PHYSICAL REVIEW A 106, 032610 (2022)

Direct counterfactual quantum-communication protocol beyond a single-photon source

Zheng-Hong Li®,">3" Shang-Yue Feng®,! M. Al-Amri®,*> and M. Suhail Zubairy ©*
' Department of Physics, Shanghai University, Shanghai 200444, China
2Zhejiang Province Key Laboratory of Quantum Technology and Device, Zhejiang University, Hangzhou 310027, China
3Shanghai Key Laboratory of High Temperature Superconductors, Shanghai University, Shanghai 200444, China
4Institute for Quantum Science and Engineering (IQSE) and Department of Physics and Astrononty,
Texas A&M University, College Station, Texas 77843-4242, USA
SNCQOQI, KACST, P.O. Box 6086, Riyadh 11442, Saudi Arabia

® (Received 20 May 2021; accepted 26 August 2022; published 15 September 2022)

The direct counterfactual quantum-communication protocol involving double-chained Mach-Zehnder inter-
ferometers requires a single-photon input. Here, we show that even with multiphoton light sources, including a
strong coherent light source as input, the counterfactual communication can be achieved with success probability
approaching unity in the ideal asymptotic limit. The path evolution of multiple photons is nonlocally controlled.
Thus, information is transmitted without any photons, or any other auxiliary information carriers, appearing in
the public transmission channel. The effect is quantum since quantum measurements are an essential requirement
for this protocol. Furthermore, a modified scheme is proposed in which the number of interferometers is reduced.
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I. INTRODUCTION

Measurement plays a unique role in quantum mechanics
and leads to many counterintuitive quantum phenomena. One
of them is the direct counterfactual quantum-communication
SLAZ protocol originally proposed by Salih e al. [1]. This
protocol is inspired by interaction-free measurement [2,3]
along with the use of quantum Zeno effect [4,5]. It can
transmit one bit of information remotely without any phys-
ical particles traveling between two communicating parties,
Alice and Bob. The probability of obtaining the informa-
tion correctly in the ideal asymptotic limit approaches 100%
[1]. Although the SLAZ protocol requires time to transmit
information, the nonlocal quantum effect that it presents in
it has triggered intense research interest in fundamental re-
search [6-17]. As a nonlocal quantum control method for a
single photon, the SLAZ protocol has led to new ideas about
entanglement preparation [18-21] and quantum teleportation
[22-25]. Furthermore, further research has been done on top-
ics such as quantum gates [26—29], ghost imaging [30], and so
on [31,32]. In addition, there have been proof-of-principle ex-
periments that were carried out. In 2017, the research groups
of Pan and Zhu independently published verification experi-
ments [33,34].

In the SLAZ protocol, a single photon forms a three-path
superposition state, one of which is the public transmission
channel connecting Alice and Bob. The other two paths are
confined to Alice’s end. The basic idea is to force the photon
state to collapse to only these two paths through multiple mea-
surements of the photon in the transmission channel, so that
information can be transmitted without the photon appear-
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ing in the transmission channel. When multiple photons are
considered, however, the situation is no longer simple. Under
ordinary conditions, multiple photons cannot act collectively
(just like a single photon), resulting in forming a photon
number distribution in the three paths. In other words, the light
field is conventionally described by light intensity distribution
rather than the probabilistic description. Under the descrip-
tion of light intensity, there is always nonzero photon state
components in the public transmission channel. This leads to
the current mainstream view that multiphoton light sources,
especially strong coherent light sources, cannot achieve direct
counterfactual quantum communication [33,34].

In this work, we show that the above scenario is not always
the case. The aforementioned nonlocal quantum effect can
still be true for multiphoton light sources. It is possible to
nonlocally control the path evolution of multiple photons,
including strong coherent light field, so that information can
still be transmitted counterfactually. It should be emphasized
that, in this article, we focus on whether the nonlocal quantum
effects can theoretically occur, and hence unlock the physics
behind it. Therefore, our proof only considers ideal equipment
and environments. The reason why we write this article from
an information transmission perspective is to give the reader a
simple and intuitive example, and to illustrate the relevance to
Ref. [1]. Hence, we simply consider the model in which Bob
transmits 1-bit information to Alice, and our discussion does
not involve those recently developed protocols with modified
definitions and criteria [13—17]. On this basis, we first study
the SLAZ protocol with a multiphoton source instead of a
single-photon source, and hence analyze their similarities and
differences. Our study shows the conditions for counterfactual
communication are more stringent, requiring more resources.
Nonetheless, we then propose a modified scheme, which
can greatly reduce the resources that are required compared

©2022 American Physical Society
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FIG. 1. (a) Basic scheme based on double-chained Mach-Zehnder interferometers. When the input state is a coherent state with average
photon number |&|? = 10, we plot (b) the probability () that only Dy clicks when s = 0 and (c) the probability (P;) that only D, clicks when
s = 1 for different M and N. In the modified scheme, the communication is cut off at the red dashed line where Dy and D, are repositioned.
In order to analyze the needed resources described by the total cycle number T in the modified scheme, we plot (d) the minimum log,,T for
different P = By = P, when |a|* = 200, where P, represents the probability that no photon enters the transmission channel and D, detects at
least one photon for Bob’s signal s. The red solid curve is based on Eq. (8), and circle points come from the complete simulation without any

approximation.

with the SLAZ protocol despite using the same multiphoton
source.

II. BASIC SCHEME AND CALCULATION METHOD

In Fig. 1(a), Sy stands for light source, MR stands for mir-
ror, BS stands for beam splitter, and D stands for detector. The
scheme has the structure of double-chained Mach-Zehnder
interferometers. There are M BS), constituting the outer chain,
and the lower arm of each interferometer in the outer chain is
embedded with an inner chain composed of BSy. The number
of BSy in each inner chain is N. According to Ref. [1], we
call M (N) the outer (inner) cycle number, and 7 = MN the
total cycle number. For the description of the function of the
BSm vy, we divide Fig. 1(a) into three zones. We assume that

the photon state |vg, vy, v2) = ]_[jzo’l’z[(a;)vj/ V/v;110, 0, 0)
represents v; photons in zone j, and a’ is the corresponding

creation operator. Then, the function of BSy ) can be de-
scribed as

i i P
g1y = o) COS Omvy + aj () sin Omw),
af(z) — a5, COS Oy (v) — 08(1) sin Oy vy, (D

where Oy vy = 7 /2M (N) and cos29M(N) represents the reflec-
tivity of BSy ). In the lower arms of the inner chains, the
white belt stands for the public transmission channel connect-
ing Alice and Bob. At Bob’s end, the detector D, is activated
for his signal s = 1, and deactivated (becomes transparent) for
signal s = 0. At Alice’s end, Dy and D; are used to receive
Bob’s signal.

