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Physics of P77 -symmetric quantum systems at finite temperatures
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We study parity-time-symmetric non-Hermitian quantum systems at finite temperature, where the Boltzmann
distribution law fails to hold. To characterize their abnormal physical properties, a quantum statistical theory
(the so-called quantum Liouvillian statistical theory) is developed, in which the Boltzmann distribution law is
replaced by the Liouvillian-Boltzmann distribution law. Using the theory, we derive analytical results of ther-
modynamic properties for parity-time-symmetric non-Hermitian quantum systems and find that a “continuous”
thermodynamic phase transition occurs at the exceptional point, where a zero-temperature anomaly exists.
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I. INTRODUCTION

In statistical mechanics, the Boltzmann distribution (BZ)
law plays a central role and governs the equilibrium distribu-
tion of different equilibrium states at a particular temperature.
According to this law, a system will be in a certain state as a
function of its energy E, and the temperature 7. As a result,
the weights of different (quantum) states obey the BZ law,
i.e., P, ~ e E/kT This universal distribution law was derived
by Boltzmann through an axiomatic method, which involves
finding the most likely macrostates for a given total energy
under the assumption that all possible microstates are equally
likely to occur. Using the BZ law, one can recognize properties
of macroscopic quantities of different physical systems at
finite temperature (finite-T).

The non-Hermitian (NH) problem in controllable open
quantum systems has recently emerged as one of the fron-
tiers of physics. A parity-time (P7)-symmetric NH quantum
model was proposed by Bender and Boettcher in 1998,
where PT -symmetric spontaneous symmetry breaking (P7T -
SSB) occurs at a critical point [the so-called “exceptional
point”’(EP)] [1-3]. PT-symmetric systems have attracted
considerable attention in different fields [4-8] and various
approaches were proposed for realizing P7 -symmetric NH
models [9-35]. However, the properties of a PT -symmetric
NH quantum system at finite-T (the so-called thermal PT sys-
tem) were inadequately reported and nothing is known about
their thermodynamic behaviors. Hence, immediate questions
appear, such as: Do the thermal PT systems still obey the
BZ law? If not, what distribution law do they obey? Are
there new physical phenomena compared with their Hermitian
counterparts for thermal PT systems?

In this paper, by considering a typical thermal P7 system
as an example, we study this issue and derive reliable results
by solving the quantum master equation. According to them,
a surprising discovery is that the BZ law is no longer applica-
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ble in such systems. As a result, a theory beyond the usual
quantum statistical one, the quantum Liouvillian statistical
theory, is developed to completely understand these abnormal
physical properties of NH systems at finite-T. In particular,
there exists the nonthermalization in high temperature. Using
the theory, we derive analytical results of thermodynamic
properties for thermal P7 systems and find that a “continu-
ous” thermodynamic phase transition occurs at the EP, where
a zero-temperature anomaly exists.

The outline of this paper is as follows. In Sec. II, based
on a simple Hermitian two-level system, we review quantum
statistical theory for Hermitian quantum systems at finite-T.
In this section, we show the usual BZ law at the thermody-
namic equilibrium. In Sec. III, we point out that there are two
choices about the distribution law of NH systems at finite-T. In
Sec. IV, to find the correct answer to the two-choice problem,
we do a simulation on a typical thermal P77 system based on
the quantum master equation. Then, we compare the results
with those from the two choices and then find the correct
answer. In Sec. V, based on the correct answer, we develop
the quantum Liouvillian statistical theory for an arbitrary NH
system with finite-T. In Sec. VI, we study the thermodynamic
properties of the thermal P7T system and find a “continuous”
thermodynamic phase transition at the EP. In Sec. VII, we
draw the conclusion.

II. BOLTZMANN DISTRIBUTION LAW
IN THE HERMITIAN SYSTEMS

It is well known that in quantum statistical mechanics the
canonical ensemble at the thermodynamic equilibrium satis-
fies the BZ law. For example, we consider a simple Hermitian
two-level system

A = ho,, (D

where & is a real number. Its density matrix at the thermody-
namic equilibrium is

p=eFfrH )
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FIG. 1. (a) The relative weight distribution P = P, /P_ of the
simple Hermitian two-level system from Boltzmann distribution
(BZ) law. (b) The relative weight distribution P of the thermal
PT system from BZ law P = P5%/P® (blue curve), choice I P =
Pl /P! (magenta dots), choice I P = P/P" (black curve), and
Gorini-Kossakowski-Sudarshan-Lindblad equation P = Pi /PS (red
triangles), where y = 0.9.

where By = kBLT is the inverse temperature. The weights of
different quantum states obey the BZ law
P = 2eig,(p) = =(nlpln) = Ze B (3)
= —el = —(n|p|n) = e """,
n=7 gn\p 7 P Ze

where eig, (o) denotes the eigenvalue of the density matrix p,
|n) is the eigenstate of p (n = %), E,, = %h is the eigenvalue
of H, and

Z="Tr(p) =y (nle”""n) “)

n=%
is the partition function. The relative weight distribution

P,

P=2 ®)
is shown in Fig. 1(a). In the paper, we set 7 = 1 and kg = 1.
From Fig. 1(a), when the temperature 7 turns to infinity, P
becomes 1. As a result, at very high temperature, all micro-
scopic quantum states have the same weight and the system is
completely thermalized.

