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Coherence behavior of strongly coupled bosonic modes
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We study the effect of the intermode coupling in the generation of coherence when two bosonic modes are
bilinearly coupled. We consider the case for which the two modes are weakly coupled and the rotating-wave
approximation (RWA) applies and the case for which they are strongly coupled and the RWA does not apply.
Then, in the regime of validity of the RWA, there is no coherence generation solely due to squeezing effects,
which means there is an exchange of excitation between the modes and negligible squeezing. On the other hand,
if the two modes are strongly coupled coherence is generated by the squeezing interaction. For the system of
two bosonic modes weakly coupled with a Markovian bath at temperature T the coherence decreases with T .
In general, when both kinds of couplings (exchange of excitation and squeezing) are turned on the exchange of
excitation contributes to generating more coherence in comparison with a purely squeezing coupling. Thus, the
coherence decreases more slowly with the temperature when both couplings are present. Finally, we explore the
case when only one of the two coupled modes interacts with a Markovian bath while the other one remains free
from the environment. We observe that the intermode coupling induces oscillations in the coherence and fidelity
dynamics similar to the behavior for the coupling with a non-Markovian environment.
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I. INTRODUCTION

The recent developments of so-called quantum science and
technology have paved the way for current and future appli-
cations of quantum resources with no classical counterpart
as entanglement and coherence. There are important differ-
ent applications, for example, in quantum metrology [1–3],
quantum computation [4,5], and many other fields [6–12].
Concurrently, the ability to experimentally access quantum
signatures has expanded considerably, allowing for test-of-
principle verification for single [13–15] or collective [7,16,17]
quantum systems. Examples of experimental platforms for
this purpose are quantum optical devices and trapped ions
systems, where it is possible to work with continuous or dis-
crete variables [18,19]. In both of them, quantum coherence
has played a fundamental role. With no classical counterpart,
quantum coherence has been recently investigated in the scope
of thermodynamics, related with entropy production in quan-
tum processes [20,21] or even in cyclic operations [23,24].
Furthermore, coherence has been demonstrated to be an im-
portant aspect in fundamental issues, as in quantum phase
transition [25,26].

There are different methods to generate coherence in the
state of quantum systems. A general way is related with the
finite-time dynamics in a unitary process. In particular, for
harmonic oscillators systems, a finite-time unitary process
changing the frequency is always associated with the pro-
duction of coherence in the energy basis [30], the finite-time

properties of which are captured by the well-known Husimi
parameter Q� [27–29]. Another relevant manner to produce
coherence is employing squeezing operations [30,31], with
this technique being experimentally robust [32]. In fact,
squeezing has been employed to protect the coherence of
quantum systems [33]. In this sense, given a quantum system
subject to a general dynamics, it is important to understand
the relation between the degree of squeezing and the amount
of coherence of its state.

It was shown that modeling the master equation of two
coupled modes interacting with a Markovian bath by using
local Lindblad terms is valid only if the intermode coupling is
weak [34]. When the intermode coupling is strong the master
equation contains nonlocal Lindblad terms. It was also shown
that the expression to the steady state is different when the
intermodes are strongly coupled. The behavior of the entan-
glement for the steady state was shown to be changed by
the nonlocal Lindblad terms. In addition, the quantum fidelity
between the two one-mode states has been analyzed in order
to compare the difference in the dynamics of the local and
nonlocal Lindblad approaches [34].

This paper is focused on the role of the intermode coupling
in the generation and dynamics of coherence in the energy
basis for two-coupled bosonic modes. This paradigmatic setup
represents many suitable scenarios in quantum physics, for
instance, the hopping coupling between quantum resonators
with applications in quantum phase transitions and quantum
computation [35,36], the use as a working substance in the
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quantum heat machines model [11], and the Dicke model for
a large number of spins [37]. With this purpose, we consider
three possible situations. The first one corresponds to two cou-
pled bosonic modes free of any environment interaction and
subject to a unitary evolution. In the second case we assume
that both bosonic modes interact with identical environments.
More precisely, it is considered a Markovian thermal bath.
In the last configuration only one mode interacts with the
bath, whereas the other plays the role of an auxiliary sys-
tem (ancilla), and we show that depending on the choice of
parameters the evolution of the system can be understood as
Markovian or non-Markovian.

Our treatment of the Hamiltonian of two-coupled modes
interacting with a general coupling in principle allows us to
consider three physical regimes, i.e., one in which there is only
exchange of excitation, one in which there is only squeezing,
and one in which both effects are present. By considering
the relation between the parameters, the first case can be a
weak intermode squeezing coupling and the rotating-wave
approximation (RWA) applies, which also means negligible
squeezing. In this case we do not have coherence generation
due exclusively to squeezing effects. The last two cases rep-
resent a strong intermode coupling and the RWA is no longer
valid. Proceeding in this way is useful to properly understand
the effect of the intermode coupling in the coherence behavior.
We stress that in the three regimes the initial state is set to be
the ground state.