Before we consider the complete scheme, we first fo-
cus on the inner chain. The evolution of photons in the
outer chain obeys the same laws. Let us assume that the
input of the inner chain is a Fock state |0, v, 0). When
s =0, it is easy to see that, after n BSy, the photon state
is (aT cosnby + a; sin nON)v/ V!0, 0, 0). When n =N, all
photons entering the inner chain are routed to the D,,4 side.
However, when s = 1, interference in the chain is interrupted
by D,p’s continuous measurements. Unless otherwise speci-
fied, in this work we only require the detector to be able to
distinguish between the vacuum state (|0)) and the nonzero
photon number state. If D,g cannot find any photons in the
transmission channel after N measurements, the photon state
becomes (afcosN 9N)U / V0110, 0, 0), where those terms con-
taining ag are eliminated since the photon state in zone 2 must
collapse to |0). In addition, it is worth pointing out that when
N > 1, cos¥0y ~ 1 — w2/8N, and this approximation also
works for M.

III. THEORY AND DEMONSTRATION

In this section, we prove that even if Alice uses a multi-
photon light source, with the help of multiple measurements,
it is possible to transmit 1 bit of information directly from
one communicator (Bob) to the other (Alice) such that, dur-
ing the entire information transmission process, the photon
state at Bob’s end is a vacuum state. The probability of this
happening tends towards 100% as system resource (number
of interferometers) increases.
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Our calculations are based on the dynamical evolution of
Alice’s photons. The basic idea is as follows. Taking the case
that Bob’s signal s = 1 as an example, we notice that photon
exchange between zone 1 and the public transmission channel
occurs only when Alice’s photons pass through BSy. There-
fore, after each pass, Dyp is used to ensure that no photons
appear in the transmission channel due to measurement, which
causes the quantum state to collapse. After the measurement,
if Dyp does not click, the collapsed photon state becomes the
initial state for the next dynamical evolution. Eventually, we
can obtain Pj, which is the probability of no detectors being
triggered except for D during the entire dynamical evolution
process. Since D,p is always silent, this ensures that Bob’s
state is always in a vacuum. As for the case where Bob’s
signal is O, the situation is similar, except that we use Dyy
to ensure that there are no photons in the entire zones 1
and 2 (including the transmission channel). In this case, the
corresponding probability is Py, i.e., only Dy clicks. We show
that the two final states of Alice’s photons according to Bob’s
different signals are orthogonal. Therefore, Alice can receive
Bob’s information correctly. More importantly, we show that
the probabilities P, and Py can both tend towards 1. In such
extreme case, Alice’s photons are manipulated nonlocally and
receive Bob’s information correctly. We consider this as the
realization of direct counterfactual quantum communication.

A. Fock state input case

Consider the situation where the input photon state of
Fig. 1(a) is a Fock state |v, 0, 0). According to the discussion
in Sec. II, when s =0, any photons entering the inner
chain must be routed to D,4, so the inner chain and Djy
can be treated as a combined detector. Consequently,
after BSy, if D4 does not click, the photon state is
92 (v)) = cos™ D¥Oy (a; cos By + a] sin )" /+/v1]0, 0, 0).
When M > 1, it is approximately given by

2

l v
g’ () = ﬁKl — W)ao—i- Vi ] [0,0,0). (2)

Regarding the case s =1, the photons entering the
transmission channel are measured by D,z. When N is
large, the photons have a large probability of being retained
on the upper side of the inner chain. However, as long as
N is finite, the multiple measurements must cause photon
loss and lead to the imbalance of the two arms of the
interferometer in the outer chain. To account for this, we do
power series expansion and discard all the second-order and
higher-order terms of 1/N. Consequently, after m BSy,
if Dop does not click, the photon state is |¢]"(v)) =
[a(cos m9M + Ay) + dl (sinmy — B,)]" /+/v110,0, 0)
where A, = (72/8N) 3" sinm'6y sin(m—m')6y  and

B, = (m2/8N) Y7\ sinm' Oy cos(m—m')6y. When
m = M, the summations can be replaced by integrations
[35], which leads to Ay ~ 7M/8N and By %Mﬂ2/16N.
Therefore, for M > 1, we have

V)]
a; | 10,0,0). (3)

M T+ | w2
f v % 16N

|6 (v)) =

More details on the calculations of Egs. (2) and (3) can be
found in Appendix A.

Based on Egs. (2) and (3), we calculate the probability
P that D, detects at least one photon and no other detector
clicks when Bob’s signal is s. We emphasize that any photons
entering the transmission channel (zone 2) must cause D4 or
Dy to be triggered. Therefore, if both Py and P, approach 1,
it means that 1 bit of information can be transmitted directly
without any photon entering the transmission channel, which
leads to the direct counterfactual quantum communication. In
the Fock state input case, it is easy to see that Py is equal
to the probability of Alice detecting the final state |v, 0, 0)
(10, v, 0)). Then, under the condition that N >> vM > v?,
we have Py ~ | — n?v/4M and P, ~ | — n’Mv /8N, which
approach unity. Consequently, the counterfactual communi-
cation can be realized with a Fock state input. Obviously, the
single-photon case proposed in Ref. [1] is a special case.

B. Arbitrary photon statistics input case

Consider the initial photon state Y o c,|v, 0, 0), where
Ziio lcy|? = 1. Since for a specific Fock state |v, 0, 0), the
total photon number v is conserved throughout the communi-
cation process if both D,4 and D, do not click, the dynamical
evolution of Fock states with different total photon numbers
cannot interfere with each other. Consequently, we obtain

2v

Z|cv| (0.0, 0[¢8 )| Zw(l——) :
| M v
Z|Cv < _16_N>

“4)

It is worth mentioning that the summation is from v = 1,
since initial state |0, 0, 0) does not contribute to the trans-
mission of information. Accordingly, if we want P; — 1, the
first requirement is that |col> = O (this ensures that Alice’s
two final states are orthogonal). In addition to the above re-
quirement, a general condition for P; — 1 is given as follows.
Consider the case where the light field has a cutoff v, satis-
fying ) >° |cy|>v — 0, which means that the photon number
states with v > v, have no contribution to the average photon
number § = Y o7 |c,|*v. Then, when N >> v.M > v? (when
considering a specific photon number distribution, this con-
dition can be optimized, as shown in Appendix B), we can
obtain

Z|cu| (0. v, 0]¢ ) [*

Py~ 1—n%v/4M, P, ~1— 7°5M/8N. (5)

Consequently, both Py and P; can approach unity so that
the direct counterfactual quantum communication can be
achieved. More details are in Appendix C.

