
PHYSICAL REVIEW A 106, 023102 (2022)

Anomalous resonance-enhanced harmonic ellipticity in an elliptically polarized laser field
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We investigate theoretically resonant harmonic generation in He+ from an elliptically polarized laser field. The
results show that there are two anomalous resonance-enhanced harmonics and the intensities of the anomalous
resonance-enhanced harmonics remain unchanged for different laser ellipticities which are approximately two
orders of magnitude stronger than those of nonresonant harmonics. We illustrate that the first resonance-enhanced
harmonic is due to the transition between the ground state and the first excited state and the second one is
due to the transition between the ground state and the second excited state. Our results also show that the
enhancements of the harmonic intensities are related to the continuous collisions of the electron with the parent
ion due to multiphoton resonance. The two resonance-enhanced harmonic intensities decrease gradually and
orders do not change with an increase of the laser intensity, which can be illustrated through the Stark effect.
The ellipticities of the two resonance-enhanced harmonics are approximately equal to the selected driving laser
ellipticities regardless of the ± sign under different driving laser ellipticities, which might provide an accessible
route toward characterizing the polarization properties of the laser. Our results offer a way for the generation of
quasimonochromatic circularly polarized EUV radiation with high intensity.

DOI: 10.1103/PhysRevA.106.023102

I. INTRODUCTION

High-order harmonic generation (HHG) is a highly non-
linear physical process by the interaction of laser radiation
with different media, which can be successfully described
by a three-step model [1]. High-order harmonic generation
provides an ideal light source for the production of extreme
ultraviolet (XUV), soft-x-ray, and attosecond pulses [2–4]. In
recent years, the polarization properties of HHG have been
widely investigated. In particular, for circularly polarized (CP)
HHG with potential value in experiments, HHG can be used to
show the circular dichroism of molecules [5,6], distinguish the
enantiomerism of chiral molecules, and analyze the magnetic
structure of materials [7,8].

Some sophisticated laser schemes have been proposed
towards the generation of CP HHG. The bichromatic counter-
rotating CP [9–11] and the orthogonally polarized two-color
[12–14] laser fields have been recognized as effective means
to generate CP or elliptically polarized (EP) HHG. However,
due to the weak harmonic yield or low harmonic ellipticity,
the application prospects of these schemes need further de-
velopment. Recently, the EP laser field has been extensively
adopted to investigate CP or EP HHG because the harmonic
emission efficiency and ellipticity are sensitive to the driving
laser ellipticity [15–20]. However, the harmonic ellipticity
increases with the increase of the driving laser ellipticity, but
the harmonic yield decreases exponentially with the increase
of the driving laser ellipticity [21]. Thus, further effort is still
needed to generate harmonics with high ellipticity and high
intensity.
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Generation of resonance-enhanced harmonics with high
ellipticity is a considerable result. Resonance-enhanced HHG
can increase the intensity of single harmonics by several or-
ders of magnitude, which makes them excellent candidates
for various applications [22,23]. The phase matching of the
pump and harmonics by using gas-filled waveguides [24] and
the interaction of the XUV radiation with the ablation medium
[25], etc., are efficient ways to generate resonance-enhanced
harmonics. The multiphoton resonance between the ground
state and the Stark displacement excited state, the transition
between the ground state and the excited state or the autoion-
izing state, and the electronic multiple recollisions processes
have been demonstrated to be origins of enhancement of res-
onant harmonics [26–30].

Resonance-enhanced HHG with high ellipticity driven by
the EP laser field has attracted extensive attention and may be
a prospective candidate for a source of quasimonochromatic
EP or even CP XUV radiation with relatively high intensity.
The experiment performed by Ferré et al. [31] proposed that
bright, coherent, and ultrashort quasicircular pulses can be
generated in bichromatic counterrotating elliptically polar-
ized laser fields by resonance-enhanced harmonics, which can
be used to measure the photoelectron circular dichroism of
chiral molecules. Recent investigations of elliptical proper-
ties through the interaction between the EP laser field and
metal ions [32,33] have shown that resonance-enhanced har-
monic generation is due to the transition between the ground
state and an autoionizing state and the polarization of the
single-order resonance-enhanced harmonic can be controlled
by adjusting the driving laser ellipticity.