The organization of the paper is the following. In Sec. II we
introduce the general model and also the measure to quantify
the coherence. It must be noted that our system will be always
Gaussian, which motivates the use of a measure based on the
covariance matrix. Section III is dedicated to exploring the
role of the intermode coupling in the coherence generation
when the system interacts with Markovian thermal baths. In
Sec. IV we study the effect of the intermode coupling in
the local coherence dynamics when only one of the modes
interacts with a Markovian thermal bath. Conclusions and
final discussions are drawn in Sec. V.

II. COHERENCE OF TWO-COUPLED BOSONIC MODES

In this section, we introduce the model composed of
two bosonic modes, each one with natural frequency ω and
coupled by means of a general bilinear interaction. The
Hamiltonian of the full system reads

ĤS = ωâ†â + ωb̂†b̂ + U (â, â†, b̂, b̂†), (1)

with â (â†) and b̂ (b̂†) the annihilation (creation) operators
for each mode and U = U (â, â†, b̂, b̂†) a general coupling
between them.

This particular model for the coupling is relevant, for in-
stance, to describe the well-known Dicke model when the
number of spins is very large [37]. Also, it is used to de-
scribe a one-dimensional bosonic modes chain, which has
fundamental relevance in thermal transport [38]. Furthermore,
depending on the choice for the coupling U the interaction
can describe change of excitations between the modes or two-
mode squeezing. In order to capture all the relevant effects in

FIG. 1. The basic setup. Two bosonic modes interacting through
the coupling Hamiltonian in Eq. (2). We highlight the importance of
this kind of system in the study of the Dicke model and in thermal
transport.

which we are interested, we set the interaction to be

U = λ(â†b̂ + âb̂†) + μ(â†b̂† + âb̂). (2)

Here, the parameters μ and λ tune the strength of the two-
mode squeezing and the exchange of excitation between the
two bosonic modes, respectively. For μ � ω the squeezing
coupling is weak, and one can neglect its contribution, i.e.,
μ = 0 and the RWA applies. In fact, the RWA means dropping
quickly oscillating terms from the Hamiltonian. Therefore, for
μ � ω the two-mode squeezing terms âb̂ and â†b̂† can be
neglected since they oscillate, in the interaction picture, on
a scale ∼ω−1 which is much faster than the time scale μ−1

[39]. On the other hand, for μ ∼ ω the squeezing coupling is
strong, and one cannot neglect its contribution, i.e., μ �= 0 and
the RWA does not apply.

The system is illustrated in Fig. 1, where F = F (λ,μ) is
the intermode coupling. This paradigmatic model allows us
to study one-mode squeezing (local effects) associated with
coherence in the local energy basis, as well as two-mode
squeezing (global effects) which is connected with entangle-
ment and global coherence. We are interested in studying
the effect of strong intermode coupling on the behavior of
the coherence. Then, we will consider the case of purely
squeezing intermode coupling (when λ = 0), purely exchange
of excitation intermode coupling (when μ = 0), as well as the
case where both effects are present.

In order to study the coherence dynamics of the model, we
assume the system is initially in the ground state. The main
motivation is that it is sufficient to derive all results, and we
avoid considering other relevant effects such as non-Gaussian
properties. Also, ground states are easier to experimentally
prepare than excited states. The wave function of the ground
state in terms of the position variable xa,b is given by (see
Appendix A)

�(xa, xb) = 2 4
√

κ1κ2√
π

exp [−κ1(xa + xb)2]

× exp [−κ2(xa − xb)2], (3)

with

κ1 = ω
√

ω + λ + μ

4
√

ω + λ − μ
, κ2 = ω

√
ω − λ − μ

4
√

ω − λ + μ
. (4)

One can observe that if μ = 0, κ1 = κ2 = ω/4, i.e., they are λ

independent and the off-diagonal elements of the covariance
matrix in Eqs. (11) and (13) are identically zero. Furthermore,
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in order to consider stable solutions, we impose the condition
2λ < ω (see Appendix A).

