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Induced transparency in a microresonator can result from cross-polarization coupling of two coresonant
orthogonally polarized whispering-gallery modes of very different Q. The coupling creates supermodes that are
superpositions of the two modes. In this paper we show that mode superpositions that result from simultaneous
excitation of two orthogonally polarized modes can also show induced transparency, even in the absence of
cross-polarization coupling. Induced transparency is accompanied by pulse delay, and it is also possible to
observe induced attenuation with pulse advancement or delay. These effects are modeled, simulated numerically,
analyzed theoretically, and confirmed experimentally. The results are presented here.
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I. INTRODUCTION

Polarization effects in whispering-gallery-mode (WGM)
microresonators represent a topic of increasing interest and
importance [1-6]. We have previously studied coupled-mode-
induced transparency (CMIT) and Autler-Townes splitting
(ATS) with pulse delay, and coupled-mode-induced attenua-
tion (CMIA) with pulse advancement or delay, when there is
coupling between two coresonant modes that have very dif-
ferent quality factors (Qs) and orthogonal polarizations [7-9].
These behaviors may be exploited for numerous applications
such as signal processing and optical sensing [10-12].

In our earlier work [7-9], the mode coupling under study
was cross-polarization coupling, resulting from the optical
spin-orbit interaction. The interaction between the spin and
extrinsic orbital angular momentum of light in a WGM causes
a weak polarization rotation, resulting in cross-polarization
coupling (CPC). This is made possible by slight axial asym-
metry of the resonator, for example, a hollow bottle resonator.
A difference in the effective indices of refraction of the
coupled modes, one TE (transverse electric) and one TM
(transverse magnetic), then results in their coupling being
nonreciprocal [13].

If the CPC amplitudes are t,; for coupling from mode 1
(input) to mode 2 and —#j, for 2 to 1 coupling (see Fig. 1),
the destructive interference that gives CMIT comes from light
coupled from 1 to 2 and back into 1, so that this contribution
to the intracavity mode 1 field amplitude picks up a factor
of —T, = —t1t12, where T, is the CPC strength. The mode
coupling creates supermodes (analogous to the normal modes
of coupled oscillators) that are linear superpositions of TE and
TM.

The existence of these linear superpositions created by
CPC led us to wonder what would happen in a system in
which linear superpositions of coresonant TE and TM modes
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resulted from a process other than mode coupling. The result-
ing investigation is reported here.

Again, the two modes will have very different Qs, but
there is no CPC. The superposition is created by injecting
light that is linearly polarized at 45° in the TM-TE (1-2)
basis, simultaneously exciting both TE and TM modes. As
in the CPC experiments, we detect the throughput light of
the same polarization as the input, 45°. We find behavior
qualitatively the same as in the CPC case, namely mode-
superposition-induced transparency (MSIT) with pulse delay
and mode-superposition-induced attenuation (MSIA) with
pulse advancement or delay. (Since there is no TM-TE mode
coupling, there is no ATS.)

In the CPC case, output is also observed on the polarization
orthogonal to the input polarization; fitting this output to a
model allows us to find the nonreciprocity in CPC, i.e., the
ratio of amplitudes b = 1, /t2, as discussed elsewhere [13]. In
the MSIT-MSIA case, output is also observed on the orthog-
onal polarization, which in this case is at —45 °. This indicates
that there is now coupling between the 45 ° and —45 ° super-
positions. These effects are modeled, simulated numerically,
analyzed theoretically, and confirmed experimentally. The re-
sults are presented here. We begin with the model including
CPC and then simplify to the case applicable to MSIT and
MSIA.

II. MODEL, SIMULATION, AND THEORY

We use a ring cavity model as shown in Fig. 1 to study
the dynamics of CPC in a fiber-coupled microresonator. In
Fig. 1, the subscripts 1 and 2 refer to the two orthogonal
polarizations. Ey; is the input amplitude of polarization j, and

Erj:}"jEfj—f‘l'l‘jEsj (1)

is the throughput amplitude of polarization j. E; is the intra-
cavity mode amplitude just before output coupling. The input
and output coupling coefficients are taken to be equal, as dis-
cussed in Ref. [8], and given by if ;, with r_lz. = l—t_]? =1-T,
where T; is the outcoupling loss for mode ;.
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FIG. 1. Ring cavity representing tapered-fiber coupling to a mi-
croresonator with intracavity cross-polarization coupling. This figure
is reproduced from Ref. [8].