In this paper we investigate the ellipticity of the harmon-
ics of He+ in EP laser fields. Our results show that there
are two resonance-enhanced harmonics for different driving
laser ellipticities. The intensities of the resonance-enhanced
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harmonics are two orders of magnitude stronger than those
of nonresonant harmonics and do not change with the driv-
ing laser ellipticity. The first resonance-enhanced harmonic
is generated due to the transition between the ground state
and the first excited state; the second one is generated due to
the transition between the ground state and the second excited
state. Our result also demonstrates that the resonance enhance-
ments of the harmonics originate from the continuous return
of electrons to the parent ion. The two resonance-enhanced
harmonic intensities decrease gradually and orders do not
change with an increase of the laser intensity, which can be
illustrated through the Stark effect. In addition, we find that
the ellipticity of the nonresonant harmonics is irregular with
an increase of the driving laser ellipticity, while that of the
anomalous resonance-enhanced harmonics is approximately
equal to the selected driving laser ellipticity without consider-
ing the ± sign. The results provide a way to characterize the
polarization properties of the laser by the resonance-enhanced
harmonic ellipticity. Our results achieve the quasimonochro-
matic EP or even CP EUV radiation with high and unchanged
intensity.

II. THEORETICAL METHODS

We investigate the ellipticity of the harmonics when the
target atom He+ is exposed to an EP laser field by nu-
merically solving the two-dimensional (2D) time-dependent
Schrödinger equation (TDSE). The 2D TDSE in the dipole
approximation and length gauge can be written as

i
∂ψ (x, y, t )

∂t
=

[
Px

2 + Py
2

2
+ VC (x, y)

+ xEx(t ) + yEy(t )

]
ψ (x, y, t ), (1)

where VC (x, y) is the soft-core Coulomb potential between the
electron and nucleus, which can be expressed as VC (x, y) =
−2/

√
x2 + y2 + a. The soft-core parameter a = 0.169 is used

to eliminate the singularity of the potential function at the ori-
gin [34]. The ionization potential of the ground state evolved
by the imaginary-time evolution method is Ip0 = 2 a.u., which
corresponds to the energy of the ground state of He+. The
energies of the first and second excited states that evolved are
Ip1 = 0.65 a.u. and Ip2 = 0.457 a.u., respectively.

The driving laser field is elliptically polarized, which can
be written as

Ex(t ) = E0√
1 + ε2

D

f (t ) cos(ω0t ),

Ey(t ) = εDE0√
1 + ε2

D

f (t ) sin(ω0t ),

(2)

where f (t ) = sin2( πt
nT ) is the envelope of the laser field with

three optical cycles (n = 3), ω0 = 0.065 a.u. (700 nm) and
E0 = 0.075 a.u. (2 × 1014 W/cm2) are the laser frequency
and amplitude, respectively, εD is the driving laser ellipticity
ranging from −1 to 1, and εD > 0 and εD < 0 represent the
right-handed and left-handed polarized laser fields, respec-
tively. The time-dependent dipole acceleration in the x and

y directions can be given by the Ehrenfest theorem

dx(t ) = 〈ψ (x, y, t )| − ∂VC (x, y)

∂x
− Ex(t )|ψ (x, y, t )〉,

dy(t ) = 〈ψ (x, y, t )| − ∂VC (x, y)

∂y
− Ey(t )|ψ (x, y, t )〉.

(3)

The corresponding HHG spectrum can be expressed by

Fx(ω) =
∣∣∣∣ 1

T − t0

∫ T

t0

dx(t )e−iωt dt

∣∣∣∣
2

,

Fy(ω) =
∣∣∣∣ 1

T − t0

∫ T

t0

dy(t )e−iωt dt

∣∣∣∣
2

. (4)

The ellipticity of the high-order harmonics can be obtained
by [35]

εH = (|a+| − |a−|)
(|a+| + |a−|) , (5)

where

a± = 1√
2

[ax(ω) ± iay(ω)], (6)

with

ax,y(ω) =
∫ ∞

−∞
dx,y(t )e−iωt dt (7)

the x and y components of the dipole acceleration in the
frequency domain, respectively. According to Eq. (5), the ex-
pression of the harmonic ellipticity can also be written [13,36]

εH = ±
√√√√1 + r2 −

√
1 + r4 + 2r2 cos(2δ)

1 + r2 +
√

1 + r4 + 2r2 cos(2δ)
, (8)

where r = |ay(ω)|/|ax(ω)| and δ = φy(ω) − φx(ω) is the
phase difference of the x and y components of the harmonics,
with φx,y(ω) = arg[ax,y(ω)]. Here εH > 0 and εH < 0 repre-
sent the right-handed and left-handed harmonics, respectively.

