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Optimal discrimination between real and complex quantum theories
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We find the minimal number of settings to test quantum theory based on real numbers, assuming separability
of the sources, modifying the recent proposal [M.-O. Renou et al., Nature (London) 600, 625 (2021)]. The test
needs only three settings for observers A and C, but the ratio of complex to real maximum is smaller than in the
existing proposal. We also found that two settings and two outcomes for both observers are insufficient.
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I. INTRODUCTION

Ever since the dawn of modern science, the interplay be-
tween mathematics and physics has been explored in parallel
to the development of the scientific method. Roger Bacon
first described mathematics as “the door and the key to the
sciences” [1]. Regarding the quantification of the physical
knowledge, “The great book of nature,” wrote Galileo, “is
written in mathematical language” [2]. And finally, quite more
recently, Eugene Wigner elaborated upon “the unreasonable
effectiveness of mathematics in the natural sciences” [3]. In
quantum mechanics, we encounter a debate not found in the
classical realm, namely, how fundamental is the utilization of
the field of complex numbers C, as opposed to real ones R, in
the description of physical phenomena. In the same way that
Born, Heisenberg, and Jordan [4,5] introduced matrices in the
first complete formulation of quantum mechanics, it was the
Schrödinger equation that introduced explicitly i = √−1 and
therefore complex states ψ [6].

Avoiding epistemological discussions such as the wave
function being an element of physical reality or not [7], it is
no surprise that, at least experimentally, one requires the real
and imaginary parts of the wave function [8]. Additionally,
local real- or complex-valued tomography could lead to dif-
ferent experimental results [9]. Therefore, and to no surprise,
quantum physics based on complex-valued quantities is a
successful theory both qualitative and quantitatively.

Several works, notably initiated by von Neumann [10–15],
elaborate on the possible ways of employing real numbers
only for describing the same phenomena by doubling the
concomitant complex n-dimensional Hilbert spaces to real-
valued ones, that is, |1〉, ...|n〉 → |1〉, ..., |n〉, |n + 1〉, ..., |2n〉.
This is possible for any observable or density operator given,
as an n × n Hermitian matrix H = A = HR + iHI , with real
symmetric HR and antisymmetric HI , can be regarded as an
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equivalent to the real, symmetric problem:

(
HR −HI

HI HR

)
. (1)

In this fashion, each state |ψ〉 = ∑
k (ψkR + iψkI )|k〉, with real

ψkR,I , is replaced by a doublet of
∑

k (ψkR|k〉 + ψkI |n + k〉),∑
k (ψkI |k〉 − ψkR|n + k〉). Therefore we are left also with ex-

tra degeneracy of states, which all are not normally doubled,
particularly the ground state. This is not a problem for local
phenomena, but separable states consisting of several parties
are doubled in each party. One can keep a single doublet only
by extra entanglement in real space.

Recently, Renou et al. [16] developed a scheme probing
this possibility, i.e., testing if the states separable in complex
space need to be replaced by an entangled state in real space. It
turned out that real separability imposes additional constraints
on correlations, leading to an inequality, with a lower bound
for real states than for complex ones. The proposal involved
three observers, A, B, and C, where A and B (C and B)
receive qubits from the one (second) source. Then B makes
a single measurement with four outcomes, while A and C
make dichotomic measurements for three and six settings,
respectively. The violation of the inequality has been verified
experimentally [17,18].

Here we make an amendment to this scheme, reducing the
number of settings to three for observer C, and constructing
the corresponding witness. We also provide the example with
four settings, where the impossibility of reaching the complex
maximum in real space is shown. The present contribution is
divided as follows. We start with the description of the setup
and notation. Then we show the example with four settings for
C. The later case with three settings needs a numerical search,
based on a modification of the MATLAB script published with
the previous proposal [16]. Reduction to two settings and two
outcomes for both observers is impossible, as we show with
the partial help of a numerical search. Finally, we draw some
conclusions, suggesting further possible routes of optimiza-
tion.
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FIG. 1. The setup of the test. The separate sources P and Q
generate entangled states. Central parts of these states are measured
by B with four possible outcomes b, while the left and right parts are
measured by observers A and C, with dichotomic outcomes a and c
for settings x and z, respectively. Note that the number of settings z
for C is either 3 or 4.