II1. DISTRIBUTION LAW IN THE NON-HERMITIAN
SYSTEMS: A TWO-CHOICE PROBLEM

To learn the distribution law in NH quantum systems at
finite-T, we first study a P7T system with real energy levels,
of which the Hamiltonian is

HNH = hax + i)’ffy, |V| < |h| (6)

By doing a similarity transformation (ST) S = ePull ', Hxu
can be transformed into a Hermitian one, i.e.,

Vh: — yio,. @)

Here, Bny = %ln h“_“—; characterizes the strength of the NH

H() 1I‘INHS

terms and the Hermitian operator H' = %oz determines the
form of the NH terms. Under the NH ST &8, its energy level

E, =%V —y? (®)

is the same as those of a Hermitian system Hj. Its left or right
eigenstates |\Ili/ ®) under biorthogonal basis can be expressed

(Wh| = (Wo 4|87 = (Wg o[ Pt

WR) = S| Wy 4) = e |y ) )

with (WEWR) =5, and )", |WRY(WL| = [, where |¥p 1)
are the normalized eigenstates of Ay and [ is the unit operator.
Based on the characteristics of the biorthogonal basis of
NH systems, there are rwo choices for the expression of the
density matrix of NH systems at finite-T. Choice I is [36-39]

o= X whe e (wk] -

n=%

S Pring=1. (10

In addition, we give choice 11
0o 3 [wR)e it |
n=%

After considering the fact of |WF) = |Wk) and the defini-
tion of p!, we find that p' is NH, i.e., (p")" # p'. We notice
that for the case of choice I, the usual BZ law does not change.
Now, the weight of a quantum state in choice I is

=S PringT. (11)

1
pl— N N L| 1|, R
. —Tr(pl)elg"(p ) Tr(p1)<n1 |,0 |n1)
1
=P = ———e b 12
" T T (12
where |n) /Ry are the left or right eigenstates of p! and pB% =

e~Prin ig the density matrix from the BZ law. This equivalent
relation can be obtained from the fact of

p' = S(e Prin gt = g~Pritm — ;B2 (13)

On the other hand, the weight of a quantum state in choice 11
is

o1 1
" Te(pM) Tr(p™)
where |ny) is the eigenstate of p''. Here, we emphasize that
o' is a Hermitian operator, i.e., (o)’ = p'l.

To make it clear, we plot the relative weight distributions
from different starting points, choice I (or the case of BZ law)
and choice II in Fig. 1(b). Obviously, the results from choice
I are quite different from those from choice II. Which one is
right that could characterize correctly the experiments of NH
systems at finite-T?

(nut p" ), (14)

eig,(p") =

IV. FINDING THE CORRECT ANSWER BY SIMULATING
THE THERMAL PARITY-TIME SYSTEM

The density matrix p! in choice Iis always NH, (p")" # p';
while the density matrix p'' in choice II is Hermitian, (o)™ =
o'\, Therefore, we may guess choice II with the density matrix
as p'! is correct. To check the conclusion, we do a simulation
of the thermal P7T system. First, to design a thermal P7T
system, we control an open quantum system coupling to two
separate environments and obtain an open NH quantum sys-
tem. Then, we solve the quantum master equation of the open
NH quantum system. After obtaining its density matrix o5, we
compare the results with those from choice I or choice II and
finally find the correct answer.
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FIG. 2. Tllustration of a thermal P7 system that comes from
the controllable open quantum system S coupling to two separate
environments B and E. S denotes a tight-binding model of two
lattice sites 1,2 with a single fermion. There is only one fermion
at lattice 1 or lattice 2, so S is a two-level system. B denotes an
environment with temperature 7 = %, which could thermalize S
to its temperature T (we call it thermal environment). E denotes
an environment that could lead to a relevant non-Hermitian (NH)
term for S under postselection with the particle number of § fixed at
N =1 (we call it NH environment). (a) The total system consists of
S, B, and E. (b) The combined subsystem S + B after tracing out E
and postselection measurements. (c) The thermal P77 system after
tracing out B.

A. Experimental design of the thermal parity-time system

To design a thermal P7T system, we consider a con-
trollable open quantum system S coupling to two separate
environments B and E. See the illustration in Fig. 2(a). The
Hamiltonian of the total system is given by

H=Hs®@I @z +Is@H: QI3
+Is ® I ® Hp + Hes ® Ip + I ® Hgs, (15)

where HS = h(clfcz + c;cl ), Hp, and Hp are the Hamiltonians
of S, E, and B, respectively. IAS, g.p are the unit operators of
S, E, and B, respectively. c'{"z(cl,z) are the creation (annihi-
lation) operators of the fermion in S. Hgs = Mat(c) —ica) +
H.c.] stands for the coupling between S and E that leads to a
Lindblad operator Lgs = /2y (c| + ic2) ® g, where y is the
coupling strength and a'(a) is the creation (annihilation) op-
erator in E. Hps = Y i—12 Vi€ ¢ ® B; describes the coupling
between S and B, where I§1,2 are operators of B and y , are the
coupling strength. Here, we assume that y;, y» < y, h. There
is no direct coupling between the two environments B and E.

We point out that the thermal P7 system can be imple-
mented experimentally based on ultracold atoms in optical
lattices with the engineered dissipation proposed by the au-
thors of Ref. [40] together with an extra thermal cavity.
Engineering Lzg can obtain the effective NH Hamiltonian
under postselection, which can be realized using a nonlocal
Rabi coupling to some auxiliary degrees of freedom with
rapid local loss. After adiabatically eliminating the fast decay
modes, effective dynamics with target degrees of freedom
alone are obtained. The thermal environment can be provided
by a cavity with finite-T.

For the open quantum system S under the Markovian ap-
proximation, its nonunitary dynamics is in general expressed
by the quantum master equation in the Gorini-Kossakowski-

Sudarshan-Lindblad (GKSL) form [41-43]

dpS(t)

_ .S
7 = Lp>(1), (16)

where L is a Liouville superoperator acting on the (reduced)
density matrix p5 of the subsystem .

For the total system S 4+ B + E, we trace out the NH en-
vironment £ from it and consider its effect on the combined
subsystem S + B. We make the postselection measurement for
the number of particles N = (cJ{cl + cECz) ® Iz in S, so that it
is always N = 1 [44]. After the postselection measurements,
the quantum jumping term will be projected out [45]. Then

p5+E becomes
dpSJrB L R
T = —i(Hsperp™’ — PSPH g ). (1T)
where
ﬁS+B,et‘t‘ = Hxu ® Iy + Is ® Hp + Hps (18)

is the effective Hamiltonian of the combined subsystem S +
B, and

Hxu = (h+y)cies + (h—y)eser — iy (19)

can effectively describe S in Fig. 2(b). Here, the term —iy
can be ignored due to the postselection measurements [46,47].
We assume that the temperature of a possible thermodynamic
equilibrium state of S is the same as that of the thermal envi-
ronment B. Thus, we gain a thermal P77 system in Fig. 2(c),
which can also be expressed effectively as

Hyu = ho, + iyo, (20)
on the pseudospin space (: B) where |1) and || ) denote the
quantum states of the single fermion on site 1 and site 2,
respectively. For I-?NH, at h =y, a usual PT-SSB occurs:
for the case of & > y, the energy levels |+) and |—) are
E+ = +./h? — y2; for the case of h < y, the energy levels
|+) and |—) are Ex = +i,/y? — h%; and for the case of h = y,
the system is at the EP with state coalescing and energy
degeneracy, i.e., Ex = 0.