IV. DISCUSSIONS

A. Finite M and N scenario, and the role
of quantum measurement

We have shown that using the optical scheme proposed in
the SLAZ protocol, the counterfactual communication can be
achieved with multiphoton sources, and its success probability
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approaches unity in the ideal asymptotic limit. However, in
practice, M and N are finite. Under this condition, there is
a difference between a Fock state input and an input with
arbitrary photon statistics. For the Fock state case, when Alice
collects all v photons, she knows that no photons entered
the transmission channel. In other words, the measurement
results of D4 and D,p are not necessary. However, for a
more general input, only the result of local measurements
at Alice’s end cannot help her reach the same conclusion.
For example, if the input state is c;|1, 0, 0) + ¢;|2, 0, 0) and
Bob’s D, detects one photon, this may result in the final state
[1,0, 1). Unless Alice has Bob’s measurement results, she
cannot distinguish between |1, 0,0) and |1, 0, 1). To ensure
that Bob delivers results to Alice without transferring any
physical particles, we require that Bob makes announcements
only when a photon is detected (it is worth emphasizing that
in this case, the counterfactual communication has already
failed), and to remain silent at other times. The key here is
that Bob has the ability to deliver both signals 0 and 1 to Alice
[7], while remaining silent, and the probability of Bob being
silent approaches unity as M and N increase. Evidently, since
Bob’s quantum measurement results are an essential part, the
effect is manifestly quantum.

As a result, having the Fock state as an input including the
special case when there is only a single photon (Ref. [1]) is an
extreme situation of the direct counterfactual quantum com-
munication. It is worth mentioning that such a light source has
quantum characteristics. On the contrary, the other extreme
case is the coherent light source case, where the counterfactual
effect is only determined by multiple quantum measurements.
Consider a coherent state input |«, 0) passing through a BS.
According to Eq. (1), the outputs |« cosf, osin@) are still
coherent states. However, once we perform a measurement
on one side of the BS, the photon state has a probability of
exp(—|a|*sin?0) to collapse to |« cos @, 0). Regardless of the
average number of photons, |« |2, of the input, this probability
can approach unity by reducing the transmittance (sin’6) of
the BS. As a result, in the coherent state input case, clicks at
Dy and D, as well as the measurement results of D,4 and D,p,
are essential to ensure counterfactuality.

B. Resources needed for the single-photon case
and the coherent light case

To fully demonstrate the nonlocal effect due to

the critical role of multiple measurements, we now
focus on the strong coherent input state |o,0,0) =
exp(—|a|*/2) Y pat/Avlv, 0,0), which satisfies

lcol? = exp(—|a|£) ~ 0. In Appendix B, we obtain the same
result as Eq. (5). However, the condition for counterfactual
communication changes to N > oM > 9. To verify our
results, in Figs. 1(b) and 1(c) we show the numerical
simulation results of Py and P; for |«|> = 10 for different
M and N. For example, when M = 250 and N = 35 000,
the numerical results are Py = 0.906 and P; = 0.916, while
the approximate results given by Eq. (5) are Py = 0.901 and
P; = 0.912. All these results are in good agreement with each
other.

Based on Eq. (5), we can analyze the resources that are re-
quired and compare with the single-photon case. We note that

there are M —1 inner chains in the entire optical structure, and
N —1 interferometers in each inner chain as shown in Fig. 1(a).
Alice’s photons pass through these interferometers one by
one, thus we can use the total number of cycle T = MN to
describe the complexity of the optical system and the required
resources. Furthermore, T can also describe the time taken for
information extraction if we assume that the optical distance
of each interferometer is consistent.

Based on the above definition, we compare the coherent
light case and the single-photon case of the SLAZ protocol.
Regarding the single-photon case, we assume that its outer
(inner) cycle number is M’ (N’). Accordingly, the proba-
bilities of Dy and D; detecting the single photon are P(; =
1 —n2/4M' and Pl/ =1—7>M'/8N’, respectively. Regard-
ing the case of coherent input state |«), if we want Py = Ps',
the requirement for the total cycle number is MN = ||°M'N’.
Obviously, if the effect of the average photon number |a|*
is ignored and the experiment is performed with only the
parameters in the single-photon case, no counterfactual effect
can be observed. This is exactly what happened in Ref. [34].
In that experiment, a counterfactual-like effect is reported, in
which only the intensity distribution result is observed.

Going back to the current work, unfortunately, there is
a pitfall with the increase of |«|?, which leads the needed
resources to be greatly increased. To overcome this, we next
present a modified scheme, which can significantly reduce
resources comparing with the SLAZ protocol using the same
light source.

V. MODIFIED SCHEME

Here we propose a modified scheme for strong coherent
input state |«). The corresponding calculation details can be
found in Appendix D. In the original scheme, when s = 1,
photons are routed from zone 0 to zone 1, but when s = 0, at
the end of each inner chain, the photon number in zone 1 is ex-
actly zero. From the perspective of information transmission,
there is no need to wait for all the photons to move to zone 1,
and then confirm that Bob’s signal is s = 1. Based on this idea,
we reposition Dy and D; at the red dashed line, after the m, th
inner chain in Fig. 1(a), and end the communication process
there. Here, we emphasize that, in this setup, the number of
BS); is determined by m,, but the reflectivity of BS), is still
determined by M. As for BSy, both the reflectivity and the
total number of BSy in each inner chain are determined by
N. Therefore, the total cycle number required in the modified
scheme is T = m.N. Apparently, the determination of an ap-
propriate value of m, is critical to minimize 7', which will be
discussed below.

Based on  previous discussions, the  pho-
ton states on the red dashed line are |<T>8’") =
exp[—1|a|*(1 — cos?™Oy)]|acos™ Oy, 0,0) for s =0, and

™) = expl—|al>Zs Y sin’m Oy la(cos meby + An,),

al(1—Z2)sinm.Oy — By, 1,0) for s =1. In the following,
we calculate the probability P, that D,, and D,p do not
click, and D; detects at least one photon for Bob’s signal s.
Obviously, once D; is triggered, Bob’s signal must be s = 1.
If the communication system can guarantee that P; — 1,

then the silence of D, indicates that Bob’s signal is s =0
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according to |®{*). As a result, the direct counterfactual
quantum communication can be achieved when both B, and
P, approach unity.

To get the expression of P, we define the average photon
number expected in zone 1 at the end of the communication
process when s = 1 as k. If the probability of any photon leak-
ing out of Alice’s device is 0, we have k ~ (Ja|m.Oy)* when
k « |a|* (see Appendix D). Based on this approximation, we
have

2
- , M T
Po—eXP(—|Ol| W)’ (6)

24N

2
x {1 — exp |:mclnf’0<1 —nzllz:;‘) ]} 7

In Eq. (7), we have used M = /—|a|> m.w2/41n B,
which follows from Eq. (6). In addition, Eq. (6) also in-
dicates that m. = —k/InP,. Since the probability of not
triggering D; tends towards zero when k is large, i.e.,
exp(—k) = exp(m. In Py) ~ 0, it is not difficult to obtain N =
72k?/121n PyIn Py from Eq. (7). This means that for given
values of |«|? and k, even if Py and P; are very close to 1,
we can still have the corresponding parameters M, N, and
m,. Moreover, if we compare the single-photon case by as-
suming that P, = P., we can get that T = 32k°N'M’ /3% ~
kK3N'M’/10. Note that for the SLAZ protocol using the same
light source, the total cycle number is |a|°M'N’. Since k <
|e|?, the modified scheme is more resource efficient than the
original SLAZ protocol with coherent input state |o) (see
Appendix D).

