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Second-order Doppler frequency shifts of trapped ions in a linear Paul trap
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The accurate evaluation of the second-order Doppler frequency shift (SODFS) of trapped ions in a linear Paul
trap has been studied with experiments and molecular dynamics (MD) simulations. The motion of trapped ions
in the trap has three contributions, and we focus on the ion excess micromotion, which is rarely discussed when
evaluating the SODFS of ions. Based on the hypothesis that the ion density is uniformly distributed in the radial
direction, we propose a model to accurately evaluate the total SODFS for an ion ensemble with temperature
less than 100 mK, which consists of three contributions of ion motion. The effectiveness of the model has been
verified by MD simulation, and the experimental results of the excess micromotion of trapped ions are consistent
with the theory. We believe that our model offers advantages in accurately evaluating the SODFS for the ion trap,
especially those of laser-cooled ion microwave clocks based on large ion clouds.
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I. INTRODUCTION

Several recent studies have focused on developing trapped-
ion microwave clocks because of the long interaction time
between the ions and the applied radiation field [1–10]. For
instance, for several 199Hg+ ions confined in a linear radio
frequency (rf) Paul trap and cooled to the Doppler limit,
the fractional second-order Doppler frequency shift (SODFS)
may be as low as 2 × 10−18 [1]. However, when a large num-
ber of ions are confined in the trap, most ions are not at the
nodal line of the trap’s rf electric field. This displacement of
the ions gives rise to an excess micromotion and consequently
a large frequency shift. To construct trapped-ion microwave
clocks of high accuracy, the SODFS from ion micromotion
must be carefully evaluated.

According to Ref. [11], the motion of a single ion of mass
M and charge Q in a linear Paul trap has three contributions:
A secular motion of large amplitude, a micromotion that os-
cillates at the rf �, and an excess micromotion driven by the
rf field due to deviation from the nodal line of the rf field. In
general, the energies of the first two parts are approximately
equal. In Ref. [12], the total fractional SODFS of trapped ions
in a linear Paul trap is expressed as
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where kB denotes the Boltzmann constant, T denotes the
kinetic temperature characterizing the secular motion of the
ions, c denotes the vacuum speed of light, and Nd

k denotes
a parameter related to the configuration of the trap. In the
linear quadrupole trap with only a small number of nonin-
teracting ions, space charge effects are negligible, with Nd

k
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being approximately 1. This is a consequence of the equality
of the average secular energy and average micromotion energy
in a harmonic quadrupole trap and the lack of micromotion
in the axial direction. For large ion clouds, the space charge
interaction grows larger and cannot be ignored, and the value
of Nd

k is typically 3. However, the contribution of excess
micromotion of trapped ions to the SODFS is not taken into
account in Eq. (1), which is necessary to accurately evaluate
the SODFS for microwave atomic clocks, especially those of
laser-cooled ion microwave clocks based on large ion clouds.

In this paper, we focus on the excess micromotion of
trapped ions in the linear Paul trap. Based on the hypothe-
sis that the ion density is uniformly distributed in the radial
direction, we propose a model to accurately evaluate the total
fractional SODFS for an ion ensemble with temperature less
than 100 mK. The effectiveness of the model has been verified
both in simulations and in experiment.

II. EXPERIMENTAL SETUP

The experimental setup has been described in more detail
elsewhere [13,14]; here, a brief description suffices (Fig. 1). It
consists of four rod electrodes (rod electrodes 1, 2, 3, and 4)
with a diameter of d = 14.2 mm, and each rod is segmented
into three parts (parts A, B, and C). The minimum distance
between the nodal line of the trap and the electrode surfaces
is r0 = 6.2 mm. The lengths of the trapping part (part B)
and the remaining parts (parts A and C) of each rod are
2z0 = 40 mm and 2ze = 20 mm, respectively. Confinement of
ions is achieved by applying a radio frequency (rf) voltage
Urf cos(�t ) to one pair of diagonal electrode rods (parts B2

and B4) and a dc voltage Uend to end electrodes (parts A
and C).

With two diode lasers (λ = 369 and 935 nm), a typi-
cal Coulomb crystal containing about 406 174Yb+ ions is
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FIG. 1. Schematic of our linear quadrupole Paul trap. The rod
diameter d and the inner radius r0 are 14.2 and 6.2 mm, respec-
tively. The central trap region (2z0) is 40 mm. The origin of the
three-dimensional (3D) coordinate axis coincides with the geometric
center of the ion trap.

observed by a cooled CCD camera (Fig. 2). In order to extract
the ion temperature from the experimentally produced crystal,
some simulations were performed by the molecular dynamics
(MD) approach. The best agreement is achieved for a tem-
perature of about 10.0 mK by comparing the experimentally
observed CCD image with simulated ones. However, the total
energy of ions (3/2kB × 4.2 K) is much higher than that of
secular motion (3/2kB × 10.0 mK), which is attributed to the
excess micromotion of trapped ions. Therefore the energy
of ion excess micromotion is dominant for large Coulomb
crystals and is essential in the evaluation of the SODFS.