B. Quantum master equation in the
Gorini-Kossakowski-Sudarshan-Lindblad form of the open
non-Hermitian quantum system

In this subsection, we solve the quantum master equation in
the GKSL form of the thermal P7 system with P77 symmetry
(h > y) and calculate the Liouville superoperator £ under the
Born-Markov approximation in the interaction picture, which
has never been studied before.

We trace over the degrees of freedom of the thermal en-
vironment B from Eq. (17), and consider its effect on the
NH subsystem S. We assume that S has little influence on
B, and average out the high-frequency part of the quantum
transition processes by the rotating wave approximation [43].
Eventually, the reduced density matrix p; (¢) of the subsystem
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S in the interaction picture is

d ~ A~
o0 =33 [Tar(@)lAp(@)pjy (DA @)

ab o
— Au(—)Ap(@)pp, O] +He], 2D
where I',;;,(w) are the one-sided Fourier transforms
t * A A
LCap(@) = _/ dse™ (B (5)B,,(0)) (22)
0
J
—yo(1 + /T 0
—2yp(emt T — 1) [IL =3yp(1 4 e2/beT)
=20t — 1)/ —yo(l 4 e/ T)
yo(1 + en/kal )it 0

in the region of 4 > y, where

1 2 2
Yo = E{Vll(_wo)yl + v22(—wo)y;
— [y12(—=wo) + y21 (—@0) 11172}

See the detailed calculations regarding the quantum master
equation in Appendix A.

C. Non-Hermitian thermal state and the correct answer

In Hermitian systems at finite-T, the quantum statistical
mechanics is based on the thermal equilibrium state. To reach
it, one can prepare a unique final state under time evolution
(from an arbitrary initial state). Using similar logic, we in-
troduce a “non-Hermitian thermal state” (NHTS), which is
the unique final state under time evolution in NH systems at
finite-T (from an arbitrary initial state). We find that if the
spectrum of Liouville superoperator L is A;, i.e.,

Lo} = xip}, (26)
then a NHTS described by ,olf,HTs is the eigenstate of £ cor-
responding to the eigenvalue with the maximum real part
ANHTSZZInaXG{CAﬂ.

For the case of PT symmetry (h > y), two energy levels
of Any are purely real, E, = 4,/h? — y2. The eigenvalues of
L in Eq. (25) are
—4yo(1+ ™), =2p(1+ ™), —2p(1+e'T), 0.
The first three will dissipate and the rest will form a NHTS
that is also a steady state. Thus, the density matrix pSyrs
for a NHTS corresponding to the eigenvalue of the Liouville

of the reservoir correlation functions

(B! (5)B,(0)) = Trg(BL(t)By(t — 5)p}) (23)
of Bwitha,b=1 or 2. AAa,b(a)) is a NH operator as
Au@) =" Im)g(mlpyacicalm + o)gim + ol (24)

m==%

|m)g 1, are the right or left eigenstates of Hyy with the eigen-
value E,,, and |m + w)g 1 are the right or left eigenstates of
Hxy with the eigenvalue E,.. They satisfy ; (m|m)z = 1.
In addition, we have w = *wy, 0 with wg = |E; — E_| =

2/h2 —y2.

S
According to o1 ()

dt

= Lpy,(t), we simplify and obtain

wo/kpT \ I+
0 yo(1 + eo/ks )ﬁ
—yo(l+ /BTy —2yg(e/tt — 1), [
(25)
=31+ e/l —2yp(enl — 1), [
0 —yo(1 + /T
(
superoperator £ with maximum real part is obtained as
bty [frty 1—ev0fr
N h—y h—y h—y 1+e“0PT @7

PNHTS = on by 1—o0br 1
h—y T+e“0Pr
According to the results obtained from the GKSL equa-

tion and the definition of the NHTS, we obtain the weight of
a quantum state

PS

= (28)
Tr (ngHTs

) (nS|PI§IHTs |ns),

where |ng) is the eigenstate of pIiHTS' The results of the rela-
tive weight distribution of the GKSL equation P = P} /PS5 are
plotted in Fig. 1(b). It is obvious that the results from choice
I are quite different from numerical results from the GKSL
equation; while the results from choice Il are the same as
those from the GKSL equation. In particular, the consistency
between the different results verifies the correctness of the
definition of p in choice I rather than p! in choice I, i.e.,

(29)

I BZ S I s
P =p""# Purs: P = PNHTS

or

pl=p8+pS  pl=p5 (30)

Consequently, one can safely conclude that the usual BZ
law in Hermitian systems does not work any longer in NH
systems and there exists a new law that explains these abnor-
mal results for a thermal P7 system. In fact, NHTSs come
from NH systems rather than from free ones. To realize a
NH system, we may control the open thermal P77 system
by performing a postselection and projecting out the quantum
jumping term. As a result, the equal probability of different
microscopic states is broken down and a new distribution law
appears.
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FIG. 3. The expected values n; = (0;)(i = x, y, z) of the spin op-
erators for the thermal P7T system. (a) Time evolution of n; =
(0;) for fixed y (y = 0.2) from the different initial states: the red
curve corresponding to p5(t = 0) = (1, 0;0, 0), the blue curve corre-
sponding to o3 =0) = (0, 0;0, 1), the black curve corresponding
to p5(t =0) = (3, 3; 3. 1), where y, = 0.05 and T = 1. (b) Time
evolution of n; = (o;) for different y from the same fully thermalized
initial state p*(r = 0) = (1, 0;0, 1): the red curve corresponding to
y = 0.3, the blue curve corresponding to y = 0.9, the black curve
corresponding to y = 1.5, where y, = 0.05 and T = 10. The arrows
denote the direction of time evolution.