In Fig. 1, 6; and o;L/2 are the round-trip phase (modulo
2m) and intrinsic amplitude loss for mode j; L is the res-
onator circumference; the intracavity mode amplitudes just
after input coupling, E.;, are not used in the analysis below.
Cross-polarization coupling is represented in Fig. 1 as an
effective intracavity wave plate and expressed by the coeffi-
cients —1, and to1, where 1, = 1—r7, and t, = 1—r3, are the
polarization rotation probabilities per round trip, called 7; and
T, in Ref. [7].

The intracavity mode amplitudes Ej; satisfy the following
time-evolution equations [8]:

2 ity

J .
—Eg = —yEy — Ef —

Ep + Ef,
dt Trr1 ’ Trr1 Tre1 /
d o3 it ity
—Ep=—»Ep+—Eq+ —Ep+ Ef. (2)
dt T2 T2 T2

With these and Eq. (1), the time evolution of the throughput
amplitudes can be found. In Eq. (2), 7,,; = n;L/c is the round-
trip time for mode j, where n; is the effective refractive index
of the mode, and
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with «; = 2‘”70 being the amplitude decay rate, or half the

inverse of the photon lifetime in mode j (both modes are res-
onant at wy), and 6; being the offset of the resonant frequency
of mode j from the input frequency in units of half the mode
linewidth.

When there is input of only one polarization, we set E¢, =
0 and by taking the time derivative of Eq. (1) and using Eq. (2),
we can model the throughput response to an input pulse. By
solving Eq. (2) in steady state, we can model the throughput
spectrum, CMIT being characterized by a dip with a central
narrow peak and CMIA being characterized by a dip with a
central narrower dip [8].

Equations (2) for the intracavity mode amplitudes are im-
plicitly written in a frame rotating at wy. In the nonrotating
frame, and if there is no input so that y; becomes «;, the
time-evolution operator for the intracavity mode amplitudes

in the TM-TE (1-2) basis becomes

—iwo — K1
Y21

where y12 = t12/7, and 21 = t21/75,. This matrix has eigen-

values
_ 2
Ay = —iwo — K4 £ /K2 — Y2712,

wherexy = %(/q + k7). 5

—Y12 ) (4)

—iw() — Ky

These correspond to the two eigenvectors, which are the
supermodes. Note that _ # 0 since we assume that 0; < 0>
and hence k1 > k. If the radicand is positive, the supermodes
have the same frequency but different decay rates, and they
are linearly polarized superpositions of TM and TE - this
is the case of CMIT, where there is input on mode 1 only.
However, these superpositions are not simply symmetric and
antisymmetric, and the polarizations of the supermodes are
not, in general, orthogonal. When the CPC strength is in-
creased enough to make the radicand negative, the supermode
frequencies split and their polarizations become elliptical —
this is the case of ATS. The point of transition, where the
radicand is zero, is the exceptional point, where not only the
two eigenvalues, but also the two eigenvectors, coalesce into
a single eigenvalue and a single eigenvector [14].

In contrast, for MSIT, a superposition of E;; and Ej, that
we will call E, is created by input light linearly polarized
at 45° (Ey, = Ep,). We assume that there is no CPC, so the
off-diagonal elements of the matrix of Eq. (4) are zero. That
evolution matrix, in the basis that is the 1-2 basis rotated by
45 °, then has the form

—iwp — K —K_
( —OK " —iwy — )’ ©)
_ 0 K4+
where the mode amplitudes forming the new basis are
Ey = JLE(ESI T Ep). (7)

Now, even though there is no CPC between E;; and E,,
Es. and E;_ will be coupled if k_ # 0. Since, as in CMIT, we
will assume that Q; < O, or k1 > k», this will be the case
and this coupling gives rise to MSIT. The eigenvalues of the
matrix of Eq. (6) are

)\.i = —ia)() — K4 + K_, (8)

so there is no possibility of ATS; in fact, the supermodes are
seen to be the original 1 and 2, i.e., TM and TE.

