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Bell-inequality violation by dynamical Casimir photons in a superconducting microwave circuit
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We study the Bell’s inequality violation by dynamical Casimir radiation with pseudospin measurement.
We consider a circuit quantum electrodynamical setup where a relativistically moving mirror is simulated by
variable external magnetic flux in a superconducting quantum interference device terminating a superconducting-
microwave waveguide. We analytically obtain expectation values of the Bell operator optimized with respect to
channel orientations in terms of the system parameters. We consider the effects of local noise in the microwave
field modes, asymmetry between the field modes resulting from nonzero detuning, and signal loss. Our analysis
provides ranges of the above experimental parameters for which the Bell violation can be observed. We show
that the Bell violation can be observed in this setup up to 40 mK temperature as well as up to 65% signal loss.
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I. INTRODUCTION

A fluctuating vacuum of quantum fields produces particles
when the geometry of the background space-time is curved
or changes with time. A quantized vacuum emits particles
known as Hawking radiation [1] due to gravity in the space-
time of black holes. Cosmological particle production can
be explained as the radiation by the quantum vacuum in the
expanding universe [2–4]. Radiation by the quantized vac-
uum occurs inside cavities [5] and in free space [6,7] in the
presence of moving mirrors or when the field is subjected
to time-dependent boundary conditions. This phenomena is
called the dynamical Casimir effect (DCE) or Moore-DeWitt
effect [5,6].

The physics of these quantum radiations have profound
significance in the foundations of quantum theory in curved
space-time [3], which predicts that the emitted particles have
blackbody distribution [8–10]. Thermodynamics of black
holes [9] may give rise to the information paradox, which
has been a subject of much debate [11]. This motivated the
study of quantum correlations in Hawking radiation [12–14].
Extensive studies were performed on various foundational and
informational theoretic aspects in curved space-time [12–21].
However, the experimental detection of such radiation in na-
ture seems to be out of reach of current technology.

With the development of quantum material technology, it
has been possible to create analog DCE in the laboratory by
varying bulk properties of materials such that time-dependent
boundary conditions are induced (quantum simulation of a
moving mirror) in the medium containing the quantum field
[22–25]. The time-dependent boundary condition makes the
vacuum state of the field evolve into a superposition of states
of various numbers of particles, as denoted mathematically
by a Bogolyubov transformation [7,10,26]. This results in
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the emission of Casimir photon pairs. If the background
space-time is flat apart from the boundary condition, the emis-
sion can be localized as the radiation from a moving mirror
[5,7,10,26]. A relativistically moving mirror causes the rapid
nonadiabatic modulation of quantum field modes. To accom-
modate the modulated modes, the quantum vacuum throws up
particles that follow Planck’s distribution.

Though for the case of the nonrelativistically moving
mirror, particles can be created through nonuniform acceler-
ation, the rate of particle production is extremely small [5].
Moreover, a cavity setup is generally introduced to obtain
parametric amplification. In practice, making a mechanical
mirror move near the speed of light has been technologi-
cally challenging for a long time. DCE was first observed
experimentally [24,25] in superconducting microwave cir-
cuits by simulating the relativistic motion of mirrors [22,23].
Here the superconducting transmission line is interrupted
by superconducting quantum interference devices (SQUIDs).
Inductance of the SQUID is ultra-rapidly tuned by mak-
ing high-frequency modulation of the external magnetic flux
threading the SQUID. Change in the inductance causes
change in the electrical length of the transmission line. Hence,
a time-dependent boundary condition similar to that induced
by a relativistically moving mirror is imposed to the quantized
microwave field in the transmission line through the screen-
ing current flowing through the SQUID. In the above circuit
quantum electrodynamical (cQED) setup, the simulated ve-
locity of the mirror can reach ∼106 m s−1, and the number of
photons generated per second is 105 [23]. DCE can also be
implemented in the optomechanical setup [27].