III. RESULTS AND DISCUSSION

Figure 1(a) shows the harmonic spectrum of He+ driven
by the EP laser field with different driving laser ellipticities
for a laser intensity of 2.0 × 1014 W/cm2. We can see that
there are two resonance-enhanced harmonic peaks for dif-
ferent driving laser ellipticities. The first and second peaks
are located at H21 and H23 orders, respectively. The inten-
sities of the resonance-enhanced (H21 and H23) harmonics
are approximately two orders of magnitude stronger than
those of the other nonresonant ones and are not affected by
the driving laser ellipticity. We also find that the intensity of
the nonresonant harmonics decreases rapidly with an increase
of the driving laser ellipticity, which can be understood by the
three-step model. In an EP laser field, the electron wave packet
returning to the parent ion is transversely shifted relative to
the parent ion, which leads to a decrease in the number of
electrons returning to the parent ion. Thus, the harmonic in-
tensity decreases rapidly with an increase of the driving laser
ellipticity.

023102-2



ANOMALOUS RESONANCE-ENHANCED HARMONIC … PHYSICAL REVIEW A 106, 023102 (2022)

FIG. 1. (a) Harmonic spectrum with different driving laser ellipticities for the laser intensity 2.0 × 1014 W/cm2. (b) Harmonic intensity
distribution as a function of the laser intensity and the harmonic order with εD = 0. The colors indicate harmonic intensity. The upper panel and
the lower panel indicate the intensities of the nonresonance and the resonance-enhanced harmonics with different laser intensity, respectively.
(c) Stark shifts of the first excited state 2p.

The resonant energy difference between the ground state
and the first excited state 	E1 = Ip0 − Ip1 = 1.35 a.u. =
36.71 eV, which is close to the energy of H21 (37.14 eV).
The resonant energy difference between the ground state
and the second excited state 	E2 = Ip0 − Ip2 = 1.543 a.u. =
41.98 eV, which is close to the energy of H23 (40.68 eV).
These indicate that the resonant peaks located at H21 and
H23 are due to the bound-bound transitions, as illustrated
in Ref. [37]. We have also demonstrated the time-dependent
populations of the ground state and the excited states (the
results are not shown here). We find that the time-dependent
populations are transferred from the ground state to the first
and second excited states due to the resonant excitation and
transition processes, resulting in the resonance enhancements
of H21 and H23.

The resonance enhancement of H21 and H23 cannot be il-
lustrated by the three-step model. Instead, the four-step model
should be considered to illustrate the mechanism of resonance
enhancement. For the four-step model, the excitation is added
prior to the three steps of HHG [38,39], i.e., the electron is
first preexcited to the resonant bound state and tunnel ionized
from the resonant excited state. Then the electron accelerates
and recombines with the ground state to emit the HHG driven
by the laser field. The part of the electron in the excited
state will directly transit to the ground state, which leads to
the resonance enhancement of the HHG. In this four-step
model mechanism, the multiphoton resonance arises from
the excitation and ionization steps [39]. The H21 and H23
are below-threshold harmonics, which are dominated by the
multiphoton mechanism. Thus, the resonance enhancements
of H21 and H23 are attributed to the excitation transition
steps. In Ref. [38] Bian and Bandrauk demonstrated the strong
resonance of the HHG from HeH2+ driven by the linearly
polarized laser field. The results show that the strong reso-
nance around H15 agrees with the energy difference between
the ground state and the first excited state. In addition, the
strong resonance cannot be illustrated by the three-step model,
but rather by the four-step model described above. Our result
agrees with the result illustrated in Ref. [38].