Now we can model the throughput spectrum and pulse
response for MSIT and MSIA. Let the input mode amplitude
be Ey, defined in terms of Ey and Ey, as in Eq. (7), and
similarly the throughput mode amplitude is E,; so that the
input light is linearly polarized at 45°, and the throughput
at 45 ° is detected. Since the difference in effective refractive
indices of modes 1 and 2 is relatively small, we take them to
have the same effective n, implying that the phase detunings
can be taken to be equal, and so

2nnL
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FIG. 2. (a) Simulated MSIT throughput spectrum. (b) Delayed
output pulse (lower, blue) compared to the input pulse (upper,
red). Assumed parameter values: Q; = 5.0 x 10°, 0,=10x 10%;
M, = 0.05 (overcoupled), M, = 0.05 (overcoupled), A = 0.0 MHz,
At, =230ns, A, = 0.0MHz, Av, = 1.92 MHz.

gives the relation of § to the frequency detuning from reso-
nance, v — vy, where vy = wy/2mw. Now set tjp =ty = 0 in
Eq. (2) and find the relative throughput to be given by

Eﬁ__l[aﬂf—n-—na

Ery  2|laL+T —i26

al —T, —i28
aLl+ T, —i268

:|. (10)

An example of a simulated MSIT throughput spectrum
[the squared modulus of the expression in Eq. (10)] is shown
in Fig. 2, along with the simulated Gaussian pulse response
for the same parameter values. The width of the central
peak (transparency window) is approximately the same as the
linewidth of the higher-Q mode 2, and the throughput pulse is
seen to be delayed and reduced in amplitude compared to the
Gaussian input pulse.

The parameters involved in Fig. 2 include the quality fac-
tors of the modes, inversely proportional to the total loss,

2nnlLy v

=T val) - Ay,

) 1D
where Av; is the WGM linewidth. The ratio of the outcou-
pling loss to the intrinsic loss is x; = Tj/a;L; a mode is
overcoupled if this ratio is greater than 1, and undercoupled
if the ratio is less than 1. The fractional resonance dip depth
of mode j is given by

4Xj

=— 12
(1 +x))° (12
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FIG. 3. (a) Simulated MSIA throughput spectrum. (b) Advanced
output pulse (lower, blue) compared to the input pulse (upper, red).
Assumed parameter values: 0; = 5.0 x 10°, 0,=10x 108, M, =
0.65 (undercoupled), M, = 0.65 (undercoupled), A = 0.0 MHz,
At, =230ns, A, = 0.0MHz, Av, = 1.92 MHz.

Knowing Q;, M;, and the coupling regimes determines
the values of T; and «;L. The detuning from coresonance is
A = v, — v, where v; = vy. The detuning of the pulse center
frequency from vg is A,, and the input pulse width is Az,
corresponding to a pulse bandwidth of

A 2In2 (13)
v, = .
P AT,

The pulse width is chosen to be large enough that its fre-
quency bandwidth is no greater than the width of the central
peak or dip, which is roughly the range of steep dispersion.
Figures 3 and 4 illustrate MSIA.

In Fig. 3, a simulated example of MSIA with pulse ad-
vancement is shown, and Fig. 4 is an example of MSIA with
pulse delay. Again, just as in CMIA [8], different parameter
values that result in MSIA can lead to advancement or delay of
aresonant input pulse. A proof of this will be given below. The
range of steep dispersion, that is, the width of the transparency
or attenuation window, is essentially the same as the linewidth
of mode 2, as mentioned above. This will now be shown for
the special case of both modes strongly overcoupled.

The square modulus of Eq. (10) subtracted from 1 is analo-
gous to the probe absorption spectrum in electromagnetically
induced transparency (EIT) [15]. In the case of MSIT, when
x1 and x, are both large compared to 1 — both modes strongly
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FIG. 4. (a) Simulated MSIA throughput spectrum. (b) Delayed
output pulse (lower, blue) compared to the input pulse (up-
per, red). Assumed parameter values: Q; = 5.0 x 10°, 0, =10x
10%;, M, =0.99 (undercoupled), M, = 0.13 (overcoupled), A =
0.0MHz, At, =230ns, A, = 0.0MHz, Av, = 1.92MHz.

overcoupled — this expression is
B ’Erm) %
Ere 1 6+ 58+ (5)

Comparison to a similar expression for EIT shows that
the phase width of the central peak is 75, the linewidth
(in phase) of mode 2. Note, however, that there is one
significant difference; in similar expressions for EIT [15],
coupled-resonator-induced transparency (CRIT) [16], and
CMIT [8,17], the first term in the denominator has a minus
sign rather than a plus sign. The effect of this sign change for
MSIT is simply a reduction in the depth of the twin dips in
Fig. 2(a).