DCE entangles the field modes and the nature of the ra-
diation is nonclassical [28]. Entanglement in the DCE is a
consequence of the energy and momentum conservation, just
like in the parametric down-conversion process. Quantum cor-
relations generated through DCE can be used as a resource
for quantum information processing. Even in a realistic cQED
setup where the background noise is present, the microwave
radiation can be nonclassical [28]. Apart from its significance
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as a resource for quantum tasks, the above experimental setup
provides a platform for simulation of fundamental phenomena
[20,21,29]. Quantum features such as entanglement, coher-
ence, and discord of noisy Casimir photons were studied
with respect to various circuit parameters [30,31]. Gaussian
interferometric power and steering were also studied in the
presence of noise [32–34].

The Bell nonlocality is the strongest of all quantum cor-
relations, manifesting the violation of local realism [35,36].
Bell presented his seminal work as a quantitative formulation
of the ideas of Einstein, Podolsky, and Rosen (EPR) that sug-
gested quantum mechanics as an incomplete theory [37]. EPR
based their argument on states having a continuous spectrum
in phase space. However, the formalisms of Bohm [38] and
Bell [35,36] were based on discrete dimensional systems, as
was the work of Clauser, Horne, Shimony, and Holt (CHSH)
[39]. Subsequently, Bell’s inequality violation has been ex-
tensively investigated both in discrete and continuous variable
systems [40–48]. The significance of Bell nonlocality in the
security of quantum cryptography [49–52] has come under
sharper focus with the development of device-independent
quantum key distribution protocols [53–55]. Bell’s inequality
violation was studied in diverse domains ranging from funda-
mental phenomena such as the Unruh effect [56] and cosmic
photons [57,58] to the case of laboratory experiments using
quantum materials [59,60].

In this work we investigate Bell’s inequality violation by
dynamical Casimir radiation using non-Gaussian pseudospin
measurements. Our primary motivation arises from the fact
that the study of Bell’s inequality in the context of particle
production through time-dependent boundary conditions was
hitherto unexplored in the literature, even though the system
of circuit quantum electrodynamics with a moving mirror can
be implemented in the laboratory [24,25]. Fundamentally, the
dynamical space-time background generally produces Gaus-
sian states. The quantum state of the microwave Casimir
photons is a two-mode squeezed thermal state [22–24,28,30–
34], though a NOON state was also engineered using the DCE
array [61]. Several studies were performed on quantum corre-
lations of Casimir photons based on Gaussian measurement
[28,30–34]. Here we explore quantum correlations of DCE
radiation with measurement beyond the Gaussian regime.
Non-Gaussian measurement is a significant tool in quantum
information such as quantum teleportation [62], steering and
cryptography [63–65], and non-Gaussian state preparation
from a Gaussian state [66]. As it is possible to implement DCE
in the laboratory, our analysis should be relevant to understand
the efficiency of DCE as a resource for quantum information.

Our approach is based on employing pseudospin mesure-
ments represented in configuration space [46,47]. Such
measurements were used to study the Bell nonlocality of a
two-mode squeezed vacuum [46,47], cosmic photons [58],
and quantum steering of a two-mode squeezed thermal state
[64]. The pseudospin operators represented in configuration
space are easier to handle compared to their representation
in the number basis [64]. It may be noted that optimization
of the expectation value of the Bell operator in configuration
space involves additional parameters compared to that in the
number state representation [46]. Pseudospin measurement in
configuration space was also used to study nonlocality of

different classes of multimode Gaussian states [67], the en-
hancement of nonlocality [68], and quantum teleportation
[62]. Our aim is to use this measurement to explore the Bell-
CHSH inequality violation by Casimir photon pairs in the
cQED setup. We investigate how the optimal value of the Bell
violation depends on various circuit parameters. Specifically,
we consider the effect of local noise, nonzero detuning, and
signal loss.

Our work is organized as follows. In Sec. II we describe
DCE in the cQED setup. In Sec. III we study violation of
the Bell-CHSH inequality by Casimir photon pairs generated
via the cQED setup described in Sec. II. We explore the
dependence of optimal Bell violations on different system
parameters. In Sec. IV we study the robustness of the Bell
violation under signal loss. In Sec. V we present a summary
of our main results along with some concluding remarks.