The quantification of coherence in operational terms has
been established in Ref. [40], and it is expressed using the
relative entropy. It is valid for any kind of state, in continuous
or discrete variables. In particular, for continuous variables
systems under a class of dynamics such that the state is
Gaussian for any time, we can use an extension of Ref. [40]
which uses the covariance matrix to quantify the coherence
[41]. This is the case in the three possible configurations we
assume below. For this purpose, we consider the relative en-
tropy for two distinct states, ρ and ζ , C(ρ||ζ ) = Tr[ρ ln ρ] −
Tr[ρ ln ζ ]. Then, we minimize C(ρ||ζ ) over the entire set of
incoherent Gaussian states ζ , which are thermal states [41].
After this mathematical calculation the measure of coherence
for a N-mode Gaussian state is [40,41]

C[ρ(σ, �d )] = S (ζ ) − S (ρ), (5)

where σ and �d are the associated covariance matrix and dis-
placement vector, respectively, ζ is now the reference thermal
state, and we rewrite C[ρ(σ, �d )] as

C[ρ(σ, �d )] = −S(ρ) +
N∑

j=1

[(ε̄ j + 1) ln (ε̄ j + 1)

− (ε̄ j ) ln (ε̄ j )], (6)

where the average number of excitations of the reference
state is

ε̄ j = 1
4

[
σ

j
11 + σ

j
22 + (

d j
1

)2 + (
d j

2

)2 − 2
]
, (7)

and the von Neumann entropy S(ρ) reads

S (ρ) = −
N∑

j=1

[
ν j − 1

2
ln

(
ν j − 1

2

)
− ν j + 1

2
ln

(
ν j + 1

2

)]
,

(8)

where {ν j}N
j=1 are the symplectic eigenvalues of σ [42]. The

relative entropy of coherence also has been used to quantify
quantum correlations in bipartite systems [43].

We now move to investigate the ground-state coherence
generated by the Hamiltonian in Eq. (1), and how the cou-
pling parameters λ and μ affect the coherence generation. The
covariance matrix and its elements for the ground state are
given by

σ =

⎛
⎜⎜⎝

〈x̂2
a〉 0 〈x̂ax̂b〉 0

0 〈 p̂2
a〉 0 〈p̂a p̂b〉

〈x̂ax̂b〉 0 〈x̂2
b〉 0

0 〈p̂a p̂b〉 0 〈p̂2
b〉

⎞
⎟⎟⎠, (9)

〈
x̂2

a

〉 = 〈
x̂2

b

〉 = 1

16

(
1

κ1
+ 1

κ2

)
, (10)

〈x̂ax̂b〉 = 1

16

(
1

κ1
− 1

κ2

)
, (11)〈

p̂2
a

〉 = 〈
p̂2

b

〉 = (κ1 + κ2), (12)
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FIG. 2. Quantum coherence as a function of the intermode cou-
pling parameters for different values of the coupling between the two
modes. (a) We consider λ = 0.0ω (black solid line), λ = 0.3ω (blue
dashed line), and λ = 0.5ω (red dotted line). (b) We set μ = 0.0ω

(red dotted line), μ = 0.3ω (blue dashed line), and μ = 0.5ω (black
solid line).

and

〈p̂a p̂b〉 = (κ1 − κ2). (13)

Next, we can use Eq. (6) to compute the two-mode quan-
tum coherence (see details in Appendix A). In Fig. 2 we
show the quantum coherence as a function of the intermode
coupling. In Fig. 2(a) we show the coherence as a function of
the squeezing parameter μ for three values of the exchange of
excitation parameter λ. In Fig. 2(b) we show the coherence
as a function of the exchange of excitation parameter for
three values of the squeezing parameter. We can observe that
there is coherence production for strong squeezing intermode
coupling. On the other hand, for null squeezing, there is no
coherence production solely to squeezing effects even if the
intermode coupling (exchange of excitation) is strong (when
λ ∼ ω). In fact, the results above show that there is coherence
production even if the exchange of excitation is null and the
coupling is purely squeezing. We can observe that for the
zero exchange of excitation degree, the coherence production
follows a monotonic behavior as μ increases, whereas for the
zero squeezing degree the coherence production is zero irre-
spective of the value of λ. Therefore, although the exchange of
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FIG. 3. Illustration of the system. Two coupled modes both in-
teracting with identical thermal reservoirs with temperature T .

excitation contributes to increase the coherence of the system
it does not generate coherence.

III. COHERENCE OF TWO-COUPLED BOSONIC MODES:
BOTH INTERACTING WITH A THERMAL BATH

We consider here the situation in which both bosonic
modes interact with identical Markovian thermal baths with
fixed temperature T . The interaction between the quantum
system and the environment is treated by the Caldeira-Leggett
model where the system-environment coupling is considered
sufficiently weak [34,45]. The new configuration is depicted
in Fig. 3, where F = F (λ,μ) is the intermode coupling,  is
the system-environment coupling, and T is the environment
temperature.

