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Scattering hypervolume of fermions in two dimensions
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We define the three-body scattering hypervolume Dy for identical spin-polarized fermions in two dimensions
by considering the wave function of three such fermions colliding at zero energy and zero orbital angular
momentum. We derive the asymptotic expansions of such a wave function when three fermions are far apart
or one pair and the third fermion are far apart, and Dy appears in the coefficients of such expansions. For
weak-interaction potentials, we derive an approximate formula of Dr by using the Born expansion. We then
study the shift of energy of three such fermions in a large periodic area due to Dy. This shift is proportional to
Dy times the square of the area of the triangle formed by the momenta of the fermions. We also calculate the
shifts of energy and of pressure of spin-polarized two-dimensional Fermi gases due to a nonzero Dy and the
three-body recombination rate of spin-polarized ultracold atomic Fermi gases in two dimensions.
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I. INTRODUCTION

In quantum mechanics, the behavior of particles colliding
with low energy depends sensitively on the dimension of
space. For the zero-energy s-wave collision of two particles
in d-dimensional space, the wave function takes the following
form:

1-— adD/sd’z,
1n(s/a2D)a

d> 2,

¢dD={ d=2.

ats > r,, where s is the distance between the two particles, r,
is the range of the interaction potential, and a,p is the s-wave
scattering “length” in d-dimensional space. For identical spin-
polarized fermions, there are no two-body s-wave collisions.
The two-body wave function for p-wave collisions also de-
pends on the dimension of space. The two-body wave function
for the zero-energy p-wave collision in two dimensions is

$15)(s) = (f - ﬁ)eﬁ" (M
2 ;s
at s > r,, where s is the spatial vector extending from one
fermion to the other and 6 is the angle from the +x direction
to the direction of s, such that s, = scos@ and s, = ssinf. a,
is the p-wave scattering length in two dimensions, although
its dimension is length squared.

Two-dimensional (2D) atomic Bose gases [1-12] and 2D
atomic Fermi gases [13-22] have been successfully realized
in experiments. Two-dimensional Fermi gases have novel fea-
tures not encountered in three dimensions. For three identical
spin-polarized fermions in two dimensions with a short-range
interaction fine-tuned to a p-wave resonance, there are super
Efimov bound states with orbital angular momentum quantum
number L =1 [23-26], and their binding energies obey a
universal doubly exponential scaling [23].
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For three-body collisions, there are also big differences due
to different spatial dimensions or different quantum statistics
of the particles. The scattering hypervolume was defined for
identical bosons [27], distinguishable particles [28-30], and
spin-polarized fermions [31] in three dimensions. The scat-
tering hypervolume is a three-body analog of the two-body
s-wave or p-wave scattering length.

In this paper, we define the three-body scattering hy-
pervolume Dp of identical spin-polarized fermions in two
dimensions by studying the wave function of three such
fermions colliding at zero energy and zero orbital angular
momentum. We find that in two dimensions Dy has the di-
mension of length raised to the sixth power, while in three
dimensions its dimension is length raised to the eighth power
[31].

This paper is organized as follows. In Sec. II, we first re-
view the two-body wave functions for identical spin-polarized
fermions in two dimensions and then derive the asymptotic
expansions of the wave function for three such fermions col-
liding at zero energy and zero orbital angular momentum,;
the parameter Dp appears as a coefficient in these expan-
sions. In Sec. III, we derive an approximate formula for Dg
for weak-interaction potentials using the Born expansion. In
Sec. IV, we first consider three fermions in a large square
with periodic boundary conditions and derive the shifts of
their energy eigenvalues due to a nonzero Dp and then con-
sider the dilute spin-polarized Fermi gas in two dimensions
and derive the shifts of its energy and pressure due to a
nonzero Dp. In Sec. V, we study the dilute spin-polarized
Fermi gas in two dimensions with interaction potentials that
support two-body bound states, for which we have three-body
recombination processes and Dp has a nonzero imaginary
part, and derive formulas for the rates of these processes in
terms of the imaginary part of Dp. In Sec. VI we summarize
our results and discuss the generalization of the hypervol-
ume to three-body collisions with a higher orbital angular
momentum.

©2022 American Physical Society
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II. ASYMPTOTICS OF THE THREE-BODY
WAVE FUNCTION

We consider three identical spin-polarized fermions collid-
ing with zero kinetic energy. Their wave function W satisfies
the Schrodinger equation

3 2

h
E [—%Vf+V(Si)]\I’+V3(S1,S2,S3)\I’=0, 2
i=1

where m is the mass of each fermion, r; is the position vector
of the ith fermion, and s; = r; — ry. The indices (i, j, k) =
(1,2,3), (2,3,1), or (3,1,2). V(s;) is the two-body potential,
and Vj is the three-body potential. We assume that the inter-
actions among these fermions are finite ranged and depend
only on the interparticle distances. We define the Jacobi coor-
dinates for later use:

Ri=r—(r;+r0)/2, (3a)
3
B= (st +3+sh/2= R+ 38 (D)
2R;
®; = arctan . 3¢)
3S,‘

B is called the hyperradius, and ©; is the hyperangle.

Equation (2) and the translational invariance of W do not
uniquely determine the wave function for the zero-energy col-
lision. We need to also specify the asymptotic behavior of W
when the three fermions are far apart. The leading-order term
Wy in the wave function when sy, 55, and s3 go to infinity si-
multaneously should satisfy the Laplace equation (V} + V3 +
Vi)W = 0 and scale as B” at large B. The most important
three-body wave function for zero-energy collisions, for the
purposes of understanding ultracold collisions, should be the
one with the minimum value of p [31]. The reason is that
the larger the value of p is, the less likely it is for the three
particles to come to the range of interaction within which they
can interact. One can easily show that the minimum value of
p for three identical fermions in two dimensions iS pmin = 2;
the corresponding Wy is

Wy = s R, — 5,Ry, (@)

and it takes the same form as one of the W,’s in three di-
mensions; here and in the following, we define s =s; and
R =R;. One can verify that Vo = s;:R;, — s;yRix for any
i € {1, 2, 3}. Unlike in three dimensions, however, we have
only one linearly independent three-body wave function for
the zero-energy collision with p = 2 in two dimensions, and
this wave function has zero total orbital angular momentum
and is rotationally invariant.

A. Two-body special functions

For two-body scattering in the center-of-mass frame with
collision energy E = /i*k*/m and orbital angular momentum
quantum number [, the wave function can be separated as
Y (s, 0) = u(s)e*” / /s, and the radial part u(s) satisfies

d*u ,  mV(s) > — 1/4
W ke — hz — 32 u = 0

®)

We assume a finite-range interaction such that V (s) vanishes
at s > r,. The analytical formula for u(s) at s > r, is

u(s) = a;/slJi(ks) cot §;(k) — Y;(ks)], (6)

where J; and Y, are the Bessel functions of the first and second
kinds, respectively. ¢; is an arbitrary coefficient which deter-
mines the overall amplitude of the two-body wave function.
8;(k) is the [-wave scattering phase shift, and it satisfies the
effective range expansion [32,33]:

K| cot 8;(k 22 e 4
1(k) In(kp;)| = + -k + 0k™), (7
b4 a 2

where «; is the [-wave scattering length (/ > 1) with dimen-
sion [length]?. r; is called the [-wave effective range for
I # 1, and it has dimension [length]>~%. p; is an arbitrary
length scale.