II. DCE IN SUPERCONDUCTING CIRCUIT

A. System specification

We consider the cQED setup described in [22–24,28]. A
superconducting coplanar waveguide (CPW) with character-
istic capacitance C0 and inductance L0 per unit length is
terminated to ground (say at x = 0) by a SQUID loop threaded
by external magnetic flux φext(t ). The quantized microwave
field inside the waveguide is described by its flux field φi(x, t )
that obeys the one-dimensional (1-D) massless Klein-Gordon
equation

(∂xx − v−2∂tt )φ
i(x, t ) = 0, (1)

with Dirichlet boundary condition at x = 0. In the framework
of input-output theory, the total flux field in the CPW trans-
mission line is

φ(x, t ) = φin(x, t ) + φout(x, t ), (2)

where φin(x, t ) and φout(x, t ) are the incoming (right moving)
and outgoing (left moving) components of the total flux field.

In terms of the second quantized solution of the Klein-
Gordon equations, the expression (2) can be written as
[22,23,28,69]

φ(x, t ) =
√

h̄Z0

4π

∫ ∞

−∞

dω√|ω|
[
âin

ω e−i(ωt−kωx)

+ âout
ω e−i(ωt+kωx)

]
, (x < 0).

(3)

âin
ω and âout

ω are annihilation operators for modes of frequency
ω, propagating with velocity v to the right (incoming) and left
(outgoing), respectively. [âin(out)

ω , (âin(out)
ω′ )†] = δ(ω − ω′) and

we use the convention â−ω = â†
ω. The velocity v = ω/kω =

1/
√

C0L0 and Z0 = √
L0/C0 is the characteristic impedance

of CPW.
At large plasma frequency, when the charging energy

is much smaller than the external flux-dependent effective
Josephson energy EJ (t ) = EJ [φext(t )], the SQUID is a passive
element that provides the following boundary condition at
x = 0 to the flux field inside CPW line [22,23]

φ(0, t ) + Leff(t ) ∂xφ(x, t )
∣∣
x=0 = 0, (4)
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where Leff(t ) = LJ (t )/L0 and LJ = ( φ0

2π
)2 1

EJ (t ) is the tunable
Josephson inductance of the SQUID. φ0 = (h/2e) is the mag-
netic flux quantum. The boundary condition at x = 0 depends
only upon the tunable Josephson inductance of the SQUID
[22–24], which creates a mirror at an effective length Leff(t )
from the physical end of the CPW line. For sinusoidal modu-
lation EJ (t ) = E0

J (1 + ε sin ωdt ) with driving amplitude ε and
driving frequency ωd [22,23], the effective length modula-
tion amplitude is δLeff = εL0

eff, where L0
eff = Leff(0). So, the

effective velocity of the mirror is veff = ωd L0
eff. When veff is

a significant fraction of the velocity v of light in a CPW line,
nonadiabatic modulation occurs in the field modes resulting
in a significant amount of photon pair production.

In the case of weak harmonic drive (perturbative regime)
[22,23], εE0

J � E0
J and the output photon-flux density has a

parabolic spectrum with a maximum at ωd/2. Output photon
pairs are correlated with frequency ω±, where ω+ + ω− =
ωd . The simplest choice is ω± = ωd/2 ± δω, where δω is
the detuning parameter. Using Eqs. (3) and (4) and applying
scattering theory, the Bogolyubov transformation between in-
coming and outgoing modes can be obtained analytically in
the perturbative regime [23,28,70]

âout
ω± = −âin

ω± − i f (âin
ω∓ )†, (5)

where

f = εL0
eff

√
ω+ω−

v
. (6)

Pair production results in two-mode squeezing of the output
field [23,28]. So, if the input state φin in Eq. (2) is a vac-
uum state, the output DCE state φout is ideally a two-mode
squeezed vacuum.

B. Covariance matrix of input or output modes

Let us consider the DCE input or output states in the
framework of Gaussian covariance matrix formalism [28]. In
our work we follow the convention of [71]. The input or output
state can be written in terms of the covariance matrix (CM)

Vαβ = 〈R̂αR̂β + R̂β R̂α〉 − 2〈R̂α〉〈R̂β〉, (7)

where R̂ = (q̂−, p̂−, q̂+, p̂+)T is a vector containing field
quadrature elements with [q̂α, p̂β ] = iδαβ and

q̂in(out)
± = âin (out)

ω± + (âin(out)
ω± )†

√
2

p̂in(out)
± = −i

âin(out)
ω± − (âin(out)