The Hamiltonian that describes the whole system is
given by

Ĥ = ĤS + ĤB + ĤSB, (14)

ĤB =
∑

n

ωa,nâ†
nân +

∑
m

ωb,mb̂†
mb̂m, (15)

ĤSB = (â + â†)
∑

n

λa,n(ân + â†
n)

+ (b̂ + b̂†)
∑

m

λb,m(b̂m + b̂†
m), (16)

where ĤB and ĤSB stand for the Hamiltonian of the bath and
the Hamiltonian of the system-environment coupling, respec-
tively, and ĤS is given by Eq. (1).

The dynamics of the two modes independently interacting
with Markovian thermal baths is dictated by the following
master equation (in the interaction picture) [34]:

d ρ̂S

dt
= −γα{[1 + n̄B(�+)]L[α̂](ρ̂) + n̄B(�+)L[α̂†](ρ̂)}

− γβ{[1 + n̄B(�−)]L[β̂](ρ̂) + n̄B(�−)L[β̂†](ρ̂)},
(17)

where L[α̂](ρ̂) ≡ {α̂†α̂, ρ̂} − 2α̂ρ̂α̂† is the Lindblad opera-
tor; �± =

√
ω2 + λ2 − μ2 ± 2λμ are the frequencies of the

diagonalized Hamiltonian which satisfy the simple relation
�+ = �− = √

ω2 + λ2 if μ = 0; α̂/β̂ is given in Eqs. (A9)
and (A10), respectively (see Appendix A) and they are
the bosonic modes that diagonalize the Hamiltonian in
Eq. (1); n̄(�) = 1

exp[�/T ]−1 is the Bose-Einstein distribu-
tion. The constants γα/β are related with the intensity of
system-environment coupling. One can show that the master
equation above is of nonlocal Lindblad form in the individual
mode operators [34].

After solving the above master equation we obtain the
following expression for the steady state, which is a tensor
product of two thermal states [44]:

ρ̂S = Z+ exp

{
−�+

T
α̂†α̂

}
⊗ Z− exp

{
−�−

T
β̂†β̂

}
, (18)

where Z± = 1 − exp[−�±
T ] is the associated partition

function. We stress the fact that Eq. (18) is a tensor product of
two thermal states in the effective modes (α̂†α̂, β̂†β̂ ) but not
for the original modes (â†â, b̂†b̂). From this state, we calculate
the Wigner function (see Appendix B) and the elements of the
corresponding covariance matrix:

〈
x̂2

a

〉 = 〈
x̂2

b

〉 = 1

16

(
1

κ1 tanh
(

�+
2T

) + 1

κ2 tanh
(

�−
2T

)
)

, (19)

〈x̂ax̂b〉 = 1

16

(
1

κ1 tanh
(

�+
2T

) − 1

κ2 tanh
(

�−
2T

)
)

, (20)

〈
p̂2

a

〉 = 〈
p̂2

b

〉 =
(

κ1

tanh
(

�+
2T

) + κ2

tanh
(

�−
2T

)
)

, (21)

〈p̂a p̂b〉 =
(

κ1

tanh
(

�+
2T

) − κ2

tanh
(

�−
2T

)
)

. (22)

We calculate the coherence of the system of bosonic modes
interacting with the environment from the covariance matrix
in Eq. (9) and the elements from Eqs. (19)–(22). In Fig. 4
we show the behavior of the coherence as a function of
equilibrium temperature T . In Fig. 4(a) we consider a purely
squeezing intermode coupling, i.e., λ = 0.0ω and three values
for the squeezing parameter: μ = 0.5ω (red dotted line), μ =
0.4ω (blue dashed line), and μ = 0.3ω (black solid line). In
Fig. 4(b) we change both parameters: μ = 0.3ω and λ = 0.4ω

(red dotted line), μ = 0.3ω and λ = 0.0ω (black solid line),
and μ = 0.0ω and λ = 0.5ω (blue dashed line).

We observe that for a purely squeezing intermode coupling
the coherence is degraded by the environment temperature.
However, we still observe that more coherence is associated
with more squeezing. Another feature that can be observed is
that the coherence does not go to zero as a function of the
environment temperature, but to a constant value that depends
on the value of the squeezing. This behavior is different from
the sudden death behavior obtained from the entanglement in
Ref. [34]. When we change both parameters we can observe
by the blue dashed line in Fig. 4(b) that again there is no
coherence for zero squeezing. We highlight that this behavior
is valid for any value of λ provided that μ = 0. We can
also observe that for the same value of the squeezing the
effect of the temperature is less destructive if the exchange
of excitation is present. This last effect is a consequence of
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FIG. 4. Coherence as a function of equilibrium temperature T .
(a) We consider λ = 0.0ω and three values for the squeezing pa-
rameter: μ = 0.5ω (red dotted line), μ = 0.4ω (blue dashed line),
and μ = 0.3ω (black solid line). (b) We change both parameters:
μ = 0.3ω and λ = 0.4ω (red dotted line), μ = 0.3ω and λ = 0.0ω

(black solid line), and μ = 0.0ω and λ = 0.5ω (blue dashed line).

the nonlocal Lindblad terms which contribute to mixing some
excited states with the ground state and thus the steady state
is not separable in the ground state of each individual mode.
Then, the presence of the exchange of excitation, as well as the
energy conservation, will partially protect the quantum system
of the temperature effect.