The wave function in the /-wave channel at s > r, is

Y (s) = —k ai[Ji(ks) cot 8 (k) — Yi(ks)le="".  (8)

Here we have fixed the overall amplitude of 1 /*) by specify-
ing the coefficient o = —kla.

At small collision energies, k < 1/r,, the wave function
can be expanded in powers of k% [27,29,31]:

Y (s) = ¢ (s) + 2 E () + kg Fs) +..., ()

where ¢pF)(s), fH)(s), g!H)(s), ...
special functions, and they satisfy

are called the two-body

Hop®)(s) =0, (10a)
Hf ™ (s) = ¢"(s), (10b)
Heg'"™P(s) = fH(s), -, (10c)
where H is defined as
~ m
=-V:4 FV(s). (11)

H /m is the two-body Hamiltonian for the collision of two
fermions in the center-of-mass frame. The two-body special
functions will appear in the expansion of the three-body wave
function W when two fermions are held at a fixed distance and
the third fermion is far away from the other two.

#*)(s) is the wave function for the zero-energy collision
of the two fermions in the /-wave channel. From Egs. (8) and
(9) we get

5(s) — [ s 200 -2

+ilf
o — g i|e , s>r. (12)

for [ > 1. [ must be odd for identical spin-polarized fermions
due to Fermi statistics. We use symbols p, f, &, ... to repre-
sent [ =1,3,5,..., namely, a; = ap, ry =r,, a3 = ay, and
SO on.

For fU*)(s) with I = 1, we find

1 a,s. s :
(IB)(g) = [ ——3 4 D25y 2 ) 20 ’ 13
fU7(s) <16S+nan>e , S > T, (13)
where R, = 2p; ™ ?/*T1/277¢ and yp = 0.5772 - - is Euler’s
constant. We call R, the p-wave effective range.

The explicit formulas for £+ with / > 1 and g/* are not
listed for brevity because they are not used in this paper.
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B. The 111 expansion and the 21 expansion

Like what we did in previous works [27,29,31], we derive
two asymptotic expansions for the three-body wave function
W. When the three fermions are all far apart from each other,
such that the pairwise distances s;, s, and s3 go to infinity
simultaneously for any fixed ratio s : s; : 53, we expand W in
powers of 1/B, and this expansion is called the 111 expansion.
When two fermions are held at a fixed distance s but the third
fermion is at large distance R away from the center of mass
of the other two, we expand W in powers of 1/R, and this is
called the 21 expansion. These expansions are

\I’ = Z T(_p)(rh r21 r3)9

p=—2

(14a)

U= STIR,s), (14b)

g=—1

where R=R,, s =s;, TP scales as B~?, and SC? scales
as R79. Here p starts from p = —2 because the leading order
term Wy in the 111 expansion scales like B%. Because ¥, o R!
for any fixed s, the leading-order term in the 21 expansion
should scale like R', so ¢ starts from ¢ = —1.

TP satisfies the free Schrodinger equation outside of the
interaction range:

—(Vi+V; +V5)T? =0. (15)
If one fermion is far away from the other two, Eq. (2) becomes
(H-3vi)w=o0. (16)
J
3Dr  da, o~ 1 3242
V= ey = ROV = 2B w ; g 2B? i

- s?  m3B°

This leads to the following equations for S
HAHSY =0, HSV =0,
HS™? = 3V3SCat (g > 1). (17)

We can further expand 77 as Y, 1% ~77" when s <
R, where %7 scales like R's/. We can also further expand
ST asy" ;1747 whens > r,. Because the three-body wave
function W may be expanded as ), 7" at B — oo and
may also be expanded as ), S at R — oo, t4) in the
above two expansions should be the same. Actually, the wave
function has a double expansion W = =, ;1 in the region
Fe K s KR

We show the points at which 1%/ % 0 on the (i, j) plane
in Fig. 1. TP corresponds to a straight line with slope equal
to —1 and an intercept equal to —p. S corresponds to the
vertical line i = —gq in the diagram.

To derive the two expansions, we start from the leading-
order term (which fixes the overall amplitude of W) in the 111
expansion:

T = Wy = (s,Ry — 5,R,). (18)

We then first derive SV, then derive 7, then derive S©,
then derive 7@, and so on, all the way to S=>). At every
step, we require the 111 expansion and the 21 expansion to be
consistent in the region r, < s < R. See Appendix A for the
details of the derivation.

The resultant 111 expansion is

1 160a) S (R? B? _7
3=+ 0B, (19)

i—1 lap|si

where Dy is the three-body scattering hypervolume of identical spin-polarized fermions in two dimensions and it appears at the
order of B~* in the expansion of W. The dimension of Dy is length raised to the sixth power.

The resultant 21 expansion is

O .
nR  n#?R3 RS

3R>

?In ;s) IR (s) — Y PRGN (9)]

40ia12,

[ 48a, 384a PN L
+l(— r nz—Rsp>w3 'Ry () = YTV R (s)]
_ 960ia,

TR

where

Y (R) = (R, +iR,)' /R, Q1)
R = |a,|/*RY*, (22)
3
_3Dp 280a;, 23)
272 a3

~ ~ 2 ~ ~
VRGP (s) — YO R)GC(s)] + T[y“’)(R)f“”(S) — YRS+ O0R™,  (20)

For any finite-range potentials V (s) and V(sy, 52, §3), we
may solve Eq. (2) numerically and match the solution to the
asymptotic expansions in Egs. (19) and (20) at large inter-
fermionic distances to determine Dy numerically. But if the
potentials are sufficiently weak, we may use the Born expan-
sion to calculate D, as we do in Sec. III.

For attractive potentials whose strengths are fine-tuned
such that there is a three-body S-wave bound state (i.e., with
total orbital angular momentum quantum number L = 0) with
energy close to zero, we anticipate that Dy becomes large.
When we tune the strength of attraction such that this shal-
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FIG. 1. Diagram of the points representing ¢®/) on the (i, j)
plane. Each point with coordinates (i, j) represents %/, which
scales like R's/. Dots represent those points at which @/ =£ 0. The
term 7" in the 111 expansion is represented by red dashed lines
satisfying the equation i + j = —p. The term S~ in the 21 expan-
sion is represented by blue dashed lines satisfying the equation i =
—q.

low three-body bound state barely forms (so that there is
a metastable three-body state whose energy is positive and
has some width due to the finite lifetime), Dy is large and
negative; when we increase the strength of attraction such
that this shallow three-body bound state has a small negative
energy, D is large and positive. Dy has a pole as a function of
the strength of attraction, and the pole is located at the critical
strength at which the energy of this three-body bound state is
ZEero.