To evaluate the delay or advancement of a pulse, write
Eq. (10) in polar form, calling the phase ¢; then the through-
put delay t of an input pulse can be found from

nL d¢ do
T=——| =th—
c dé s ds

(Since we assume that modes 1 and 2 have the same effec-
tive index, they have the same round-trip time.) For MSIT or
MSIA, without making any assumptions about the coupling
regimes or the relative Q values of the two modes, the disper-
sion is found to be

(14)

5)

=0

x]2 2 X% 2
7+ 1"+ Z0+ 1D

do|  _
seo G+ D0+ Dexgx, — 1)

dé

(16)

From Eq. (16), the value of x;x, determines whether a pulse
will be delayed or advanced. If x;x, > 1, the pulse will be de-
layed; if x;x, < 1, the pulse will be advanced. The simulations
of Figs. 2—4 all assume a resonator radius of 300 wm, so the
delays in those three examples are 1.3 x 10*, 2.3 x 103, and
2.4 x 10* round-trip times, respectively.

To investigate the throughput spectrum, use Eq. (3) to
rewrite Eq. (10) as

1—){1 : 1—)(2 .
E, 1| = 0 2+ 16,
+ — 14-x y + 14-xy - . (17)
Ef+ 2 1+ 191 1+ 162

What is measured will be the square of this, i.e., the ratio of
throughput intensity or power to input intensity or power, as
shown in Figs. 2(a), 3(a), and 4(a). Keep in mind that 6; is the
frequency detuning from resonance in units of the linewidth
of mode j. Our usual condition that Q; < O, means that
mode 2 has a much narrower linewidth than mode 1. Thus,
it is possible to have a detuning such that ; < 1 <« 6,. At
this detuning, the throughput will be just outside the central
peak or dip; comparing Eq. (17) evaluated at this detuning
to its evaluation at zero detuning will determine whether we
have MSIT (greater at zero) or MSIA (less at zero). At zero,
91 = 92 = 0, and

E, 1-—
‘ +| 1 —x1x2] ’ (18)
Ef+ (1 ~|—x1)(1 +X2)
whereas, when 6; < 1 < 6,,
E, 1 1
‘_+ — = to , (19)
Ef+ 1+X| (1+X1)(1+x2)

To have pulse advancement, the numerator of Eq. (18)
will be 1 — xjx,, which can never be greater than 1 + x, [the
numerator of Eq. (19)], so advancement is only possible in
MSIA. For delay, the numerator is x;x,—1, which can be
greater than or less than 1 4 x;, so delay can occur in both
MSIT and MSIA.

Note that the throughput pulses in Figs. 2—4 are broadened
and slightly distorted with respect to the input pulses. This
is a consequence of choosing the pulse width such that the
delay or advancement is an appreciable fraction of the pulse
width. In these cases, both the phase ¢ and the group delay
T of Eq. (15) vary over the pulse bandwidth, as illustrated in
Fig. 5.

From the numerical model, the phase ¢ of the throughput
spectra in Figs. 2—4 is calculated and plotted, and the group
delay T =d¢/dw is found and plotted. The input pulse’s
Gaussian frequency spectrum is also plotted along with ¢ and
7. In each case, there is variation of the phase and delay over
the pulse bandwidth, explaining the distortion and broadening
of the throughput pulse.

Because the extent of the spectral region of steep dispersion
is determined by the linewidth of the higher-Q mode, this
system is not optimized for broadband pulse delay, unlike sys-
tems that make use of multiple resonances [18]. Our purpose
here is just to show that delay and advancement occur, and to
specify the conditions for those occurrences.

033504-4



MODE-SUPERPOSITION-INDUCED TRANSPARENCY

PHYSICAL REVIEW A 106, 033504 (2022)

o
)]

(a) I

o o
w »
~

o
[N}
N

.