In the above discussion, the value of k is given in advance.
However, Eq. (7) implies that there is an optimal k (or m,)
for the minimum 7 when Py, P;, and |«|* are given. To get
the minimum 7', we derive an expression for N in terms of
m, from Eq. (7). We note that the first exponential term in
Eq. (7) comes from the probability that no photon enters the
transmission channel, which approaches unity when N >> m?.
Under this condition, except the term exp(m,. In By), other ex-
ponential terms in Eq. (7) can be replaced by their first-order
power series expansion of 1/N, leading to

. |:712(mc +1D(2m, + 1)lnf~’0}
P =exp

N 72 (me + D[Qme + 1) + (me — 1) exp (m. In By)]In By
N 24[P; + exp (m.In By) — 1] ’
(3)

It follows from Eq. (8) that, for given values of Py, P,
and |a|?, we only need to scan m, to get the minimum 7.
Based on this idea, in Fig. 1(d), we plot the red solid curve of
minimum log,,T" versus P = Py = P, with |a|> = 200. As a
comparison, the circle points are derived from the numerical
simulation without any approximation. As shown in the figure,
the two curves almost overlap.

In the table of Fig. 1(d), we give the values of M, N,
and m, when T is the minimum for some values of P.
Our numerical simulation also shows that for P = 0.5 and
|oz|2 =200, T is the minimum when m. =2, N = 14, and
M = 38. We mention that this set of parameters is close to

the current experimental conditions in Ref. [34], except that
the reflectivity of BS), has changed drastically. Without this
change, the probability of detecting photons in the transmis-
sion channel is almost unity. Due to the above comparison
with Ref. [34], we expect that the modified scheme may be
beneficial for future proof-of-principle experiments. Another
change worth mentioning compared to Ref. [34] is the type
of the detector. It is not difficult to find that when s = 0, in
the last inner interferometer of the first outer interferometer,
the average number of photons appearing in the transmission
channel reaches its maximum value in our modified scheme.
It is |or|?sin?0y; =~ 0.34 when using the parameters mentioned
above. As for s = 1, the maximum value appears in the first
inner interferometer of the last outer interferometer, which
is |a|? sin? m.Hysin” Gy ~ 0.017. Since our protocol only re-
quires the detector to distinguish between vacuum state and
nonzero photon state, a single-photon detector is sufficient
for this task. Consequently, compared with the experiment in
Ref. [34], the main changes are only the adjustment of the
reflectivity of BSy, and the use of single-photon detectors.

VI. CONCLUSION

We have demonstrated that a single-photon source is not a
necessary condition for direct counterfactual quantum com-
munication; that is, when Bob’s photon state continues to
be in a vacuum state, even with a multiphoton light source,
he can transmit one bit of information to Alice without the
help of any physical carriers, and the success probability is
close to 100% in the ideal asymptotic limit. We show that
multiple quantum measurements play a critical role in the
above process. Moreover, we propose a modified scheme that
can reduce the needed resources compared with the SLAZ
protocol albeit using the same multiphoton source.
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APPENDIX A: CALCULATIONS FOR FOCK STATE
AS AN INPUT STATE

According to Fig. 1(a) in the main text, ay, a;, and
a, represent the annihilation operators of the light field
in zones 0, 1, and 2, respectively. Based on this, the
function of the BSyw) can be described as ag(l) —

: § i
ag(l) CcoS QM(N) =+ (ZI(Z) sin QM(N) and ay(p) —> Qy(y COS BM(N) —
ag(]) sin Oy, where Oy = mw /2M and 6y = m /2N. Now, we
consider the initial photon state

1 F.U
—=(ag) 10,0,0),
V!
which represents that v photons appear in zone 0, while no
photons appear in zones 1 and 2. After the first BSy,,

1

6)) = |)) = Nai (a} cos Oy + al siny )'10,0,0), (A2)
v

lv,0,0) = (Al)
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where the superscript of |¢}") represents the m th outer inter-
ferometer, while the subscript represents Bob’s signal s.

In the first inner chain, after the first BSy, the photon state
becomes

I . . v
—=/ag cos By + sin By (a; cos Oy + a, sinby)] 10,0, 0).

Vol
(A3)

1. Bob deactivates his detector D,g, i.e., his signal is s = 0

In the first inner chain, after n th BSy, the photon state
becomes

1 . . .
——=a, cos By + sin Oy (a; cos nby + a; sin nON)]U|O, 0, 0).

A u! (Ad)
When n = N, we have
L(a*cose + a’ sin6y)"0, 0, 0)
\/U—! 0 M 2 M b £
1 z : v—j . J
= —= > _Cl(ajcosy)"  (a]sinOy)'|0,0,0)
Vol g
1 & 4 .
= —= Y _ Clcos"IOysin/Oy /(v — j)1jllv — j. 0, j).
vl i3
(AS)

Right now, D,4 measures the photons appearing in zone 2.
If it does not click, the photon state collapses to

1 v
——co0s"Oy(a))’ 10,0, 0), (A6)
Vol 0
i.e., all terms with ag are eliminated. Here, we emphasize
that we do not perform normalization to facilitate probability
calculations. After the second BS),, the photon state becomes

1
2 T T g v
|¢0> = ﬁcos”QM(ao cos Oy +aj sinby) 10,0,0). (A7)
The above process is repeated in each outer interferometer.
After m th BSy,, we have

1 . v
o) = —=cos" D 6y (af cos Oy + a] sinby)'|0, 0, 0).

Vol
(A8)

When m = M, we have
1 ; . v

|ty = fcosW—')veM(a(‘) cos Oy + al sinfy)’10, 0, 0)
V.

1 w2 x 7"
~ ﬁ[d)(l - W) +a{w] 10,0,0).  (A9)

This is Eq. (2) in the main text. In the second line, we have
used the approximation that

7.[2

cosMoy ~1— —

Y, (A10)

and

sin 6y ~

T (Al1)

We neglect all second- or higher-order terms of 1/M.

Now we can calculate the probability that Dy and only D
clicks. Under such condition, it is easy to see that the photon
state has to be |v, 0, 0). Then, we have

7'[2 2 7[21)
Py=cos™MOy~|(1-—) ~1—-—.
0 = COS M ( 8’1')

To get the third equation, we require that M > v.

2. Bob activates his detector Dy, i.e., his signal iss = 1

Based on Eq. (A3), we consider the influence of Bob’s
measurement. If D, does not click, we have

1. v
—=(ag cos Oy +al sin By cosby)' 0,0, 0). (A13)

V!