In addition, we also study the possible NHTS prIHTS in
the phase with P7T-symmetric breaking (2 < y). Under the
condition yy, y» K v, h, the dissipation term in the Liouville
superoperator only has little effect, i.e.,

Lo ~ —i(Hxup® — p* i) 31

The eigenvalues of the superoperator £ are approximately
obtained as

2y =k, 0, 0, 2/y2—i2

The eigenstate with the maximum real part 2,/y2 — h? corre-
sponds to a NHTS with

pirs = W) (W8], (32)

i.e., the system reaches a pure state |\lff) which corresponds

to the eigenvalue with the largest imaginary part +i/y2 — h?
under a long time evolution ¢+ — oo. This can be understood
as the fact that the state |WR) decays more faster than the state
|WR). Eventually, there is only one eigenstate |W¥) with the

largest imaginary part of the eigenvalue +i,/y?% — h? left in
the system.

According to the discussions about the case of P77 symme-
try and P77 -symmetric breaking, we investigate the properties
of NHTSs in the thermal PT system. These results of ex-
pected values of o; (i = x,y, 2), 1.e.,

ni = (0;) = %Tr(a,- %), (33)
are represented by points on the Bloch sphere in Fig. 3.
Figure 3(a) indicates the existence of a unique NHTS plleTS:
for Axg with fixed y (y =0.2), taking the limit ¢+ — oo,
different initial states will eventually evolve into the same final
state p5(t — 00). This means p5(t — o0) is just the NHTS
Piurs: Fig. 3(b) indicates the abnormality of the NHTS
Pgrs: for Hap with different y from the same initial state, for
example, a fully thermalized state described by p5(r = 0) =
%IA2><27 the system will eventually evolve into different NHTSs

PfEJHTs ).

V. QUANTUM LIOUVILLIAN STATISTICAL THEORY
FOR AN ARBITRARY NH SYSTEM WITH FINITE-T

To better describe the NH system at finite-T, we develop the
quantum Liouvillian statistical theory, in which an alternative
type of distribution, the Liouvillian-Boltzmann distribution
(LBZ), governs the distribution of NHTSs.

We assume that the Hamiltonian of the NH system is ”HNH
with Ay # ’HNH For the NH Hamiltonian Hny (or HNH)
we define the left or right eigenstates |W/K) as

| ) = E71W), | W) = & @), 34)

where £, =Re &, +ilm &, and &
corresponding eigenvalues.

For all NH systems, there are a total of three different
cases: Case I from the NH systems with real eigenvalues, i.e.,
Im &, = 0; Case II from NH systems with complex eigenval-
ues and the quantum state with the maximum imaginary part
of all eigenvalues is nondegenerate; and Case III from NH
systems with complex eigenvalues and quantum states with
the maximum imaginary part of all eigenvalues are degener-
ate. In the following part, we discuss the quantum Liouvillian
statistical theory case by case.

=Re & —ilmE; are the

A. Case I: Real eigenvalues

We discuss the case of the NH Hamiltonian 7:lNH with
all real eigenvalues, i.e., Im&, = 0. As a result, this is a
quasi-Hermitian system. Under the ST S, the energy levels
&, of Hnn (or 7:[;1]{) are all real and the same as those of the
Hermitian model 7:10, ie.,

i = SHoS !, 35)

with Hy = 7:18. The corresponding eigenstates of Fny and
7:[;[1}1 become

|WK) = S1Wo,),  (WE| = (Poal87", (36)

under the biorthogonal set (WE|WR) =5, Here |Wy,) de-
notes the normalized eigenstate of Hy. In addition, we point
out that a quasi-Hermitian model Hny with real eigenvalues
obeys

ANan " = (37)

which shows NH similarity, where #) = Y |WE)(WL|. As a
result, for 7:lNH, the ST is obtained as

1/2
S=n"1= (Z|pr xﬂ) : (38)

Now the density matrix in the NHTS at temperature 7 =

v ﬂ is given as

,OIEIHTS = Z |‘pr1f>€7ﬁ7'5"<‘yf| = SpoST, (39)

where pp = e~PrHo is the density matrix for the Hermitian
model #, at the thermodynamic equilibrium.

To simplify the Liouvillian physics for NHTSs, we intro-
duce an effective Hamiltonian 7, as e #77L = S(e~FrHo)ST

032206-5
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or
A = _ﬂi In[S(e#0)31. (40)
T

In this paper, we call the temperature-dependent Hamilto-
nian H; the Liouvillian Hamiltonian (LH). Its corresponding
eigenvalue £ and eigenstate are called the Liouvillian energy
level and Liouvillian state, respectively. According to H =
H], EF must be real.

For NHTSs in this NH system, although the energy levels
do not change under STs, the weights and the eigenstates are
deformed. Consequently, the usual BZ law P, = Le7#r& is
replaced by the LBZ law [48,49], i.e.,

1

S
NHTS

e Prén 5 p, = e Prén, 1)

1
P==
z

where EL is a Liouvillian energy level rather than the energy
level &, and Z§ ;s = Tr(pyy7s) is the partition function for
the NHTS. To distinguish the phenomenon of weights in the
thermal P77 system from those in Hermitian thermal systems,
we call the corresponding weight P, = ﬁe‘ﬁﬂf the Liou-
villian weight.

In particular, when the temperature is high, 8y — 0, the
density matrix pffIHTS for a NH system with real spectra is
reduced to

PRarrs ™ 38" = it
and the Liouvillian weight turns into
1

P, e_ﬂNH(_zE,,,)

Z{urs
where E/ is the “energy level” of H'. We call the abnormality

of the NHTS nonthermalization in high temperature.