II. SETUP OF THE TEST

The analyzed system, as in the previous work [16], con-
sists of three observers A, B, and C, depicted in Fig. 1. The
sources P and Q are separable, which is an important as-
sumption. The observers A and C can choose one of three
settings x = 1, 2, 3 and z = 1, 2, 3 (or also 4), respectively,
and make a dichotomic measurement of Ax an Cz with the
outcomes a, c = ±1. The observer B has only one setting, and
the outcome b = 0, 1, 2, 3.

In the quantum mechanics based on real numbers, the
separability between P and Q takes place in real space, which
leads to tighter bounds on correlations than in full complex
space. The witness to distinguish the two cases reads

F =
∑
x,z,b

(−1)sbx fxz〈AxCz||b〉, (2)

where the correlation is expressed in terms of probabilities as

〈AC||b〉 =
∑

ac

acp(a, b, c), (3)

with coefficients f jk and

sbx =
{−1 for b �= x,
+1 otherwise. (4)

The goal of our research is to find the matrix f such that
the bound on F is the lowest possible in the real case in
comparison with the maximum in the complex space. In the
classical case, the maximum reads

Fc = max
|sx |=|tz |=1

∑
xz

fxzsxtz. (5)

In the quantum case the maximum Fq depends much on the
actual form of the matrix f . In [16], the authors constructed
fxz for x = 1, 2, 3, z = 1, 2, 3, 4, 5, 6 for the combination of
three Clauser-Horne-Shimony-Holt Bell inequalities [19–22].

Here we consider the case of four settings for the observer
C and a family of f s, where the complex quantum maximum,
Tsirelson bound [23], can be found algebraically and it is

realized in the discussed setup. Namely, let us take

f =
⎛
⎝α β γ q

γ α β q
β γ α q

⎞
⎠, (6)

where

q = −
√

3(αβ + βγ + γα), (7)

with the constraints α2 + β2 + γ 2 = 1 and q � 0. We will
show that

Fq = 3 +
√

3q. (8)

Note that the following quantity is positive in both the quan-
tum and classical case:

q(
√

3C4 − A1 − A2 − A3)2/
√

3

+ (C1 − αA1 − βA2 − γ A3)2

+ (C2 − αA2 − βA3 − γ A1)2

+ (C3 − αA3 − βA1 − γ A2)2. (9)

Opening brackets and taking into account that A2 = C2 = 1
we get ∑

x,z

fxz〈AxCz〉 � Fq. (10)

This maximum holds also if B is included.
The example realizing the above maximum is constructed

as follows. We recall standard conventions in Appendix A.
The working space consists of four qubits, APQC, with PQ →
B. The source states read

ρL = (1 − σA · σP )/4, ρR = (1 − σC · σQ)/4, (11)

using shorthand notation 1 ⊗ 1 ≡ 1⊗2 ≡ 1 (a tensor product
of identities). The matrices σ act on the qubit in the subscript
while identity on the other qubits. We assume projective mea-
surements of A, B, C. Four measurements at B are defined by
the projections

B0 = (1 − σP · σQ)/4,

B1 = (
1 − σ P

1 σ
Q
1 + σ P

2 σ
Q
2 + σ P

3 σ
Q
3

)
/4,

B2 = (
1 − σ P

2 σ
Q
2 + σ P

3 σ
Q
3 + σ P

1 σ
Q
1

)
/4,

B3 = (
1 − σ P

3 σ
Q
3 + σ P

1 σ
Q
1 + σ

Q
2 σ

Q
2

)
/4. (12)

After the measurement at B, in the AC basis,

TrPQB0ρRρR = (1 − σA · σC )/16,

TrPQB1ρLρR = (
1 − σ A

1 σC
1 + σ A

2 σC
2 + σ A

3 σC
3

)
/16,

TrPQB2ρLρR = (
1 − σ A

2 σC
2 + σ A

3 σC
3 + σ A

1 σC
1

)
/16,

TrPQB3ρLρR = (
1 − σ A

3 σC
3 + σ A

1 σC
1 + σ A

2 σC
2

)
/16. (13)

For observables A = a · σA, C = c · σC with a · a = c · c =
1 we have for the measurement outcome a → ±1 [projections
(1 ± A)/2], b → 0, 1, 2, 3 [projections Bb], c → ±1 [projec-
tions (1 ± C)/2], and correlations

〈AC||b〉 = TrACBbρLρR,

〈AC||0〉 = −a · c/4,
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〈AC||1〉 = (a2c2 + a3c3 − a1c1)/4,

〈AC||2〉 = (a3c3 + a1c1 − a2c2)/4,

〈AC||3〉 = (a1c1 + a2c2 − a3c3)/4. (14)

We emphasize that the above formulas are valid in full com-
plex space because of the complex matrix σ2.

