /,,, with constant y and f(x) = max (x4, x?).

(vi) For fixed dimensions d > 2, the state p; with maximal
variance has the spectrum

on = (1 r r
e =\ T d =)
with  being the unique solution to

r
d— 1)} =2.
p

(1— Zr)ln[

We get ; log*(d — 1) < Cg(pg) < log*(d — 1)+ 1.121(2) and,

for the limit of large d, r ~ %
For further details and proofs regarding the above proper-

ties, see Ref. [24].

III. CAPACITY OF ENTANGLEMENT
FOR NONLOCAL HAMILTONIANS

The dynamics of entanglement under a two-qubit nonlocal
Hamiltonian has been addressed in Ref. [11]. In this section,
we address the following question: What is the capacity of
entanglement for an arbitrary two-qubit nonlocal Hamilto-
nian? Further, we also discuss the rate of the capacity of
entanglement for the nonlocal Hamiltonian. For any two-qubit
system, the nonlocal Hamiltonian can be expressed as (except
for trivial constants)

3
H=a6"QIz;+Ta®p-6°+ ) yjol ®@cf. (9
ij=1

where @, B are real vectors, y is a real matrix, and Z, and
Tp are the identity operator acting on H4 and #Hp. The above
Hamiltonian can be rewritten in one of the two standard forms
under the action of local unitaries acting on each qubit [11,26].
This is given by

H* = ol @ of + 1203 ® 05 + 3oy ®@ o3, (10)
where (1 > s = p3 > 0 are the singular values of matrix y

[11]. Using the Schmidt decomposition, any two-qubit pure
state can be written as

[W)ag = /PIO)IX) + /1= pldH)x ™). (11)

We can utilize the form of Hamiltonian in Eq. (10) and choose
H™ [i.e., assuming det(y) > 0] to evolve the state in Eq. (11)
without losing any generality [11]. To further showcase a
specific example, let us choose |¢) = |0) and | x) = |0). Thus,
the state at time # = 0 takes the form

[W(0)as = /Pl0)[0) + 1 — pl1)[1). (12)

Under the action of the nonlocal Hamiltonian, the joint state
at time ¢ can be written as (i = 1)

(W(t))ap = e | W)ap = a(1)]0)]0) + B(D)I1)]1),  (13)
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EcCe(p,t)
K See(p,t)

FIG. 1. Plot for capacity of entanglement (Cg) and entanglement
entropy (Sgg) vs p and f taking 0 = 1.

where o(t) = e"“‘”[ﬁcos(@t) —i/1 — psin(6t)], p) =
e /T = pcos(0r) — i /psin(61)], and 6 = (u1 — o).
To evaluate the capacity of entanglement, we would require
the reduced density matrix of the two-qubit evolved state,

pa(t) = trg[pap(t)], which is given by
pa(t) = 21(H)10)(0] + 22(0) 1) (1, (14)
where A, () = |a(z)?| and A,(t) = |B(¢)?], with
A1) = 3[1 = (1 —2p)cos (201)],
Ma(t) = L[+ (1 —2p)cos (201)].

The capacity of entanglement at a later time ¢ can be calcu-
lated from the variance of modular Hamiltonian K,. This is
given by

Ci(t) = w{pa()[—log, pa(1)]*} — {tr[—pa(t) log, pa(®)]),

2 2 2
- Zki(t)logz Ait) — [— Zki(z‘)logz Ai(t)] )
i=1 i=1
(15)

In Fig. 1 we plot the capacity of entanglement Cg(t)
and entanglement entropy Sgg () for an example case taking
0 = 1. In order to quantify the entanglement production, we
can define the entanglement rate I' as defined in Ref. [11],
ie.,

dSpe(t) _ dSpe(r)dp

re) = = .
®) dt dp dt

(16)

The assertion is that this quantity depends upon the entangle-
ment Sgg, which depends upon some parameter p and the rate
of the Schmidt coefficient. The condition(s) to obtain a max-
imal entanglement rate are of interest for which two things
are of significance. First, for a given value of Sgg of a two-
qubit system, we find | W) for which the interaction produces
maximum rate I'g and, the maximal achievable entanglement
rate ['.x = maxg ['g with corresponding state | Wy )-

Let us evaluate objects defined above for an arbitrary
Hamiltonian H. Using the Schmidt decomposition of the state
|W()),

[W)ap = /PIO)IX) + /1= pldT)x™), (17)

where (p|¢pt) = 0= (x|x*) and p < 1. The entanglement
measure Sgg must depend only on the Schmidt coefficient
p, given the fact that it must be invariant under local unitary
operations. If we choose the entropy of entanglement as Sgg,
the entropy of the reduced density operator of one of the qubits
is given by

See(p) = —p logy(p) — (1 — p) logy (1 — p). (18)

Operationally, Sgr quantifies the amount of Einstein—
Podolsky—Rosen entanglement contained asymptotically in a
pure state |W),p, and thus Sgg gives a ratio of maximally
entangled EPR state |V ™ )45 = \/LE(|O>|O) — |1)|1)) which can
be distilled from |W)4p.

Considering the infinitesimal time evolution of the Schmidt
coefficient of a two-qubit state, we get

[W(t +81)) = ™ W) ~ (1 — iHS8)|W(t)).

The time evolution of the reduced state for the subsystem A is
given by

palt +8t) = pa(r) —idt twp{[H, Y@ (YOI} (19)

Starting from p4|¢) = p|¢), then using the Schrodinger equa-
tion, we have

dp
= =2V = p)Im((¢, xIHlg™ x ). (20)
As I' is to be maximized, we can choose

I'= f(p)I(H. ¢, x)I.

where

f(p) =2y p(1 = p)Sip(p) and h(H, ¢, x)
= (¢, x|H|p™, x ).