ω± )†

√
2

,

(8)

where we restricted ourself to a pair of entangled modes
{±} with frequencies adding up to the driving frequency. The
nonclassicality of DCE radiation originates from the entangle-
ment of Casimir photon pairs [28]. The ideal input state will
be a vacuum state which is impossible to create in practical
situations. So, we will use a quasi-vacuum state, contain-

ing a small number of thermal photons {nth
± = (e

h̄ω±
kT − 1)

−1
}

[28,31], as the input state.
Note that the choice of the initial thermal state modifies the

Green’s function and the power spectrum and the frequencies

of the incoming and outgoing signals are doppler shifted [72].
However, the effect on the correlation of the outgoing modes
is negligible for our chosen temperature range [25]. Hence,
correlation of the output modes are observed in experiments
despite the fact that the effects of temperature are not explic-
itly monitored during the experiments [25,72]. The quadrature
elements have zero first-moment. The CM of the input field is
given by

Vin =

⎛
⎜⎝

n0 0 0 0
0 n0 0 0
0 0 m0 0
0 0 0 m0

⎞
⎟⎠ (9)

where

n0 = (2nth
− + 1),

m0 = (2nth
+ + 1).

(10)

Using Eqs. (5), (6), (8), (9), and (10), the CM of the output
field is obtained (in standard form) as

Vout =

⎛
⎜⎝

n 0 r 0
0 n 0 −r
r 0 m 0
0 −r 0 m

⎞
⎟⎠, (11)

where

n = (2nth
− + 1) + f 2(2nth

+ + 1),

m = (2nth
+ + 1) + f 2(2nth

− + 1),

r = 2 f (nth
+ + nth

− + 1).

(12)

Vout corresponds to a two-mode squeezed thermal state with
squeezing parameter 2 f .

III. BELL VIOLATION BY DCE RADIATION

We study Bell’s inequality violation by the output DCE
radiation described by the CM in Eqs. (11) and (12), using
the definition of the pseudospin measurement represented in
configuration space [46,47]


̂x =
∫ ∞

0
dq[|Q+〉 〈Q−| + |Q−〉 〈Q+|],


̂y = i
∫ ∞

0
dq[|Q+〉 〈Q−| − |Q−〉 〈Q+|],


̂z = −
∫ ∞

0
dq[|Q+〉 〈Q+| − |Q−〉 〈Q−|],

(13)

where the channels |Q+〉 and |Q−〉 are given by

|Q+〉 = 1

2
[|q〉 + |−q〉],

|Q−〉 = 1

2
[|q〉 − |−q〉].

(14)

{
̂x, 
̂y, 
̂z} satisfy SU (2) algebra. Following [46], the Bell
operator is defined as

B = 
a · 
̂(−) ⊗ 
b · 
̂(+) + 
a · 
̂(−) ⊗ 
b′ · 
̂(+)


+a′ · 
̂(−) ⊗ 
b · 
̂(+) − 
a′ · 
̂(−) ⊗ 
b′ · 
̂(+),
(15)
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where 
a, 
a′, 
b, 
b′ are the unit vectors that specify the ori-
entation of the first and second channels, respectively. 
̂(±)

designates channel 
̂ applied on the {±} mode.
To calculate the optimal Bell violation, first we perform

orientational optimization of the measurement directions fol-
lowing [45,46,48]. We choose 
a, 
a′, 
b, 
b′ in the spherical polar
coordinate as

φa = φa′ = φb = φb′ = 0,

θa = 0, θa′ = π/2, θb = −θb′ .
(16)

So, the Bell operator reduces to

B = 2
(
cosθb 
̂(−)

x ⊗ 
̂(+)
x + sinθb 
̂(−)

z ⊗ 
̂(+)
z

)
. (17)

Maximizing over θb we get the maximal expectation value of
B,

Bmax = 2
√〈


̂
(−)
x ⊗ 
̂

(+)
x

〉2 + 〈

̂

(−)
z ⊗ 
̂

(+)
z

〉2
, (18)

where 〈·〉 is the expectation value of an operator for a given
state. Bell violation occurs when

Bmax > 2. (19)