III. APPROXIMATE FORMULA
OF Dr FOR WEAK-INTERACTION POTENTIALS

For weak interactions, we analytically derive an approxi-
mate formula of Dp by using the Born series:

U = Wy + GV, + (GV)* Wy + - - - (24)

where V is the total 1nteract10n potential and G is the
Green’s operator (G = _Ho , Hy is the three- body kinetic-
energy operator). Writing the interaction potential as V =

V3(s1, 82, 83) + Z?:l V (s;), we find

~ 6A
GV\IJ() = —(Sny — Sny) ]'[?

3
(2%
6+Zz_s,?+"'>’(25a)

i=1
(GV)* W, = (5,R,

B2 o3 9az04
x {[; <2_s2 + 2B2zs,2)] T leBe T }

+0(VV3) + O(Vy),

Sny)

(25b)

where
m o0 1
o, = ﬁ./ dss"'V (s), (26a)
0
m2 o0 N

A= %/dsld52d53 515283V3(s1, 52, 53)SA (51, 52, 53).

(26¢)

Sa =/ p(p—s1)(p — 52)(p — s53) is the area of the triangle
with sides sy, 5o, and s3, where p = (s; + 52 + s3)/2. The
integral on the right-hand side of Eq. (26c¢) is over all values of
S, 82, and s3 satisfying s; > 0, s > 0, s3 > 0, 51 + 52 > 53,
§> + s3 > 51, and s3 + s > 5, simultaneously. The details of
the derivation are shown in Appendix B.

By comparing these results with the 111 expansion in
Eq. (19), we find the expansions of a, and Dy in powers of
V(S) and V3(S| , 82, S3)I

T 3
a, = §(Olz — B2) + O(V?), 27

37’ 2 3
Dp =4 A + g +O0(VV3)+ O(V5) + O(V?). (28)

For any particular two-body potential V (s), e.g., the square-
well potential, one can calculate a, analytically and verify
that the result is consistent with Eq. (27) if V is weak. Equa-
tion (28) shows that Dy is quadratically dependent on the
two-body potential V if V is weak and the three-body potential
V3 is absent. On the other hand, Dy is linearly dependent on
the three-body potential V3 if V3 is weak and the two-body
potential is absent.

If the interactions are not weak, one can solve the three-
body Schrodinger equation numerically at zero energy and
zero orbital angular momentum and match the resultant wave
function with the asymptotic expansion in Eq. (19) or Eq. (20)
to numerically extract the value of Dr.

IV. SHIFTS OF THE ENERGY AND THE PRESSURE
OF IDENTICAL SPIN-POLARIZED FERMIONS

In this section, we first study the energy shift of three spin-
polarized fermions caused by the scattering hypervolume Dp.
We then derive the shifts of the thermodynamic properties,
including the energy and the pressure, of the spin-polarized
Fermi gas due to a nonzero Dp.

A. Three fermions in a large square

For the sake of simplicity, in this section we assume that the
fermions have no two-body interaction or have a fine-tuned
two-body interaction such that the two-body p-wave scatter-
ing length a, = 0 but the three-body scattering hypervolume
Dr # 0, and the 111 expansion for the zero-energy three-body
wave function in Eq. (19) is simplified as

N 3Dr
U~ (Sny - Sny) 1-— W . (29)

For the purpose of calculating the energy shifts due to a
nonzero Dp, the true interaction potential V (s;) + V(s2) +
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V(s3) + V3(s1, 2, s3), which in general has a complicated
dependence on the interparticle distances, is replaced by a
three-body pseudopotential V,,. We use the following pseu-
dopotential:

WDy
6m

where A is a projection operator which, when acting on the
O(B~) term in the three-body wave function, yields zero. The
operator A is an analog of the operator %r in the two-body
pseudopotential for s-wave collisions in Refs. [34,35]. One
can check that the pseudopotential in Eq. (30) is symmetric
under the interchange of the three fermions. The coefficient

on the right-hand side of Eq. (30) has been chosen such that

Vis =

[[V2V2 — (Vs - VRPJ5)8R)} A, (30)

i 2 2 2
—%(Vl + V5 +V3)\IJ+VpS\I’:0. 3D

We now consider three fermions in a large square with
area A and impose the periodic boundary conditions on the
wave function. Consider an energy eigenstate in which the
momenta of the fermions are 7Kk, %k,, and 7Kk; in the absence
of interactions. When we introduce interactions that give rise
to a nonzero Dy, the energy eigenvalue of the three-body
state is shifted by the following amount at first order in the
perturbation:

Ekkoks = /d2r1d2r2d2r3 |‘I'klk2k3|2Vps, (32)

where Wy ik, 1s the normalized unperturbed wave function
and it can be written in terms of a Slater determinant:

eik[-l‘] eikl-rz eik1-l‘3
\I’k ok = iky 1) eikz-rz eikz'r3 . (33)
1 \/6A3/2 eikg-l‘] eikg-l‘z eik3-l‘3
We get
W Dr 2
gk1k2k3 = 3}117(1(1 X k2 + k2 X k3 + k3 X k]) . (34)

This energy shift is proportional to the square of the area of
the k-space triangle whose vertices are ki, k;, and k.

B. Energy shift of many fermions
and thermodynamic consequences

We generalize the energy shift to N fermions in the periodic
area A. The number density of the fermions is n = N/A. We
define the Fermi wave number ky = (47n)'/?, the Fermi en-
ergy €p = Fzzkfr /2m, and the Fermi temperature Tr = €p/kp,
where kg is the Boltzmann constant.

1. Adiabatic shifts of energy and pressure
in the thermodynamic limit

Starting from a many-body state at a finite temperature T,
if we introduce a nonzero Dy adiabatically, the energy shift at
first order in D is equal to the sum of the contributions from
all the triplets of fermions, namely,

1
AE = 6 Z gk1k2k3 Nk, Nk, Nk; (35)
ki ko ks

where ng = (&= 4+ 1)~! is the Fermi-Dirac distribution
function, B = 1/kgT, € = h*k*/2m is the kinetic energy of
a fermion with linear momentum 7k, and p is the chemical
potential. The summation over k can be replaced by a con-
tinuous integral >, = A [ d?*k/(27)? in the thermodynamic
limit. Carrying out the integral, we get

NE’ Dy
AET) = To57m

KT AT, (36)

where T =T /Tr and the function f,(z) is defined as

2 o] x2u—l
fo@) = ~Liv(-0) = o /O e 6D
The number of fermions satisfies N = > —eﬁ(ek,'/“ —7» and this
leads to
oL=TlneE"T — 1), (38)

where 1 = 1 /¢r.
In the low-temperature limit, 7 < TF,

NR*Df 4

AET) =192,k

1 72~ 74~ ~ &
-+ T+ =T+ 0Te VY|, (39
><|:4—|— 6 +36 + O(Te ) 39)

In the intermediate-temperature regime, Tr < T < T,

~ T 17 ~
T+ =+ —+0T"H|, @0

NI*Dp 4
AE(T) = k >+ T

19272m

where T, = % If T is comparable to or higher than T, the
de Broglie waveelengths of the fermions will be comparable
to or shorter than the range r, of interparticle interaction
potentials, and we can no longer use the effective parameter
Dy to describe the system. See Fig. 2(a) for AE as a function
of the initial temperature.