Note that fixing Sgg means fixing p and so the maximum
entropy corresponds to a state with some fixed |¢) and |x).
For any value Sgg of entanglement, the state |¢) and |x) for
which maximum entanglement rate I'g is obtained does not
depend on Sgg, but only on the form of Hamiltonian H.

Let hpax be the maximum value of |4, i.e.,

max = max ¢, x|HI¢™, x ). 1)

lelllx =1

Now we need to drive the two-qubit state with local operators
so that for all time, the corresponding state is the one with the
maximum rate and we would then know how the capacity of
entanglement evolves with time.

Evaluating the capacity for entanglement for general pure
bipartite states in the Schmidt-decomposed form as in Eq. (17)
and using the modular Hamiltonian, we can express it as

Cr(Wap) = tr[pa(log, pa)*1 — [tr(pa log, pa)l*

2
= p(l — P)|:10g2 (%)] . (22)

We can define the rate of capacity of entanglement as

dt  dp dt’
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where

dp 1—p

dc, :
e _ —2p)(log2 1 P ) +2log,

which diverges for p — {0} U {1}.

Let I'c denote the rate of capacity of entanglement, i.e.,
I'c:= %. From the earlier result, using the transformed
Hamiltonian, we have

2
e =2/p(1 — p)[(l - 2p)<log2 P )

1—p

p

+ 2log,
I—p

] \h(H, ¢, )l (23)

Thus, it will not diverge with this form for p = Oor 1.

It should be clear that local terms corresponding to &, B in
Eq. (9) give no contribution to Ay, with the given Schmidt-
decomposed form of the bipartite state. Trying to determine
hmax in terms of 1 23, we get

3
h(H, ¢ x) =Y wblof o) (xlofIx* ). (24)
k=1

The maximum is reached when |x) = |¢*). Further utilizing
completeness condition |@)(dL| + |x){(x*| =1, we get the
expression

3 3
h(H, ¢) =Y i — Y w(ploelg)’. (25)
k=1 k=1

It can be further inferred from ©; > @, > w3 that the maxi-
mum value is reached when |¢) = |0) or [1), which gives us

hmax = Q1+ U2. (26)

Thus, the state that provides the maximum rate of capacity of
entanglement and the corresponding rate are given by

[Wg) = /pl01) +iy/1 — p|10), 27
=2(u1 + p2)v/p(1 — p)

max

dCg

Cemax = T

2
xl:(l—Zp)(logzlp ) +210g21p } (28)

The maximum rate ['¢c,,, is obtained here for py ~ 0.0045,
which maximizes f(p)to f(po) =~ 1.2108 for the correspond-
ing |Wn,x). The capacity of entanglement for this maximum
rate is Cg(po) =~ 0.1306.

It has been shown that if we can allow local operations
which can entangle each qubit with local ancilla, that can
increase the I'.x for certain kinds of Hamiltonian [11].
We shall begin by generalizing the formulas for multilevel
systems which contain the ancillas and the qubits. Con-
sider a state |W),p with the Schmidt decomposition |W)sp =
SN V2l ®a) | Xn). Again, the capacity of entanglement only

depends on the Schmidt coefficients A,, > 0. Using the defini-
tion of capacity of entanglement rate in Eq. (16), we have

dCg _ i ACx da,
dt = A, dt

al [BCE 8CE}dkn

[c=

1
— - . 29)
N oA, 0, | dt

,m=1

Using the Schrodinger equation, we find

dh, N
- = zrgmxm IM[( By XnlH|Brms Xom)]- (30)

Now, let us consider one such example where adding ancillas
allows one to increase the capacity of entanglement more
efficiently. Let us consider the case in which the ancillas are
also qubits. Letting Ay = p and A, = A3 = Ay = (1 — p)/3,
Eq. (29) simplifies to

[ = f(p)h(H, ¢u, xn), (31)

where

~ 3
Fp=2v/p(=p)/3 [(1 ~2p)log’ ;7 4 2logy 1

%)
p 9

(32)

RCH, s xn) = D T, Xl HIpms xm)]. (33)

n=2

We have a freedom to choose the phase of states |¢,) such
that all terms add with the same sign, thus allowing us to re-
place the imaginary parts of the above terms by their absolute
values, i.e., f(p) by |f(p)|. We find that jy =~ 0.6036, cor-
responding to the capacity of entanglement Cg(po) ~ 0.5523
maximizing f(p) to | f(po)| = 1.4459. Further, proceeding to
maximize %, we obtain that the maximum value is Ay, =
M1 + o + w3, which occurs when |¢,) and |x,) are both
orthogonal, maximally entangled states between the qubit and
the ancilla.

Upon comparing the cases in which ancillas are used to
those in which they are not used, we can either have | f(5o)| >
| f(po)| or Bmax = Pmax. For the case when u3 # 0, we can use
ancillas to increase the maximum rate of capacity of entangle-
ment 'y, as well as I" for a given capacity of entanglement
of the state |\).