Figure 1(b) shows the harmonic intensity distribution as
a function of the laser intensity (from 1.0 × 1014 to 2.5 ×
1015 W/cm2) and the harmonic order for a laser wavelength

of 700 nm with εD = 0. Because the intensity difference be-
tween the resonance-enhanced harmonics and the nonresonant
harmonics is large, the intensity of the resonance-enhanced
harmonics and the nonresonant harmonics cannot be dis-
played with the same color bar. In order to clearly show the
variation of the harmonic intensity with the laser intensity,
different color bars are used for the resonance-enhanced har-
monics and the nonresonant harmonics, as shown in the lower
and upper panels of Fig. 1(b), respectively. The color bars are
marked with a linear color scale to reduce the modulation.
The white arrows in the lower panel are used to mark the
positions of the intensities of the resonance-enhanced har-
monics (H21 and H23) which change significantly with the
laser intensity. From the nonresonant harmonics shown in
the upper panel we find that the harmonic cutoff increases
gradually with an increase of the laser intensity, which is not
of interest in the present work. We focus on the variation
of the resonance-enhanced harmonic intensity with the laser
intensity.

From the lower panel of Fig. 1(b) we find that the two
resonance-enhanced harmonic orders do not change with an
increase of the laser intensity, which can be illustrated through
the Stark effect. The Stark effect will lead to an energy-level
shift when the laser field is strong. For weakly bound states,
such as the Rydberg state, continuous state, and higher excited
state, the Stark effect leads to upshifting of the energy levels
by approximately the ponderomotive energy Up [40–42]. The
low-order bound states close to the nucleus will obtain a little
pondermotive energy due to the tight binding of the nucleus,
which results in a smaller energy-level shift. The relevant
bound states of the resonance-enhanced harmonics (H21 and
H23) are the first excited state and the second excited state
in our paper, which belong to the low-order bound state.
Thus, the resonance-enhanced harmonics vary slowly with an
increase of the laser intensity due to the small energy-level
shift.

From the lower panel of Fig. 1(b) we also find that the
harmonic intensities decrease gradually with an increase of
the laser intensity. The intensity of H21 drops sharply around
6.0 × 1014 W/cm2, which indicates that the energy level of
the first excited state shifts significantly, and H21 gradu-
ally falls out of resonance around 6.0 × 1014 W/cm2. The
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intensity of H23 drops sharply around 2.0 × 1014 W/cm2,
which indicates that the energy level of the second excited
state shifts significantly, and H23 gradually falls out of res-
onance around 2.0 × 1014 W/cm2. In addition, H23 falls out
of resonance before H21 with an increase of the laser in-
tensity, which indicates that the energy-level shift of the
second excited state is more significant than that of the first
excited state.

To further illustrate the Stark effect on the resonance-
enhanced harmonics for the different laser intensities we
demonstrate the detailed Stark shift of the first excited state
as a function of the laser intensity. In the external field, the
analytical expression for the Stark shift can be obtained from
the general formula derived in the second order of quantum-
mechanical perturbation theory as [43,44]

δEi = −1

4

[
αnl

S + αnl
t

3m2 − j( j + 1)

j(2 j − 1)

]
E0

2, (9)

where αnl
S = n4

4Z2 [4n2 + 7l (l + 1) + 14] and αnl
t =

− n4

4Z4 [3n2 + 11l (l + 1) − 9] l
2l+3 are the scalar and tensor

polarizabilities, respectively; n, l , and m are the principal
quantum number, orbital quantum number, and magnetic
quantum number of the states, respectively; j is angular
momentum of the states; and Z is the charge of the nucleus.

As is well known, perturbation theory is no longer appli-
cable when the strong laser field interacts with atoms. From
Table 1 of Ref. [44] we can see that the exact value of
the Stark shift differs significantly from the value obtained
from the perturbation theory when the laser intensity exceeds
E0 = 0.2 a.u. for the ground state of the hydrogen atom.
If the laser intensity is increased further, the Stark shift of
atomic levels loses all physical meaning [44]. Thus, the ex-
pression of the Stark shift is more applicable for the low laser
intensity.