B. Case I1: Complex eigenvalues and the nondegenerate
quantum state with the maximum imaginary
part of all eigenvalues
The NH Hamiltonian Hyy has complex eigenvalues, i.e.,
Im&,#0n=1,2,...,N), and |lIJ§) is the nondegenerate
quantum state with maximum imaginary part of all eigen-

values, i.e., Im & > Im &,.o. Now, the density matrix in the
NHTS is obtained as

prleTs = |‘D§ >(‘1’§ | (42)

Let us give a brief discussion on this result. In the limit
of t — o0, the system reaches a NHTS and there is only the
eigenstate |WE) corresponding to the eigenvalue with maxi-
mum imaginary part max(Im&,) = Im & left in the system
because other states will decay much faster than this state, i.e.,

N
[wRy = Zan | \D5>67i5"t
n=1

N
— Za” | \I/R>€t Imé&, e—it Re &,
n

n=1
~ an=0|\p5:0>et Im gge—it Re 50’ (43)

where o, is the weight for the corresponding state.

C. Case III: Complex eigenvalues and the degenerate quantum
states with the maximum imaginary part of all eigenvalues

The NH Hamiltonian #xy has complex eigenvalues, i.e.,

Imé&, # 0, and |WR) are m-fold degenerate quantum states
with the same maximum imaginary part of all eigenvalues i.e.,

Im&, =T >Im&,c,cy, n=1,2,...,mm<N.

In the limit of ¥ — o0, the system reaches a NHTS and we
have a subspace from m-fold degenerate quantum states with
the same maximum imaginary part of all eigenvalues |WX),
n=1,2,...,mm < N. Using a similar approach, we have

N
(WF) = e, [W)e e
n=1

N
R\ rImé&, —itRe&,
= E an|‘~IJn>e e
n=1

~ ez[‘ (Zan|q]f>e—iIRec€V,)’ (44)
n=1

where «,, is the weight for the corresponding state.

As aresult, for a NHTS, the original NH model is reduced
into a subspace of m-fold degenerate quantum states with the
same maximum imaginary part of all eigenvalues |WX), n =
1,2,...,m,m < N.In the following part, we use a projection
operator to characterize the reduction, i.e.,

Ry — Plwky = |yF)
and
A — PHNuP ™' = 7%\1}1’

where 7:{,&1{ and |y ) are the Hamiltonian and quantum state
of the subspace, respectively. Now, the density matrix in the
NHTS plleTs of the original NH Hamiltonian is reduced into

(Pkrrs)® of Higy in the subspace.
In addition, we show the method to calculate #{yy;. First,
we define the basis of the original NH system

{Isz)

Second, under projection to subspace, we have a projection
basis, i.e.,

n=12,...,N}.

|8 n=1,2,....N} = {PIS®), n=1,2,....N)
={|s§>,n=l,2,...,m}.

Third, based on the projection basis {Isf)}, we derive the
effective Hamiltonian

U = D _hij|sB)(sk| + i, (45)
ij

where h;j = (sF|Hixulsh). i, j=1,2,....m.

. Then, aAfter globally shifting il", i.e., 7:LNH — 7:[NH — il or
Hiu — Hyy — iT, the situation is mapped to Case I. Finally,
the density matrix in the NHTS is obtained as

(hrs)® = S/ (e Py (&) = e Prtte, (46)
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TABLE I. The density matrix in non-Hermitian thermal states for an arbitrary non-Hermitian system with finite temperature 7.

All real eigenvalues

Complex eigenvalues

pngTS = S(e—ﬂ’l'Ho )ST — e PrHL

Nondegenerate
Pinrs = W5 (V5|

Degen?rate A
(Phrs)® = &' (eFr70)(S)F = e~Frhe

where H), = (8") "HiyS' [H), = (H})] and

& = p3P = (zwxm) @
n=1

In summary, the quantum Liouvillian statistical theory for
an arbitrary NH system with finite-T can be expressed in
Table I.

VI. THERMODYNAMIC PROPERTIES OF THE THERMAL
PT SYSTEM

Using the quantum Liouvillian statistical theory, we study
thermodynamic properties for the NHTSs pf;;rs of the ther-
mal PT system.

Now, the physical properties of the original NH system
Hyy at finite-T correspond to those of a Hermitian system of
LH, A, . According to e~ = S(e=P10)8* we obtain the
analytical result as

e Pril — g A+ o.B+IC, (48)

where

A = —sinh(Br+/h? — y?2),
B = sinh(Bxg) - cosh(Br+/h2 — y2),
C = cosh(Bnn) - cosh(Br+/h2 — y2), (49)

and [ = ((]) (1)). From the generalized Baker—Campbell—
Hausdorff formulation, the LH is derived as
N cosh™' C
T B [Pl
where 0 = (0y,0y,0;), Tt =(A,0,B), and |Ferr| =
VAZ 4+ B2, See the detailed calculations about the generalized
Baker-Campbell-Hausdorff formulation in Appendix B.

After diagonalizing H;, the Liouvillian energy levels (the
eigenvalues for H; ) are

(G - Fef ), (50)

EL = j:ﬂ% cosh™'[cosh Bxy - cosh(Brv/h2 — ¥2)],  (51)

which are quite different from the energy levels (the eigen-

values for Hyy) Ex = 4/h* — y2, as shown in Fig. 4. As a
result, the Liouvillian energy gap is

2
A =2|Ef| = b cosh™![cosh By - cosh(Bry/h2 — y2)].

(52)
At the EP, A diverges, i.e., when fng — 00, A — oo. Re-
member the energy gap for Hyy at EP turns to zero, i.e., when
Bna —> 00, wy = 24/h* — y? — 0. According to LBZ law,

we have

P,,:Zs

1 |:cosh1 C
NHTS

= (o '7eff):|~ (53)
[Pt

The expected values of spin operators o; (i = x, Y, z) are de-
fined as

n = (o;) = Tr(o; - e P, (54)

S
NHTS

After straightforward calculations, we have

- A B
nz(nx’ny»nz)z E»O,E

B (—tanh(ﬁT./hz —7)

cosh Bnu

, 0, tanh IBNH) (55)

in the region of & > y [50]. Figure 5(a) shows the results
of 7i. Based on these results, when Bng increases from zero
to infinite, the spin direction changes from the x direction
to the z direction. Figures 5(b) to 5(d) show the behavior of
n; = (0;) at T = 10, respectively. Approaching EP 7 — y (or
Bnu — 00), we have H — —ﬁg’—T"oz at finite-T. The external
field |%| in LH H; becomes infinite. As a result, 7 is fixed
to be polarized along the z direction with saturated ampli-
tude 1 [see the magenta arrows marked by a magenta line in
Fig. 5(a)]. On the other hand, for the region of h < y, the
NHTS becomes a pure state described by |\Ilf) and we have