After N th BSy, we have

1
— (ag cos Oy + aJ{ sin QMCOSNG,\/)U |0, 0, 0)

Jol

1 . . o T2 v
N — (a(‘)coseM—}—ai sin@M)+a{ —— | sin @y
ﬂ[ 8N

x 10,0, 0). (Al4)

Here, in the second line, we have used the approximation

N w?
Oy ~1——, Al5
cos” Oy N (A15)
which requires N > 1.
After the second BS),, we have
SN PR "sin 26
|¢1>_ ﬁ a, cos 20y + a; sin 20y
72 v
+ <_ﬁ) sin Oy (a] cos By — a; sin eM)} 10,0, 0).
(A16)

The above process is repeated in the next outer interferom-
eters. After the third BS,,, we have

1 ; o
lp7) = 7 |:(a6 cos 30y + a sin 36))

T’ . _
+ ( —=— ) sinfy (a{ cos 20y — a(; sin 26,,)
8N
w2 !
+(_W) sin 260y (a] cos @y — a sin eM)} 0,0, 0).
(A17)
Here we continue to use the approximation shown in

Eq. (A15) and we have also neglected all second- or higher-
order terms of 1/N.
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Similarly, after m th BS);, we have

2 m—1

1 i . » v
|¢;"> = — {(az; cos mby + al sin mGM)+(— i > Z sin m’6y [cﬂl cos (m — m' )0y — a(g sin (m — m/)OM]} 10,0, 0). (A18)
m'=1

V! 8N

Since 0y = 7w /2M, when m = M, we have
1 72 M—1 M—1 v
|¢>11”> = |:a’lk - — <aT Z sin?m'6y — ag Z sinm'0y; cosm'Oy >:| 10,0, 0)
\/ﬁ 8N m'=1 m'=1

1 2 M M v
- f{aI - g—N [af (—1 + ) sin*m'Oy ) —al Y sinm'Oy cosm'Oy “ 10,0,0). (A19)
V!

m'=1 m'=1

Regarding these two summations in Eq. (A19), we can do the following approximation:

M / /2
2M M
3 sin2<m ”) ~ | sintwldm = = (A20)
el 2M T 0 2
and
M / ’ /2
T b4 2M M
Z sin (2 cos [ ) ~ 22 sinm’ cosm’dm’ = —. (A21)
2M 2M T Jo b4

m'=1

Consequently, Eq. (A19) can be rewritten as

o= [+ 2 oMY M o 00y~ L [TM (- EMN a0 0,0 a22)
= —_— = a a , U, ~ a - a s Uy U/
V) 8V 16N ) 8N ° Non KA 16N )

This is Eq. (3) in the main text. In the second line, we use the assumption that M > 1.
Now we can calculate the probability that D; and only D, clicks. Under such condition, it is easy to see that the photon state
has to be |0, v, 0), which results in having

P M (A23)
1 8N 9
which requires that N > Mv and M > 1.
APPENDIX B: CALCULATIONS FOR COHERENT STATE AS AN INPUT STATE
We consider an initial coherent photon state
let, 0, 0) = exp(aa) — a*ap)|0, 0, 0). (B1)

Here, we assume that |«, 0, 0) = |«)]0)|0) with |a) = exp(—%|a|2) Z;}io %|U) representing the coherent state.
After passing through the first BS),, the photon state is

|@g) = |@]) = expla(a; cos Oy + a] sin By) — a*(ag cos Oy + a; sinGy)1|0, 0, 0) = |a cos Oy, & sin Gy, 0), (B2)

where the superscript of |®7') represents the m th outer interferometer and the subscript represents Bob’s signal s.
After the first BSy in the first inner chain, we have

exp{a[ag cos Oy + (al' cos Oy + ag sin Oy ) sin Oy 1—a* [ag cos Oy + (a1 cos Oy + a, sin Oy ) sin 63,1}0, 0, 0)

= | cos Oy, a sin By cos By, a sin Gy, sin Oy ). (B3)

1. Bob deactivates his detector Dy, i.e., his signal iss = 0

It is not difficult to obtain that after n th BSy, the photon state is

exp{ala] cos Oy + (a] cos nfy + aj sin nfy) sin Oy 1—a*[ag cos Oy + (a1 cos nfy + ax sin nby) sin Oy 1110, 0, 0)

= | cos By, o sin By cos nby, a sin Gy, sin nby ). (B4)
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When n = N, we have
. (a sin QM)“
loe cos By, 0, a sin By) = | cos Gy)|0) | exp ——|a sin Gy |? E [v) . (BS)

Now, we consider the measurement performed by D,,4. If the detector does not detect any photons, the photon state in zone 2
collapses to the zero-photon state, i.e.,

exp (——|o¢ sin Gy | )|Ol cos 07)10)|0) = exp [—%|a|2(1 — cos29M)]|a cos By, 0, 0). (B6)

The probability that no photons are detected by D,y is exp[—|a|*(1 — cos?6y)].
Then, after the second BS,,, we have

|@5) = exp [— 2> (1 — cos”Oy)]lacos®Oy, o cos By sin Gy, 0). (B7)
After passing through the second inner chain, and if D,y4 still does not detect any photons, the photon state becomes
exp [—3lal*(1 — cos*@y) — Llo|*cos* Oy sin’Oy |lacos® By, 0, 0) = exp [—2ler|*(1 — cos® Oy )(1 + cos’Oy)]leecos’ By, 0, 0)
= exp [—2lae|*(1 — cos*Oy)]lacos® By, 0, 0). (B8)
Then, after the third BS);, we have
|@3) = exp [— 21 (1 — cos*Oy) ] lercos® Oy, acos By sin Oy, 0). (B9)
The above process is repeated many times. After m th BS),;, we have
|@f) = exp{ — 21|’ [1 — cos®™ D6y 1} acos™ Oy, arcos™ 'Oy sin Oy, 0). (B10)
In addition, after the following inner cycle, if D,4 does not click, the photon state becomes

exp {— 2’ [1— cos®™ 1oy} exp {—1 [ *cos>™ Vg sin’Oy }arcos™ By, 0, 0) = exp [~ 3 |a|*(1 — cos™Oy)]lcos™y, 0, 0).
(B11)

This equation can be used to describe the final photon state in the modified scheme for s = 0 when m = m,.
Back to Eq. (B10), when m = M, we have

2
|<I>8”) = exp —1|oc|2[1 — cosz(M’l)QM] |acosM9M, (xcosM’IGM sin Gy, 0) ~ exp | — o all— 71_2 ,Otl, 0).
2 16M SM 2M

(B12)
In the second line, we have used the approximation
M M—1 w’
cos Oy ~cos" Oy~ 1— — B13
M M T (B13)
and
in Gy ~ — (B14)
sinfy ~ —.
M oM
We neglect all second- or higher-order terms of 1/M.
Now, we can calculate the probability that Dy and only Dy clicks, which is
Py = exp{—|a|*[1 — cos®™ Do, 1} exp[—|a|*cos®™ Do, sin%6y,1[1 — exp(—|a|>cos?™ Oy)]
2.2
b4
= expl—laf*(1 — cos™04)] — exp(—la) ~ 1~ 2 (B1)

The term in the second line comes from the requirement that Dy has to detect at least one photon. In addition, to get the third
equation, we require that M > |a|*> > 1.