In order to ensure the applicability of the Stark shift expres-
sion, we take the Stark energy-level shift of the first excited
state with a relatively low laser intensity (from 1.0 × 1014 to
6.0 × 1014 W/cm2) as an example, as shown in Fig. 1(c). Here
n = 2, l = 1, and Z = 2 correspond to the 2p energy level (the
first excited state) of He+ (we ignore the Stark shift of the
ground state because the shift is too small). Figure 1(c) shows
that the energy level of the first excited state shifts slightly be-
low 0.045 a.u., which remains within the resonance-enhanced
range of H21 (here the range between H20.5 and H21.5 is
considered to be H21 resonance). With a further increase of
the laser intensity, the Stark shift becomes larger, resulting in
the weakening of the resonance-enhanced harmonic intensity,
which agrees with the intensity of H21 dropping rapidly for
6.0 × 1014 W/cm2, and the resonance-enhanced harmonic or-
der does not change with an increase of the laser intensity, as
shown in the lower panel of Fig. 1(b). Moreover, the Stark
shift of the second excited state is larger than that of the
first excited state due to the large principal quantum number
n according to Eq. (9), resulting in the fact that H23 falls
out of resonance before H21 with an increase of the laser
intensity, which also agrees with that shown in the lower panel
of Fig. 1(b).

Figure 2(a) shows that the intensities of the resonant (H21
and H23) and nonresonant (H31 and H37) harmonics vary

FIG. 2. (a) Intensity and (b) ellipticity of the resonant (H21 and
H23) and nonresonant (H31 and H37) harmonics for different driving
laser ellipticities. The black dotted and gray dotted lines indicate
εD = 0 and εH = 0, respectively.

with the driving laser ellipticity εD. We find that the intensities
of the resonant (H21 and H23) and nonresonant (H31 and
H37) harmonics are symmetrical about εD = 0. The inten-
sities of the resonance-enhanced (H21 and H23) harmonics
remain unchanged with an increase of the absolute value
of the driving laser ellipticity εD. For comparison with the
resonance-enhanced harmonics, the nonresonant (H31 and
H37) harmonic intensities varying with the driving laser el-
lipticity εD are also shown in Fig. 2(a), where the ionization
threshold order is 31 and the order above threshold is 37. It is
observed that the intensities of the nonresonant (H31 and H37)
harmonics decrease with an increase of the absolute value of
driving laser ellipticity εD, which is in agreement with that
illustrated in Fig. 1(a).

Surprisingly, H21 and H23 harmonics are also generated
in the circularly polarized laser field, which is contrary to
the expected result that the harmonics cannot be generated
when the circularly polarized laser field interacts with an
isotropic medium according to the conservation of angular
momentum [45]. However, the resonance enhancements of
H21 and H23 are only due to the radiative transitions between
the ground state and excited states, which is independent
of the polarization of the laser field. Moreover, the intrinsic
nonlinear phenomena, such as radiative phenomena, are not
considered in Ref. [45]. Thus, the resonance enhancements of
H21 and H23 driven by the circularly polarized laser field can
be generated.

In addition, we also demonstrated the transition rates from
the ground state to the first excited state (|0〉 → |1〉) and the
ground state to the second excited state (|0〉 → |2〉) with dif-
ferent driving laser ellipticity (the results are not shown here).
The result shows that the |0〉 → |1〉 and |0〉 → |2〉 transitions
can occur for each driving laser ellipticity, which indicates
that the resonance-enhanced harmonics (H21 and H23) can
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be generated for each driving laser ellipticity, including the
circularly polarized laser field. Moreover, the time of the high
transition rates agrees with the time generated the resonance-
enhanced harmonics with high intensity.

Figure 2(b) shows the resonance-enhanced (H21 and H23)
and nonresonant (H31 and H37) harmonic ellipticities εH as a
function of different driving laser ellipticities εD. The black
and gray dotted lines indicate εD = 0 and εH = 0, respec-
tively. We see that the ellipticities of the resonance-enhanced
(H21 and H23) and nonresonant (H31 and H37) harmonics
are centrosymmetric about the original point (εD = 0 and
εH = 0). This indicates that the helicity of the harmonics is
opposite and the magnitudes of the harmonic ellipticities are
equal for the right laser helicity εD > 0 and the left laser
helicity εD < 0. For the resonance-enhanced harmonics (H21
and H23) we observe that the absolute value of the harmonic
ellipticity first decreases linearly from |εH | = 1.0 to |εH | =
0 with driving laser ellipticity varying from εD = −1.0 to
εD = 0 and then increases from |εH | = 0 to |εH | = 1.0 with
driving laser ellipticity varying from εD = 0 to εD = 1.0. In
short, the absolute value of the harmonic ellipticity becomes
larger as the absolute value of the driving laser ellipticity
increases. This means that the ellipticity of the resonance-
enhanced harmonics can be tuned from linear to circular with
the driving laser ellipticity varying from εD = 0 to εD = ±1.0
and the harmonics with high ellipticity and high intensity can
be achieved by adjusting the driving laser ellipticity. How-
ever, the ellipticities of the nonresonant harmonics (H31 and
H37) oscillate greatly with the driving laser ellipticity from
εD = −1.0 to εD = 1.0.