The constant value attained by the coherence in Fig. 4, as a
function of the intermode coupling parameters Cρ (μ, λ), was
calculated in Appendix C by taking the limit T → ∞.

IV. COHERENCE OF TWO-COUPLED BOSONIC MODES:
ONLY ONE INTERACTING WITH A THERMAL BATH

In order to go further in our investigation, we now assume
that only one mode is interacting with the thermal bath and
study the coherence dynamics for an initial pure Gaussian
state. We denote this particular mode as our system of interest,
whereas the other mode is designated as the ancilla. To sim-
plify our paper we consider that the system is free from the
environment at the time t = 0 and the initial state of the sys-
tem + ancilla is pure. We can also consider the environment
effect at t = 0 and evolve the corresponding initial mixed state
but the treatment is more difficult to deal with. We will see that
depending on the choice of parameters, the combination of the
Markovian thermal bath and the ancilla works effectively as a
non-Markovian environment, having as a signature the non-
monotonic behavior of an appropriated quantum information

FIG. 5. Illustration of the system. Only one of the modes is
coupled with the environment. We denote by (a†, a) and (b†, b) the
system and ancilla variables, respectively.

quantity [22,46–49]. Writing the position and momentum op-
erators as x̂i = √

1/(2ω)(ĉ†
i + ĉi ) and p̂i = i

√
ω/2(ĉ†

i − ĉi ),
with ĉi = (â, b̂), it is possible to obtain the associated Wigner
function for the system. We then proceed to consider the
bosonic mode coupled to the thermal environment as the sys-
tem of interest, i.e., Wsys ≡ Wa(xa, pa). This setup allows us
to investigate how the thermalization dynamics of a bosonic
mode is impacted by its surrounding, the role played by the
second mode.

Figure 5 illustrates the present scenario. The coupling be-
tween the system and the thermal environment is mediated by
the coupling , while the constant F = F (λ,μ) controls the
coupling between the system and the ancilla. We stress that the
interaction with the thermal bath is assumed to be sufficiently
weak in order to satisfy the Born-Markov approximation [45].

In order to calculate the coherence of the system Wsys ≡
Wa(xa, pa), we follow these steps [50].

(I) We construct the equations of motion using the
Heisenberg equation for x± and p±, which correspond to the
decoupled modes α̂ and β̂, respectively, in Eq. (A11) such that
x+ ∝ (α̂† + α̂) and p+ ∝ (α̂† − α̂) and the same is valid for
x− and p− relative to β̂ and β̂†:

x±(0) = cos (�±t )x± − sin (�±t )

�±
p±, (23)

p±(0) = �± sin (�±t )x± + cos (�±t )p±, (24)

where x±(0) and p±(0) are the position and momentum values
at t = 0 and x±, and p± are the analog values at time t [50].

(II) We replace the results above in the pure two-mode
Gaussian state:

W (xi, pi; t ) = 1

π2
exp [−(x+(0) )

2 − (p+(0) )
2]

× exp [−(x−(0) )
2 − (p−(0) )

2]. (25)

(III) Finally, we take the partial trace of W (xi, pi; t ) in the
coordinates (xb, pb) of the second mode to obtain the Wigner
function Wsys. Then, we analyze the dissipative dynamics of
the main system in contact with a Markovian environment.
Physically, when we restrain our attention only to the main
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(a)

(b)

FIG. 6. Quantum coherence for the mode coupled to the envi-
ronment as a function of the time for different values of the coupling
between the two modes. In (a) we set λ = 0 and change the squeezing
parameter and in (b) we set μ = 0 and change the value of the
exchange of excitation parameter. We have set the initial coordinates
to be (1,1,1,1).

system (xa, pa), we are assuming that the coupling between
the thermal environment and the degrees of freedom of the
ancilla (xb, pb) is sufficiently weak such that it does not yield
any consequence on the evolution of the principal system. In
turn, since the main system is Gaussian we can encode the
thermalization process with the Markovian bath completely
in terms of the first moments and covariance matrix during
the dissipative process as has been done in Refs. [21,51,52].