III. THE TEST OF COMPLEX VERSUS REAL
QUANTUM MECHANICS

The maximum of F in the complex quantum mechanics is
obtained for (ax )i = δix, and

c1 = −(α, β, γ ), c2 = −(γ , α, β ),

c3 = −(β, γ , α), c4 = (1, 1, 1)/
√

3. (15)

In this case it is also possible to prove the impossibility of
achieving this maximum in the real case. To see this note, that
the maximal case, saturating the inequality, in order to get zero
from each of the squares in (9), must satisfy
√

3C4 = A1 + A2 + A3, C1 = αA1 + βA2 + γ A3,

C2 = αA2 + βA3 + γ A1, C3 = αA3 + βA1 + γ A2, (16)

when acting on the state. Defining

C1 = αC′
1 + βC′

2 + γC′
3, C2 = αC′

2 + βC′
3 + γC′

1,

C3 = αC′
3 + βC′

1 + γC′
2, (17)

we quickly find, using the fact A2
j = 1 = C2

j , that acting on the
state,

C′
j = Aj, AiAj = −AjAi, C′

iC
′
j = −C′

jC
′
i , (18)

for i �= j. Using these identities one can repeat the reasoning
in [16] to show that the initial state ρAPQC is not real separable
into spaces AP and QC. The actual maximum in the real case
Fr can be bounded from above by the numerical code (see
later). It turns out that the maximal ratio Fq/Fr > 1 for all
choices of α, β, γ but its maximum 
 1.07 is obtained for
β = γ = −α = 1/

√
3, giving Fq = 4 while Fr = 3.7367 and

Fc = 2
√

3. The directions C lie in the vertices of the regular
tetrahedron, see Fig. 2, and our complex maximum coincides
with Platonic (elegant) Bell inequalities [21,24,25].

In the case of three settings for the observer C, the problem
to find the maximum is as hard as the Tsirelson bound for I3322

inequality [26]. Therefore we choose a family of states for a
general form of f . The settings for A are the same as before.
For C we take

(cz )i = − fiz√
f 2
1z + f 2

2z + f 2
3z

, (19)

leading to the value

Fq =
∑

z

√
f 2
1z + f 2

2z + f 2
3z. (20)

To find the real maximum Fr in the case of four and three
settings for C we had to adopt the MATLAB script using the
numerical technique of minimizing F with semipositive ma-
trices of correlations of monomials of Ax and Cz up to given
degree nA and nC [27], based on the fact that the real states

FIG. 2. The directions of the settings of A (red, light) and C
(blue, dark) in the Bloch sphere, maximizing the Fq/Fr ratio for four
settings of C and F defined by (2).

are separable, i.e., ρLR = ρLρR if and only if ρLR = (ρT
L )R,

i.e., the state is equal to its partial transform [28]. Note that
this is a stricter criterion than in the complex case, where
separable states must have a positive partial transform but
not always vice versa (not if and only if) [29–31]. Such a
numerical problem is convex, and a solution can be obtained
using available semidefinite algorithms [32] and tools [33,34].
The script, being the modification of the original one from
[16], is in the Supplemental Material [35].

As an example, take f equal to⎛
⎝−2 3 3

3 −2 3
3 3 −2

⎞
⎠. (21)

Then Fc = 12, Fq = 3
√

22 
 14.07, while Fr = 13.677 (tak-
ing nA = nC = 2), so there is clearly a quantum state violating
the real bound. Interestingly, we could also run nA = nC = 3
case and the value does not change (up to machine precision).
Unfortunately, the ratio Fq/Fr 
 1.029 is quite demanding
experimentally so we run numerical scan through a wide
range of matrices f , additionally boosting the largest value
by the steepest descent method. We found the maximal ratio
Fq/Fr 
 1.065 94 for f equal to⎛

⎝ 3 −5.009 −4.99
−5.01 2.6 −5.09
−5.11 −5 3

⎞
⎠, (22)

with Fr = Fc = 21.607, Fq = 23.031 685. The coincidence of
the real and classical maximum indicates that the constraints
of the numerical method produce here the exact bound already
for nA = nC = 2. We illustrated the bounds in the case of three
and four settings for C in Fig. 3.