From the numerical relationship between the resonance-
enhanced harmonic ellipticities εH and the driving laser
ellipticities εD as shown in Fig. 2(b) we obtain the scal-
ing rule of εH ∝ −|εD|0.98 (εH ∝ |εD|0.98) for the ellipticity
of H21 and that of εH ∝ |εD|0.9 (εH ∝ −|εD|0.9) for H23
when εD > 0 (εD < 0), respectively, which means that the
resonance-enhanced harmonic ellipticities are approximately
equal to the driving laser ellipticities without considering the
± sign. In Ref. [46] Gruson et al. obtained that the ellipticity
of the harmonics is about the same as that of the driving
laser from Ar driven by the EP laser field which is formed
by two orthogonal linearly polarized laser pulses. Our result is
similar to that illustrated in Ref. [46]. Moreover, the ellipticity
scaling rule of εEUV ∝ εσ

IR was also illustrated experimentally
in Refs. [11,47], where εEUV and εIR are the ellipticities of the
high harmonics and the driving laser field, respectively, and σ

is the ellipticity scaling coefficient. In Ref. [11] Huang et al.
obtained the ellipticity scaling rule of εEUV ∝ εIR

4.5–4.8 from
Ar driven by the two counterrotating few-cycle laser beams.
In Ref. [47] Chang et al. obtained the ellipticity scaling rule
of εEUV ∝ ε2.2–5.8

IR , εEUV ∝ ε2.5–8.3
IR , and εEUV ∝ εIR

5.3–13.5 for
Ar, Kr, and Xe, respectively, driven by the two noncollinear
counterrotating laser fields. They found that the polarization
state of a single harmonic can be controlled from linear to
highly elliptical by adjusting the ellipticity of the driving laser
pulses. The ellipticity scaling rule demonstrated in Fig. 2(b) is
similar to that demonstrated in Refs. [11,47]. It is possible that
our result can provide an accessible method to characterize the
polarization properties of the laser by the resonance-enhanced
harmonic ellipticity.

FIG. 3. The (a) x and (b) y components of the time-dependent
dipole acceleration for different driving laser helicities. The blue
solid line and the red dotted line represent the results of εD = 0.2
(εD > 0) and εD = −0.2 (εD < 0), respectively.

Figure 3 shows the x and y components of the dipole
acceleration expressed in Eq. (3) for different driving laser
helicities. Here we take the laser ellipticities εD = ±0.2 as an
example. The blue solid line and the red dotted line represent
the results of εD = +0.2 (εD > 0) and εD = −0.2 (εD < 0),
respectively. From Fig. 3(a) we find that the x component of
the dipole acceleration is identical for different driving laser
helicities [εD = +0.2 (εD > 0) and εD = −0.2 (εD < 0)].
Thus, dR

x (t ) = dL
x (t ) can be obtained when the driving laser

helicity changes. Here the superscripts R and L represent the
right laser helicity (εD > 0) and the left laser helicity (εD <

0), respectively. From Fig. 3(b) we see that the y component
of the dipole acceleration is equal in magnitude but opposite in
sign for the right laser helicity [εD = +0.2 (εD > 0)] and the
left laser helicity [εD = −0.2 (εD < 0)]; thus dR

y (t ) = −dL
y (t )

can be obtained when the driving laser helicity changes.
The x and y components of the dipole acceleration in

the frequency domain expressed in Eq. (7) for the right
laser helicity (εD > 0) and the left laser helicity (εD < 0)
can be expressed as aR

x (ω) = aL
x (ω) and aR

y (ω) = −aL
y (ω)

due to dR
x (t ) = dL

x (t ) and dR
y (t ) = −dL

y (t ). Thus Eq. (6)
can be written as aR

± = 1√
2
[aR

x (ω) ± iaR
y (ω)] = 1√

2
[aL

x (ω) ∓
iaL

y (ω)] = aL
∓ (i.e., aR

+ = aL
−, aR

− = aL
+). The ellipticity of the

harmonics of Eq. (5) can be expressed as εR
H = (|aR

+|−|aR
−|)

(|aR+|+|aR−|) =
(|aL

−|−|aL
+|)

(|aL−|+|aL+|) = −εL
H , which means that the helicity of the har-

monics is opposite and the magnitude of the harmonic
ellipticity is equal for the right laser helicity (εD > 0) and the
left laser helicity (εD < 0). This analysis is in agreement with
that illustrated in Fig. 2(b).