We now calculate Bmax for our output state described by the
covariance matrix Vout in Eqs. (11) and (12) and study how
the value of Bmax depends upon various system parameters.
To calculate the expectation value of two-mode pseudospin
operators we use the definitions [47,64]〈


̂
(−)
i ⊗ 
̂

(+)
j

〉 = 1

(2π )2

∫
d4X Wout(X )

× W

̂

(−)
i

(q−, p−) W

̂

(+)
j

(q+, p+),
(20)

where X = (q−, p−, q+, p+)T ,

W
̂x
(q, p) = sgn(q),

W
̂z
(q, p) = −πδ(q)δ(p),

(21)

and the Wigner function of the output state is

Wout(X ) = 1

π2

1

det(Vout)
e−(X T V −1

out X ). (22)

Plugging everything in Eq. (18) we evaluate Bmax for output
DCE radiation in terms of circuit parameters

Bmax = 2

(
1

( f 2 − 1)4(2n− + 1)2(2n+ + 1)2

+
4 tan−1

(
4 f 2(n−+n++1)2

( f 2−1)2(2n−+1)(2n++1)

)
2

π2

)1/2

,

(23)

with {n±} defined above in Eq. (9) and f is given by Eq. (6), as
a function of driving amplitude ε. Now we plot the variation
of Bmax with respect to different experimental parameters to
observe the Bell’s inequality violation.

Figure 1 shows the variation of Bmax with increasing driv-
ing amplitude ε in different temperatures of the system. Here
detuning is zero, which means n− = n+ and hence both modes
are symmetric and have equal local noises. The driving am-
plitude is considered up to ε = 0.6, which corresponds to
f = 0.0786 which is well inside the perturbative regime. The

FIG. 1. Variation of Bmax with the driving amplitude ε in different
temperatures of the system. Driving frequency ωd = 20π GHz. v =
1.2 × 108 ms−1. L0

eff = 0.5 mm. Detuning δω = 0.

plot shows that the value of Bmax has dropped significantly at
T = 35 mK compared to its values at T = 15 mK and 30 mK.
Also at 35 mK, it requires significantly larger driving ampli-
tude >0.35 to observe Bell’s inequality violation compared
to the other two temperatures. The highest value of the Bell
violation obtained here, at 15 mK and with ε = 0.6, is 2.025.

Figure 2 shows the variation of Bmax with the increase in
driving amplitude ε and δω

ωd
which is detuning expressed as

a fraction of driving frequency ωd . The dash-dotted curve
represents the points Bmax = 2. So, the region on the right
side of this curve violates Bell’s inequality. The increase in
detuning increases the asymmetry between the two modes,
decreasing the value of Bmax. The plot also shows that, to
observe Bell’s inequality violation in the chosen parameter
range, detuning needs to satisfy δω

ωd
< 0.27.

Figure 3 shows the variation of Bmax with the increase in
temperature T and δω

ωd
which is detuning expressed as a frac-

tion of driving frequency ωd . The dash-dotted curve represents

Bmax

1.970

1.980

1.990

2.000

2.010

2.020

FIG. 2. Variation of Bmax with respect to the driving amplitude ε

and detuning δω as the fraction of driving frequency ωd = 20π GHz.
v = 1.2 × 108 ms−1. L0

eff = 0.5 mm. T = 20 mK.
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Bmax

1.6

1.7

1.8

1.9

2.0

FIG. 3. Variation of Bmax with respect to the temperature T (mK)
and detuning δω as the fraction of driving frequency ωd = 20π GHz,
with v = 1.2 × 108 ms−1, L0

eff = 0.5 mm, and ε = 0.6.

the points Bmax = 2. The region on the left side of this curve
violates Bell’s inequality. The plot indicates that at very low
temperature, the effect of detuning on the value of Bmax is not
significant and Bell violation is always achieved. This is be-
cause at low temperature, local noise is very small and hence
the asymmetry between the modes is very small even with a
significant value of detuning and driving amplitude ε [driving
parameter f is a function of detuning and driving amplitude,
see Eq. (6)]. For temperature 20–30 mK, the value of Bmax

falls below 2 for significant detuning. Around temperature
34 mK, Bell violation is absent when δω

ωd
is approximately

greater than 0.15. For temperature T � 42 mK, Bell’s inequal-
ity violation is completely absent for our chosen parameter
range.