Reduction to two settings and two outcomes for A or C
gives equal real and complex bounds Fq = Fr for maximal en-
tanglement. For both A and C with two settings and outcomes,
we confirmed the general equality Fq = Fr by a numerical sur-
vey on a sample of 40 000 random test points, see Appendix B.
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FIG. 3. The classical, quantum real, and complex bound, Fc, Fr ,
Fq, respectively, and their ratio in the case of tests with either 3 × 4
or 3 × 3 settings for observers A × C.

Relaxing more assumptions, e.g., one observer has more set-
tings or we allow more outcomes, seems highly nontrivial, and
we cannot make any definite conclusions yet.

IV. CONCLUSIONS

We have found tests of real separability in contrast to
complex separability, an alternative to those recently found
in Ref. [16]. Our proposals require fewer settings for the
observers, but the ratio between the complex and real bound
is also lower. The numerical check takes a much shorter time.
There are still some open questions: despite an extensive nu-
merical search, we could not reduce the test to two setting for
observers A or C, nor could we provide a mathematical proof
of impossibility. Also, when the real maximum is higher than
the classical one, a numerical search through low-dimensional
real quantum systems could not find any example above the
classical bound. It may probably require many more dimen-
sions, just like the I3322 case [26]. One can explore possible
inequalities based on more settings (six for A and C) using
other Platonic inequalities [25], especially to increase the
Fq/Fr ratio, but it can be demanding numerically. Another
interesting problem is to check three or more outcomes and
all cases where one party has only two settings, whether it
is possible to rule these cases out by arguments similar to
Bell tests [36]. Finally, we emphasize that such tests do have
loopholes—the sources P and Q can be already entangled,
and the observers could communicate during measurements,
unless one uses a spacelike regime as in recent Bell tests
[37–40]. The communication can be checked in every such
experiment, including the already existing ones [17,18], veri-
fying no-signaling, i.e., independence of 〈Ax||b〉, 〈Cz||b〉, and
〈1||b〉 ≡ p(b), of z, x, and xz, respectively, but the published
data are insufficient for these specific claims.
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APPENDIX A: NOTATION

We use Pauli matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

1 =
(

1 0
0 1

)
, (A1)

with σaσb = δab + iεabcσc, summation convention, i.e.,
XaYa ≡ ∑

a=1,2,3 XaYa = X · Y , and

δab =
{

1 for a = b
0 for a �= v

,

εabc =
⎧⎨
⎩

+1 for abc = 123, 231, 312
−1 for abc = 321, 213, 132
0 otherwise

. (A2)

We also use the identities

εabcεade = δbdδce − δbeδcd , εabcεabd = 2δcd ,

δaa = 3, δabδbc = δac. (A3)

APPENDIX B: NO-GO WITH TWO SETTINGS
AND TWO OUTCOMES

Here we prove that every test involving two settings and
two outcomes for both observers will give Fq = Fr . First we
show that A1,2 are real matrices in some basis. The states
AP and QC can be written in terms of diagonal Schmidt
decomposition. By convexity we can also project Aj onto
the space spun by nonzero Schmidt elements and assume
A2

j = 1. We can start from a diagonal basis of A1, where
A1 = diag(1, .., 1,−1, ..,−1). We also adjust this basis so
that

A2 =
(

A+ A′

A′† A−

)
, (B1)

where A± are diagonal in the respective subspaces of A1 =
±1. Since A2

2 = 1, we get

A+A′ + A′A− = 0. (B2)

It means that either (A0) jk = 0 or A+ j + A−k = 0. In the
latter case, we can group subspaces A+ j = −A−k = a. All off-
diagonal elements of A0 between different values a must be
zero. Within the particular subspace a we can make singular
value decomposition of A′|a, resulting in its diagonal form (ap-
pended by zeros for nonsquare A′). By phase tuning, we end
up in a real matrix. Note that the construction leads to splitting
of the whole space into trivial one-dimensional spaces, where
A1 = ±1 and A2 = ±1, or two-dimensional ones, where A1

and A2 are some combinations of σ1 and σ3. These spaces are
not connected by elements of Aj .