IV. BOUND ON RATE OF ENTANGLEMENT

In this section, we will show that the capacity of en-
tanglement plays an important role in providing an upper
bound for the entanglement rate for the nonlocal Hamiltonian.
Specifically, we will show that the entanglement rate is upper
bounded by the speed of transportation of the bipartite state
and the time average of the square root of the capacity of
entanglement. Also, this sets a quantum speed limit on the
entanglement production and degradation for pure bipartite
states. Thus, the capacity of entanglement has a physical
meaning in deciding how much time a bipartite states takes
to produce a certain amount of entanglement.
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Let us consider a bipartite system initially in a pure state.
Let |W(0))4p denote the initial state of the system. We con-
sider the dynamics generated by a nonlocal Hamiltonian Hyp.
The time-evolved state at later time ¢ is given by [W(¢))ap =
Upg(t)|W(0))ap, Where Uyp(t) = e~ Has! with i = 1.

Now, we apply the Heisenberg-Robertson uncertainty rela-
tion [27] for two noncommuting operators K, and Hyp. This
leads to

SHWOIKs ® Ip, HaplW(0))| < AKyAHyp. (34)

Recall that the evolution of the average of any self-adjoint
operator O is given by

.. d(0)
h—— = ([0, H]). 35
th— (I D (35)
Using Eq. (35) (for O = K,) in Eq. (34), we then obtain
i |d(Ky)
—|———| < AK4AHup. 36
AT AAR (36)

Let I'(t) denote the rate of entanglement. Recall that the
average of the modular Hamiltonian is the entanglement en-
tropy Sgg. In terms of the entanglement rate I'(¢), the above
equation can be written as

2
INGIES 7 AKaAHap. (37)

The square of the standard deviation of the modular Hamil-
tonian is the capacity of entanglement; therefore, in terms
of the capacity of entanglement, we can write the above
bound as

2
INGIES ﬁ\/CE(t)AHAE (38)

To interpret the above equation, first note that %AHAB is sim-
ply the speed of transportation of the bipartite pure entangled
state on the projective Hilbert space of the composite sys-
tem. If we use the Fubini-Study metric for two nearby states
[28-30], then the infinitesimal distance between two nearby
states is defined as

2 2 4 2 2
dS* = 41— (WO + D)) = s AHdr®. (39)

Therefore, the speed of transportation as measured by the
Fubini-Study metric is given by V = % = %AHAB. Thus, the
entanglement rate is upper bounded by the speed of quantum
evolution [31] and the square root of the capacity of entangle-
ment, i.e., |[['(t)] < /Ce@)V.

It was shown in Ref. [32] that for the ancilla unassisted
case, the entanglement rate is upper bounded by c||H|| log, d,
where d = min(dim?H,4, dim*jp), ¢ is the constant between
0 and 1, and ||H|| is the operator norm of the Hamiltonian
which corresponds to p = co of the Schatten p-norm of H,
which is defined as |H]|, = [tr(x/H*H)”]%. Now, using the
fact that the maximum value of capacity of entanglement is
proportional to Sma,((,oA)2 [13], where Smax(04) is the max-
imum value of the von Neumann entropy of the subsystem
which is upper bounded by log, d4, where d is the dimension
of Hilbert space of subsystem A, and AH < ||H||, a similar
bound on the entanglement rate can be obtained from Eq. (38).

Thus, the bound on the entanglement rate given in Eq. (38) is
stronger than the previously known bound.

The bound on the entanglement rate can be used to pro-
vide a quantum speed limit for the creation or degradation
of entanglement. The notion of quantum speed limit (QSL)
decides how fast a quantum state evolves in time from an
initial state to a final state [33]. Even though it was discov-
ered by Mandelstam and Tamm [34], over the last decade,
there have been active explorations to generalize the notion
of quantum speed limit for mixed states [35,36] and of re-
sources that a quantum system might possess [37]. Recently,
the notion of a generalized quantum speed limit has been
defined in Ref. [38]. In addition, the quantum speed limit
for observables has been defined and it was shown that the
QSL for state evolution is a special case of the QSL for the
observable [39]. For a quantum system evolving under a given
dynamics, there exist fundamental limitations on the speed
for entropy S(p), maximal information /(p), and quantum
coherence C(p) [40], as well as on other quantum corre-
lations such as entanglement, quantum mutual information,
and Bell-Clauser-Horne-Shimony-Holt correlation [41]. Be-
low, we provide a speed limit bound for the entanglement
entropy which can be applied for the scenario where entangle-
ment can be generated or degraded, based on the capacity of
entanglement. Our bound highlights the nontrivial role played
by the capacity of entanglement in deciding the QSL.

The speed limit for entanglement entropy can be calculated
from Eq. (38) by taking the absolute value on both of the sides
and integrating over time. Thus, we have

T T
dSge(t 2

/ LA g/ Z/Cr(t)AHdt. (40)
0 dt o N

For the time-independent Hamiltonian, we obtain the follow-
ing bound for the quantum speed limit for entanglement:

T>TE = h|Sge(T) — Sepe(0)] .
Q 2AHL [ /Crhdt

In the case of time-dependent Hamiltonian H (¢), we can apply
the Cauchy-Schwarz inequality in Eq. (40) and obtain the
following inequality:

T T 2 T 2
/ dt < f —/Cg(t)dt / —AH,dt. (42)
0 0 h 0 h

From the above inequality, we get the bound for the speed
limit for the entanglement entropy change as given by

hISEe(T) — See(0)]

20H/ L[] «/CE(t)dt,

where AH =1 [T /IH@?) — (H())?dr is the time-
averaged fluctuation in the Hamiltonian. In both bounds
(time-dependent and time-independent Hamiltonian), it is
clear that the evolution speed for entanglement generation (or
degradation) is a function of the capacity of entanglement Cg.
Thus, we can say that Cg controls how much time a system
may take to produce a certain amount of entanglement. Now,
one may ask, how tight is the QSL bound for the entanglement
generation of degradation? Here, we illustrate with a specific
example that the quantum speed limit for the creation of

(41)

dSge(t)
dt

T > T = (43)
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FIG. 2. T&L vs T with p =1 for 6 = 0.5 and 1.0, which shows
that our speed limit bound is tight.

entanglement is actually tight. Consider the initial state at
t =0 as given in Eq. (12). The time evolution of the state
is given by Eq. (13). Estimation of the speed limit bound on
the entanglement entropy in Eq. (41) for the considered state
would need the following quantities:

[1 —n(@)*]tanh™" [5(t)]?