- n\? h
i=lo—J1-(=),=1. (56)
v) v

As shown in Fig. 5(a), the red arrows (the expected values
of 0;) swerve from the z direction to the y direction with in-
creasing y. In Fig. 5(d), we can see that, as the temperature T
approaches infinity, n, is not 0 in the phase with P77 symmetry

(@) (b)

FIG. 4. (a) The energy level E, = /h?> — y? versus temperature
T and y for the non-Hermitian Hamiltonian Hyy. (b) The Liouvillian

energy level Ei = ﬂir cosh™![cosh By - cosh(Br+/h* — y?)] versus
temperature T and y for the Liouvillian Hamiltonian H; .
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0
(b)
e
=
2 3
0 Y
(©)
)
To 1.2 3
1 Y
()]
N
=
% 1_2 3
Y

FIG. 5. (a) Expected values n; = (0;) of the spin operator from
Liouvillian-Boltzmann distribution for the non-Hermitian thermal
states pyyrs of the thermal PT system. (b), (c), and (d) depict n,,
ny, n; at temperature 7 = 10, respectively.

(h > y), which means the nonthermalization occurs in a high
temperature.

From the above discussions, we conclude that n; = (o;) is
always continuous when crossing over the EP. Furthermore,
we calculate g—ﬂ Because i = y is a transition from real spec-
tra to complex, the NHTSs of both sides (A > y and h < y)
are described by different functions. After straightforward
calculation, we can see

or

- = 2
v {h %tanh(ﬁﬁ/h ¥?)
+VT/3T[1 — tanh?(Bry/h2 — y2)],
2 __ 4,2
VI Y"1 anh? (B R = 7). 0., 0}

on _
AT | kgT? cosh By
(58)

01 57
,E}, (57)

for h > y and
h
oo — — -2 (59)
I4

forh < y. .
Figure 6 shows the result of : 3” We can see that i”y de-

on,
pends on y and temperature T, and —= and i depend only

on y. Moreover, at finite-T T # 0, g—)’j is discontinued at the
y = h. It means a “second-order” phase transition at the EP:
there existsa v = % critical rule for g—;: at finite-T T # O,

-

=(26r,0,h7") (60)

for h — y + 07 in the phase with PT symmetry (h > y) and
7 _1

=0. -2 (y =" =y™H (61)

o]
=
—
[\%]
=

. 2
(a) (b) (c)
£€ £S5 SR
0 0 0
0 1.2 3 0 1_2 3 0 500
0 7 0 7 1 T
(d) (e) ()
£s &ls £k
-5 -5 0
0 1 2 3 0 1_2 3 0 500
1 v 1 v 1 T
(@ (h) ()
-1 -1 0
0 1_2 3 0 1_.2 3 0 500

Y Y T

FIG. 6. The derivatives of expected values of the spin operators
of the thermal P7 system versus y or temperature 7. (a), (d),

and (g) are ; versus y at the temperature 7 = 0.01, respectively.

(b), (), and (h) are >
tively. (c), (f), and (1) are % versus temperature 7 at y = 0.999,
respectively.

versus y at the temperature 7 = 100, respec-

for y — h+ 0" in the phase with P7-symmetry breaking
(h < y); while at zero temperature 7 = 0,

87’ -1 —v —1
= (@ =)0 (62)
Y
forh — y + 0% and
8
D= 0. @Ry — ) =y (63)

for y — h + 0". To emphasize the strangeness of the v = %
critical rule, we call it zero temperature anomaly for the ther-
modynamic phase transition at the EP.

VII. CONCLUSION

In this paper, we study P7T -symmetric NH quantum sys-
tems at finite-T and develop a quantum Liouvillian statistical
theory for NH systems at finite-T. By considering a con-
trollable open quantum system S coupling with two separate
environments B and E, we design a thermal P7 system and
solve the corresponding GKSL master equation to find the
correct distribution. In addition, we define the NHTS for
NH systems at finite-T and explore its physical properties.
As a result, in general, the usual BZ law and the Equal
Probability Principle are all no longer valid for the NH sys-
tem at finite-T. Instead, the usual BZ law P, ~ e &n/ksT jg
replaced by the LBZ law P, ~ e /57 where EL is a Li-
ouvillian energy level of #,, rather than an energy level &,
of 7—AlNH. Based on the quantum Liouvillian statistical the-
ory, we derive analytical results of thermodynamic properties
for the thermal P7 system and find that a “continuous”
thermodynamic phase transition occurs at the EP, where a
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zero-temperature anomaly exists. Therefore, the quantum Li-
ouvillian statistical theory provides the necessary method to
study NH many-body physics and hence can be used to deal
with NH quantum many-body problems, including the topo-
logical property, transport property, correlation property, and
so on. In the future, we will study more complex NH models
and explore the possible exotic phenomena in NH systems at
finite-T.
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APPENDIX A: QUANTUM MASTER EQUATION OF THE
OPEN NON-HERMITIAN QUANTUM SYSTEM

For the total system S + B + E, we trace out E from it and
get the GKSL equation of the reduced density matrix o558

dpS+B

S+B
dt ]

= —i[Hs.p, p

- %{igsigs, PPy + Lpsp® Pl (AD)
We make the postselection measurement for the number of
particles N = (cicl + c;cz) ® Iz in S, so that it is always N =
1 [44]. After the postselection measurements, the quantum
jumping term LgspStBL} ¢ will be projected out [45]. Then
we get Eq. (17).