The pressure of the spin-polarized Fermi gas changes by
the following amount due to the adiabatic introduction of Dg:

<3AE> 4AE
Ap:— [ —
S,N

0A A Al
Ilh2DF 8 54 Bun2 ( )
= g kT LT,

The subscripts S and N in Eq. (41) mean that we keep the
entropy S and particle number N fixed when taking the partial
derivative. See Fig. 2(b) for Ap as a function of the initial
temperature.

2. Isothermal shifts of energy and pressure
in the thermodynamic limit

If the interaction is introduced adiabatically, the tempera-
ture will increase (if Dy > 0) or decrease (if Dr < 0). The
change in temperature is

IAE
AT = | — . 42)
S Jyna
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—— AE - adiabatic
— — = AE'- isothermal
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T/ Ty
(a) Energy

40 —— Ap - adiabatic
- — — Ap' - isothermal

Ap(T) | Ap(0)

(b) Pressure

FIG. 2. The shifts of (a) energy and (b) pressure caused by the adiabatic (red line) or isothermal (blue dashed line) introduction of Dy vs
the temperature 7. At T =~ 0.4247, the isothermal energy shift AE changes sign.

Therefore, if we introduce Dy isothermally, the energy shift
AE’ should be

d
AE' = AE — CAT = (1 — Tﬁ>AE, (43)
where C is the heat capacity of the noninteracting Fermi gas
at constant volume. In the low-temperature limit, 7 < TF,
NK*Dp 1 =2~ a4
AE'(T) = 8| = 22 - 2 74 4 o VT
1) = 192m2m F[4 6 ! FoE
(44)

In the intermediate-temperature regime, Tr < T K T,

NK*Dp

AET) = Toomm

Bl L LoF ] @)
F 144 '
According to Egs. (44) and (45), AE’ changes sign as we
increase the temperature from 7" < Tr to T > Tr. Therefore,
there is a critical temperature 7, at which AE’ = 0. We find

T, ~ 0.424T. (46)

The pressure of the spin-polarized Fermi gas changes by
the following amount due to the isothermal introduction of
DFZ
A A CAT _ 1 lT8 A (47)
p=ar- == =\1-3T57 )Ar

In the low-temperature limit, 7 < Tf,

nh>D 1 7~ ~
/= 9671_2; ,8,[5 + ?Tz + O(e_l/T)]. (48)

In the intermediate-temperature regime, Tr < T K T,

’ nh D[:
Ap = kF

2372 T 0@ @
9672m 72 ’

4

The shifts of energy and pressure are plotted as a function
of temperature in Figs. 2(a) and 2(b), respectively.

V. THE THREE-BODY RECOMBINATION RATE

If the collision of the three particles is purely elastic, Dg
is a real number. But if the two-body interactions support
bound states, then the three-body collisions are usually not
purely elastic, and the three-body recombination may happen,
which is the case for most ultracold atomic gases because
most ultracold atoms have two-body bound states. In this case
Dr becomes complex and acquires a negative imaginary part,
and the three-body recombination rate constant is proportional
to the imaginary part of Dy [36,37]. When the imaginary
part of D is nonzero, the 111 expansion in Eq. (19) remains
valid, but the 21 expansion in Eq. (20) should be modified by
including terms describing bound pairs flying apart from the
third particle.

Within a short time At, the probability that no recombina-
tion occurs is exp(—2|ImE|At/h) >~ 1 — 2|ImE| At /h. Then
the probability of one recombination event is 2|ImE|At/h.
Since each recombination event causes the loss of three low-
energy fermions, the change in the number of remaining
low-energy fermions in the short time dt is

2dt
=—= Z 3 MMt i M, (50)

k1k2k3
This leads to
dn _ —Lsn?, (51)
dt
and the coefficient L3 is
s = S P (52)

L3 depends on the density n and temperature 7 .
In the low-temperature limit, 7 < TF,

1 272 )\ A|ImDy |
Ly~ =14+ 2272 ) 204 53
3 8< T3 > m (53)
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In particular, at 7 = 0,

AlImDy|
L3 = 8—mkF’ (54)
and Ls is proportional to n?, so dn/dt is proportional to n°.
In the intermediate-temperature regime, Tr < T <K T,, we
find that

Ly ~ Zh—';"|1mDF|(kBT)2. (55)
In this case Ls is proportional to 72 and is approximately inde-
pendent of n, so dn/dt is proportional to n>. In Refs. [38,39]
it was predicted that Ls oc T for the spin-polarized Fermi gas
in three or two dimensions according to the threshold law, and
our Eq. (55) is consistent with this prediction. In Ref. [40]
the T2 dependence of L3 was experimentally confirmed for
a two-dimensional spin-polarized Fermi gas. One can extract
the imaginary part of Dy from the experimental value of Lj
by using the formulas we have presented here.

VI. SUMMARY AND DISCUSSION

We have derived the asymptotic expansions of the three-
body wave function W for identical spin-polarized fermions
colliding at zero energy and zero orbital angular momentum
in two dimensions. The scattering hypervolume Dy appears
at the order of B~* in the 111 expansion of W. We find that
in two dimensions Dy has the dimension of length raised to
the sixth power. In contrast, the dimension of Dy for identical
spin-polarized fermions in three dimensions is length raised
to the eighth power [31].

For weak-interaction potentials, we have derived an ap-
proximate formula for Dy by using the Born expansion.
For stronger interactions, one can solve the three-body
Schrodinger equation numerically at zero energy and zero
orbital angular momentum and match the resultant wave func-
tion with the asymptotic expansion formulas we have derived
in this paper to numerically extract the values of Dp.

We considered three fermions in a large square with peri-
odic boundary conditions and derived the shifts of their energy
eigenvalues due to a nonzero Dy and then considered the
dilute spin-polarized Fermi gas in two dimensions and derived
the shifts of its energy and pressure due to a nonzero Dp.

Finally, we studied the dilute spin-polarized Fermi gas
in two dimensions with interaction potentials that support
two-body bound states, for which we have three-body recom-
bination processes and Dy has a nonzero imaginary part, and
we derived formulas for the three-body recombination rate
constant L3 in terms of the imaginary part of Dy and the
temperature and density of the Fermi gas.

We emphasize that the scattering hypervolume Dy we have
studied in this work refers to the S-wave collisions of three
identical spin-polarized fermions in two dimensions; that is,
the total orbital angular momentum quantum number L is
zero for such collisions. One can also study the P-wave colli-
sions of these three fermions in two dimensions, with L = 1,
and define a new three-body scattering hypervolume D}P ) by
studying the asymptotic expansions of the P-wave three-body
wave function at zero collision energy. The P-wave three-
body collisions are interesting because there is a super Efimov

effect for L = 1 near two-body p-wave resonances [23-26].
The behavior of D;P ) near such a resonance is expected to
be related to the super Efimov effect and deserves future
investigation.
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APPENDIX A: DERIVATION OF THE 111 EXPANSION
AND THE 21 EXPANSION

We expand the three-body wave function in two forms:

oo
W= TPy, 13),

(Ala)
p=-2

U= Z SR, s), (Alb)
q=—1

where 7 scales as B~ and SS9 scales as R~%. The
hyperradius B and the vectors R and s are defined in the main
text.