2. Bob activates his detector D, i.e., his signal is s = 1

Based on Eq. (B3), we consider the influence of Bob’s measurement. If D,z does not click, we have

exp [—%|a|2sin29M(l — COSZQN)] |t cos By, o sin By cos Oy, 0). (B16)
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At the end of the first inner chain, if D, does not click, we have

1
exp |:—§ loe|*sin®6y, (1 — cosZNGN)] loe cos By, o sin Byrcos” By, 0)

2
~ exp (—%mﬁsin?e,u) o s By, @ sin Oy + (—g—N)a Sin Gy, 0>. (B17)

In the approximation, we do power series expansion and discard all the second- and higher-order terms of 1/N due to the
assumption N > 1.
After the second BS,,, we have

|<I>2) = exp —n—2|alzsin29M
! 8N

The above process is repeated in the next outer interferometer. With the same approximation, after the third BSy,, we have

|®7) = exp —n—2|01|25in29M exp —n—zlalzsinZZQM
! SN SN

2 2
o cos 20y + g—Na sin 6y sin By, « sin 26y, — g_N sin 0y, cos Oy, 0>. (B18)

2 2
o cos 30y + ;T—Na sin 0y, sin 26y, + ;T—Na sin 26y, sin 9M>

2 2
® |a sin 36, — g—N(x $in 26, cos Oy — ;T—Noz $in 6y COS 29M>|0). (B19)

Similarly, after m th BSy,, if D, does not click, we have

2 m—1
T
|CI>’1”> = exp <——|oz|2 sinzm’9M>
a2

2 m—1
T . ’ . ’
o cos mby + ﬁa mE/_ sinm Oy, sin (m — m )6M>

®

2 m—1
. T . ,
o sinméy — v Z sin m'6y cos (m — m’)9M>|0>. (B20)

m'=1

In addition, after the following inner chain, if no D, clicks, we have

m—1
1
exp ( —|af? Z sin’m GM) exp (—5 %a smm@M‘ )

2
o cosmby + ;T—Na Z sin m’6y sin (m — m )9M>

®

2 m
o sinmby; — ;T—Noz Z sin m'6y cos (m — m/)0M>|O)

m'=1

2
= exp (——|oc| Z sin m9M>

m'=1

nz m—1
o cos mby + —Dl Z sin m’6y sin (m — m' )0y

m'=1

®

inméyy — Xm: in 1m0y cos ( Yo )10) (B21)
o S1Nn mi - — Sinm cos(m—m
‘M SPV o M M

This equation can be used to describe the final photon state in the modified scheme for s = 1 when m = m,..
Back to Eq. (B20), when m = M, we have

|®M>_ex _]-[_2 zMil in’m’
1) = exp 8N|oz| Zsmm&M

m'=1

2 M
= exp [—W|a|2( 14+ Z sinzm’GM)j|

m'=1

2 M-1 2 M—1
g—Na 3 sinm' Gy sin (M — m' )y, [1 I Z sinm'6y cos (M — m )QMi| >

m'=1 m'=1

2 M
;T—N(x mX_:I sin m' By cos m' Oy, o |:1 n_N( 1+ Z sin’m’ 9M>i| >
(B22)

Utilizing the approximation shown in Egs. (A20) and (A21), we have
" ,{ 7 m*M M n? 7'M S, TEM\| M M
|<D1)=exp —lol* | —— + o—,a|ll+— — ,0)~exp| —|o| a—,a|ll———),0).
8N 16N 8N 8N 16N 16N 8N 16N
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Now, we can calculate the probability that D and only D; clicks, which is

72 2 M2 2 2
P =exp —|oz|2 M exp | —|o |2 M 1 —exp —|oz|2 l—w
8N 64N2 16N
72
~ exp <—|oe|2

In the first line of Eq. (B24), the first factor exp(—|«|°72>M/8N) is derived from the probability amplitude in
Eq. (B23). The second factor exp(—|a|> 7> M?/64N?) is due to the condition that Dy does not click. The third factor
{1—exp[—|e|*(1 — 7°M/16N )2]} is due to the condition that D; detects at least one photon. In the second line of Eq. (B24),
we have neglected all second-order terms of M/N since N > M. In the third line of Eq. (B24), we use exp(—|a|?) ~ 0 since
we assume |a|> > 1, and N > |«|*M. Combined with the requirement obtained in (B15), the condition for counterfactual
communication is N > |o|*M > |a|*.

(B24)

8N

M 2
—exp(—lal®) ~ 1 —|a| N

APPENDIX C: CALCULATIONS FOR THE INPUT STATE AS ARBITRARY PHOTON STATISTICS

Consider an arbitrary photon statistics input, which is

> lv,0,0). (C1)

1. Bob deactivates his detector D,p, i.e., his signal iss = 0
Utilizing Eq. (A9), we have

[od] 00 2 v
wMy — [cos™ Doy (al cos Oy + al sindy)]1'10, 0, 0) ~ il [ ( il >+a } |0, 0, 0). (C2)
| o) 2\/1}— Mo M5 M Ugoﬁ M oM

Then, the probability that Dy and only Dy clicks is

00 00 72 2v
=Z|c,,|2cos2M“9M Z|cu|2<1——> . (C3)

When considering a light field in a real-life scenario, the average photon number is limited. Therefore, we can assume a cut-off
photon number v, such that the Fock states with v > v, have no contribution to the average photon number o = Y o, ey v,
ie.,

> ey =0. (C4)

V=0,

Dueto ) 02, leo|*v > Y02, eyl wehave Y02 |cy|* = 0. Consequently, when M >> v, we can obtain

2\ 2 Ve 5 o2 72
Po~2|cv ( ——) =" lel <1—m>—1—mv—|co| (C5)

v=1

We emphasize that the above condition may be changed when we consider a specific photon statistic such as a coherent state.
Considering the coherent state |o) = exp(—% la]?) Yooto %|v), based on Eq. (C3), the corresponding probability is

o0
v [¢ I
Py=—lcol* + ) ley|*cos®™ 6y = — exp(—a|*) + Zexp( ) ——cos™" gy
v=0 v=0
00 M 2v
%)
= —exp(—|a*) + Zexp[—|a|2(1 —cos’Me,, + COSZMQM)]M
v=0 :
= 2 |oecosMo |2U
M
= — eXp(—|(x|2) + exp[—|a|2(1 — COSZMQM)] Zexp(—|acosM9M| )T
v=0 :
= —exp(—|a|®) 4 exp[—|a[*(1 — cos*6y)], (C6)

which is in agreement with Eq. (B15).
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2. Bob activates his detector Dy, i.e., his signal iss = 1
Utilizing Eq. (A22), we have