In general, the derivation of a quantum Markovian master
equation is performed in the interaction picture. Thus, we
write Eq. (17) as in the interaction picture

d N N
Ep;ifﬂ(t) = —i(Vi@®pp B () — pp B )V, 1)),

where

(A2)

piB () = eMent pSHB ()Mt (A3)

J

a m=%

Vint) = &0 Hyge e, (Ad)
and
Heiro = Hxu ® I + Is @ Hp. (A5)

For simplicity, we use [A, B]; to denote AB — BAT. So
LpptB(t) = —iViu (1), pj, B (0)]+. Its equivalent integral form
is

o B @) = pp,P(0) — i / ds[Viu(s), 0, % ()], (A6)
0

Combining Egs. (A2) and (A6), and taking the partial trace
over the degrees of freedom of the environment B, we give the
reduced density matrix p;,(t) in the subsystem S

d .
—ppa(t) = = iTeg[Vin (), pp, P (0)],

dt
_ / dsTes Vi), [Vin(s), o5 0)), ], (A7)
0

Here, we assume TrB[V]n(t), pf,fB(O)]T = 0 [43]. Addition-
ally, we use the Born approximation that the subsystem
S has little influence on the environment B, so pfj B(s) ~
,o,Sn(s) ® pf . By the Markov approximation p,sn(s) ~ pfn ),
we have

d ! A N
sty =— / dsTes [ Vin0). [Vin(s). 0 0) @ o). 1.
0

dt
(A8)
We substitute s by ¢ — s, the above equation can be expressed
as

d ! N "
o8 = Toa [ dstinte = )63,0) © V)
0

— Vin(®)Vin(t — $)p;,(t) ® pE1+He..  (A9)

Using eigenstates of Hyy in h >y, we insert the

Via(t) = eHero! |:Z Z |m>R<m|LyaC2Ca Z |n)g{nl, ® Ea(t)j| e~ Hermot
n==+

=YD m)g(mlpyacicaln)pinl e @ By(t)

a m=%xn==%

= Z Z Z e_iwt|m>R<m|LVaCZCa|m + 0)p(m + ol ® B (1),

a m=t o

identity operator [ = D ot IMIR(M]L ® Iy in V@)
and get
(A10)

where |m)g 1, are the right or left eigenstates of HAyy with the eigenvalue E,,, and |n)g ;, = |m + w)g 1 are the eigenvalues Ay
with the eigenvalue E,,, and they satisfy ; (m|m)z = 1. In addition, we have w = Fwy, 0 with wy = |E; — E_| = 2\/h? — y2.
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We define an operator Aglw),

AAa(a)) =

m==%

with a = 1 or 2. Now, V},,(¢) is written as

Vin@) =) Y e " Ay(@) ® Ba(0).

Substituting this form of Vin(t) to Eq. (A9), we get

Z m) g (Ml Yaclcalm + @) g(m + ol,

o) = E XL R s nden [ ase i - ki)

0 a

-3y Z Ze‘(“" M Ao (—w1)Ap(w) o, (t) / dse Trp(B}(1)B,(t — s)p],)

a —w

+Y Y NN e Ay (1)}, (DA (@) /0 dse” ™ Trg(of By (t — 5)B,(1))
a b 2}

- Z DD e ol (DA} ()AL (—wr) / dse™ Trg(pl Bj (t — $)Bu(1)).
0

0 a —w

We employ the one-sided Fourier transforms

Fu(@) = / dseé® (Bi(5)B,(0)),
0

t
T} (0) = f dse™™ (B! (0)B,(s)) (A14)
0
of the reservoir correlation functions (BZ(S)I?;,(O)) =

Trp(Bi(1)By(t — s)pE)) of the environment B to simply
Eq. (A13) equation. Eventually, :f—l py.(t) of the subsystem S
in the interaction picture is

d ) o
P =31 Y e @) (Ay(@)pp, (DA (1)

ab o

—Aa(—wl )Ab(w)pfn (t ))

+Y D0 e OOy (@) (A(@)pp, (OA] (@)

ab o

— P (DA} (@)A] (— ). (A15)

We use the rotating wave approximation to average out the
high-frequency part of the quantum transition processes and
ignore the case of w # w;, then get

DY ICa(@)(Ap(@)pf, (DA} (@)

ab o

—Au(—0)Ap(w)py, (1)) +Hee.l.

d S
— 1) =
dtpln()

(Al6)

The imaginary part of I'y, only provides a shift of en-
ergy levels and does not affect the possible thermodynamic
equilibrium state, so we ignore its imaginary part and get
Tap = 3Vap» Where v = [ dse™ (B (s)B,(0)) is the real
part of I'y;. Using the Kubo-Martin-Schwinger (KMS) condi-
tion (B}(1)B,(0)) = (B,(0)B] (1 + i7)) [43,51], we derive the

(A11)
(A12)
(A13)
[
temperature-dependent behavior of y,,
Var(—w) = e~y (). (A17)

For the sake of simplicity, we use (é g) to denote ,ofn ).

pm(ﬂ = Lp; (t) and p;, (1) = (é

According to g), we get

dA h
P o+ RTIA 4 (1 4 )T
dt h—vy

Ofl—lj = =2y (/T — 1)\/;A — 31 + e®/%T)p
— (1 + e™/BTYC — 2y (/BT — 1)\/m ’

le—f = —2yp(e”/"" — DEA — (1 + e/*T)p
— 3yp(1 + ™M T)C — 2y (e/koT — 1)\/m :

dD h—vy
— 1 wo/kgT
— =yl +e )—h+ y

A —yo(1 + BT,
ar yo(l+e )

(A18)
Then we simply and get Eq. (25).

APPENDIX B: GENERALIZED
BAKER-CAMPBELL-HAUSDORFF FORMULATION

Generalized Baker-Campbell-Hausdorff formulation: For
the case of 02 = 1 and o7 = 1, we have the following equa-
tion:

c+7-G

T = &+ |Fes| - Oer = €T, (B1)
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where
¢ = 3@ — |7, (B2)
and
|7| = tanh ™" <@> (B3)
o
with

o = cosh (2ry) - cosh r, + (7i; - #i5) sinh (2ry) - sinh 7,
|Fete| = {[sinh (2r1) - cosh ry + 2(#i; - Hyp) sinh? ry - sinh r,]?
+ (sinh )%},
Ocft = |Feie| " - {o1[sinh (2ry) - cosh r,
+ 2(#; - 71p) sinh? ry - sinh r2] + o sinh 12},

ry = |#i] and r, = |7].

We then prove the above generalized Baker-Campbell-
Hausdorff formulation.