If s < R, we can further expand 77 as

TP = 3 gD,
i
where t /) scales as R's/. If s > r,, we can expand S as

s — Zt(fq,j).
J

Because the three-body wave function W may be expanded as
>, TP at B — oo and may also be expanded as y_, S«
at R — oo, t7) in the above two expansions should be the
same. In fact, the wave function has a double expansion ¥ =
> 17 in the region r, < s < R.

Step 1. We start from the leading-order term in the 111
expansion:

(A2)

(A3)

T® =s.R, — s,R, =tV (A4)

and this indicates that SV is nonzero but S©@, S®, 8@ _are
zero. Consequently,

1S =0ifi > 2. (A5)
Expanding 7® at s < R, we find that
F0.2) _ f(=13) _ j(=24) _ 35 _ (A6)
Since 7@, 7@ TG)  are zero, we have
1D =0ifi+ j > 3. (A7)
Step 2. Ats > r, we expand SV as
SW =D 43 "D, (A8)
j<0
SW also satisfies
HSY =0, (A9)
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where H is proportional to the two-body Hamiltonian and is
defined in the main text. Therefore, SV’ takes the following
form:

SV =R [P (s) + g (s). (A10)
!

Because ¢*) contributes a term proportional to s', S
contains a term scaling as R's’. On the other hand, the leading-
order term on the right-hand side of Eq. (A8) is "'V, which
scales as R's'. So we must have ¢,y = 0 for > 1.
Expanding Eq. (A10) at s > r, to the order s' and using
Eq. (12), we get
1D = IR[e14(se +isy) + c1- (s, — isy)]. (Al1)

Comparing this result with Eq. (A4), we find the coefficients
Cl+-

Cly = I%(Rx —iRy), (Al12a)
ci- = %(Rx +iRy). (A12b)
Therefore,
SU =R VR (s) —y PRSIV s). (AL3)
Expanding SV at s > r,, we get
110 =, (Al4a)
=D = —%(sny — 5yRy), (A14b)
D=0, j< -2 (Al4c)
Step 3. Ats < R we expand 7 as
T =00 4 OD 4 LD 4 = OD 4 CLD
(A15)

So T goes to zero at s — 0. So Eq. (15) may be written as
(V24 V3 +VHTWD =0 for p= —1,and TV should satisfy
this partial differential equation even at s; = 0. Thus, 7
must be a harmonic polynomial. But we do not have any
nontrivial harmonic polynomial of degree 1 that also satisfies
the fermionic antisymmetry. We are therefore forced to take

TH = 0. (A16)
So
1D = 0ifi+j=1. (A17)
Step 4. Ats > r, we expand S as
SO =02 10D 4 0% = 0(sY). (A18)
Combining this with the equation HS® =0, we get
SO =o. (A19)
So
10D = 0. (A20)
Step 5. Ats < R we expand 7© as
TO) _ =1 4 0.0) 4 (L1 4 ((-22) 4
=0 D (A21)

t:=D is shown in Eq. (A14b). T should satisfy the free
Schrodinger equation outside of the interaction range, so
(=V2 —3V3/4)T© should be equal to some Dirac § func-
tions that are nonzero only at s; = 0. 7 should also be
antisymmetric under the interchange of the fermions. We have

—v2=D = 84, [R,3,8(s) — R,3,8(s)],

SO
3
(—V§ — ZV‘2‘> TV = 8a,[R,0:8(s) — R:d,6(s)], (A22)

where 7{” is one term of the full 7©. Solving the above
equation, we get
4a
’7;(0) = ——L(s:R, — s,R,).
5 Wxfly yilx
! TS

(A23)

The full 7© should also be antisymmetric under the inter-
change of the fermions, so

TO _ _4a1,
b4

1 1 1
(s,Ry — sny)<—2 +5+ —2). (A24)
ST 82 5

If s < R, weexpand 7@ as y~ . ™™ and get

@0 — o, (A25a)
B 8a
(LD = _n_R[;(SXRy — 5yRy), (A25b)
122 _ (A25¢)
B 2a
[(-33) n_Rf;(sny — 5,R)(R* —4RY)s*,  (A25d)
49 _ 0, (A25¢)
3 a
153 = —Tzlo(sny — 5Ry)
x (R* — 12R’R? + 16R})s*, - -,
(A25f1)
where R, =R - 8.
Step 6. Ats > r, we expand SV as
SED = =MD 4 os0). (A26)
SD satisfies the equation
~ 3
AN = 2vast =0, (A27)
From the above equations we deduce
1
SV = 2ld g +dg) (A28)

SD contains only the p-wave component in order to be
compatible with Eq. (A26). Expanding SV at s > r,, we
get

1
LD = ﬁ[@(sx +isy) + d_(sy — isy)]. (A29)
Comparing this with Eq. (A25b), we find
8a.i
di = ——2 (R, — iRy), (A30a)
TR
8a,i
d_ = 2R, +iR). (A30b)
TR
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So
S0 = Sap LR =y PR )l
(A31)
Expanding SV at s > r,, we get
10 =, (A32a)
cl—1) _ 32a2
t = m(sx — 5,R,), (A32b)
D=0, j< -2 (A32c¢)
Step 7. Ats < R we expand TV as
TV =102 44070 4 CLO 4 05"y = 0(s"). (A33)

The solution to the equation (Vi + V3 + V)TV =0 that
is compatible with the above expansion is

TV =0
Step 8. Ats > r, we expand S as
SV = 129 4 (2D 4 (C22) 4 2D 4 320

(A34)

Jj<0
= 0(s"). (A35)
S satisfies the equation
HS™Y = 3vas® =, (A36)
So we get
S =0. (A37)
So
12D = 0. (A38)
Step 9. Ats < R we expand T2 as
T2 _ 20: 12700 1 oshy
j=-3
=10 4 oGsh. (A39)

Solving the equation (Vi + V3 + V37?2 =0 (for only
s; # 0) and using the above expansion, we find

3
1
R) —Sny)ZT.
P B=s;

Fors < R,weexpand T as " .~ ™™ and get

32a?
T(iz) = 7-[2p (sx

(A40)

120 — g, (Adla)
a1y 40a2
1= P (s:Ry — 5,R.), (A41b)
142 =0, (Ad1c)
2a2
(=5,3) _ 2 2\ 2
t == —L(s5,R, — 5,R,)(23R* — 32R?)s?,
(A41d)
Step 10. At s > r, we expand S as
SV =V 413D o). (A42)

Combining this with the equation
HS™ = 3v3sth =, (A43)

we get

_ 1
|
+ +

Here S contains the p-wave and f-wave components in
order to be compatible with Eq. (A42). Expanding S at
s > r,, We get

(A44)

(33

48R3 ——ley (5o +isy)’ +e (s —is,)’],  (Ad5a)

173 = — (g (sc +isy) +g-(sy —is,)].  (A45b)