In Fig. 6 we show the quantum coherence for the system of
interest coupled to the environment as a function of the time
for different values of the coupling between the two modes.
In Fig. 6(a) we fix λ = 0 and change the squeezing parameter.
We observe that the system already begins the dissipative
dynamics with an initial amount of coherence because the
initial state is displaced [we set the initial coordinates to be
(1,1,1,1)]. This is why the initial coherence is nonzero even
for the zero squeezing parameter (red curve), and the initial
coherence increases for other values of μ (green, black, and
blue curves). In Fig. 6(b) we have set μ = 0 and changed
the value of the exchange of excitation parameter. In this last
case, it is observed that the initial coherence is the same for
all cases because the exchange of excitation parameter does
not generate coherence. We note that, in both cases, when the
ancilla effect is present, in general, the monotonic behavior of
the coherence is not achieved.

In Fig. 7 we show the fidelity to compare the state of the
main system which is coupled to the environment and the

(a)

(b)

FIG. 7. Fidelity for the mode coupled to the environment as a
function of the time for different values of the coupling between
the two modes. In (a) we set λ = 0 and change the squeezing
parameter and in (b) we set μ = 0 and change the value of the ex-
change of excitation parameter. We have set the initial coordinates to
be (1,1,1,1).

asymptotic state as a function of the time for different values
of the intermode coupling between the system and ancilla.
In Fig. 7(a) we have set λ = 0 and changed the squeezing
parameter and in Fig. 7(b) we have set μ = 0 and changed
the value of the exchange of excitation parameter. When the
two modes are decoupled, i.e., (F (λ,μ) = 0), the dissipative
dynamics of the fidelity has a monotonic increase which is
also characteristic of Markovian dynamics, since we are com-
paring with the asymptotic thermal state. For F (λ,μ) �= 0,
the influence of the squeezing parameter μ on the fidelity
is decreasing it with a small oscillation in comparison with
the decoupled case as we can observe in Fig. 7(a). On the
other hand, the excitation parameter λ produces considerable
oscillations in the fidelity while leaving it bigger than the
decoupled case as we can observe in Fig. 7(b).

When an oscillatory behavior on the coherence and/or
fidelity is produced by the interaction with the system and
environment we have a non-Markovian effect [21,49,53,54].
Here, the oscillatory behavior is produced by the coupling
F (λ,μ) between the modes. Therefore, the intermode cou-
pling can produce a non-Markovian-like effect when the
system is weakly coupled with the environment. A similar be-
havior has been observed in Ref. [21] for two-coupled bosonic
modes with a different interaction and in Ref. [55] when the
system and the ancilla are two-level systems.
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FIG. 8. Dissipative dynamics of the coherence and fidelity for
the mode coupled with the bath and for the parameters μ = 0.50ω

and λ = 0.45ω for the coupling between the modes. We have set the
initial coordinates to be (1,1,1,1).

In Fig. 8 we compare the dissipative dynamics of the coher-
ence and fidelity for the mode coupled with the bath and for
the parameters μ = 0.50ω and λ = 0.45ω for the coupling be-
tween the modes. As we can observe both quantities oscillate
as a function of time and when one of them has a maximum
the other one has a minimum. For long interaction time, the
coherence is null while the fidelity is 1.

V. CONCLUSION

We have studied the effect of the intermode coupling in
the quantum coherence of a system formed by two coupled
bosonic modes when they are free from the environment,
when each mode interacts with identical Markovian baths,
and when one of the modes interacts with a Markovian bath
while the other one remains free. We separated the interaction
Hamiltonian in weak- and strong-coupling effects with respect
to the squeezing part of the coupling. For weak coupling,
the RWA applies, which means negligible squeezing, and for
strong coupling it does not apply. Then, we studied the behav-
ior of coherence and we observed that to produce coherence
the coupling has to present a squeezing term, which means
that coherence is produced by strong intermode coupling.
On the other hand, a pure exchange of excitation intermode
coupling does not produce coherence even if this coupling
is strong. In fact, we observed that the exchange of excita-
tion contributes to increasing the coherence produced by the
squeezing interaction.

When the two modes are coupled with identical Markovian
baths we found that the coherence decreases with the bath
temperature saturating to a nonzero constant value which is
intermode coupling dependent. As in the case free from the
environment, the coherence is associated with the squeezing
interaction and the exchange of excitation contributes to re-
ducing the effect of the temperature. We observed that the
coherence has a behavior similar to the entanglement at T = 0
but it does not present a sudden death effect when the temper-
ature grows. Finally, we studied the coherence and the fidelity
when only one of the two coupled modes interacts with a
Markovian bath. We considered that at t = 0 the modes are
free from the environment, i.e., the initial state is pure. We

observed that the intermode parameters produce oscillations
in the coherence and the fidelity similar to a non-Markovian
behavior induced by a strong interaction with a thermal bath.
We obtained that the squeezing parameter contributes slightly
to the oscillations and strongly with the increase of the coher-
ence and decrease of the fidelity. In contrast, the exchange of
excitation parameter contributes strongly to the oscillations of
these quantities.