In order to obtain high ellipticity, the amplitudes of the x
and y components of the harmonics should be comparable and
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FIG. 4. (a) Ratio r = |ay(ω)|/|ax (ω)| of the x and y components of the dipole acceleration in the frequency domain for different driving
laser ellipticities. (b) Phase difference δ of the x and y components of the harmonics and (c) cosine value of 2δ corresponding to (b) for the
resonant (H21 and H23) and nonresonant (H31 and H37) harmonics for different driving laser ellipticities.

their phase difference should be close to π
2 [36]. Figure 4(a)

shows the ratio r = |ay(ω)|/|ax(ω)| of the x and y components
of the dipole acceleration in the frequency domain of the
resonant (H21 and H23) and nonresonant (H31 and H37)
harmonics for different driving laser ellipticities εD. We find
that the ratio r is irregular with large oscillations for the
nonresonant (H31 and H37) harmonics, while the expression
r ≈ |εD| can be obtained for the resonance-enhanced (H21
and H23) harmonics. Due to the expressions of r ≈ |εD| and
Eq. (8), the ellipticity of the resonance-enhanced harmonics
can be expressed as

εH ≈ ±

√√√√√1 + ε2
D −

√
1 + ε4

D + 2ε2
D cos(2δ)

1 + ε2
D +

√
1 + ε4

D + 2ε2
D cos(2δ)

. (10)

Figure 4(b) shows the phase differences δ of the x and y
components of the harmonics. We find that the phase differ-
ences δ of the x and y components of the resonance-enhanced
harmonics (H21 and H23) are closer to π

2 with an increase
of the absolute value of the driving laser ellipticity, which is
in agreement with the harmonic ellipticity becoming larger
as the absolute value of the driving laser ellipticity increases,
as shown in Fig. 2(b). The phase differences of the nonres-
onant harmonics are disorganized, which corresponds to the
irregular ellipticity as shown in Fig. 2(b). In addition, the
values of cos(2δ) for the resonant and nonresonant harmonics
for different driving laser ellipticities are shown in Fig. 4(c).
We see that the value of cos(2δ) for the resonance-enhanced
harmonics is approximately −1, i.e., cos(2δ) ≈ −1, while that
of the nonresonant harmonics is irregular. Thus, Eq. (10) for
the ellipticity of the resonance-enhanced harmonics can be
further expressed as

εH ≈ ±

√√√√√1 + ε2
D −

√
1 + ε4

D − 2ε2
D

1 + ε2
D +

√
1 + ε4

D − 2ε2
D

= ±εD. (11)

This means that the resonance-enhanced harmonic ellipticity
εH is approximately equal to the driven laser ellipticity εD

regardless of the ± sign, which is in agreement with that
illustrated in Fig. 2(b).

To understand the significant enhancement of the
resonance-enhanced harmonics, we investigate the time de-
pendence of the emission efficiency of the selected harmonics
via the time-frequency analysis [48]. Figure 5 shows the time
profile of the resonant (H21 and H23) and nonresonant (H31
and H37) harmonics with the driving laser ellipticities from
εD = 0 to 0.6, respectively. From Figs. 5(a)–5(d) we find that
the amplitude of the time profiles of the resonance-enhanced
harmonics is stronger than that of the nonresonant harmonics,
which is in agreement with that illustrated in Fig. 2(a). As
the driving laser ellipticity increases, the amplitudes of the
resonance-enhanced harmonics are almost unchanged, while
those of the nonresonant harmonics decrease, which is also in
agreement with that illustrated in Fig. 2(a).