IV. ROBUSTNESS UNDER SIGNAL LOSS

In realistic scenarios, an experiment may suffer from im-
perfections. The two most relevant types of noise in the
present setup are noise due to the presence of thermal photons
in the signal and signal loss in the transmission line. In our
analysis we considered both the above types of noise. The
thermal noise that is observed to be present in DCE experi-
ments implemented so far [24,25,73] is taken into account in
our analysis. We further study the tolerance of nonlocality of
DCE radiation under another source of experimental defect,
viz., photon loss which is, in general, one of the most studied
defects in the context of Bell violation [74]. Signal loss can
occur due to various reasons such as the presence of impuri-
ties, measurement inefficiency, and so on [75], and has been
discussed in the context of generation and measurement of
DCE radiation [24,25,73]. In our study we mimic the signal
loss by beam splitter operation and study the tolerance of Bell
nonlocality of DCE radiation against such noise.

Our goal here is to study if we can observe Bell’s inequality
violation in the experimental setup under consideration in the
presence of signal loss in one of the modes (say the first

mode). We apply a pure loss channel on mode {−} and obtain
the output covariance matrix following the method of the
authors of [64]. We couple the state described by Vout, with a
single-mode vacuum (ancilla). Thus, the resultant covariance
matrix is given by V ′ = Vanc ⊕ Vout, where Vanc = 12×2 is the
covariance matrix of the ancilla, with 12×2 being the 2 × 2
identity matix. We next transform the ancillary mode and
{−} mode though the beam splitter channel Bs. We apply
Bs ⊕ 12×2 on V ′ where

Bs =
( √

η 12×2 −√
1 − η 12×2√

1 − η 12×2
√

η 12×2

)
, (24)

with η ∈ (0, 1) being the transmission efficiency. Tracing out
the ancillary modes leads us to obtain the covariance matrix of
the output DCE radiation with signal loss on mode {−}, given
by

V L
out =

⎛
⎜⎝

n′ 0 r′ 0
0 n′ 0 −r′
r′ 0 m′ 0
0 −r′ 0 m′

⎞
⎟⎠, (25)

where

n′ = η[ f 2(2n+ + 1) + 2n− + 1] − η + 1,

m′ = (2nth
+ + 1) + f 2(2nth

− + 1),

r′ = 2 f
√

η(n− + n+ + 1),

(26)

and {n±}, f have the same definitions as in Eq. (12). Following
a similar procedure as in Sec. III, we find the expectation value
of the Bell operator, optimized with respect to the measure-
ment orientations for the state described by the covariance
matrix V L

out in terms of the system parameters in the presence
of signal loss, given by

BL
max = 2

√
4

π2
tan−1 (A1/A2)2 + 1/(A2)2, (27)

where

A1 = 4 f 2η(n− + n+ + 1)2,

A2 = −4 f 2η(n− + n+ + 1)2

(28)
+ [(2 f 2n− + f 2 + 2n+ + 1)

× ( f 2η + 2 f 2ηn+ + 2ηn− + 1)].

We plot the variation of BL
max with respect to various system

parameters to observe the violation of Bell’s inequality under
signal loss.

Figure 4 shows the variation BL
max with respect to the

driving amplitude ε and transmission efficiency η in the
absence of detuning. The dash-dotted curve represents the
points Bmax = 2. The region above this curve violates Bell’s
inequality. Below η = 0.4, the threshold of Bell violation
becomes less sensitive to the increase of the driving ampli-
tude. Bell violation is completely absent when η < 0.35, i.e.,
when the signal loss is greater than 65%. The plot indicates
that to observe noticeable Bell violation for our chosen range
of parameters, the transmission efficiency should be greater
than 0.4.
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BLmax

1.990

2.000

2.010

2.020

FIG. 4. Variation of BL
max with respect to the driving amplitude ε

and transmission efficiencies η. Driving frequency ωd = 20π GHz.
Detuning δω = 0. v = 1.2 × 108 ms−1. L0

eff = 0.5 mm. T = 20 mK.