Cet) = o) : (44)
where n(¢) = (1 — 2p) cos(26t), and
AH =6(1 —2p), (45)
log, [(p — 3) cos(261) + 1]
Seg = — 5
log, [(% — p) cos(20t) + %]
+ 2
J— _l J—
n (1 —2p)cos(260t) tanh™ ' [(1 —2p) cos(29t)]. 46)
In(2)

The plot in Fig. 2 for Tfs vs T €[0,0.45] is shown
under unitary dynamics through a general two-qubit nonlo-
cal Hamiltonian H,,, beginning with an initial state of the
system |W(0)) = |0)|0) [taking p =1 in Eq. (13)]. Our ex-
ample shows that for the case of 6 = u; — up, = 0.5 and 1.0,
the QSL for the entanglement creation is indeed tight and
attainable.

V. CAPACITY OF ENTANGLEMENT
FOR SELF-INVERSE HAMILTONIAN

In this section, we will explore the dynamics of the ca-
pacity of entanglement for the self-inverse Hamiltonian. Such
Hamiltonians are simpler to handle and provide many inter-
esting insights. The rate of capacity of entanglement for the
self-inverse Hamiltonian has been addressed. It was found
that the inclusion of the ancilla system leads to the enhance-
ment of the entanglement capability in Ref. [11], but for
the Ising Hamiltonian Hiygne = 0; ® 0, it was shown that
the entanglement capability is ancilla independent [42]. This
independence on ancillas of entanglement capabilities turns
out to be a consequence of the self-inverse property of the
Hamiltonian, Hygne = ngilllg. This result was generalized to all
Hamiltonian evolutions of the kind [43]

Hyp = X4 ® X, 47)

such that X; = Xi’1 € H; for i € {A, B}. As a consequence
of the self-inverse property of the Hamiltonian, we have the
time-evolution operator (& = 1),

Uit)=e M =costTy @I —isint X4 @ Xz.  (48)

Let |W(0))4p be the initial state of the bipartite system
AB, which can be expressed in the Schmidt decomposition as
follows:

(WO a5 = v AalVnda @ ). (49)

Let pap(t) denote the density operator at time ¢. The time evo-
lution of p4p(t) is governed by the Liouville-von Neumann
equation given as

dpap(t)
dt

= _i[HABa pAB(t)]a (50)

where Hyp is the nonlocal Hamiltonian of the composite
system. The dynamics of the reduce density operator pp (or
p4) can be obtained from the above equation by tracing out
A (or B), which is given by

d
ﬁ = —itra[Hyp, pap(t)]. C2))

Now, first we will calculate an upper bound on the rate of
capacity of entanglement for unitary evolution and then we
will address the case of the self-inverse Hamiltonian. To cal-
culate an upper bound on Cg, first we differentiate both sides
of Eq. (6) with respect to time, which leads to

dCg(t) d
— = 5 (K = (Ka)?)

_ 4 t 1 2 d tr(pa 1 2
= E{ r[pa(—log, pa)1} — E[_ r(pa log, pa)l

_d 1 211 =28 dS
= E{tr[pA(— 0g, pa) 1} — (PA)E (pa)

d
= E{tr[pA(— log, p4)*1} = 28(pa)T(0), (52)

where I'(¢) is the rate of entanglement. Let B(# ) denote the
subset of positive semidefinite operators acting on /. Now,
we use the fact that the logarithm of an operator A € B(H),
can be represented by

0 1 1
k’ng:fO ds((s+ NZ (sI+A)>’ (53)

where 7 is the identity operator. We use the above equation to
compute the first terms on the right-hand side of Eq. (52). This
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can be expressed as

d
[pa(—1og, pA)z]}

d
E{tr[pA(— log, pa)*l} = tr {E

. d
=tr {[pA (log, pa)*1 + pa E(logz PA )2}

= tr{[pa(log, pa)’1} +tr {pA

d o 1 1
Z|:/0 ds((S—i— DI (sI+pA)):|(log2/0A)}

d 00 1 1
+tr {pA(log2 IOA)E[/(; ds((er DI (sI+pA)>“

1 1

_ . 2 o .
= tr{[pa(logy pa)1} + tr {PA[/O ds((sI—i—,oA)pA (sI+pA))i|(log2 ,OA)}

oo 1 1
1 .
+tr {pA(ogsz)[/O ds((SI+pA)pA(SI+pA)>:|}

= tr{[pa(log, pa)’1} + 2tr (4 log, pa).

The second term on the right-hand side of above equation is
the rate of the entropy [44], so we rewrite Eq. (52) as
dCg(t)
dt

= tr[pa(—log, pa)’] + 2tr(pa log, pa)l1 + S(pa)l.
(55)

Now, we consider the case where p is full rank; then, the first
term of the above equation can be simplified as

tr[p(log, p)*1 = Y _(ilpli)(log, 2:)*

1

< ks D (i111)

= kinax tr[pa] =0, (56)

where kp,x is the maximum of the eigenvalues of the modular
Hamiltonian. We then obtain an upper bound on the capacity
of entanglement as

[Tl < [2tr(palog, pa)(1 + log, da)l

= [2I'(t)(1 4 log, da)I. (57)

Using Eq. (38), we can give an upper bound on the rate of the
capacity of entanglement as given by

ITcl < 24/CeV (1 + log, dy).