@/10 (rad), T (us), P (arb. units)

@/2 (rad), T (us), P (arb. units)

v-vy (MHz)

FIG. 5. Throughput phase ¢ (dashed purple), group delay t (dot-
ted blue), and pulse wave-packet P (solid red) vs frequency. (a)
Corresponds to the case of Fig. 2, (b) to Fig. 3, and (c) to Fig. 4.
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FIG. 6. Experimental setup. This figure is reproduced from
Ref. [8].

III. EXPERIMENTAL RESULTS

To determine the CPC strength in CMIT and ATS, we used
an experimental setup as shown in Fig. 6. The same setup is
now used to investigate MSIT and MSIA.

The tunable diode laser (1550-nm wavelength) is scanned
in frequency and its free-space beam passes through an
acousto-optic modulator. Wave plates and a compression-
based polarization controller are used to control the input
polarization. The coupling fiber is made adiabatically bita-
pered and brought into contact with the hollow-bottle
resonator (HBR) in its equatorial plane using a 3D translation
stage (not shown). The HBR is mounted on a piezo-controlled
holder for strain tuning. A more detailed description of the
HBR can be found elsewhere [7,19,20]. The length of fiber
after the HBR is kept short and straight to preserve the polar-
ization.

In all cases, the resonator is kept inside an acrylic box
to minimize temperature fluctuations and other effects of air
movement. The output signal is sent to a polarization analyzer
(PA), which includes a polarizing beam splitter (PBS) plus
two detectors and can be rotated about the fiber axis so that ei-
ther detector can detect either polarization. For data analysis,
the detector signals are separately input to the oscilloscope.

Light polarized at 45° in the TM-TE basis is input, the
HBR is strain-tuned to TE-TM coresonance, and the through-
put spectrum of the input polarization (the PA is rotated about
the fiber axis by 45 ° from the orientation shown in Fig. 6) is
observed. An MSIT or MSIA feature is observed when the
laser is scanned; for the pulse response, the laser is tuned
to resonance. Individual mode parameters are measured [8]
by tuning away from coresonance and using input of the two
polarizations sequentially. Those parameters are, for mode j:
quality factor Q;, relative throughput dip depth M;, and the
coupling regime. In addition, the mistuning from coresonance
A and the detuning of the pulse center frequency from reso-
nance A, are estimated. Using those parameters (there are no
free parameters), the model is compared to the experimental
spectral trace. The width of the Gaussian input pulse is mea-
sured and input to the model to predict the throughput pulse.

Figures 7-9 show three typical examples that correspond
qualitatively to the simulations of Figs. 2—4: MSIT with pulse
delay, MSIA with pulse advancement, and MSIA with pulse
delay. In Figs. 7-9, note that the experimental pulse identified
as the input pulse is actually a throughput pulse measured
far off resonance. The experimental delay and advancement
ranges between 3.4 x 10% 7, and 9.4 x 10%t,,. However, the
agreement between experiment and model is not perfect.
There is qualitative agreement, but the form of the experi-
mental throughput spectrum is not matched perfectly by the
model, and the delay and height of the throughput pulse are
also imperfectly predicted by the model.

Although constrained by the lack of any truly free parame-
ters, adjustment of the model was done in attempts to produce
a better reproduction of the experimental results. The model
assumes zero cross-polarization coupling, so some CPC was
added back in, but this did not help. The detunings A and A,
are only estimated in the experiment, so these parameters were
varied over reasonable ranges in the model, but to no avail.
The coupling regime, which is found by touching a tapered
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FIG. 7. MSIT with 170-um-radius HBR. (a) Experimental
(black) and model (blue) throughput spectra. (b) Experimental input
(upper, red) and throughput (lower, blue) pulses, fitted by Gaus-
sians, with a delay of 47 ns, and model throughput pulse (dashed
black), with a delay of 150 ns. Parameter values: Q; = 6.9 x
108, 0, =10 x 10%; M, = 0.61 (overcoupled), M, = 0.32 (over-
coupled), A =-0.5MHz, Az, =285ns, A, =-0.5MHz, Ay, =
1.55 MHz.

fiber to the other side of the resonator to effectively increase
the intrinsic loss, can sometimes be difficult to determine with
certainty, but changing it in the model did not help. The indi-
vidual mode quality factors and dip depths were also varied
slightly in the model, and the input polarization and the orien-
tation of the polarization analyzer in the model were adjusted
a bit as well. None of these tactics resulted in significantly
better quantitative agreement between the experiment and the
model.