Figure 5 shows the variation BL
max with respect to the tem-

perature T and transmission efficiency η in the absence of
detuning. The dash-dotted curve represents the points Bmax =
2. The region above this curve violates Bell’s inequality. For
temperature above 24 mK, Bell violation is absent when
the transmission efficiency η < 0.35 (signal loss >65%). For
higher temperatures, a greater amount of transmission effi-
ciency is needed to observe Bell violation. At temperatures
near 40 mK, the transmission efficiency has to be greater than
0.8 (signal loss is required to be less than 20%) for our chosen
range of parameters.

Figure 6 shows the variation of BL
max with respect to

the transmission efficiency η and the detuning as a fraction

BLmax

1.980

1.990

2.000

2.010

2.020

FIG. 5. Variation of BL
max with respect to the temperature T and

transmission efficiency η. Driving frequency ωd = 20π GHz. Detun-
ing δω = 0. v = 1.2 × 108 ms−1. L0

eff = 0.5 mm. ε = 0.6.

BLmax

1.990

2.000

2.010

2.020

FIG. 6. Variation of BL
max with respect to the transmission effi-

ciency η and the detuning as a fraction of the driving frequency
ωd = 20π GHz. v = 1.2 × 108 ms−1. L0

eff = 0.5 mm. ε = 0.6, T =
20 mK.

of the driving frequency ωd . The dash-dotted curve represents
the points Bmax = 2. The region above this curve violates
Bell’s inequality. The plot indicates that Bell violation occurs
for η � 0.35 (signal loss � 65%) up to the detuning δω

ωd
= 0.2.

However, for the value of detuning 0.2 < δω
ωd

< 0.27, a higher

transmission efficiency is required. For detuning δω
ωd

> 0.27
Bell violation is completely absent irrespective of the value of
the transmission efficiency. This is consistent with the result
of Fig. 2.

BLmax

1.980

1.990

2.000

2.010

2.020

FIG. 7. Variation of BL
max with respect to the temperature T and

transmission efficiency η. (δω/ωd ) = 0.2 where δω is the detuning
and ωd = 20π GHz is the driving frequency. v = 1.2 × 108 ms−1.
L0

eff = 0.5 mm. ε = 0.6.
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Figure 7 shows the variation of BL
max with respect to the

temperature T and the transmission efficiency η in the pres-
ence of detuning δω

ωd
= 0.2. The dash-dotted curve represents

the points Bmax = 2. The region above this curve violates
Bell’s inequality. From the plot we see that for temperature
up to 19 mK Bell violation is absent when the transmis-
sion efficiency η < 0.35 (>65% signal loss). For temperature
higher than 19 mK a greater value of transmission efficiency
is required to observe Bell violation. BL

max falls sharply with
increasing signal loss for temperature T > 21 mK. For our
chosen range of parameters Bell violation is absent when
T � 28 mK.

Though the main purpose of the present work is to show
that Bell violation is indeed possible in the DCE setup, it is
also indeed feasible to conceive schemes to experimentally
measure such Bell violation. Entanglement in DCE radia-
tion was quantitatively measured in a recent experiment in a
superconducting circuit [73]. Experimental studies on DCE
radiation show that, in our chosen temperature range, the
thermal photons are quite challenging to resolve. Nonetheless,
quantum correlation is observed for some chosen range of
parameters in the presence of noise due to thermal photons.
Note that Bell-violating states form a subset of all entangled
states [76]. Hence, a study of entanglement is not equivalent
to a study of Bell violation. In the context of the present setup,
the range of system parameters for which Bell violation is
obtained is much smaller than that of entanglement.

In the present analysis the Bell operator consists of two
measurements 
̂x ⊗ 
̂x and 
̂z ⊗ 
̂z. The measurement 
̂x

can be written as sgn(q̂) (q̂ → canonical position opera-
tor) [47]. It is basically the sign of the quadrature and can
be measured by the homodyne measurement that was im-
plemented in experiments [24,25]. The operator 
̂z is the
parity operator in the spatial basis and it has the same
expectation value with the parity operator in the number
basis [46]. So, it is possible to measure 〈
̂z ⊗ 
̂z〉 using a
number-resolving detector. Alternatively, parity can also be
measured in the spatial basis using a parity analyzer, which
is the parity-sensitive Mach-Zehnder interferometer [77,78].
Schemes for implementing the Mach-Zehnder interferome-
ter in the superconducting coplaner waveguide (CPW) were
proposed [75]. Detailed discussions on implementing various
components such as mirrors, phase shifts, and photon detec-
tors for coincidence circuits in CPW were provided (sse, for
instance, [79].