First, for 0,7 = 1, we have

¢ = coshr + o, sinhr, (B4)
where |7| = r with cosh? r — sinh?> r = 1 and 0, = ; On the
other hand, for the case of X =d + f o with f = |f|, we

have X = ¢“*7% where
e‘coshr=d, €sinhr=7f. (B5)

Then, we have r = tanh’l(g) and ¢ = %ln(d2 — ).
Next, we calculate p = €7 - €27 - "7 and get

p =T . T g

= (COSh r =+ o1 sinh }’1)
x (cosh r, 4+ 0 sinh ry)

X (coshr; + o sinh ry), (B6)
where r; = || and r, = |F»|. The result is obtained as
p = (coshr; - coshr, + oy sinhr; - coshr,
+ o, coshr; - sinh ry 4+ o107 sinh ry - sinh ;)
X (coshr; + oy sinhry)
= cosh (2ry) - cosh ry + (7iy - 7ip) sinh (2r) - sinh 1,
+ o[sinh (2r1) - cosh ry + 2(7i; - 7i2) sinh? ry - sinh 73]

+ oy sinh r, (B7)

F

where 71| =

7).
Third, we show the final result:

and /i, = I;_ZI Here, we used {01, 0o} = 2(#; -

=

i1

0 =a + |Fesr| - Oeir = €77, (B3)
where
|?eff|

1
¢ = =In(e® — |Fg])?), r=tanh™! <—>
2 o

with o = cosh 2ry - cosh ry + (7 - #ip) sinh 27} - sinh 7,
75| = {[sinh (2r,) - cosh ry + 2(i - 7t2) sinh? ry - sinh r,]?
+ (sinh rp)*}1/?
and
Oeir = |Ferr| " -+ {01 [sinh (2r1) - cosh

+ 2(#i; - ip) sinh? ry - sinh 2] + o5 sinh r»}.

In general, according to o> — |7 |> = 1, we have
1 2 = 12
c= 3 In(a” — |Feie]”) = 0. (BY)

So

cosh~l o

p=e ef |

(G “Fefr) — ecosh’la-aeff

(B10)

APPENDIX C: EXPECTED VALUES OF THE SPIN
OPERATORS IN THE P7 SYSTEM
FOR THE TWO CHOICES

1. Choice I

In choice I, the expected values of physical operators o;
(i = x, y, z) of the thermal P7T system are

1
n; = (0;) = ETT(UI‘ o), (CD

where Z' = Tr(p"). It is obvious that Z! = Z,, where Z, =
Tr(pp) is the partition function for HemlitialAl model H
According to the definition of p' = SpyS~!, we have

o' =Cl+0,A+0,B (C2)

for the thermal P7 system, where [ = ((1) (1)) and

A = — cosh By - sinh(Br/12 — 2),
B = —isinh Buy - sinh(Br/72 — y2),
C = cosh(Br/h2 — y2). (C3)

We obtain the expected values of oy, oy, and o; as

A
=== — cosh By - tanh(Brv/h? — y?),
B
ny = c= —isinh Bny - tanh(Br+/h2 — y2),
n, = 0. (C4)

We can see that the expected value of o, becomes imaginary,
i.e., ny # (n,)*, which means that the result is unphysical.

At y = 0, the Hamiltonian of the thermal P7T systembe-
comes a Hermitian Hamiltonian H = ho,, which corresponds
to the Hermitian case. In this case, different quantum states at
the thermal equilibrium state obey the BZ distribution law, i.e.,
P, = e PrE+ and P_ = e PrE- where E4 = +h are energy
levels. In Fig. 7(a), the blue curve and blue triangles represent
the expected values of o, from choice I p' and those derived
by directly solving the GKSL equation pg;;r in the Hermitian
case (y = 0), respectively. Except for the case of y = 0, the
others correspond to the NH case, such as the case of y = 0.9
marked by the red curve and red triangles in Fig. 7(a). The
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FIG. 7. The expected value (o,) = n, of the spin operator in the
thermal P7 system versus the temperature 7 for y = 0 (Hermi-
tian case) and y = 0.9 (non-Hermitian case). (a) The comparison
between the results from choice I p' (solid curves) and those
obtained by directly solving the Gorini-Kossakowski-Sudarshan-
Lindblad equation (the small triangles). (b) The comparison between
the results from choice II p" (solid curves) and those derived by
directly solving the Gorini-Kossakowski-Sudarshan-Lindblad equa-
tion (the small triangles).

results of n, derived by p' (the red curve) are noticeably
inconsistent with those obtained by directly solving the GKSL
equation ngHTs (red triangles) for the NH case in Fig. 7(a). In
particular, n, > 1 derived by p' indicates that the results from
choice I p! are absurd and unphysical. Finally, we conclude
that p' is not a correct formulation for describing NH systems
at finite-T.
Additionally, we have

p' = S(e Fring!

— 6—5731-705"1 — e—ﬁTﬁNH

= pBZ. (C3)

This equation means that n; from p' = SppS~" is the same as
that from BZ distribution law pBZ = ¢~#rfxn The statement
is also verified by Fig. 1(b) in the main text.

2. Choice II

In choice II, the expected values of physical operators o;
(i = x,y, z) of the thermal PT system are written as

1
ni = (01) = 5 Tr(o; - o™, (C6)

where Z!' = Tr(p") is the partition function.
After straightforward calculations, we have

o' =0, A+0,B+IC, (C7)

for the thermal P 7 system, where [ = (é ?),

A = —sinh(Br/h? — y2),
B = sinh(Bnn) - cosh(Brv/h2 — y2),

C = cosh(Bny) - cosh(Br/ A% — y2). (C8)
Then, we get

A —tanh(Brh% — y2)

n, =

Cc - cosh Anu
ny =0,
B
n, = c= tanh By - (C9)

The expected value of o; becomes real, i.e., n; = (n;)*.

According to Fig. 7(b), the results from density matrix p"!
(the red curve) are the same as those obtained by directly solv-
ing the GKSL equation ,offIHTS (red triangles) for the NH case
of y =0.9. In particular, |n,| < 1 derived by pH indicates
that the results from choice II p™! are physical. This means
that p = SpST is correct for the thermal P7 system in the
NHTS.
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