Thus, we can see that the rate of entanglement depends on the
evolution speed of the bipartite quantum state, which is given
by V = %AH AB-

For the ancilla unassisted case, the entanglement rate I'(¢)
is upper bounded by c||H]|log, d (see Ref. [32]). Then, the
upper bound on the rate of the capacity of entanglement I'¢
becomes

(58)

ITel < 2¢||H||log, d(1 + log, da). (39)

Now we will find the upper bound on I'c for self-inverse
Hamiltonians. The maximum entanglement rate I'(¢) for
the self-inverse Hamiltonian H = X, ® Xz was calculated in

(54)
[
Ref. [43]. It is given by I'(¢) < B, where
B =2 max +/x(I —x)log, — (60)
x€[0,1] 1 —x
Therefore, the bound on I'¢ can be expressed as
ITcl < 2B8(1 + log, da). (61)

This bound is independent of the details of the initial state, but
uses the self-inverse nature of the nonlocal Hamiltonian.

VI. CAPACITY OF ENTANGLEMENT FOR MIXED STATES

In the previous section, we used the definition of Cg for
pure states. Here, we generalize the definition for the case
of mixed states in such a way that it reduces to the previous
definition for pure states. For this, we use the relative entropy
of entanglement since it reduces to the entanglement entropy
for pure states. The relative entropy of entanglement is defined
in Ref. [45] and further expanded for arbitrary dimensions in
Ref. [46]. This is given by

Ex(pas) = min_S(pllo). (62)
where SEP is set of all separable or positive partial transpose
(PPT) states and S(pl|lo) = tr(plog, p — plog, o). Opera-
tionally, the relative entropy of entanglement quantifies the
extent to which a given mixed entangled state can be dis-
tinguished from the closest state which is either separable
or has a positive partial transpose (PPT). Also, this is an
entanglement monotone and is asymptotically continuous.

In the following, we shall denote the state in SEP for which
the the minimum is attained for a given psp as p3z. Then, we
can write Er(pap) as

Er(pap) = min_S(paplloan) = S(pasllpag)- (63)

OABE

Now, we claim that the capacity of entanglement for mixed
states is given by

Cr(pas) = trlpag(log, pag — log, pjp)*]

— tr[pap(log, pap — log, pip)1>.  (64)
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We will now show that this agrees with the definition of
capacity of entanglement for pure states. The relative entropy
of entanglement is given by

Er(pap) = tr[pap(log, pap — log, pyp)]
= (log, pap — 10og, pyp). (65)

For a pure state, the density operator p4p is given by

pag = |W)ap(¥| = Z«/pipj|¢i)(¢j| ® |xi) (xjla. (66)
i,j

The expression for pi; for pap is known [47] and given as
follows:

Pis =Y Pl (@el ® 1) (Xelas- (67)
k

The first term of Eq. (64) is given by
((log, pag — log, pp)°)
= ap(¥|[(log, [W)ap(¥|) + (log, pip)”
— (log, [W)ap(V¥|log, pig
+log, paglog, |W)ap(WDIIVY) as- (68)
Defining Ay = |W)ap(V| — Z, we get

(Ay)?
ap(W|(logy [W)ap(W]) = ap(V||Ay — > +--- =0
This leads to

48{W|(log, W) ap(W])?|W)ap = 0, (69)

where the only surviving term in Eq. (68) is

48{W|(log, pip)*|W)as.
Now, we have

(log, pip)* = Y _(10g, pi) i) a (il ® |xi)m (Xl
k

((log, p3p)) = Y /Pip;(10g, pi)*8ud e

i,j.k

=Y plog, pi)* = ((log, pa)’).
k

The second term of Eq. (68) is equal to E(pp)* for pure
states. Thus, for pap = |¥V) (V¥ |45, We have

Cr = ((log, pa)*) — (log, pa)?, (70)

which agrees with the expression for the capacity of entangle-
ment for the pure bipartite states.

It may be worth noting that the capacity of entanglement
for a mixed state can also be expressed as the variance of
the shifted modular Hamiltonian for the joint system. Upon
defining the modular Hamiltonian for the composite state psp
and p}g as Kyp = —log, pap and Kz = —log, p),, we have

Cr = tr[pap(Kap — Ki)*1 — trlpap(Kap — Kip)I*
= ((Kap — Kjp)?) — (Kag — Kip)*
= (K3p) — (Kag)*, (71)

where Ky = Kup — K5 is the shifted modular Hamiltonian
for the composite system. This provides another meaning for
the capacity of entanglement for the mixed state.

Now, we illustrate the capacity of entanglement for a mixed
state using the above definition. For general mixed entangled
states, it is not always easy to find the closest separable state.
However, for those cases where we know the closest separable
state, we can compute the capacity of entanglement.

Let us consider a mixed entangled state as given by

pap = Ao ) (¢TI + (1 = )I01)(01], (72)

where |¢pT) = Lz(|00) + |11)) is one of the four Bell states.

The corresponding closest separable state which minimizes
quantum relative entropy with psp [47] is given by

A A
Pap = 5(1 — E)(IOO)(OOI =+ 100)(11] + [11) (00|

A\ 22
+ 1111 + (1 - 5) 101){01] + —-[10)¢10].