Before concluding, it may be pertinent to note the fol-
lowing issue. There are several important loopholes in the
experimental violation of a Bell inequality [80]. Two of the
most widely discussed loopholes are the locality loophole and
the detection loophole. While the locality loophole cannot
be closed in the present setup, further analysis is required
in respect to the detection of the loophole here. In general,
sufficiently high detector efficiencies enable the closure of the
detection loophole in Bell tests involving parametric down
conversion [81]. Note that, though in the case of the setup
involving DCE photons that we considered here, a small
magnitude of Bell violation is obtained in the perturbative
regime of the driving amplitude; such violation still persists
under considerable signal loss. Moreover, our study indicates

that Bell violation increases with the driving amplitude, and
hence, a detailed study will be required involving a nonper-
turbative analysis in conjunction with tolerance to signal loss
to estimate the threshold of detector efficiency needed for the
closure of the detection loophole.

V. CONCLUSION

Quantum nonlocality as manifested by the violation of
Bell’s inequality represents a basic paradigm of quantum
theory, which is of importance for the test of foundational
principles, as well as for potential technological applications,
such as in quantum cryptography. In this work we studied Bell
violation by dynamical Casimir photon pairs generated from
a quantized vacuum by the relativistic motion of a mirror.
We considered the circuit quantum electrodynamical setup
that was experimentally implemented [24]. Though Bell’s
inequality was studied earlier theoretically in the noniner-
tial relativistic domain [56–58], experimental verification of
such proposals remain beyond the reach of current technol-
ogy. However, the framework of Bell violation proposed in
the present work can be probed efficiently in the laboratory
[22–25].

The analysis performed in this work is based on the
measurement-induced spin-like quantum correlations within
Casimir photon pairs. Previously, several theoretical and ex-
perimental studies were performed on Gaussian quantum
correlation of DCE photons using homodyne measurement.
Our present study focuses on nonlocal quantum corre-
lations between Casimir photon pairs generated through
non-Gaussian measurements [46,47]. Such correlations were
shown to be of significance in several domains of quantum
information and communication [62–66]. The Bell violation
obtained here through the above framework is thus of direct
relevance to several information theoretic protocols.

Let us now briefly summarize the main results of our study.
We analytically derived the expectation value of the Bell op-
erator for DCE radiation, optimized with respect to channel
orientations in the context of pseudospin measurements. We
studied the behavior of Bell violation in terms of experimental
parameters such as the driving frequency. We further con-
sidered the effect of local thermal noise in each mode and
asymmetry between the entangled modes introduced through
the detuning in the frequency of photon pairs. We show that,
for our chosen parameter range, the violation of Bell’s in-
equality can be observed up to the temperature about 40 mK.
Our results further show that the asymmetry between the
entangled modes degrades the Bell nonlocality at relatively
higher temperature. However, at low temperatures detuning
has a negligible effect on Bell’s inequality violation. Finally,
we also derived the expectation value of the Bell operator in
the presence of signal loss and explored the robustness of Bell
nonlocality in this scenario. We show that, in the system under
consideration, Bell nonlocality is robust up to 65% signal loss.

To conclude, in our analysis we presented multiple plots
showing the variation of Bell’s nonlocality with different cir-
cuit parameters in the presence of local noise, asymmetry
between the entangled modes because of nonzero detuning,
and signal loss. Our results clearly demarcate the parameter
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regions where Bell nonlocality of Casimir photons can be
observed. The choice of parameters considered in the present
study is well within the perturbative regime. Since Bell vio-
lation is seen to rise rapidly with the increase of the driving
frequency, it is expected that higher values of the driving
parameter would yield significantly larger magnitudes of Bell
violation. Our results thus motivate further analysis in the
nonperturbative framework. It might be also interesting to
consider in future works the Bell violation in the cQED setup
using other measurement schemes. A comparative analysis of

such studies may lead to an optimal framework for quantum
state preparation of Casimir photons as a vital step towards
information processing through the cQED setup.
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