Finally, our results can be straightforwardly generalized for
a bosonic modes chain, allowing us to investigate how the
coherence due to the intermode couplings impacts quantities
such as energy transfer. Furthermore, the effects presented
by the squeezing and the exchange of excitation during
the dynamics indicate that they could be employed to pro-
tect the system from decoherence when in contact with the
environment.
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APPENDIX A: GROUND STATE AND QUANTUM
COHERENCE

In this section, we diagonalize the Hamiltonian in Eq. (1)
and find the covariance matrix for the ground state. We can
start by rewriting it in the following form:

Ĥ = ωâ†â + ωb̂†b̂ + λ(â† + â)(b̂† + b̂)

+ (μ − λ)(â†b̂† + âb̂). (A1)

To decouple the Hamiltonian in Eq. (A1) we use the center
of mass and relative coordinates between the modes. More
precisely, we used the transformations

R̂ = 1
2 (x̂a + x̂b), r̂ = (x̂a − x̂b), (A2)

and the same is valid for momentum coordinates. Defining
creation and annihilation operators for the center of mass
Â†(Â) and relative coordinates B̂†(B̂), we find a relationship
between the first and last operators:⎛

⎜⎜⎝
Â
Â†

B̂
B̂†

⎞
⎟⎟⎠ = M ·

⎛
⎜⎜⎝

â
â†

b̂
b̂†

⎞
⎟⎟⎠, (A3)

where the transformation matrix is given by

M = 1√
8

⎛
⎜⎝

c1 c2 c1 c2

c2 c1 c2 c1

c3 c4 −c3 −c4

c4 c3 −c4 −c3

⎞
⎟⎠,

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

c1 =
√

ω+
ω

+
√

ω
ω+

c2 =
√

ω+
ω

−
√

ω
ω+

c3 =
√

ω−
ω

+
√

ω
ω−

c4 =
√

ω−
ω

−
√

ω
ω−

,

(A4)
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being the frequencies of the virtual center of mass and relative
coordinate, ω± ≡ √

ω2 ± 2λω holding the condition 2λ < ω

since the eigenenergies of the system need to be positive real
valued in order to obtain stable solutions [36].

We write the Hamiltonian Eq. (A1) in terms of the new
operators as follows:

Ĥ = ϑ+Â†Â + ζ+(Â†Â† + ÂÂ)

+ ϑ−B̂†B̂ + ζ−(B̂†B̂† + B̂B̂), (A5)

where

ϑ± = λ2 + ω2 − λμ ± 2λω√
ω(ω ± 2λ)

, ζ± = (μ − λ)(λ ± ω)

2
√

ω(ω ± 2λ)
.

(A6)

The Hamiltonian in Eq. (A5) does not contain any mixed
terms between the new operators Â and B̂. We can split it
into two parts containing either Â or B̂. Moreover, the terms
proportional to ζ+ and ζ− are responsible for generating
squeezing on an initial state. The final diagonalization of the
Hamiltonian operator is provided by the transformation⎛

⎜⎜⎝
α̂

α̂†

β̂

β̂†

⎞
⎟⎟⎠ =

⎛
⎜⎝

ua va 0 0
va ua 0 0
0 0 ub vb

0 0 vb ub

⎞
⎟⎠

⎛
⎜⎜⎝

Â
Â†

B̂
B̂†

⎞
⎟⎟⎠, (A7)

with ua,b = cosh(ra,b), va,b = sinh(ra,b), and

ra/b = −1

2
arctanh

(
(λ − μ)(λ ± ω)

λ2 − λμ ± 2λω + ω2

)
. (A8)

In terms of â(â†) and b̂(b̂†), we have

α̂ = 1√
8
{[c1 cosh(ra) + c2 sinh(ra)](â + b̂)

+ [c2 cosh(ra) + c1 sinh(ra)](â† + b̂†)}, (A9)

β̂ = 1√
8
{[c3 cosh(rb) + c4 sinh(rb)](â − b̂)

+ [c4 cosh(rb) + c3 sinh(rb)](â† − b̂†)}. (A10)

Therefore, we find that

Ĥ = �+α̂†α̂ + �−β̂†β̂ + const, (A11)

which is simply the Hamiltonian of two uncoupled bosonic
modes with frequencies �± =

√
ω2 + λ2 − μ2 ± 2λμ. As a

consequence, the ground state is therefore the product of two
Gaussian functions:

�(x+, x−) =
(

�+
π

) 1
4

e− �+x2+
2

(
�−
π

) 1
4

e− �−x2−
2 . (A12)