This inability to improve the quantitative agreement sug-
gests that the model, which assumes one TE mode and one
TM mode, is incomplete. Since the input light has both TE
and TM components, modes of both polarization families
are being excited. This makes it more difficult to achieve
coresonance between a well-isolated TE WGM and a well-
isolated TM WGM. It is easier in CMIT, when the input is
of a single polarization [8,9]. Inspection of the experimen-
tal throughput spectra in Figs. 7-9 suggests that the main
reason for quantitative disagreement is spectral overlap with
modes other than the main two coresonant WGMs. This can
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FIG. 8. MSIA with 170-um-radius HBR. (a) Experimental
(black) and model (blue) throughput spectra. (b) Experimental input
(upper, red) and throughput (lower, blue) pulses, fitted by Gaus-
sians, with an advancement of 17 ns, and model throughput pulse
(dashed black), with an advancement of 25 ns. Parameter values:
0 =18 x 107, 0,=12x 10%; M, = 0.69 (undercoupled), M, =
0.64 (undercoupled), A = 1.5MHz, At, =370ns, A, = 1.3MHz,
Av, = 1.19MHz.

explain not only discrepancies in the throughput spectra, but
also the throughput pulse height and delay disagreements,
because the throughput pulse is shown relative to the input
pulse. If the input pulse’s height is changed and/or it is delayed
because of the effect of another mode when measuring the
throughput pulse off resonance, both the relative height and
delay of the resonant throughput pulse can be affected.

IV. CONCLUSIONS

This work advances the examination of polarization effects
in whispering-gallery microresonators; superposition of un-
coupled coresonant WGMs having orthogonal polarizations
and very different Qs is studied theoretically and modeled nu-
merically. The results of this analysis show that it is possible
for the throughput to show MSIT, with pulse delay, and MSIA,
with pulse advancement or delay. Experimental investigation
confirms these results; MSIT with pulse delay has been ob-
served, as in Fig. 7, and MSIA with pulse advancement and
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FIG. 9. MSIA with 170-pum-radius HBR. (a) Experimental
(black) and model (blue) throughput spectra. (b) Experimental
input (upper, red) and throughput (lower, blue) pulses, fitted
by Gaussians, with a delay of 27 ns, and model throughput
pulse (dashed black), with a delay of 70 ns. Parameter values:
0, =8.4x 105, 0, = 1.0 x 10%; M, = 0.96 (undercoupled), M, =
0.23 (overcoupled), A = -1.8 MHz, Az, = 275ns, A, = 0.0 MHz,
Av, = 1.60 MHz.

MSIA with pulse delay have also both been observed, as
in Figs. 8 and 9, respectively. Comparison of experimental
results to the model predictions given the experimental param-
eter values (no free parameters) shows qualitative agreement.
Reasonable partial fits to the experimental throughput spectra
are found, but the experimental and modeled amplitude and
delay (or advancement) of the throughput pulse differ quanti-
tatively, as illustrated in Figs. 7-9.

The most likely cause of the quantitative disagreement
between experiment and model is spectral mode overlap. The
potential excitation of TM and TE modes other than the cores-
onant two that form the desired superpositions is an effect not
accounted for in the model. This spectral mode overlap can
affect both the throughput spectra and the relative height and
delay of the throughput pulse.

In the experiment, mode overlap can be reduced by using
an HBR with a different bulge profile, and carefully posi-
tioning a somewhat thicker tapered fiber with respect to it.
Experimental reduction of mode overlap is preferable to ex-
tending the model to account for additional modes. Such an
extended model would likely introduce unwanted free param-
eters, as it would be difficult to completely characterize the
additional modes in an experiment.

In general, any application for which induced transparency
(or attenuation) is suited could potentially benefit from us-
ing MSIT rather than CMIT, since CPC is not required. For
example, preliminary investigations suggest that MSIT could
provide a sensitivity enhancement over CMIT if used for
dissipative sensing. With the analyte inside the HBR, only the
WGM with the higher radial order will interact with it, if the
lower-radial-order WGM does not have an internal fraction.
This can change the shape of the throughput spectrum, in
particular the height of the central peak.

Throughout this work, the model assumed that there was
no CPC. Also, the experimental cases that were studied were
selected to be those showing no evidence of CPC. However,
the effects on MSIT of having some residual CPC warrant
further study.
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