If both Aj and the Schmidt decomposition

|L〉 =
∑

j

λ j | j j〉,
∑

j

|λ j |2 = 1, (B3)

are real valued in the same basis as Aj , we can use the follow-
ing reasoning. All monomials consisting of Aj have the form

m(A1, A2) = · · · A1A2A1A2 · · · , (B4)
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i.e., A1 at odd positions and A2 at even ones, or vice versa.
In any case, the monomial is a real matrix in the constructed
basis. Therefore

〈m(A1, A2)〉 = 〈m†(A1, A2)〉∗ = 〈mT (A1, A2)〉∗
= 〈mT (A1, A2)〉, (B5)

where the transpose is in the real basis. It is true whenever the
state also has real representation. Now the monomial matrix,

Gb[m(A1, A2), m(C); m′(A1, A2), m′(C)]

= 〈mT (A1, A2)m′(A1, A2)m†(C)m′(C)Bb〉, (B6)

is complex semidefinite in general but satisfies

G =
∑

b

Gb[m(A1, A2), m(C); m′(A1, A2), m′(C)]

= 〈mT (A1, A2)m′(A1, A2)m†(C)m′(C)〉
= 〈m′T (A1, A2)m(A1, A2)m†(C)m′(C)〉, (B7)

i.e., equality with the partial transpose. Taking Gb → (Gb +
G∗

b )/2 one obtains a real semipositive matrix. Therefore the
algorithm from [16] will give the same bound for the real and
complex states. For the maximally entangled states, λ j are
independent of j. The basis transformations U on A spaces
can be then moved through the constant onto P.

If C has also only two settings and outcomes we reduce it
to a real representation analogously. For nonmaximally en-
tangled states, taking into account splitting Aj and Cj into
two-level spaces, by convexity we can reduce the problem
to a two-level space for A and C (and P and Q by Schmidt
decomposition). However, for nonmaximally entangled states
we cannot push U through the states, as they are not neces-
sarily diagonal. Note that such states can reveal nonclassical
features in special situations, where it is impossible with
the maximally entangled ones [41]. Since the PQ space has
2 × 2 = 4 dimensions, we can have maximally four outcomes
for B. In order to deal with this situation, we have resorted to
a numerical exploration. We have generated 40 000 random
sets of Bell-type 36 parameters fbxz for quantity

F =
∑
bxz

fbxz〈AxCz||b〉, (B8)

with i = 0123, x, z = 012, and A0 = 1 = C0, in the hypercube
[−1, 1]36, and, for each one of them, computed to the maxi-
mum value.

FIG. 4. Points (ai, ci ) in the numerical test of 40 000 random
points maximizing (B8), see text. Only simultaneous ai, ci ∼ 1
would give a complex example, irreducible to real space.

The task is feasible, but going further to higher numbers
of sets is computationally demanding. The states and observ-
ables can be then represented as follows. Diagonal and real U ,
V , Bb = |b〉〈b| where

|b〉 =
∑

hb jk| jk〉, (B9)

for the bases |0〉, |1〉 of P and Q being rows of the unitary
4 × 4 matrix H , i.e., Hjk = h j,2 j+k , which can be generated
by the product of six matrices,

H (JK )
jk =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

cos θJK for j = k = J, K

eiψJK sin θJK for j = J, k = K

−e−iψJK sin θJK for j = K, k = J

1 for j = k �= J, K

0 otherwise,

(B10)

with J < K . We check if the maximal solution retrieves
nonzero values for a12 = −a22 = ai and c12 = −c22 = ci (the
matrices can be always put into this form by a phase shift in
qubit space). The final optimal values for ai, ci are depicted
in Fig. 4. There are two types of data, namely, the ones with
either |ai| or |ci| close to unity, and the rest being very small.
During our numerical survey, we have not encountered any
case with both |ai| and |ci| anywhere near to 1 (our criterion
has been |ai| > 0.01 and |ci| > 0.01). We cannot rule out
entirely the possibility of finding counterexamples that refute
our main claim, but our results indicate that it is unlikely.
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