We can rewrite the coordinates x± back to the original vari-
ables xa/b yielding

x+ =
√

ω+
2�+

(va + ua)(xa + xb), (A13)

x− =
√

ω−
2�−

(vb + ub)(xa − xb). (A14)

Finally, we obtain the ground state

�(xa, xb) = 2 4
√

κ1κ2√
π

exp [−κ1(xa + xb)2]

× exp [−κ2(xa − xb)2], (A15)

with

κ1 = ω
√

ω + λ + μ

4
√

ω + λ − μ
, κ2 = ω

√
ω − λ − μ

4
√

ω − λ + μ
. (A16)

Since the wave function must be normalized the parameters
κ1/2 need to be real. Hence, we define some conditions:
λ,μ � 0, ω > 2λ, and ω > λ + μ.

Coherence for the two-mode Gaussian state

In doing so, we can use Eq. (6) to show explicitly the quan-
tum coherence for the ground state of two coupled bosonic
modes as follows:

C[ρ(σ, �d )] = (ν1 − 1)

2
ln

(
ν1 − 1

2

)
− (ν1 + 1)

2
ln

(
ν1 + 1

2

)

+ (ε̄1 + 1) ln (ε̄1 + 1) − (ε̄1) ln (ε̄1)

+ (ν2 − 1)

2
ln

(
ν2 − 1

2

)
− (ν2 + 1)

2

× ln

(
ν2 + 1

2

)

+ (ε̄2 + 1) ln (ε̄2 + 1) − (ε̄2) ln (ε̄2), (A17)

where we have

ε̄1 = ε̄2 = 1

4

(〈
x̂2

a

〉 + 〈
p̂2

a

〉 − 2
)
, (A18)

ν1,2 =
√

� ±
√

�2 − 4|σ |
2

, (A19)

and

� = 2
(〈

x̂2
a

〉〈
p̂2

a

〉 + 〈x̂ax̂b〉〈p̂a p̂b〉
)
. (A20)

Note that the coherence Eq. (A17) is completely characterized
in terms of the covariance matrix according to Sec. II.

APPENDIX B: WIGNER FUNCTION OF THE
STATIONARY STATE

The Wigner function for two particles with state ρ̂ can be
defined in terms of the characteristic function χ (ε) as follows:

W (R) = 1

(2π )2

∫
dε exp

[
iRT �ε

]
χ (ε) (B1)

with

R = qa pa qb pT
b , (B2)

ξ̂ = q̂a p̂a q̂b p̂T
b , (B3)

ε = u1 v1 u2 vT
2 , (B4)
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� =

⎛
⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎞
⎟⎠, (B5)

χ (ε) = tr
[
ρ̂ exp

(
iεT �ξ̂

)]
. (B6)

After some algebraic manipulation, we obtain the Wigner
function of the stationary state Eq. (18):

W (xa, pa, xb, pb) = tanh
(

�+
2T

)
tanh

(
�−
2T

)
(π )2

exp

[
− (xa + xb)2

4(η1)2
tanh

(
�+
2T

)]

exp

[
− (pa + pb)2

4(η2)2
tanh

(
�+
2T

)]

exp

[
− (xa − xb)2

4(η3)2
tanh

(
�−
2T

)]

exp

[
− (pa − pb)2

4(η4)2
tanh

(
�−
2T

)]
(B7)

with⎧⎪⎨
⎪⎩

(η1)2 =
√

ω+λ−μ

2ω
√

ω+λ+μ

(η2)2 = ω
√

ω+λ+μ

2
√

ω+λ−μ

,

⎧⎪⎨
⎪⎩

(η3)2 =
√

ω−λ+μ

2ω
√

ω−λ−μ

(η4)2 = ω
√

ω−λ−μ

2
√

ω−λ+μ

. (B8)

APPENDIX C: COHERENCE IN THE LIMIT OF INFINITE
TEMPERATURE

In the limit of infinite temperature T → ∞ the coherence
is a function only of the intermodes coupling parameters and
is given by

C(ρ, T → ∞) = 2 ln [�1 + �2] − 1
2 ln

[
�2

3 − �2
4

]
, (C1)

with

�1 = 1

2(1 + δ+)
+ 1

2(1 + δ−)
, (C2)

�2 =
√

δ+ − 1

4
√

δ− − 1
√

(λ − 1)2 − μ2
+ 1

4|1 − δ+| , (C3)

�3 = 4(1 − λ2 − μ2)

λ4 + (μ2 − 1)2 − 2λ2(μ2 + 1)
, (C4)

�4 = − 8λ

|λ4 + (μ2 − 1)2 − 2λ2(μ2 + 1)| , (C5)

δ+ = λ + μ, δ− = λ − μ. (C6)
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