FIG. 2. Temperature determination of laser-cooled 174Yb+ ions.
The crystal contains about 406 ions, and the CCD exposure time is
2 s. A series of simulated ion crystals at different temperatures are
compared with the experimental CCD image. The best agreement is
achieved for a temperature of about 10.0 mK.

FIG. 3. (a) The same group of 174Yb+ ions under different com-
pensation voltages. The optimal value is 0.1 V, corresponding to
the minimization of excess micromotion. (b) Relationship between
the amplitude of ion excess micromotion in the x direction and the
average distance of ions from the nodal line of the rf field. The
solid circles and the solid line signify the raw experimental data and
the theoretical curve, respectively. Each point is the average of the
leftmost five ions from the CCD camera.

III. EXCESS MICROMOTION IN A LINEAR PAUL TRAP

As is well known, when the ion deviates from the nodal
line of the rf field, it experiences an excess micromotion of
amplitude qu/2, where u denotes the average distance of the
ion from the nodal line [11,15] and q denotes a dimensionless
parameter defined as

q = 2QUrf

Mr2
0�

2
. (2)

In our experiment, the ions deviate from the nodal line of the
rf field by adjusting the compensation voltage [Fig. 3(a)]. The
optimal compensation voltage is 0.1 V, corresponding to the
minimization of excess micromotion. The average distance of
the ion from the nodal line (u) is determined by the image shift
on the camera and the magnification of the imaging system.
The amplitudes of individual ions in the x direction (σx) in-
fluenced by the diffraction limit can be obtained by fitting the
image from the CCD camera, from which the real amplitude
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(qxux/2) can be extracted (see Appendix for details). In order
to reduce the uncertainty of the results, only the five clearest
ions on the far left are considered [Fig. 3(a)]. Each point in
Fig. 3(b) is the average of five ions. The results show that
the amplitude of ion excess micromotion increases linearly
with the average displacement from the nodal line, which is
consistent with the theory in Ref. [11].

IV. A MODEL TO EVALUATE THE SODFS OF IONS

According to the above conclusions about ion excess mi-
cromotion, the average kinetic energy of excess micromotion
for the ith ion in a large ion cloud is expressed as

Eki = 1

2
M�2

(
σi√

2

)2

= 1

4
M�2σ 2

i = 1

16
M�2q2u2

i , (3)

where σi denotes the amplitude of ion excess micromotion.
Therefore the total fractional SODFS for the trapped ions is
given by

� f
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= − 3kBT

2Mc2

(
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d

)
− q2�2〈u2〉

16c2
, (4)

where 〈· · · 〉 denotes the average of all ions. The three parts
in the formula represent the three motions of trapped ions in
the quadrupole trap, respectively. The first two parts are deter-
mined by the secular temperature T of the ion ensemble, and
Nd

k = 1 due to the equality of the average secular energy and
average micromotion energy. In MD simulation, the secular
temperature of ions is expressible as

T = 1

3NkB
M

N∑
i

〈
v̄2

i

〉
, (5)

where N denotes the total ion number, v̄i denotes the sec-
ular velocity of the ith ion defined by averaging over one
rf period, and 〈· · · 〉 denotes the average over many rf pe-
riods. In our experiment, the secular temperature can be
obtained by measuring the Gaussian broadening of the spec-
tral linewidth [16–18]. The third part in Eq. (4) is contributed
by the ion excess micromotion, which is related to the number
of ions and electrical parameters. In the following, we focus
on analyzing the third part.

The previous theories for calculating the SODFS of large
ion clouds in multipole traps are based on the hypothesis
that the radial density of ions obeys the Boltzmann distribu-
tion [12,19]. However, this hypothesis is only valid for large
ion clouds at high temperature, but not for low-temperature
Coulomb crystals. In an ion Coulomb crystal, the ions are
distributed in multiple so-called ellipsoidal shells, which
is obviously inconsistent with the Boltzmann distribution.
Therefore, based on the zero-temperature charged-liquids
model [20–23], we propose that the ion density is uniformly
distributed in the radial direction. In Fig. 4, we measured the
volume of the same ion ensemble at different temperatures
under the influence of fixed electrical parameters. It is clear
that the volume of the ion ensemble is basically unchanged
for T < 100 mK, which shows that the model is applicable to
ion ensembles in the nongaseous state.

2 mK

30 mK

100 mK

>1 K

100 μm

FIG. 4. A series of experimental pictures of the same group of
174Yb+ ions at different temperatures under the influence of fixed
electrical parameters. The CCD camera exposure time is 2 s. The
volume of the ion ensemble is basically unchanged for T < 100 mK.