2R3

Comparing these equations with Eqgs. (A25d) and (A41b), we
find

48ap 3
ey = ———= (R —iR))", (A46a)
48
e = —a’;(Rx iR, (A46b)
oy )
40a?%i
P .
8+ = —3p (R, —iRy), (A46c)
alz,i
8- = ——55 (R +iR)) (Ad46d)
So
(-3) _ 48“P G-) G+) YO (R
S =—-—=b R)PCH(s) — (R)p(s)]

2;

40 N
+ AL RS — RIS

2R3
(A47)
Expanding S at s > r,, we get
130 — 0, (A48a)
(S3—1) 160a

t = TRNX —5,Ry), (A48b)
132 =0, (A48c¢)

13 = —fi;’;ﬁﬁ "R, — iR (s + i)
— (R, + iR, (s; — isy)*], (A484)
13D =0, j< -4 (A48e)

Step 11. At s < R we expand T~ as

T = Xoj {7 4 0(s1) = 0Gsh). (A49)

j=—4

Solving the equation (V§ + V3 + V)T =0 (for only
s; # 0) and using the above expansion, we find

T = 0. (A50)
So

t) =0ifi + j = 3. (AS1)

023310-9



ZIPENG WANG AND SHINA TAN

PHYSICAL REVIEW A 106, 023310 (2022)

Step 12. Ats > r, we expand S as

SCV =10 44 WD 4 0(s0)

= 0(s"). (A52)
S satisfies the equation
HS™ = 3Vist? =o. (AS3)
So we get
S =0. (A54)
So
14D = 0. (A55)
Step 13. At s < R we expand 7% as
0
T4 Z (40D 1 o(sh
j==5
1604’
= W(sx — s,R,) + O(s). (A56)

Solving the equation (Vi + V3 + V)74 =0 (for only
s; # 0) and using the above expansion, we find

3Dr
22 B

160a B?
_ E — |, AS57
3B6 < |ap|si>:| ( )

where Dy is a new coefficient and we call it the three-body
scattering hypervolume. Its value depends on the details of
the interactions.

Expanding 7% ats K Ras ), ;_

T =(s,R, — 5,R,) [—

L1059 we get

140 = 0, (A58a)
3Dr
(=5.1) _ [
15D = (5,Ry — s,Ry) (- S
280a) 480a3 R\
3RS 3RS T a,|*%s
(A58b)
Step 14. At s > r, we expand S as
S = 315D
<7
=103 413D 4 (5D 4 0(s0). (A59)

Combining this with the equation

~ 3

AS = ZVjs™
24042i

= —pe LR = iR — (R +iRP" ),

(A60)

we get
ST = %[y“’)(ﬁ)f““(s) =PRI
960“” SR (5) — YO R ()]
%U“ (R (s) =y R)PC(5)]
F[y('_)(ﬁw('“(s)—y('+)(§)¢(1_)(s)], (A61)
where
¢ = 321;‘; - 223?3“2 19;20“3’ In %. (A62)

We have thus derived the 111 expansion to the order B~* and
the 21 expansion to the order R~

APPENDIX B: THE BORN EXPANSION OF THE
THREE-BODY WAVE FUNCTION

For weak-interaction potentials, we can expand the three-
body wave function as a Born series:

U= Wy + GV + (GV) Wy + -+ -, (B1)

where Wy = s,R, — syR, is the wave function of three free
fermions, V is the interaction potential, and G= —I:I\O’1 is the
Green’s operator, Hy is the three-body kinetic-energy oper-
ator. We define V = V3(sq, 52, 53) + Z?Zl V (s;). We assume
that V (s) vanishes at s > r, and that V3(sy, 55, s3) vanishes if
§1 > T, 0rsy > r,O0rS§3 > 7p.

1. The first-order term

The first-order term in the Born series is

U, (§) = GV, = GV, + 23: GV Oy,
p
= h2 d*E' G(& — ENVa(s), 5. $5)Wo (&)
+ é / '€ G — §)VOEWE), (B
where & = (s,2R/+/3) and & = (s,2R'/+/3) are four-

dimensional vectors, G is the Green’s function in four-
dimensional space,

1
42|k — E'12
and VO@E)=V(s). s;=s, s,=—1 —R/, and s, =
—%s/ + R’. We write W, as GV, + Z?:l \IJY), where

GE—8&)=- (B3)

v = Gy g, = /d4$ VOE) Wy (&)

2h2|§ g
4 —mV (s')(s.R, — s, R,
:—/dzs//dzR/ > Sl 2 —
3 42h*((si — 8')? + 3(R; — R")?]

(B4)
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Finishing this integral and taking the sum over i, we get

3 3
i 1 ax(si) | _
?:1 W) =~ (seRy = 5,R) ?:1:[ e +ao(si)}, (BS)
where
_ m y / m+1 /
a,(s) = Fz_ /ds STV (S, (B6a)
m r o+l
a,(s) = 7 ds STV (). (B6b)

Since V (s) is a finite-range potential which vanishes at s > r,, we have a,(s) = o, = m fooo ds's"t'V (s")/R* and @,(s) = 0 if
s > r,. If all three s; > r,, 21'3:1 \Iffi) is simplified as
3 3
Z VO = —(s,R, — 5,R) Z 2. (B7)
mv3(§)‘110(§) _ /d2 ,f PR mV3(51’52vs3)(5 R, —s\R))
AR — €2 Am2[(s —s)* + 3R —R)?]

Let s, = s’ cosa’, s; =s'sina’, R, = R cos(a’ +0'), R; = R'sin(a’ + 6), s, = scosa, s, = ssina, Ry = Rcos(a + 6), and

R, = Rsin(a + 6). We have
T
fdz ’fdzR —f ds/s’/ dR'R' / de// do'. (B9)
- -7

Since Vj is a finite-range potential, the integral on the right-hand side of Eq. (B8) may be expanded when s and R go to infinity
for any fixed ratio s/R. Expanding this integral at large B and using the fact that V3 is an even function of #’ and is independent
of o/, we get

GVs¥, = / d*e’ (B8)

V3 W, = _% / ds' / dR’ /0 d6' s°R” sin 0 Vs (s}, s, s5) + O(B™®)
6m(sx R) I / ) —6
71'th6 ds dszds3 s s2s3V3(s1, 55, 53)SA (8], 85, 83) + O(B7). (B10)

In the first line of Eq. (B10), s} = s', 55 = \/R’z + %s’z + R's'cos @', and s = \'/R/2 + is’z — R's’ cos ',

2. The second-order term

The second-order term in the Born series is

=GV¥, =Y GVOIGV v, + Z GV OGV3v, + Z GVAGV MWy + (GV3)* . (B11)
ij
We define
W = GvOGY v, = / d'¢’ —2h2_|§ gp/EOWE. (B12)
In particular,
) —mV (s")(s’, R’ -5, 'R’ 1
\I’éu) /d2 /f 2 / > ( )( ) (__) |:_0[2(S) O(S )i| (B13)
427 [(si — 8> + (R —R)?]\ 2 s’
If all three s; > r,, we can evaluate the integral to obtain
Wi = (s.R, — s Rx)&, (B14)
2 y y 2512
where B, is defined as
mZ 00 s
= —4/ ds/ds’ss’3V(s)V(s’). (B15)
0 0
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If j # i, we have two different values of j for each i. For a given value of i,