(73)

The expression for the relative entropy of entanglement for
this example is given by

A
Er(M) =R —2)In (1 - 5) + 1 —=AM)In(1-=21). (74
Consider another example of a mixed state,

pag =A@ ") (@™ | + (1 — 2)]00)(00]. (75)

The closest separable state minimizing relative entropy for
this case is of the form [47]

A A
Pap = <1—§>I00><00|+§|11><11|- (76)

The relative entropy of entanglement in this case can be ana-
Iytically found and given as

Er(M) =s In(sy)+s_In(s_)

Zlkllk 77
—(-5)m(-3) o

where

1+ /1-2x(1-%)
S+ = )

The detailed expressions for the capacity of entanglement
for psp in Eq. (72) and Eq. (75) are very complicated. For
the purpose of illustration, we have provided numerical plots
for the same. From the behavior of the plots in Figs. 3

042419-9



SHRIMALI, BHOWMICK, PANDEY, AND PATI

PHYSICAL REVIEW A 106, 042419 (2022)

0.7 1

0.6

0.5 A

0.4 1

0.3 4

0.2

0.1

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. Plot for capacity of entanglement (Cg) and relative en-
tropy of entanglement (Eg) vs A € [0, 1] for psp in Eq. (72).

and 4, it can be inferred that for A € {0, 1}, the cases where
all nonzero eigenvalues of the state are the same and thus the
state becomes either pure or maximally mixed, and for such
flat states, the capacity of entanglement vanishes.

It will be interesting to see if we can generalize all the
results obtained for a pure bipartite state to a mixed state case.
However, we leave these detailed investigations for the mixed
state case for future work. Before we conclude, we will show
that the quantum speed limit for entanglement creation and
degradation for the mixed state psp under unitary evolution
can, in fact, be generalized. Consider the mixed state psp
which undergoes a unitary evolution, i.e.,

pa(0) = pap(t) = Upp(t)pas(0)U, (1), (78)

where Ugp(t) = e~ and H,p is the time-independent
Hamiltonian. The equation of motion for the average of the
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0.0 0.2 0.4 0.6 0.8 1.0
A

FIG. 4. Plot for capacity of entanglement (Cg) and relative en-
tropy of entanglement (Eg) vs A € [0, 1] for pap in Eq. (75).

observable acting on H4 ® Hp can be written as

d
iha tr(papOap) = tr(0ap[Oap, Hapl). (79)

Now, if we take O45 = K4z as the shifted modular Hamilto-
nian for the bipartite system, then, using the above equation of
motion and the Robertson uncertainty relation, we have

'dER(l‘)

2
< SAR3AH,p, 80
d[ Fl AB AB ( )

where Er(1) = Er[pap(t)] = Slpap(®)|lpyp(t)] is the rela-
tive entropy of entanglement for the time-evolved state and
%AHAE is the speed of the bipartite mixed state under unitary
evolution with AH}B = tr(,oABHjB) — [tr(pABHAB)]z. Since
the capacity of entanglement for the mixed state based on
the relative entropy of entanglement is Cg(pap) = AKZ,,
we have the quantum speed limit for the mixed state as
given by

7> 7E . _ MERT) — Ez(0)] 81

Z dQsL = .
2AHyup fy ~/Celpap)dt

The above formula will reduce to the quantum speed limit
for the pure state case as given in (42). It may be noted that
the derivation for the quantum speed limit for the mixed state
holds as long as the closest separable state is differentiable.
Thus, the minimal time for the entanglement creation for the
mixed state does depend on the speed of the bipartite mixed
state as well as the capacity of entanglement. This result will
have important implications in understanding the dynamics of
entanglement for mixed states.

VII. CONCLUSIONS

Undoubtedly, the study of quantum entanglement for bi-
partite and multipartite states has been one of the prime areas
of research over the last several decades. Even though the
dynamics of entanglement for nonlocal Hamiltonians was ad-
dressed earlier, the question of the dynamics of the capacity
of entanglement has not been addressed. The notion of the
capacity of entanglement is a very useful quantity and this can
be regarded as the quantum information theoretic counterpart
of the heat capacity. For any bipartite pure state, the capacity
of entanglement is the variance of the modular Hamiltonian
in the reduced state of any subsystem. In this paper, we have
studied the dynamics of the capacity of entanglement under
a nonlocal Hamiltonian. Our results answer a very pertinent
question regarding the capacity of entanglement that the sys-
tem can possess when it evolves in time under a nonlocal
Hamiltonian. The capacity of entanglement has another mean-
ing in deciding the upper bound for the entanglement rate.
We have shown that the quantum speed limit for creating
the entanglement is not only governed by the fluctuation in
the nonlocal Hamiltonian, i.e., the speed of transportation
of the bipartite state, but also depends inversely on the time

042419-10



CAPACITY OF ENTANGLEMENT FOR A NONLOCAL ...

PHYSICAL REVIEW A 106, 042419 (2022)

average of the square root of the capacity of entanglement.
In addition, we have discussed the capacity of entanglement
for a self-inverse Hamiltonian and found an upper bound for
this case on the rate of capacity of entanglement. We have
also generalized the notion of the capacity of entanglement
for bipartite mixed states based on the relative entropy of
entanglement, which reduces to a known form for the pure
states case. We have provided two simple examples for the
capacity of entanglement for mixed states. Towards the end,
we have generalized the quantum speed limit for the creation
of entanglement for mixed states. The minimal time for the
creation of entanglement for the mixed states depends on the

speed of quantum evolution and the entanglement capacity.
In the future, it will be worthwhile to explore this notion of
the capacity of entanglement for mixed states and multipartite
systems, which will have useful applications in other areas of
physics.