For the resonance-enhanced harmonics (H21 and H23) as
shown by the blue solid and red dashed lines in Figs. 5(a)–5(d)
we find that the time profiles of H21 and H23 harmonics
are continuous over time, which means that the ionized elec-
trons immediately return and continuously recollide with the
parent ion; this process is dominated by the multiphoton
mechanism [17,39]. Thus, the continuous collisions of the
electron with the parent ion due to multiphoton resonance
result in the enhancement of the resonant harmonics (H21
and H23). For the nonresonant harmonics (H31 and H37)
as shown by the orange dash-dotted and green dotted lines
in Figs. 5(a)–5(d) we find that the time profiles of H31 and
H37 are mainly distributed from t = 0 to 2.0 o.c. and are
weak from t = 2.0 to 3.0 o.c.. In particular, for εD = 0.6, the
time profiles of the nonresonant harmonics are almost 0 from
t = 1.5 to 3.0 o.c. The time profiles of H31 and H37 twice
per cycle drop to approximately 0, as shown by the yellow
and green arrows in Figs. 5(a)–5(d), where the yellow and
the green arrows indicate the times that the time profiles of
H31 and H37 drop near 0, respectively. The result means that
the ionized electrons recollide with the parent ion twice per
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FIG. 5. Time profile of the amplitude of the harmonics via the time-frequency analysis for the resonant (H21 and H23) and nonresonant
(H31 and H37) harmonics with the driving laser ellipticity (a) εD = 0, (b) εD = 0.2, (c) εD = 0.4, and (d) εD = 0.6. The blue solid, red dashed,
orange dash-dotted, and green dotted lines indicate H21, H23, H31, and H37, respectively. The yellow and the green arrows indicate the times
that the time profiles of H31 and of H37 drop close to 0, respectively.

cycle and this process is dominated by the three-step model
[17,39].

In short, our results indicate that the enhancement of the
harmonics can be attributed to the multiphoton resonance and
the multiphoton mechanism does not contribute to the HHG
with the increase of the harmonic orders, resulting in the
weak nonresonant harmonic intensity. In Ref. [39] Chu and
Groenenboom investigated the resonance-enhanced HHG
from N2 driven by a linearly polarized laser. The result
indicated that the harmonic maxima are caused by resonance-
enhanced multiphoton excitation and the contribution of
multiphoton resonance decreases with the increase of the har-
monic orders. Our result is agreement with that demonstrated
in Ref. [39].

In addition, the frequency of electrons returning to the
parent ion decreases for the nonresonant harmonics compared
to that of the resonance-enhanced harmonics in the same time,
which leads to lower intensities of the nonresonant harmonics
than those of the resonance-enhanced harmonics. Thus, we
can conclude that the multiple collisions of the electron with
the parent ion due to multiphoton resonance are the origin
of the resonance enhancement of the harmonics. In Ref. [49]
Ganeev et al. demonstrated that the resonance enhancement
of a single high-order harmonic from an ion driven by a fem-
tosecond pulse is attributed to multiple collisions of electron

trajectories with the origin due to multiphoton resonance. Our
result is consistent with that illustrated in Ref. [49].

IV. CONCLUSION

To summarize, we have investigated the resonance-
enhanced HHG for He+ driven by an EP laser field. We
showed that the intensities of the resonance-enhanced har-
monics remain unchanged and are approximately two orders
of magnitude higher than those of nonresonant harmonics,
while the intensities of the nonresonant harmonics decrease
rapidly with the driving laser ellipticity. The first resonance-
enhanced harmonic is generated due to the transition between
the ground state and the first excited state; the second
one is generated due to the transition between the ground
state and the second excited state. Our results also demon-
strated that the resonance enhancements of the harmonics
originate from the continuous return of electrons to the par-
ent ion. The two resonance-enhanced harmonic intensities
decrease gradually and orders do not change with the in-
crease of the laser intensity, which can be illustrated through
the Stark effect. Moreover, we found that the ellipticity
of the resonance-enhanced harmonics is more regular than
that of the nonresonant harmonics. The resonance-enhanced
harmonic ellipticity and the driving laser ellipticity are
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approximately the same regardless of the ± sign. This means
that our results provide an accessible method to characterize
the polarization properties of the laser by the resonance-
enhanced harmonic ellipticity. Our results offer a way to
generate quasimonochromatic CP EUV radiation with high
intensity.
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