> wih = /dz // R mV (s')(s,R, — s\R)
’ 87212[(si — )2 + LR, — R'7]

J#i
a(|R = L¢ 1 ar (IR + L¢ 1
« 2(| 22|) +'0<‘R’——S/)+2(|—122|)+@0<‘R,+—S/
|R/_ IS,| 2 |R/+§S/| 2

/d2 //dzR/m:;(sz) R/ /R;)[QZ;S ) +5l0(R/):|

1 1
x S+ 2}. (B16)
[g(si -2+ (R —R —1¢)"  3(s;—¢)P2+ (R —R +1s)

)

We split this integral into two parts by writing

a2 (R')
R/2

(R — oy
R/Z

+a(R) = R/Z + [ +0?o(R/)} = fL®) + fs(R), (B17)

where fs is a short-range function and f is a long-range function of R’:

ar(R) —«a o, _ a»(R")
f5(R) = % + a0(R) = ao(R) = 2, (B18a)
JL(R) = R,2 (B18b)
The integral containing f is
1% 1 1
/d2 ’/dsz (s )(s R, — /,R;)fS(R/)|:3 — - . 1 }
$6i =2+ (R —R —38)"  3(si—s) + R —R +38)
1% @ (R) 7| 12(si - $)(R; - R’
/dz ’/dzR z Z(SZ) (s\R, — s;R;)[&o(R’) - QZ(Q )] (5 s ) 3 .
w AL (' +39)
3
T gé? (s:Ry — s,R.) + O(B™), (B19)

where we have expanded the integral to the leading-order term assuming that s and R go to infinity simultaneously. The integral
containing f is

20 [ 2 mV(s) I S , 1 1
d’s'[d°R y_Sny)fL(R) 3 /)2 / 1/2+3 2 1.)\?
3-8+ (R —R —1s)  3(s;—¢)2+ (R —R +1¢)

2 30[20[4
= (5:Ry — 5,R, )(232 5+ Teps ) +0(B™°). (B20)

Combining the above results, we get

2
@ij) ) 3oz -6
% Wi = (s,R, sR)(sz - 16}96)+0(B ) (B21)
J#i

for any given value of i. Substituting Eqs. (B14) and (B21) into Eq. (B11), we get

3 2
Wy = (s,R, — sny){ [Z ( ,fs T )} = 912;0;4} +OB™®) + O(VV3) + O(V2). (B22)

We have not evaluated the terms ) _, 6v<i>6v3 Wo+ >, 6V3 6V(i)\llo and (6V3 )2W,, which are of order V V5 and V2, respectively.

023310-12



SCATTERING HYPERVOLUME OF FERMIONS IN TWO ...

PHYSICAL REVIEW A 106, 023310 (2022)

[1] A. Gorlitz, J. M. Vogels, A. E. Leanhardt, C. Raman, T. L.
Gustavson, J. R. Abo-Shaeer, A. P. Chikkatur, S. Gupta, S.
Inouye, T. Rosenband, and W. Ketterle, Realization of Bose-
Einstein Condensates in Lower Dimensions, Phys. Rev. Lett.
87, 130402 (2001).

[2] S. Burger, F. S. Cataliotti, C. Fort, P. Maddaloni, F.
Minardi, and M. Inguscio, Quasi-2D Bose-Einstein con-
densation in an optical lattice, Europhys. Lett. 57, 1
(2002).

[3] D. Rychtarik, B. Engeser, H.-C. Nigerl, and R. Grimm, Two-
Dimensional Bose-Einstein Condensate in an Optical Surface
Trap, Phys. Rev. Lett. 92, 173003 (2004).

[4] Z. Hadzibabic, S. Stock, B. Battelier, V. Bretin, and J. Dalibard,
Interference of an Array of Independent Bose-Einstein Conden-
sates, Phys. Rev. Lett. 93, 180403 (2004).

[5] S. Stock, Z. Hadzibabic, B. Battelier, M. Cheneau, and
J. Dalibard, Observation of Phase Defects in Quasi-Two-
Dimensional Bose-Einstein Condensates, Phys. Rev. Lett. 95,
190403 (2005).

[6] Z. Hadzibabic, P. Kriiger, M. Cheneau, B. Battelier, and
J. Dalibard, Berezinskii—Kosterlitz—thouless crossover in a
trapped atomic gas, Nature (London) 441, 1118 (2006).

[7] I. B. Spielman, W. D. Phillips, and J. V. Porto, Mott-Insulator
Transition in a Two-Dimensional Atomic Bose Gas, Phys. Rev.
Lett. 98, 080404 (2007).

[8] P. Kriiger, Z. Hadzibabic, and J. Dalibard, Critical Point of
an Interacting Two-Dimensional Atomic Bose Gas, Phys. Rev.
Lett. 99, 040402 (2007).

[9] P. Cladé, C. Ryu, A. Ramanathan, K. Helmerson, and W. D.
Phillips, Observation of a 2D Bose Gas: From Thermal to
Quasicondensate to Superfluid, Phys. Rev. Lett. 102, 170401
(2009).

[10] S.P. Rath, T. Yefsah, K. J. Giinter, M. Cheneau, R. Desbuquois,
M. Holzmann, W. Krauth, and J. Dalibard, Equilibrium state of
a trapped two-dimensional bose gas, Phys. Rev. A 82, 013609
(2010).

[11] C.-L. Hung, X. Zhang, N. Gemelke, and C. Chin, Observation
of scale invariance and universality in two-dimensional bose
gases, Nature (London) 470, 236 (2011).

[12] R. Desbuquois, L. Chomaz, T. Yefsah, J. Léonard, J.
Beugnon, C. Weitenberg, and J. Dalibard, Superfluid be-
haviour of a two-dimensional Bose gas, Nat. Phys. 8, 645
(2012).

[13] K. Giinter, T. Stoferle, H. Moritz, M. Kohl, and T. Esslinger, p-
Wave Interactions in Low-Dimensional Fermionic Gases, Phys.
Rev. Lett. 95, 230401 (2005).

[14] K. Martiyanov, V. Makhalov, and A. Turlapov, Observation of
a Two-Dimensional Fermi Gas of Atoms, Phys. Rev. Lett. 105,
030404 (2010).

[15] B. Frohlich, M. Feld, E. Vogt, M. Koschorreck, W. Zwerger,
and M. Kohl, Radio-Frequency Spectroscopy of a Strongly
Interacting Two-Dimensional Fermi Gas, Phys. Rev. Lett. 106,
105301 (2011).

[16] P. Dyke, E. D. Kuhnle, S. Whitlock, H. Hu, M. Mark, S. Hoinka,
M. Lingham, P. Hannaford, and C. J. Vale, Crossover from 2D
to 3D in a Weakly Interacting Fermi Gas, Phys. Rev. Lett. 106,
105304 (2011).

[17] M. Feld, B. Frohlich, E. Vogt, M. Koschorreck, and M. Kohl,
Observation of a pairing pseudogap in a two-dimensional Fermi
gas, Nature (London) 480, 75 (2011).