ACKNOWLEDGMENTS

D.S., S.B., and V.P. thank Brij Mohan and Ujjwal Sen
for useful discussions. A.K.P. acknowledges support of the
J.C. Bose Fellowship from the Department of Science and
Technology (DST), India under Grant No. JCB/2018/000038
(2019-2024).

[1] A. Kitaev and J. Preskill, Topological Entanglement Entropy,
Phys. Rev. Lett. 96, 110404 (2006).

[2] H.-C. Jiang, Z. Wang, and L. Balents, Identifying topological
order by entanglement entropy, Nat. Phys. 8, 902 (2012).

[3] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[4] S. Das, T. Chanda, M. Lewenstein, A. Sanpera, A. Sen De,
and U. Sen, The separability versus entanglement problem, in
Quantum Information: From Foundations to Quantum Technol-
ogy Applications (2016), Chap. 8, p. 127.

[5S] A. N. Boto, P. Kok, D. S. Abrams, S. L. Braunstein, C. P.
Williams, and J. P. Dowling, Quantum Interferometric Optical
Lithography: Exploiting Entanglement to Beat the Diffraction
Limit, Phys. Rev. Lett. 85, 2733 (2000).

[6] E. Pedrozo-Peiiafiel, S. Colombo, C. Shu, A. F. Adiyatullin, Z.
Li, E. Mendez, B. Braverman, A. Kawasaki, D. Akamatsu, Y.
Xiao, and V. Vuleti¢, Entanglement on an optical atomic-clock
transition, Nature (London) 588, 414 (2020).

[7] K. S. Lee, Y. P. Tan, L. H. Nguyen, R. P. Budoyo, K. H. Park,
C. Hufnagel, Y. S. Yap, N. Mgbjerg, V. Vedral, T. Paterek, and
R. Dumke, Entanglement between superconducting qubits and
a tardigrade, arXiv:2112.07978.

[8] G. J. Mooney, C. D. Hill, and L. C. L. Hollenberg, Entangle-
ment in a 20-qubit superconducting quantum computer, Sci.
Rep. 9, 13465 (2019).

[9] S. I. Doronin, E. B. Fel’dman, and I. D. Lazarev, Many-particle
entanglement in multiple quantum nuclear-magnetic-resonance
spectroscopy, Phys. Rev. A 100, 022330 (2019).

[10] T. van Leent, M. Bock, R. Garthoff, K. Redeker, W. Zhang,
T. Bauer, W. Rosenfeld, C. Becher, and H. Weinfurter,
Long-Distance Distribution of Atom-Photon Entanglement at
Telecom Wavelength, Phys. Rev. Lett. 124, 010510 (2020).

[11] W. Diir, G. Vidal, J. I. Cirac, N. Linden, and S. Popescu, En-
tanglement Capabilities of Nonlocal Hamiltonians, Phys. Rev.
Lett. 87, 137901 (2001).

[12] N. Laflorencie, Quantum entanglement in condensed matter
systems, Phys. Rep. 646, 1 (2016).

[13] J. de Boer, J. Jirveld, and E. Keski-Vakkuri, Aspects of capacity
of entanglement, Phys. Rev. D 99, 066012 (2019).

[14] H. Li and F. D. M. Haldane, Entanglement Spectrum
as a Generalization of Entanglement Entropy: Identifica-
tion of Topological Order in Non-Abelian Fractional Quan-
tum Hall Effect States, Phys. Rev. Lett. 101, 010504
(2008).

[15] H. Yao and X.-L. Qi, Entanglement Entropy and Entanglement
Spectrum of the Kitaev Model, Phys. Rev. Lett. 105, 080501
(2010).

[16] J. Schliemann, Entanglement spectrum and entanglement ther-
modynamics of quantum Hall bilayers at v = 1, Phys. Rev. B
83, 115322 (2011).

[17] P. Nandy, Capacity of entanglement in local operators, J. High
Energy Phys. 7 (2021) 019.

[18] E. Verlinde and K. M. Zurek, Space time fluctuations in
AdS/CFT, J. High Energy Phys. 04 (2020) 209.

[19] K. Kawabata, T. Nishioka, Y. Okuyama, and K. Watanabe,
Probing Hawking radiation through capacity of entanglement,
J. High Energy Phys. 05 (2021) 062.

[20] K. Kawabata, T. Nishioka, Y. Okuyama, and K. Watanabe,
Replica wormholes and capacity of entanglement, J. High
Energy Phys. 05 (2021) 227.

[21] R. Arias, M. Botta-Cantcheff, P. J. Martinez, and J. F. Zarate,
Modular Hamiltonian for holographic excited states, Phys. Rev.
D 102, 026021 (2020).

[22] H. Umegaki, Conditional expectation in an operator algebra, IV
(entropy and information), Kodai Math. Seminar Rep. 14, 59
(1962).

[23] P. Caputa, J. M. Magan, and D. Patramanis, Geometry of Krylov
complexity, Phys. Rev. Res. 4, 013041 (2022).

[24] P. Boes, N. H. Y. Ng, and H. Wilming, Variance of relative
surprisal as single-shot quantifier, PRX Quantum 3, 010325
(2022).

[25] A. K. Pati and P. K. Sahu, Sum uncertainty relation in quantum
theory, Phys. Lett. A 367, 177 (2007).

[26] C. H. Bennett, J. I. Cirac, M. S. Leifer, D. W. Leung, N. Linden,
S. Popescu, and G. Vidal, Optimal simulation of two-qubit
Hamiltonians using general local operations, Phys. Rev. A 66,
012305 (2002).