>\ ey [TM M b
wip= 3B+ (1= T Jai ] 00,0 )

Then, the probability that D and only D; clicks is

2 M
Zw( 16N) : (C8)

Based on the approximation shown in Eq. (C4), when N > Mv,, we have

Ve 2 2v 2
T-M M
P~ :|cu|2(1 - ) =1- o — leol*. (C9)
v=1

16N 8N

When |co|> — 0, Egs. (C5) and (C9) are Eq. (5) in the main text.
Next, we consider the coherent state. Based on Eq. (C8), the corresponding probability is

00 2 2v
M

P = —|col? S(1=Z
1 |C()| +Z|C| < 16N>

v=0

2 402 0
. L (TPM 7tM mEMN |
= —exp(—|«| )+exp[—|al ( TN ——1621\,2)}2‘”‘1’[_'“' ( 16N>:|

) 2 M 74 M?
= —exp(—|u|?) +exp | —|o| —

2v

M
all—
16N

8N 16> N2
le|> 72 M
~1— —N exp(—|al?), (C10)

which is in agreement with Eq. (B24).

APPENDIX D: CALCULATIONS FOR MODIFIED SCHEME FOR STRONG COHERENT STATE INPUT

In this calculation, we mainly compare between the SLAZ scheme and the modified scheme using the same light source.
As a frame of reference, we assume that the cycle numbers of the SLAZ protocol using a single-photon source are N' and M’,
respectively. Accordingly, the probability of only Dy or D; clicking are

, 2 , 2 M/
Pi=1-2— pP=1-2" (D1)
am’ 8N’
1. Original SLAZ scheme with strong coherent input
Apparently, due to Egs. (B15) and (B24), when |«/|? is large, the conditions for Py = P(; and P; = P; are
= |a’M’, (D2)
2 a7/
N'M
N= LM e, (D3)
M’
Therefore, the total cycle number is
= |a|°M'N’. (D4)

2. Modified scheme for strong coherent input

Following the discussion in the main text, we define that p; is the probability that D,4 and D,g do not click, which describes
the counterfactuality of the communication process, where s = 0, 1. In addition, we define that f; is the probability of at least
one photon being detected in zone s. Then, P. = f.ps.

According to Egs. (B11) and (B21), which can describe the state of photons after m, th BSy; and m, th inner chain for s = 0, 1,
respectively, we have

fo=1—exp(—|a|*cos™6y), (D5)
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po = expl—|a|>(1 — cos®™ )], (D6)
2
2 e
fi=1—exp [— o sinmOy — ;T—Noz Z sin m'Oy cos (m. — m' )0y :|, (D7)
m'=1
7_[2 , me L,
P1 = exp —m|a| mZ:l sinm'6y ). (D8)

2 . 2, .
In Eq. (D7), | sin m 6y — g—Noz Z:Z‘,': | sinm'Oy; cos(m.—m’)0)| in the exponential term represents the average photon number
in zone 1. In the ideal case, this number is expected to be

k = |a|? sin® m.Oy. (D9)

When k <« |a|?, the approximation sin m.0y; &~ m.0); is valid. Based on this approximation, we calculate Egs. (D5)—(D8) in
the following.
We first calculate Eq. (D8):

2 m 4 me 4
pi = exp <—Z—N|a|2 3 sin? m’eM>w exp (— 16;M2 jor? mZ:lm/z)z exp [— 96;M2 el me(me + 1)(2m, + 1)]. (D10)

m'=1
In the calculation, we have used

m,
‘ 1
> m? = ememe + 1)@me + 1), (D11)
m'=1

We next calculate Eq. (D7). Here we focus on its power exponent part
2

2 M
asinmby — —o E sin m’6y cos (m. — m' )0y
8N
m'=1
) me 2
= |a sinm.Oy — v E sin m’ 6y (cos m.Oyy cos m'Oyy + sin m.Oy sinm'6yy)| . (D12)
m'=1

Since m.6y is small and m’ < m,, we can neglect the second- and higher-order terms of m.6); and m’6y,. Then, Eq. (D12) can
be approximated as

2 me 2 1n N2 2
~ 14 , (mcOum) (m'Oy) /
~ |amcOy — @aWZ_lmeMKl - )(1 = )+ mb) ') || (D13)
2 e : |at|m T 2 72 2
~ |lam By — —ab == |1-—0 S D14
am:Oy aMle < o )|: 16N( +m)i| (D14)
As aresult, f] can be rewritten as
la|mo \ 2 2 2
=1- — 1———(1 » . D15
hi e"p{ ( M ) oyt me) (b1
Accordingly, the expression of P, is
_ 24 me(me + 1)2me + 1 272 m? 14+ m.\*
Py = exp _|a|nm(m+ )@me + 1) 1 —exp —M 1—n2ﬂ . (D16)
96M2* N 4M? 16N
Similarly, we can calculate Py, which is
Py = [1 — exp(—|ar|* cos®™ Oy)] exp[—[ar|* (1 — cos™™ )]
_ 12 (1 e 2m _ 1 12NAs 2 2\ _ _ 2’"0”2
= exp[—|a|* (1 — cos™ Oy)] — exp(—|a| )~ exp (—la|* mby) = exp | —|a| o) (D17)

This is Eq. (6) in the main text. In the calculation of Eq. (D17), we have assumed that exp(—|a|?) & 0 due to the strong input.
Above we have given the expressions for Py and P;. However, it is often necessary to estimate the parameters M, N, and m,
according to the given Py, P, and |«|*. To achieve this goal, we need further approximation.
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First, we convert the form of Eq. (D17) as follows.

la|? merr?
n Py

We mention that M determines the transmittance of BSy,, and we can see that M depends on m,.
By substituting Eq. (D18) into Eq. (D16), we have

3 2 INe 1)In P _ 14 me\>
Plzexp[” (me + )2(4§C+ )n O:HI—exp[mclnPo(l—nz 1“;:; ) “ (D19)

This is Eq. (7) in the main text. We notice that the first exponential term exp[m2(m. + 1)(2m. + 1)In B, /24N]is coming from
p1. In order to ensure that the probability of detecting photons in the transmission channel is small, i.e., p; — 1, we require that
N > m?. Based on this assumption, we can rewrite Eq. (D19) by doing power series expansion according to 1/N and omitting the
second- and higher-order terms of 1/N. For example, the second exponential term in Eq. (D19) can be approximately rewritten

as
s 1+ me\? _ 1+ m,
exp | me In Py 1 — 72 +m ~ exp [ m.In Py 1 — 2 +me
16N 8N
7?2 - _
=exp|—=—(1 4+ m)m.In Py | exp (m.In Py)
8N
72 . ~
~ [1 — ﬁmc(l + mc)lnP0:| exp (m. In Py). (D20)
Here, we mention that k = |«|? sin® m.0y ~ |o|? mg 9}%4. In addition, according to Eq. (D17), we have In Py = —|af? mCOAZ,,.
Therefore, it is easy to see that
k=—m.InP,. (D21)

Since k represents the average number of photons appearing in zone 1, the larger its value, the higher the probability that
Alice can successfully distinguish Bob’s signals. Therefore, the value of k can be greater than 1, and we need to keep the term
exp(m, In Py) in the calculation.