[18] A. T. Sommer, L. W. Cheuk, M. J. H. Ku, W. S. Bakr, and
M. W. Zwierlein, Evolution of Fermion Pairing from Three to
Two Dimensions, Phys. Rev. Lett. 108, 045302 (2012).

[19] Y. Zhang, W. Ong, 1. Arakelyan, and J. E. Thomas, Polaron-
to-Polaron Transitions in the Radio-Frequency Spectrum of
a Quasi-Two-Dimensional Fermi Gas, Phys. Rev. Lett. 108,
235302 (2012).

[20] S. K. Baur, B. Frohlich, M. Feld, E. Vogt, D. Pertot, M.
Koschorreck, and M. Kohl, Radio-frequency spectra of Fes-
hbach molecules in quasi-two-dimensional geometries, Phys.
Rev. A 85, 061604(R) (2012).

[21] M. Koschorreck, D. Pertot, E. Vogt, and M. Kohl, Universal
spin dynamics in two-dimensional Fermi gases, Nat. Phys. 9,
405 (2013).

[22] K. Hueck, N. Luick, L. Sobirey, J. Siegl, T. Lompe, and H.
Moritz, Two-Dimensional Homogeneous Fermi Gases, Phys.
Rev. Lett. 120, 060402 (2018).

[23] Y. Nishida, S. Moroz, and D. T. Son, Super Efimov Effect
of Resonantly Interacting Fermions in Two Dimensions, Phys.
Rev. Lett. 110, 235301 (2013).

[24] A. G. Volosniev, D. V. Fedorov, A. S. Jensen, and N. T. Zinner,
Borromean ground state of fermions in two dimensions, J. Phys.
B 47, 185302 (2014).

[25] D. K. Gridnev, Three resonating fermions in flatland: Proof
of the super Efimov effect and the exact discrete spectrum
asymptotics, J. Phys. A 47, 505204 (2014).

[26] C. Gao, J. Wang, and Z. Yu, Revealing the origin of super
Efimov states in the hyperspherical formalism, Phys. Rev. A 92,
020504(R) (2015).

[27] S. Tan, Three-boson problem at low energy and implications
for dilute Bose-Einstein condensates, Phys. Rev. A 78, 013636
(2008).

[28] P. M. A. Mestrom, V. E. Colussi, T. Secker, J.-L. Li, and
S. J. J. M. E. Kokkelmans, Three-body universality in ultra-
cold p-wave resonant mixtures, Phys. Rev. A 103, L051303
(2021).

[29] Z. Wang and S. Tan, Three-body scattering hypervolume of
particles with unequal masses, Phys. Rev. A 103, 063315
(2021).

[30] P. M. A. Mestrom, J.-L. Li, V. E. Colussi, T. Secker, and
S. J. J. M. F. Kokkelmans, Three-body spin mixing in spin-1
Bose-Einstein condensates, Phys. Rev. A 104, 023321 (2021).

[31] Z. Wang and S. Tan, Scattering hypervolume of spin-polarized
fermions, Phys. Rev. A 104, 043319 (2021).

[32] H.-W. Hammer and D. Lee, Causality and universality in low-
energy quantum scattering, Phys. Lett. B 681, 500 (2009).

[33] H.-W. Hammer and D. Lee, Causality and the effective range
expansion, Ann. Phys. (NY) 325, 2212 (2010).

[34] K. Huang and C. N. Yang, Quantum-mechanical many-body
problem with hard-sphere interaction, Phys. Rev. 105, 767
(1957).

[35] T. D. Lee, K. Huang, and C. N. Yang, Eigenvalues and
eigenfunctions of a Bose system of hard spheres and its low-
temperature properties, Phys. Rev. 106, 1135 (1957).

[36] S. Zhu and S. Tan, Three-body scattering hypervolumes of
particles with short-range interactions, arXiv:1710.04147.

[37] E. Braaten and H.-W. Hammer, Universality in few-body sys-
tems with large scattering length, Phys. Rep. 428, 259 (2006).

[38] B. D. Esry, C. H. Greene, and H. Suno, Threshold laws for
three-body recombination, Phys. Rev. A 65, 010705(R) (2001).

023310-13


https://doi.org/10.1103/PhysRevLett.87.130402
https://doi.org/10.1209/epl/i2002-00532-1
https://doi.org/10.1103/PhysRevLett.92.173003
https://doi.org/10.1103/PhysRevLett.93.180403
https://doi.org/10.1103/PhysRevLett.95.190403
https://doi.org/10.1038/nature04851
https://doi.org/10.1103/PhysRevLett.98.080404
https://doi.org/10.1103/PhysRevLett.99.040402
https://doi.org/10.1103/PhysRevLett.102.170401
https://doi.org/10.1103/PhysRevA.82.013609
https://doi.org/10.1038/nature09722
https://doi.org/10.1038/nphys2378
https://doi.org/10.1103/PhysRevLett.95.230401
https://doi.org/10.1103/PhysRevLett.105.030404
https://doi.org/10.1103/PhysRevLett.106.105301
https://doi.org/10.1103/PhysRevLett.106.105304
https://doi.org/10.1038/nature10627
https://doi.org/10.1103/PhysRevLett.108.045302
https://doi.org/10.1103/PhysRevLett.108.235302
https://doi.org/10.1103/PhysRevA.85.061604
https://doi.org/10.1038/nphys2637
https://doi.org/10.1103/PhysRevLett.120.060402
https://doi.org/10.1103/PhysRevLett.110.235301
https://doi.org/10.1088/0953-4075/47/18/185302
https://doi.org/10.1088/1751-8113/47/50/505204
https://doi.org/10.1103/PhysRevA.92.020504
https://doi.org/10.1103/PhysRevA.78.013636
https://doi.org/10.1103/PhysRevA.103.L051303
https://doi.org/10.1103/PhysRevA.103.063315
https://doi.org/10.1103/PhysRevA.104.023321
https://doi.org/10.1103/PhysRevA.104.043319
https://doi.org/10.1016/j.physletb.2009.10.033
https://doi.org/10.1016/j.aop.2010.06.006
https://doi.org/10.1103/PhysRev.105.767
https://doi.org/10.1103/PhysRev.106.1135
http://arxiv.org/abs/arXiv:1710.04147
https://doi.org/10.1016/j.physrep.2006.03.001
https://doi.org/10.1103/PhysRevA.65.010705

ZIPENG WANG AND SHINA TAN PHYSICAL REVIEW A 106, 023310 (2022)

[39] J. P. D’Incao and B. D. Esry, Adiabatic hyperspherical repre- [40] M. Waseem, J. Yoshida, T. Saito, and T. Mukaiyama, Quantita-
sentation for the three-body problem in two dimensions, Phys. tive analysis of p-wave three-body losses via a cascade process,
Rev. A 90, 042707 (2014). Phys. Rev. A 99, 052704 (2019).

023310-14


https://doi.org/10.1103/PhysRevA.90.042707
https://doi.org/10.1103/PhysRevA.99.052704