[27] H. P. Robertson, The uncertainty principle, Phys. Rev. 34, 163
(1929).

[28] J. Anandan and Y. Aharonov, Geometry of Quantum Evolution,
Phys. Rev. Lett. 65, 1697 (1990).

[29] A. K. Pati, Relation between phases and distance in quantum
evolution, Phys. Lett. A 159, 105 (1991).

[30] A. K. Pati, New derivation of the geometric phase, Phys. Lett.
A 202,40 (1995).

[31] S. Deffner and S. Campbell, Quantum speed limits: From
Heisenberg’s uncertainty principle to optimal quantum control,
J. Phys. A: Math. Theor. 50, 453001 (2017).

042419-11


https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1038/nphys2465
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevLett.85.2733
https://doi.org/10.1038/s41586-020-3006-1
http://arxiv.org/abs/arXiv:2112.07978
https://doi.org/10.1038/s41598-019-49805-7
https://doi.org/10.1103/PhysRevA.100.022330
https://doi.org/10.1103/PhysRevLett.124.010510
https://doi.org/10.1103/PhysRevLett.87.137901
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1103/PhysRevD.99.066012
https://doi.org/10.1103/PhysRevLett.101.010504
https://doi.org/10.1103/PhysRevLett.105.080501
https://doi.org/10.1103/PhysRevB.83.115322
https://doi.org/10.1007/JHEP07(2021)019
https://doi.org/10.1007/JHEP04(2020)209
https://doi.org/10.1007/JHEP05(2021)062
https://doi.org/10.1007/JHEP10(2021)227
https://doi.org/10.1103/PhysRevD.102.026021
https://doi.org/10.2996/kmj/1138844604
https://doi.org/10.1103/PhysRevResearch.4.013041
https://doi.org/10.1103/PRXQuantum.3.010325
https://doi.org/10.1016/j.physleta.2007.03.005
https://doi.org/10.1103/PhysRevA.66.012305
https://doi.org/10.1103/PhysRev.34.163
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1016/0375-9601(91)90255-7
https://doi.org/10.1016/0375-9601(95)00299-I
https://doi.org/10.1088/1751-8121/aa86c6

SHRIMALI, BHOWMICK, PANDEY, AND PATI

PHYSICAL REVIEW A 106, 042419 (2022)

[32] S. Bravyi, Upper bounds on entangling rates of bipartite Hamil-
tonians, Phys. Rev. A 76, 052319 (2007).

[33] P. Pfeifer, How Fast can a Quantum State Change with Time?
Phys. Rev. Lett. 70, 3365 (1993).

[34] L. Mandelstam and Ig. Tamm, The uncertainty relation between
energy and time in non-relativistic quantum mechanics, J. Phys.
(USSR) 9, 249 (1945).

[35] S. Wu and C. Yu, Quantum speed limit for a mixed initial state,
Phys. Rev. A 98, 042132 (2018).

[36] D. Mondal and A. K. Pati, Quantum speed limit for mixed states
using an experimentally realizable metric, Phys. Lett. A 380,
1395 (2016).

[37] E. Campaioli, C. Yu, F. A. Pollock, and K. Modi, Resource
speed limits: Maximal rate of resource variation, New J. Phys.
24, 065001 (2022).

[38] D. Thakuria, A. Srivastav, B. Mohan, A. Kumari, and A. K.
Pati, Generalised quantum speed limit for arbitrary evolution,
arXiv:2207.04124.

[39] B. Mohan and A. K. Pati, Quantum speed limits for observable,
arXiv:2112.13789.

[40] B. Mohan, S. Das, and A. K. Pati, Quantum speed limits for
information and coherence, New J. Phys. 24, 065003 (2022).

[41] V. Pandey, D. Shrimali, B. Mohan, S. Das, and A. K. Pati,
Speed limits on correlations in bipartite quantum systems,
arXiv:2207.05645.

[42] A. M. Childs, D. W. Leung, E. Verstraete, and G. Vidal, Asymp-
totic entanglement capacity of Ising and anisotropic Heisenberg
interactions, Quantum Inf. Comput. 3, 97 (2003).

[43] X. Wang and B. C. Sanders, Entanglement capability of a self-
inverse Hamiltonian evolution, Phys. Rev. A 68, 014301 (2003).

[44] S. Das, S. Khatri, G. Siopsis, and M. M. Wilde, Fundamental
limits on quantum dynamics based on entropy change, J. Math.
Phys. 59, 012205 (2018).

[45] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, Quan-
tifying Entanglement, Phys. Rev. Lett. 78, 2275 (1997).

[46] S. Friedland and G. Gour, An explicit expression for the relative
entropy of entanglement in all dimensions, J. Math. Phys. 52,
052201 (2011).

[47] V. Vedral and M. B. Plenio, Entanglement measures and purifi-
cation procedures, Phys. Rev. A 57, 1619 (1998).

042419-12


https://doi.org/10.1103/PhysRevA.76.052319
https://doi.org/10.1103/PhysRevLett.70.3365
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1103/PhysRevA.98.042132
https://doi.org/10.1016/j.physleta.2016.02.018
https://doi.org/10.1088/1367-2630/ac7346
http://arxiv.org/abs/arXiv:2207.04124
http://arxiv.org/abs/arXiv:2112.13789
https://doi.org/10.1088/1367-2630/ac753c
http://arxiv.org/abs/arXiv:2207.05645
https://doi.org/10.26421/QIC3.2
https://doi.org/10.1103/PhysRevA.68.014301
https://doi.org/10.1063/1.4997044
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1063/1.3591132
https://doi.org/10.1103/PhysRevA.57.1619