Regarding P, similarly, we can obtain

- 2(m, + 1)(2m,
B ~ 1_{_71(m-|—)(m+
24N

Dn B 7?2 - -
1—11-— Wmc(l + m)In Py | exp (m. In Py)

2 2 2
~1— [1 - g me(1 +m¢)lnP0:| exp (e In o)+ 5 il 5 (me 1)(2m+ 1)1nﬁo—£—N(mc+ 1)(2me + 1) In By exp (m. In By)
71,2 ~ B 2
= 14 5 (me + D)@m + 1) In ) — exp (m, lnPo)[ S (m = 1) 1nP0] (D22)

Based on Eq. (D22), we can give the expression of N, which is

2 _
N— = (m. + D[2m, + 1) + (m, — 1) exp (m, In Py)] lnPo (D23)
24[P, + exp (m. In Py —1]

This is Eq. (8) in the main text.
Regarding the total cycle number T = Nm,, we have
72m.(m, + D[Cm. + 1)+ (m. — 1) exp (m, In 2] lnPo

T = (D24)
24[P, + exp (m. In P —1]

(

Equation (D24) indicates that we can scan m, to get the same light source. We utilize Eq. (D21) to rewrite Eq. (D24),
minimum 7. When m, is determined, based on Egs. (D18) which leads to
and (D23), we can get the corresponding M and N. In the

main text, the red solid curve in Fig. 1(d) is drawn in this way. T — w’k(In Py — B)[2k —In Py + (k +In Fy) exp (— k)]

Regarding the circle points in the figure, we scan M, N, and 24(In P, ) [exp (—k) — (1 — P})]

m, without any approximation. (D25)
Based on Eq. (D24), we prove that the modified scheme re- Equation (D25) describes the relation between the re-

quires much less resources than the original scheme using the sources (7') required by the modified scheme and the average
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number of photons expected to be detected in zone 1 (k). In
particular, when & is very large, the probability that D, does
not find any photons is negligible, i.e., exp(—k) &~ 0 [when the
average photon number |a|* of the light source is large, this
condition is not difficult to achieve, while ensuring k<« |Ol|2;
for example, when k = 5, exp(—k) &~ 0.007], we can obtain

7.[2];3

T ~ — —. (D26)
12(n Py) (1 — Py)

By substituting (D1) into (D26), i.e., P, = P; we have

T ~ £E3M’N/ ~ i/?’M’N’. (D27)
34 10

Obviously, due to k <« |a|?, the value given in Eq. (D27) is
much smaller than that given by Eq. (D4). Moreover, here T is
not necessarily the minimum. Therefore, the modified scheme
can save resources.

So far, we have obtained all the results shown in the main
text. Next, we discuss another situation, in which we only
consider the probability that the photon state at Bob’s end is
a vacuum state (py) and ignore Alice’s detectors receiving the
photon or not. Based on the assumptions that m 6y, is small
and p; is close to 1, we have

e | lzmcnz e k
e “ am? ) *P me)’

where we have used the relation k ~ |a|*m??/4M?, which
leads to

(D28)

k
My = ———. (D29)
In Po

Equation (D28) also indicates that

la|? merr?
M= |-
4111p0

Regarding p;, according to Eq. (D10), we can approxi-
mately obtain

(D30)

714

96N M?

m 5 ;3 n’k?
~exp| — la|“m. |=exp | —————— ). (D31)
48NM? 12N In pg
In the second line, we have assumed that m, >> 1 for sim-
plicity. Equation (D31) also leads to

p1 = exp [— e me(me + 1)2m, + 1>}

n2k?
= — (D32)
121In po In py
Then, the resources required in the current case are
k3
I=———>5—. (D33)
12(In po)~In p,

Compared with the single-photon case, assuming p, =
P, = P’, we have

w2k’
log, T = logjo| — —— |. D34
Si0 g“’[ 12(lnP’)3i| D34

—— Equation 8
........... Single photon case
..... Equation D34

Experimental resources log, T

05 06 07 08 09 1.0
Probability P’

FIG. 2. Comparison of resources. The blue dotted curve is plot-
ted for the original SLAZ protocol using the single-photon source.
The other two curves are plotted for the modified scheme. The red
solid curve is based on Eq. (8) in the main text with lee|* = 200
[i.e., the red solid curve in Fig. 1(d)]. The black dashed curve is
plotted for Eq. (D34) with k = 2. The difference is that for the black
dashed curve, P’ is the probability that no photon appears in the
public transmission channel whether or not Alice’s detectors receive
the photon. The blue dotted and black dashed curves are almost
overlapped. The steps shape of the blue dotted curve is the result
of the M’ and N’ with integer values in the simulation.

In addition, for a given k, we can rewrite Egs. (D29), (D30),
(D32), and (D33) by using Eq. (D1), which leads to

aM'k
me~ (D35)
T
2M'Vk
M~ M YKl (D36)
T
~ SV (D37)
T 3p2
32 REVIANU 1 REVIANU
T =Nm.=—kMN ~ —k’M'N". (D38)
34 10

It is worth noting that Egs. (D38) and (D27) are the same.

In order to verify our conclusion, we plot Fig. 2. The black
dashed curve is plotted for Eq. (D34) with k = 2. The blue
dotted curve is plotted for the single-photon case, in which
we scan M’ and N’ for minimum log,,T corresponding to
P’, where T = M'N’. We obtain this result without using any
approximation. As we expected, the black dashed curve and
the blue dotted curve almost coincide. When P’ is small, the
blue dotted curve starts off in steps-shape fashion. The reason
is that M" and N’ are integers in the simulation. According to
Eq. (D1), as M’ increases, N’ must also increase subsequently
to ensure that P’ does not decrease. In the meantime, when P’
is small, the required M’ and N’ are also small, which leads
to a more obvious impact on T'. These facts lead to the steps
shape seen in the figure. As P’ increases, the corresponding M’
and N’ also increase resulting in a smooth blue dotted curve
without further steps. In addition, for comparison, the red
solid curve is plotted for minimum log;,T" according to Eq. (8)
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in the main text by setting P, = P’ [i.e., the red solid curve in
Fig. 1(d)], which takes into account the probability that Alice
needs to receive at least one photon. Figure 2 indicates that
when using a multiphoton light source, a significant increase
in resources is not a necessary condition to ensure that no

photons enter the transmission channel. The real benefit of
increasing system resources is to improve the efficiency of
information transmission. In short, this is because k is pro-
portional to the trigger probability of Alice’s detector. As k
increases, T also increases according to Eq. (D38).
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