Under the premise of the above hypothesis, Eq. (4) be-
comes

� f
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= − 3kBT

2Mc2

(
1 + 2
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d

)
− q2�2u2

eff

16c2
, (6)

where ueff denotes the equivalent distance of all ions from the
nodal line of the rf field. In an analogous calculation to the
moment of inertia of an ellipsoid, the equivalent distance is
determined to be ueff = √

10/5R, where R denotes the radial
size of the spheroid fit to the outer ion cloud envelope. Con-
sider that the measurement uncertainty of the half-length L of
the outer ion cloud envelope is relatively smaller than that of
R. In combination with Eq. (2) and the following equation (7)
for calculating the density of ion cloud

n = ε0U 2
rf

M�2r4
0

, (7)

where ε0 denotes the permittivity of vacuum, Eq. (6) can also
be expressed as

� f
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= − 3kBT
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)
− 3Q2

40πε0Mc2
· N

L
. (8)

A series of MD simulations were performed to verify the
effectiveness of the model in this paper. The advantage of
MD simulation is that the velocities of all ions can be ex-
tracted at any time, from which the total fractional SODFS
of the trapped ions can be directly calculated using � f / f =
−〈v2〉/(2c2) (“SODFS from theory”). On the other hand, the
total SODFS is evaluated with our model (“SODFS from
model”). During the simulation, the secular temperature of
ions in equilibrium is controlled at 10 mK by coupling all ions
to a Langevin bath [24–26]. In simulations to determine the
relationship between the total fractional SODFS of ions and
N , we set Urf = 400 V and Uend = 60 V. Figure 5(a) shows
that the total fractional SODFS increases with the number of
ions, which is a consequence of the expanding size of ions.
The results from the model are consistent with those calcu-
lated by the theoretical formula. In Figs. 5(b) and 5(c), the
relationship between the total fractional SODFS of ions and
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FIG. 5. A series of MD simulations performed to verify the effec-
tiveness of the model in Eq. (6). During the simulation, the secular
temperature of 174Yb+ ions in equilibrium is controlled at 10 mK.
(a) Determination of the relationship between the total fractional
SODFS of the trapped ions and the number of ions under the influ-
ence of fixed electrical parameters (Urf = 400 V and Uend = 60 V).
(b) and (c) Determination of the relationship between the total frac-
tional SODFS of the trapped ions and rf voltage Urf (b) or dc voltage
Uend (c). Increasing Uend or decreasing Urf will increase the total
fractional SODFS of the trapped ions.

electrical parameters is shown. It can be seen that the SODFSs
of the trapped ions evaluated by the above two methods are
consistent. Increasing Uend or decreasing Urf will increase the
radial size of the ion ensemble and then increase the total
SODFS of ions.

Apart from that, there are some published results of
SODFS that are consistent with the estimated results by the
model in this paper. In Ref. [9], the 0-0 ground-state hyper-
fine transition frequency of the 113Cd+ ion is consistent with
previously reported values when evaluating the total SODFS
of ions using the model in Eq. (6), but not using the previous
theory in Eq. (1). Apart from that, for the 171Yb+ ion Coulomb
crystal in Ref. [6], the radial radius of the spheroid fit to the
crystal envelope is R = 80(5) μm, and the secular tempera-
ture of the crystal is lower than 50 mK. Therefore the total
fractional SODFS for the ytterbium-ion microwave frequency
standard given by our model is −1.30(16) × 10−14, which
is consistent with the result [less than −2.0(0.5) × 10−14] in
Ref. [6].

The effectiveness of our model has been verified both in
simulations and in experiment. We note, in particular, that
the excess micromotion of ions is important when evaluating
the total SODFS of the trapped ions, especially for low-
temperature Coulomb crystals. In addition, both the number
of ions and the electrical parameters affect the energy of ion
excess micromotion, which in turn affects the total SODFS of
ion microwave clocks.

V. CONCLUSION

In summary, the second-order Doppler frequency shift of
the trapped ions in a linear Paul trap has been studied in
detail. The motion of ions in the trap has three contributions,
and we focused on the ion excess micromotion. Based on
the hypothesis that the ion density is uniformly distributed in
the radial direction, we propose a model to evaluate the total
SODFS for ion microwave clocks. The effectiveness of the
model has been verified both in simulations and in experiment.
According to the model, ion temperature, ion number, and
electrical parameters should be taken into account in order to
reduce the total SODFS of the trapped ions. The model and the
analytical results would be very useful to experimental physi-
cists advancing microwave atomic clock technology relying
on fractional SODFS evaluations.
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APPENDIX: MEASURING THE AMPLITUDES
OF TRAPPED IONS BY IMAGING

Referring to Ref. [27], the image recorded on the CCD
camera is a convolution of the imaging point-spread function
(PSF) and the “true image” of the ion. Assuming both the
PSF and the true image to be Gaussian spots, the width of
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the recorded image can be approximated as

σ 2 = σ 2
PSF + M2σ 2

i , (A1)

where M is the magnification of the imaging system, σPSF is
the width of the imaging PSF caused by the diffraction of

the system, and σi is the desired amplitude of the ions. In
our system, the magnification is determined to be M = 5.96.
σPSF is determined to be 2.38 μm, which depends on the
parameters of the camera (Nikon PF10545MF-UV) and the
optical diffraction limit.
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